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§ 1. Introduction.

We will consider the Cauchy problem for the semilinear heat equation

(L1) —g%:dwf(u) _t>0, xeR-,

with the initial condition u(0, x)=a(x). It is assumed that the function f is
defined, non-negative and locally Lipschitz continuous in [0, co0). If the initial
value a(x) is a bounded non-negative continuous function in R% not vanishing
identically, then it is well-known that there exists a positive local solution
u(t, x) of [(L.1)]; more precisely, there exist positive T (<oo) and u(t, x) satis-
fying the following conditions (i), (ii) and (iii).

(i) u(t, x) is defined on [0, T)XR? strictly positive in (0, T)XR% and

u(0, x)=a(x).
(ii) For any T'<T, u(t, x) is bounded and continuous on [0, T"]x R<.

xa:;xj (1=i, j=d) exist in (0, T)XR? and u(t, x) satisfies
(1.1) in the classical sense.

If T.=T.(a, f) denotes the supremum of all T satisfying the above three con-
ditions, then the existence of global solution is the case T.=oo, and in the
general situation (Tw=co) the unique existence assertion amounts to say that
there exists a unique solution u(f, x) of up to 7. satisfying the above
three conditions with 7=7T.. In this paper, such a solution is called simply a
positive solution of [1.I), and is denoted by u(t, x; a, /) when we want to eluci-
date the initial value a(x) and the nonlinear term f(u). A positive solution of
is said to blow up in a finite time and the corresponding T.. is called the
blowing-up time of the solution, provided that T..<co. A global positive solu-
tion u(t, x) of is said to grow up to infinity, if for each positive constant
M and each compact set K in R? there exists T<oo such that t>7 and xeK
imply u(t, x)> M.

The purpose of this paper is to investigate the following problem: How

(iii) gf_f and —



408 K. KoBayasHI, T. Sirao and H. TaNakA

does the nonlinear term f affect the growth of positive solutions of as
t—oo0? More precisely, we assume that f(4)>0 for 4>0 and consider the fol-
lowing problems. ‘

(A) Under what condition on f, does any positive solution of blow
up in a finite time?

(B) Under what condition on f, does any positive global solution of
grow up to infinity?

These problems were investigated by several authors, and our results will
sharpen theirs.

When f(2)=2'*% a>0, the problem (A) was first considered by H. Fujita
[1] His main result, combined with a recent work of K. Hayakawa for
the case ad=2 that was not covered by [1], can be stated as follows: in the
case ad <2 all positive solutions of blow up in finite times, and in the
contrary case some positive solutions of converge uniformly to 0 as f—oo.
The analogous problem for the equation

ou

—a = —(=Putu*e >0, xeR? (0<P=)

was treated by S. Sugitani [9]. Fujita [2] also treated the problem (A) for
when f is of a general type. The conditions on f naturally contain both
the local condition of f(4) near A=0 and the growth one of f(1) as A1 oo.

Ya. 1. Kanel’ [6] considered different problems. He assumes that f(0)=
f(1)=0 and f(1)>0 for 0<4<1. Then, one of the results due to Kanel’ is that
in case of d=1 any positive solution (=<1) converges to 1 uniformly on each
compact set of R' as t—oo, provided that f/(0)>0. This type of problem was
also considered by N. Ikeda and K. Kametaka (a part of their results is found
in [5]), and recently by K. Hayakawa [4] in which the condition f’(0)>0 was
replaced by f(A)=cA***?® near 2=0 (¢>0). The treatment of this problem and
(B) are quite similar, and only the local behavior of f(4) near 4=0 becomes
essential.

Our main results are Theorems 2.1, B.7 and B.I. The first theorem,
which gives a sufficient condition on f for the blowing up of any positive
solution, plays a fundamental role, since most of the other results in this
paper are derived on the basis of this. As we mentioned above, it is expected
that the condition on f for the problem (B) is concerned only with the local
behavior of f(4) near 4=0. In §3 we will examine this situation, and prove
that under certain additional conditions on f the divergence of

j:+f(2>/'22+(2/d)d2y 8>0

implies the growing up of positive global solutions if they exist
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and the similar result in [Theorem 3.7). Finally using the comparison with the
solution of certain ordinary differential equation we prove, under some addi-
tional conditions on f, that the convergence of the above integral implies the
existence of positive solutions tending to 0 uniformly in x as t—oo (Theorem 5.1).

In starting of our present work we owe much to the recent work of
K. Hayakawa [4] and to conversations with N. Ikeda which were valuable to
us. Hayakawa informed us of his result [4] yet unpublished at that time. We
wish to express our best thanks to both of them.

§2. The blowing up problem.

To begin with, we consider a positive solution u(¢, x)=u(t, x; a, f) of
in the sense of §1. The following properties are well known (cf. [7]).

2.1) u(t, x)=u(t—s, x;uls,-), f), 0=s=t<T.

(2.2) a,<a and f,<f imply that u(t, x; a,, f,)=ult,x;a,f), 0=t<T..
Denote by H(t, x,v) the fundamental solution (heat kernel) for the Cauchy
problem 0du/dt=A4u, and by {H,} the corresponding semigroup:

a2
H, x, 3) = (dmt) #* exp (— 12210 "41?’ )

Ha(x)= | H(t, x5)a(3)dy .

Now assume that a(x) is not identically zero. Since the solution u(f, x)=
u(t, x; a, f) satisfies the equation

u(t, )= Hoa(o)+ Ho o fws, Nds, 0=t<T.

we have
(2.3) u(ty, x) 2 Hyja(x) > ae 9% 0<t,< T,

where a, B are some positive constants depending upon #,>0. By [2.I),
and (2.2) we have

u(t’ X) —>_— u(t_tm X, 4y, f) ’ al(x) == ae—ﬁ[xlz ,

and this tells us that when we deal with the blowing up or growing up problem,
we may consider only those solutions with initial values ae ®*", a, 8>0.

Our result for the problem (A) is the following

THEOREM 2.1. Suppose that [ satisfies the following three conditions.

(A1) f is a locally Lipschitz continuous and non-decreasing function in [0, co)
with f(0)=0 and f(A)>0 for 2>0.
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A2 [ fy/eendi=co for some e>0.
o0+

(A.3) There exists a positive constant ¢ (1) such that
(@)  fAW)Zcp*®PfA)  for 0<A<py, 21<c,
(b)  fAW) Zcpl?* ¥ Pf(2)  for O<pu=si<c.

Then each positive solution of (1.1) blows up in a finite time.

For any initial value a(x)=ae #®? with &, >0, we will prove that the
solution u(t, x)=u(t, x; a, f) blows up in a finite time. To simplify the notation,
we set y=1+2/d and

a(s) = a(1-+48s)
ol = ‘al“f (: (1+4ps)"flal(s))ds = —g’%f;()fun-ﬁ-wmz .

Then ¢(t) 1 oo as t1 oo by (A.2). The solution u(f, x) is constructed by itera-
tion as follows. Namely, we set

uy(t, x) = H,a(x) = a(t) exp {—B(1+48)7" x|},

unlt, $)= Ha(x)+ [ Hoofluna(s, ds,  nzl.

Then u,(¢, x) T u(t, x) as n 1 co for 0=t<T..
LEMMA 2.2. For any positive integer n, we have

(24) un(t) x)—uo(t’ 'x) an(ta lxl )uo(ty x) ’
where

B, |x1)=Capltyer " exp { — B HTD 1),

n n—1 k
Cn — Ccrn—l)/(r‘l) . (l + 7,)«((1/2);‘”? kr—k/k];l(:) (p;o rp)rn-l—k .

PrROOF. We prove the lemma by induction. First we consider the case
n=1. We put

A=a(s), p=exp{—pA+48s)"|y|*},

and then apply (A.3) to f(u,(s,y))=/f(Ay). Assume that « is so small that
a(s)<c. In the case A<y we have from (a) of (A.3)

SCuo(s, ¥)) Z e f(A) = cexp {—Br(L+48s)"* |y [*} fla(s))
=cexp {—pBA+p)A+48s)" ¥ |*} flals),

while in the case A=y we have from (b) of (A.3)
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Sfluy(s, y)) = cexp {—pL+7)1+48s) [y} fals) .

Thus we have the inequality
1+485) V2, 144
fuols, ) Z efta s} H (g 5.0)

holding for all yR? and therefore from the monotonicity of / we obtain

(25) sty )= oty 1) = [ Hooflus, -)ds
t f(1+468) \*0 g 1448
z¢f J@W{ F5aey) T HeH gy 0
——cf f(a(s)){—n%}mHG s+ 4}3?;_1,;85) )X, O)ds

_ o(t, s) Y7 BA+)x|*®
—cjof(“ 9N 1+4,85} exp{ -5 s,
where 0y(¢, s)=1+48s+48(1+7)(t—s). On the other hand, we have for 0=<s=¢
1+48t < 0,(¢, ) = 1+4B8(1+7)t <(A+r)(A+4p51),

and hence the integrand in the last line of is bounded below by

Sy (1) exp{— - 1517}

Therefore we obtain

wlt, )=t 9 2o, AN+ () exp{— LT x1}as

= c(1+7)" [ fa()a (1+459ds exp {— Br(1-+450| 5]}t 0

=B\, | x])u,(t, x) .

Next, assuming that holds for n we prove that holds also for
n+1. We now apply (A.3) to f(u,(s, ¥))=/(Ay) with

A=a(s),  p={1+Bu(s, [y])} exp {—p1+48s)7 ¥]%} .
In the case A<y we have from (a) of (A.3)
FQuals, ) Z {14+ Ba(s, |y} exp {—By(1+4ps)"" [y 1*} flals))
= cBa(s, |¥1)" exp {—BL+1)(1+485)7" [y{*} flals)
while in the case A=p

SF(ua(s, ¥)) Z cBa(s, |¥1)" exp {—BA+7)1+48s)""|y|*} flals))
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using (b) of (A.3). Therefore we obtain
t
26)  wns(t, X)—ug(t, x)= [ ds| H(t—s, x, 5)/(un(s, y))dy
0 R
t
ECfof(a(S))ds RdH(t—s, %, ¥)Bu(s, 131) exp{—BA+7r)1+48s)"' | y|* dy

=cChf Fa@)prds|  Hit—s, % 3)
Xexp{—pL-+48s) '+ - +r* )|y *fexp{—BQA+7y)(1-+48s) "y *} dy

= c O1f fatpptor i Sl I ey (- BUERE L

where
0,(t, $)=14+4Bs+4B(1+y+ -+ )(t—s).

On the other hand, we have for 0<s<¢

1+48t 0,08, ) S 1+H481+ 7+ -+ 5™t

LByt -
=W 0 T

1+480+7)Atr+ - +15t
= (480 L S

<A+H4BHA 7)1,
and hence the integrand in the last line of (2.6) is bounded below by

Fla(s)e(s) ™ (1+7)" <n+1>d/z< liig; ) - { 5(1+r1+4ﬁ;+1 PE }

Therefore we finally obtain

Unii(E, X)—u(t, x) = ¢ C}, (H‘7’)'(’””d/zj‘:f(a(s))go(s)”“'+7"

da/2 n+1 2
(iiiﬁf) exp{—- 5(1+r+1+4;tr = pds

=c CL (4709 fla(s)a  (14+485) (s ds

copl BEES O

RO Blr+ - ™| x[?
T+r+- +T"6Xp{* 1+4pt fiut, )

=c C; (1+T>—(n+1)d/2

=Bt | xDu,(t, x) .

This completes the proof of the lemma.
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We can now proceed to the proof of [Theorem 2.1l If we set A= ikr"",
1

Bzir‘k and y,=min{y—1, 1}, then we have
1
1 Tk -k
L)< ()

mn n
Ny ky—k,, —ynyy-k Ayn., -ByT
TT ? i TO 7 er <T 7 7/0 T ,

n—1 &k - k
(XY™
k=0 p=0

and hence by

wnlt, 1) 2 Cup(t)' -4 exp{— BT Yoy e

> (D] Ay )~ @D AT - AT B7"{g0(t) exp (— 57’ )}T uy(2, x)

rn—l

= Brix|?
= {690(t) exp (— “m;eT-)} u()(t, X) ,
provided that @<t> eXp{—‘Br(1+4ﬁt)—l \ xlz} >1, where
0= c7'/(;.,-1)(1+T)—(d/2>A-/r_ArroB;, .

Since ¢(f) 1 oo as t 1 oo, we can choose #,(x) so that

op(t) exp(—giﬁﬂi%: >> 2

holds for any t>t,(x). Then we bave u,(t, x)>2" "u,(t, x) for any n=1 and
t>t,(x), and hence u,(t, x) 1 oo as n 1 oo for any ¢>#,(x). Since u,(¢, x) T u(t, x)
<o for t<T., we must have T..<t,(x), and this means that u(f, x) blows up
in a finite time.

§ 3. The growing up problem.

In this section we seek for a sufficient condition to be imposed on the
local behavior of f(4) near 1=0 in order that any positive global solution of
grows up to infinity. The result in the first paragraph is of a preliminary
nature.

3.1. We begin with two simple lemmas, in which it is assumed that f is
non-negative and locally Lipschitz continuous in [0, oo).

LEMMA 3.1. Let ¢>0. If any positive solution u(t, x) of (1.1) either blows
up in a finite time or satisfies

lim supu(t, -)l=o0,

then the same holds for
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ou

(3.1) S

=dutef(u).

PrROOF. Let d(x) be the initial value of a positive solution (¢, x) of [3.1),
and set a.(x)=a(e""*x). Then we have 4(¢, x)=u(et, ¢¥*x; a., f), from which the
assertion of the lemma follows.

We introduce a class of monotone radial functions as follows:

A={acsCRY: a(x) =0, 0 and alx)=a(y) for |x|<Z]|yl}.

LEMMA 3.2. Suppose that f is non-decreasing. If a(-)e A, then u(t, - ; a, f)
e A for each te[0, T.).
PrOOF. The solution u(t, x; a, f) can be constructed by iteration:

uo(t, %) = Hia(x)
unlt, = Ha(o)+ [ Heof (s, 0ds,  nzl,

u(t, x; a, f)=lim u,(t, x), 0=t<T..

If a(-)e 4, then f(a(-))= A by the monotonicity of f, and hence we have only
to prove that Ha= A for each t. It is obvious that H,a is a radial function
if a(-) is so, and therefore we may assume that

(3'2) x:<x1) O,"‘,O), y:(yly 07“',-0)! Oéxléyl
in proving H,a(x)=H,a(y) for |x|<ly|. We have

@at*{Haw—Hao={  fexp(—2ZE0)—exo(— 1272 atz)az

+f 1z —z >l y—al {eXp<_ ILZZ‘Z—IZ> B exp(— LJ}ZTZ'i>}a(Z)dZ

=I+1II.
Since |x—z|<|y—z]| is equivalent to |z|<|z—x—y| from [3.2), we have

I= j el €l 2- ) {eXp(_ﬂii>_eXp<— %fﬂz_)}a(zmz

gjmg[z—xwl{eXp( |x~Z|2> eXp< ly Zl )}a(z x—y)dz.

Making the change of variable w=x+y—z in the last line of the above and
then noticing that |x+y—w|=<]|w]| is equivalent to |x—w|=|y—w], we obtain

Izjlﬂ?*y—u‘éiw\{ex( !y w“) eXp( ]x wl >}a(w)dw

:J‘\z‘w}Ely*wl{exp<_#’y2—;ﬂli>—e){p< [x wl )} a(w)dw— -
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and this proves that H,a(x)=H,a(y).

THEOREM 3.3. Let f and 7 be locally Lipschitz continuous functions on
[0, ©), and assume that (i) f(4)>0 for 1>0, (ii) 7 is non-decreasing with f(0)=0,
and (iii) lilzr}gnff(l)/f(l)>0. Suppose that any positive solution #(t, x) of

(33) —%@‘— = du+J(u)

either blows up in a finite time or satisfies

(3.4) lim sup [[i(t, -)lle=0c0.

Then any positive global solution of (1.1) grows up to infinity.

PROOF. By the remark we made just before [Theorem 2.1 we may con-
sider only those initial values belonging to <A, and also by virtue of (2.2) we
may even consider only small initial values of compact support. So we take
a(x) with compact support from the class A, and prove that u(t, x; a, f) grows
up to infinity assuming that it does not blow up. We take an arbitrary posi-
tive constant M satisfying M>|q|..

In what follows, ¢>0 is assumed to be so small that f(2)>sf(2) for 0<A<3M.
together with the assumption of implies that the
solution u(t, x; a, ef) either blows up or satisfies lin;l sup |lu(t, - ; q, ef)||w=00,
and hence if we define 7, by -

T.=inf {t>0: |ut, - ; q, ef)].>3M},

then T.,<co. Also it is clear that lim 7.=cc. Now the rest of the proof is
elo
devided into three steps.
Step 1 is to prove that the inequality

(3.5) u(t,x;a, f)=ut,0; a, ef)—eMyt,— M, | x| t; /2

holds for 0<t,<t<T., where M,=f(3M) and M,=3+/d/2 M. For this purpose
first we notice that

u(t, x; a, ef)=ulty, x: v, ef), 0<t,<t<T,
holds with v(x)=u(t—t, x; a, ef). An application of (2.2) then yields
u(ty, x; 0,00 S ult, x; a, ef)<ulty, x; v, 6f,),  folX)=M,,
and hence for 0<t,<t<T, we have
(3.6) H,v(x)<u(t, x; a, ef) < H, v(x)+eMyt, . '

Putting x=0 in the second inequality of [3.6), we have
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3.7) Hw(0)Zult,0; a,ef)—eMyty,  0<t,<t<T..

On the other hand, from the inequalities

(VHp) = 3 {2220 o(5) (e, x, )y}

_yl2
= Jolaf-L2E ey, 2, 90y

=llv[2d(2t,) ' = M3t
it follows that

(38) | He o= Hygo(O)1 = [ ', TH, p(s20)ds)
= ol{[ IV H (s %5} = Mot 1.

Combining [3.7) with [3.8)] we have
va(x) =u(t,0; a, ef)—-eMotO—-—Ml | x| 512,

and this together with the first inequality of implies that
(3.9) u(t, x; a,ef) =u(t, 0; a, ef)—eMty— M, | x| 512,

However, we have u(t, x; a, f)=u(t, x; a, ef) for 0<t<T. by (2.2), and hence
this combined with [3.9) gives [(3.5).

Step 2 is to prove that for each compact set K containing the support of
a(x) there exist constants 6 and T such that 0<d<T and

(3.10) ult, x;a,/)>M  for T—0<t<T and x=K.

For the proof we choose first a large t, and then a small ¢>0 so that both of
the inequalities #,<7T. and

(3.11) eMyty+ M| x| 72 < M, xeK

hold. Since u(t, x; a, sf) takes the maximum at x=0 as a function of x by
we have u(T.,0;a,sf)=3M by the definition of 7., and hence
there exists 6>0 such that #,<7.—d and

(3.12) u(t,0:a,ef)>2M  for T.—0<t<T..
From [(3.5), and [3.12), we obtain (3.10) with T=T..

Step 3. Here the proof of the theorem will be completed as follows. For
each ,e[T—0,T] we set a,(x)=u(t, x; a,f) and u,(t, x)=u(t, x; a;, f). Since
a;=a by (3.10), we have
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Wt O=ult, )>M, T—6<t<T, x=kK,
and hence

(3.13) u(t,x;a,1)>M, 2T—-20=t<2T, x€K,

because u,(t, x)=u(t,+t, x; a,f). Repeating this argument, we can now amplify
the inequality as follows: for each positive integer n, u(t, x; a, )>M
holds for all £ and x such that nT—no<t<nT and x=K. However, there
exists t,>0 (for example, t,=[T07*]T) such that

3

[nT—nd, nT 1D [t,, o).

n=1

Il

Consequently we have u(f,x;a,f)>M for any t>f, and xK, as was to be
proved.

THEOREM 3.4. Let f be a Lipschitz continuous function on [0, 1] such that
F>0 for 0<2<1 and f(1)=0, and also let f be a non-decreasing locally Lipschitz
continuous function on [0, o) with f(0)=0. We assume that

lim inf F/F)>0,

and that any positive solution (¢, x) of (3.3) either blows up in a finite time or
satisfies (3.4). Then any positive solution of (1.1) which is less than or equal to
1 converges to 1 uniformly on each compact set of R* as t—oco.

Proof of this theorem is quite similar to that of Starting
with the initial value a(x) such that ||a|.<1, we choose M so that |a|.<M<1
and define T, as before but with replacement of 3M by (14+M)/2. The argu-
ment goes in the same way with slight changes in constants such as in [3.12).

3.2. Combining with we can obtain a result
concerning the problem (B).

THEOREM 3.5. Suppose that f satisfies the following three conditions.

(B.1)  f is a locally Lipschitz continuous function in [0, o) with f(0)=0 and
f(A)>0 for 2>0.
(B.2) r fA/ 22D =0c0 for some ¢>0.
0+

(B.3) There exists a positive constant c,(<1) such that
FAp) Z et ¥Pf(2)  for 0<A=Z o, A<c, and Ap<c, .

Then any positive global solution of (1.1) grows up to infinity.

This theorem is an immediate consequence of Theorems 2.1, and the
following lemma in which the relation between (A.1)-(A.3) (of [Theorem 2.1)
and (B.1)-(B.3) is examined.
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LEMMA 3.6. For each f satisfying the conditions (B.1), (B.2) and (B.3), there
exists f satisfying the conditions (A.1), (A.2), (A.3) and

(3.14) lim inf FD/FD>0.
A10
PROOF. Let f(A)=A"*®®g(2) and define &, & and f by

inf g(&) for 1<¢,,
g(z):{ FET IR
g(%) for A=¢,,

EQ=BAL,  JR=214),

where aAb denotes min (e, b). Then it is easy to see that f satisfies
and (A.1). As regards (A.2) we first notice that the condition (B.3) on f
implies that g(Ap)=c¢,g(4) for any g such that A<1=<p<c¢,/4, and hence putting
E=Ay in the definition of Z(4) we have

(3.15) g(A)=c,g(A) for 0<2<c,.

Therefore, j B/ dlgcofo g(2)/2di=co and hence j0+g<z>/z di=oco by the
0 +

monotonicity of g, which implies that (A.2) is satisfied for 7. Next we prove
that f satisfies (a) of (A.3). Suppose that 0<A=< g and A<c, If Ap<cy, using
(3.15) and ¢,<1 we have

E(Am) =2 (e8I NL = (cig(DIN1 2 (FZ(AN AL = c5E(A) .

If Au=c,, then F(Ap)=8(c,)A1=g(2A)A1=g(2). Therefore we have proved that
0<A=p and A<c, imply that g(Aux)=c3g(1), and this shows that (a) of (A.3)
is satisfied for F with c=c2 Finally, we prove that f satisfies (b) of (A.3).
Since the condition (B.3) for f is equivalent to g(£)=c,2(2) for 0<A2<E<c,,
A<¢c,, we have

g(@)zcpgle,) for " =&=ci", nz=1.

Take a positive number 6 such that 27°<¢, and put
N=min {n=1: crg(c,)>2°(log c;*™)~° for all m>n},
n(A)=max{n:A=<c" '} .
Noting that ¢"®<A<ci®-1 we have
2(D) = c§Pg(c) = 2°(log ;)7 = (log ;™) = (log %)-5 :

provided n(2)> N, and hence g(A)=(log 1/2)"? for all sufficiently small positive
A. Therefore, if 4 and g are sufficiently small and p¢<4, we have
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1~ 1 1 1 \7°
—rEGmz—agmrtyz— {(a(log ) )AL}

z—{(a(210g ) In1}z1280),

and hence f(z‘u)gy“@/@f(z) for all sufficiently small 2 and g with 0<pu<aA.
The proof of the lemma is thus completed.

In the case when f(4)>0 for 0<A<1 and f(1)=0, we obtain the following
result similar to as an immediate consequence of Theorems 2.,
B.4 and Lemma 3.6. This might be some improvement of earlier results due
to Kanel’ [6], lkeda and Kametaka (unpublished, partly found in [5]), Haya-

kawa [4], and Masuda [8].
THEOREM 3.7. Let f be a Lipschitz continuous function on [0,1] with f(R)

>0 for 0<A<1 and f(0)=f(1)=0, and assume that (B.2) and (B.3) of Theorem
3.5 are satisfied. Then, any positive solution of (1.1) which is less than or equal
to 1 converges to 1 uniformly on each compact set of R as t—sco.

§4. A remark to blowing up condition.

Suppose f satisfies (B.1), (B.2) and (B.3) and let f be the function con-
structed in the proof of If, in addition, f satisfies

(4.1) f(2)>const. A1+HD for all sufficiently large 4,

then f satisfies ijnff(l)/f(l)>0 in addition to (A.1), (A.2) and (A.3). On the
>0

other hand, the condition (a) of (A.3) implies (4.1). Therefore the set of con-
ditions (B.1), (B.2), (B.3) and (4.1) is, in a sense, equivalent to (A.1), (A.2) and
(A.3), and hence gives a sufficient condition for positive solutions of to
blow up. The following theorem states this with a slight improvement with
respect to (4.1).

THEOREM 4.1. Suppose that f satisfies (B.1), (B.2), (B.3) and the following

two conditions.

(4.2) j TdAfD) <o for some >0,

(4.3) There exist constants ¢>0 and 2,>0 such that f(y¢) = cf()
for 2,<A<p.

Then, any positive solution of (1.1) blows up in a finite time.

PROOF. Suppose that a positive solution u of does not blow up.
Since u grows up to infinity by for any M>0 there exists ;>0
such that u(ty, x)>M for | x| <1. Then u satisfies
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t

(4.4) u(t+ty, 1) = Hout, )0+ [ Hoofultats, -)ds
for any 0<t<co. We put

(OM(t>: Inllin u<t+tM’ x)y t>0y

Tl =1
»= inf minf H(t, x, y)dy>0.
0st=1 lxl=1Y Wit
From [4.4), we have
pu(t) Znou(0) = npM>4,, 0=t<1,

provided M>A,/n. Therefore, again from and the assumption (4.3) we
have for M>24,/y

pu(®) = pMF-c1{ Fou(s)ds
vaJrc?vf:g(pM(s»ds, 0=t=1,
where g(p):}ge}gxﬂf().) (p=4,). Let ¢(t) be the solution of
oDy =M-+c*nf g(p(s)ds.

Since g(g) is non-decreasing, we have py()=¢(t) for 0=<¢<1. On the other
hand, ¢(t) satisfies the equation

j A o
w8 O
which combined with fm g%% < oo implies ¢(1)=co provided M is large enough.

Therefore, p,(1)=c0 and this contradicts that u does not blow up.

§5. Non-growing up condition.

In this section we deal with the situation in which f is so small near the
origin that some positive solution of converges to 0 as f—co.

THEOREM 5.1. Suppose that a locally Lipschitz function f on [0, o) satisfies
the following conditions.

(5.1) AN=0 and F0)=0.
(5.2) j;f(z)/z“w/@dz@o for e>0.

(5.3)  There exists a positive constant ¢ (<1) such that f(Ap)=cpf(Q)
Sfor 2=0 and p=1.
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Then, some positive solution u(t, x) of (1.1) converges to 0 uniformly in x as t—oo.

REMARK 5.2. The condition (5.3) in the above theorem can be replaced by
the following local one.

(5.4) There exists a positive constant ¢ (<1) such that f(Ag)=cuf(2)
for 0<4<e, p=1, Au<e.

In fact, when f satisfies (5.4) instead of (5.3), the function f defined by putting
FA=Fc)c™'A for A=c and AA)=F() for 0=<A<c satisfies (5.3), and the conclu-
sion of with respect to ou/dt=Au+f(u) obviously implies the
same one with respect to A sufficient condition for (5.4) is

(5.5) f(A)/2 is non-decreasing near A=0.

We prepare a lemma which gives upper and lower estimates of u(t, x) in
terms of solutions of certain ordinary differential equations. For the proof of

our present theorem we need only the upper estimate, but we give also the
lower one for its own interest.

LEMMA 5.2. (a) Let f be the same asin the preceding theorem except that
f need not satisfy (5.2) this time, and a(x)=0 be continuous and bounded. Let
v(t) be the solution of

(5.6) R [COLOCONE OES S
where k(t)= sup H,a(x). Then we have

ut, x; a, f)=viHa(x), 0=t<ts,

where t.(<o0) is the blowing-up time of v(t).
(b) Let f be a non-negative convex function with f(0)=0 and a(x) be the
same as in (a). If v(t, 2) denotes the solution of dv/dt=f(v) with v(0)=2, then

u(t, x; a, f)zv(t, Hia(x)),  0=t<T..

Proor. (a) For 0=t<?. we define {v,(t)} and {u,(¢, x)} inductively by

wB=1, onB=14c] FrSn )/ )s

wot, =H,a(x), un(t, D=Ha(0)+ Heoflitns(s, s,

Since v,(t)—v(t) (0=5t<t.) and u,(t, x)—u(t,x;a,f) (0=t<T.) as n—oo, it is
enough to prove that

(5'7) un(t: X)_évn(t)Hta(X) ’ ngo .
We prove this by induction. When n=0, is trivial and so we assume
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that it holds for n—1. Applying the condition (5.3) with

_ Una(S)k(s)

Zzun—l(s’ x> ’ un—l(s’ x)

we have

OO O B s OLIO N NN

Un-1(S, X)
and hence

Ftns(5, D)= 1B I fv (H(3)
= ¢ Ha(0) (v (DO KGS)

we have used the induction hypothesis u,_,(s, x)=<v,_,(s)k(s) in deriving the
last inequality of the above. Therefore

ualt, S a0+ Hia(0)f fon (R Ms)ds
=v,()H,a(x).

(b) Let {u,(t, x)} be the same as in the proof of (a) and define {v,(¢, 1)}
as follows:

bty D=2, valt, )=2+[ fvaii(s, )ds, n=1, 220.
0

Then, by induction in 7 it is easy to see that for each n=0 and =0 v,(t, A)
is a non-negative convex function of A=0 with v,(¢, 0)=0. Since v,(t, 2) 1 v(¢, 2)
as n | oo, it is enough to prove that

(5.8) u(t, X)=v,(t, Hia(x)), n=0.
For n=0 (5.8) is trivial, and so assuming that it holds for n—1 we have

ualt, DZHa(0)+ [ oo f(0a (s, Ha))(2)ds
= H,a(x)+ [ (H, vn (s, Hia)(x)ds
= H,a(0)+ [ f(vns(s, HoosHyal)ds

= H,a(x)+ [ foa_i(s, Ha(x))ds
=v(t, Hia(x);

here we have used the monotonicity of / and the induction hypothesis for
deriving the first inequality, and Jensen’s inequality for the second and the
third inequalities. The proof is finished.
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PROOF OF THEOREM 5.1. Let a(x)=ae #®* a>0, >0. Then the function
k(t) in the preceding lemma is equal to a(1+48f)"%% If v(t) denotes the solu-
tion of [5.6), then u(t, x; a, f)<v(¢#)H,a(x). Since H,a(x) converges to 0 uni-
formly in x as ¢{—co, it is enough to prove that v(¢) is bounded in ¢ for some
a, B>0. We consider

dw(t) __w(@) 10) B
(59) dt Czk(l‘) f( N/ ) y w(O)__l .
First applying (5.3) with 2=kw, p=w™'a”"* and then using a™"*=1, we have
w k 1 1
ck f( \/g) =, fkw) - for Isws ——.

Therefore, a comparison theorem in the theory of differential equations applies
to and [5.9), yielding
(5.10) v()Zw(t) for 0<t<T whenever w(t)<a™'* for 0<i<T.

On the other hand, we have
-2 tk -1 -1zp d
w(ty=exp{c[ k() fla " k(s)ds},
which converges to 1 uniformly in ¢ as §—co, because
[LORICREIONE
0
=(ady e [ fa e <o
0

Therefore, w(t)<a ** for all t=0 if jis sufficiently large, and hence it follows
from that v(t)<a *? for all t=0. This completes the proof.
ExaMpPLE. We consider the case when f is given by

gy -1
f=2+*"{log % 1og<2>—,1r logm_n%' (logen —ﬁ—-) }

near the origin and smooth and positive in the whole of [0, o), where >0,
n=1 and log,p=log log --- log ¢ (k-times).

(a) If 6<1, then it is easy to see that f satisfies the conditions (B.1) and
(B.2) of [Theorem 3.5, To check that f satisfies (B.3), we notice that

0<i=p, log2=logA™ and log2=logu,(4x)™
(5.11) {
imply that log,(A) '=2lognd™",

which can be proved by induction on k. From we obtain

d f(l) _ logcm(zﬂ) ! IOgcn)(Jﬂ) n-1+8
e J = T (PR ) (P ) <o,
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provided that 4 and Ay are sufficiently small with 0<A=g, and this implies
that f satisfies (B.3). Therefore, any positive solution of either blows up
in a finite time or grows up to infinity, if 0<1. (b) If d>1, then it is easy to
see that f satisfies the conditions [(5.1), [5.2) and (5.5), and hence some positive
solutions of converge to 0 uniformly in x as {—oo.
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