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Introduction.

In this paper we study compact complex affine manifolds. Let A(n, C) be
the group of the affine transformations on C" and let I be a subgroup of
A(n, C) such that 1) I" acts on C™ properly discontinuously and freely 2) C"/I’
is compact. A compact complex manifold C*/I" is called a compact complex
affine manifold. For n=2, such manifolds have been classified by Vitter [6],
Fillmore and Scheuneman and Suwa [5] The purpose of this paper is to
study the complex manifold C"/I" under certain conditions. Put

a « 1 *
N(n,C):{AeA(n,C)‘A:( > a:< >,aEC”}.

0 1 0 1
In section 1 we show that if I’ is contained in N(n, C), then every non-zero
holomorphic vector field on C*/I" has no zero point and the Lie algebra a of
all holomorphic vector fields on C"/I" is solvable and of dimension =n. In
section 2 we study the case when [’ is contained in N(n, C) and the Lie alge-
bra a is of n-dimension. In this case we show that there exist a simply con-
nected complex nilpotent Lie subgroup G of N(n, C) which contains I’ and a
biholomorphic map ¢: C"—G such that @¢(y(z))=7é(z) for any y=I' and any
zeC". In particular, we see that there is a biholomorphic map é:C*/I'—-I'\G.
In section 3 we show that if /' is contained in N(n, C) and C"/I has a
Kéhler metric, then C"/I" is biholomorphic to a complex torus. In section 4
we consider the case when [’ is an abelian subgroup of A(n, C) and prove
that C*/I" is biholomorphic to a complex torus.

The auther would like to express his thanks to Professors Y. Matsushima,

S. Murakami and H. Ozeki for helpful discussions.

§1. Preliminaries.

Let A(n, C) be the group of all affine transformations on C*. The group
A(n, C) is represented by the group of all matrices of the form A:(g 6{

where a=(a;;)eGL(n, C) and a=(a;)eC" is a column vector. Let N(n, C)
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denote the subgroup of all unipotent elements:

Nin, C):{AeA(n, C)IA:(Z 01‘) a:((l)'.- :)}

Let I' be a subgroup of N(n, C) such that 1) the action of I’ on C” is pro-
perly discontinuous 2) C*/I" is compact. Since N(n, C) has no torsion, I’
acts freely on C", so that C"/I" is a compact complex manifold.

Note that I’ is finitely generated, since the fundamental group =,(C*/I")
of C*/I' is isomorphic to I” and C*/I" is compact.

Let M be a connected compact complex manifold and Aut (M) denote the
group of all holomorphic automorphisms of M. Then Aut(M) is a complex
Lie group and the Lie algebra a of Aut(M) can be identified with the Lie
algebra of all holomorphic vector fields on M. ;

PROPOSITION 1.1. Every non-zero holomorphic vector field on C"/I" is non-
vanishing.

ProoF. Let 7:C"—C"/I" be the canonical map. Note that = is the cover-
ing map. Take a non-zero holomorphic vector field X on C"/I'. Let Y be
the lift of X on C?®, that is, the holomorphic vector field ¥ on C" such that
xY=X. Then we have 74Y=Y for any y=I. Conversely a holomorphic
vector field ¥ on C™ which satisfies 74+Y=Y for any y=I’ defines a holomor-
phic vector field X on C*/I" such that 7 Y=2X.

Let (2, -+, 2z,) be the canonical coordinates on C™ The vector field Y
can be written uniquely in the form

_ 3 0
Y———];lfj aZj

where f; (j=1, ---, n) are holomorphic functions on C". We note that
d  « 0 d . )
(11) 7 x a?j—k%ak]()’) 8zk _}_W’ J]= 1, e W

for yel', where
(1 ay(y) e aa(y)  ou(y)

1 azs(?’)"‘am(r) az()’)

L @uin(y) ani(y)
1 ay(y)

Since yxY=Y, we have

(1.2) ifjf* 0z, = i (ijT)'gaZ*
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where f;or denotes a holomorphic function on C” defined by (f;07)(2)=/;(r(2)).
By and [(1.2), r«Y=Y is equivalent to

flOT:f1+a12<T)f2+ +a1n(7’)fn

S20 7 :fz+azs<7)f3+ +azn(7')fn

............

(1.3)

fn—lOT:fn—1+'an-1n(T)fn
anT:fn- »

Since f, is a holomorphic function on C" and f,or=f, for yel', f, de-
fines a holomorphic function on a compact complex manifold C*/I’, so that
f. is a constant function. If the constant f, is not zero, the vector field

Y:E%fj 82- +fa 32 has no zero point, so that X has no zero point. If
J=1 Jj n

the constant f, is zero, we have f,.,0y=/f,-, for any yeI', so that f,_, is a

constant function. If the constant f,_, is not zero, the vector field Y=

Zf, az +fn-1 . 9 has no zero point. Similarly if fo,=f,-,= -+ =F;,+1=0

and fJO;&O Fier= f,o for any yel' by (1.3), so that f;, is a constant function
and Y can be written as

Y= fo az o 82

J<lJyg

where f;, is a non-zero constant. Therefore Y has no zero point, so that X
has no zero point. g.e.d.

REMARK 1. The proof shows that if Y= Zf] 8 with f;,=0, then f;,
is constant.

COROLLARY 1.
1<dim¢ Aut (C*/I)<n.

PRrROOF. Since the holomorphic vector field 82 on C” satisfies r*‘az‘
1 1

:—‘ag for any yel’, 1=dim¢ a=dim¢ Aut (C"/I"). Let T,(C"/I") denote the
1

holomorphic tangent space at xC"/I’, and consider the linear map E,:a—
T(C*/I") for xeC™/I" defined by E(X)=X, for X=a. [Proposition 1.1 shows
E, is injective. Hence, dim¢ a<dim¢T(C"/[")=n. g.e.d.

A complex manifold M of dimension #n is called parallelisable if there exist
n holomorphic vector fields on M which are linearly independent at every
point of M.

COROLLARY 2. A compact complex manifold C*/I" is parallelisable if and
only if dime Aut (C*/I")=n.

PrROOF. Obvious from the proof of
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PropPOSITION 1.2. The Lie algebra a of all holomorphic vector fields on C™/I"
1S solvable.

Proor. We identify a holomorphic vector field on C"/I" with the corre-
sponding vector field on C*. Let (2, --+, 2,) be the canonical coordinates on
C". Define the length I(X) of a holomorphic vector field X on C"/I" by

. n a
M X=22 75— ;#0 for X
=1 UIX=Z gz fi#0) for X0

0 for X=0.

Let B be a subset of a. Define the length [(B) of B by I[(B)=Max {{(X)| X< B}.
Let [ B, B] denote the subset defined by

[B,B]={ 2 au[X, XJlanusC and X,, X,= B}.

finite sum

We claim that, for a subset B=(0),
(LB, B)=l(B)—1.
Take two elements 0+ X, Y of B. Put j,=I{(X) and ¢,=I(Y). Then

X=21 az s az

i<ig

Y=2> g az +8i, az

’LLO

where f;, and g;, are non-zero constants.

(X, Y1=2 (2 (figs g, §§; ))a2 5z,

0 a
l<Max{10 ]0)<E<fk o k—agi_)) 0z, °

Thus ([X, Y]1=Max {{(X), (Y)}—1 for X, YeB. Obviously [(X+Y)Z
Max {I{(X), I(Y)}. Therefore I([B, B])=I(B)—1.

Define D,(a) inductively by Dya)=qa, D,(a)=[D,.,(a), D;_,(a)]. Then we
have I(Dy(a))SU(Dp-y(@)—1=Z - <l(a)—k<n—Fk for k=0, 1, 2, ---. Hence, I[(D,(a))
=0, that is, D,(a)=(0). q.e. d.

By the same way, we can study holomorphic p-forms on C"/I'. Let
H?°(C"/I") be the vector space of all holomorphic p-forms on C*/I’. Let h*°
denote the dimension dimcH?°(C™/I").

PROPOSITION 1.3. Let 6 be a holomorphic p-form on C*/I’. If 6 is non-zero,
6 has no zero point, that is, 0,%0 for any xC™/I".

PrOOF. Let #:C"—C"/I' be the canonical map. Put yp==z*@. Then r*yp
=7 for any y=I'. Let (2, -+, z,) be a canonical coordinate on C". 7 can be
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written uniquely as ‘q:%)dezJ where J=(jy, -+, Jp) (1=),< - <jp=n), dz,=
dz; A -+ Ndz;, and f;=Ff;,.;, are holomorphic function on C™.

Define C, by Cp={J=(j,, -+, Jp)ENP|1=j,< -+ <jp,=n}. Let us introduce
a linear order < on C, by I<] for I, JeC,, I#], I=0y, -+, 1p), J=(Jy, =+, Jp)
if 1,=7,, =, Leey=Jp-1, 1x<J, for some 2 (1Sk<p).

We have r*dzJ:dzJJrI;J P;(y)dz; for yeI', where P;,(y) is a polynomial

of a;;(y). We then have y*y=7 if and only if
(1.4) fKOT_i_J‘j_J;(PJK(fJOT) =[x for all KeC,.

In particular, f;,07=/;, for any yeI', where I,=(1, 2, ---, p)&C,, so that f7,
is a constant function. If f,=0 for any J<J, then f,,0r=f,, for any yerl,
so that f;, is constant. Thus, for a non-zero form 7, there is a J,=C, such

that
n= szdeZ" +/74d2s,
=70

where f;, is a non-zero constant. Hence, # has no zero point. gq.e.d.

CoroLLary. 1=hP'=(%) for p=0,1, -, n. In particular, h™*=1.

Proor. Consider the largest element J, of C,, that is, J,=(n—p+1, -,
n—1, n). Then y*dz;,=dz;, for any yI'. Hence, 1<h?".

Take a point xeC"/I’. Let APT¥C"/I") be the p-th exterior product of
holomorphic cotangent bundle T#(C"/I") at x. Define a linear map ¢:
H?»(C*/ "= NPT¥C"/I") by ¢(0)=80, for 6= H?*(C"/I"). Then ¢ is injective

by [Proposition 1.3, so that hp"’g( Z) g.e. d.

§2. The case when dim Aut(C*/[")=n.

In this section we prove the following theorem.

THEOREM 2.1. Let I’ be a subgroup of N(n, C) acting freely and properly
discontinuously on C™ and such that C*/I" is compact. If dim Aut(C"/I)=n,
there exist a simply connected complex nilpotent Lie subgroup G of N(n, C) which
contains I' and a biholomorphic map ¢:C"—G such that ¢(y(z))=r-$(z) for
any rel’ and z=C™ In particular, ¢ induces a biholomorphic map ¢ : C*/['—
I'\G.

Let (2, .-, z,) be the canonical coordinates on C®, We identify a holo-
morphic vector field on C*/I" with the corresponding vector field on C" as in
section 1. Then every holomorphic vector field X on C*/I" can be written as

0 0
X=X7; 9z, +fr 0z,

J<k
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where f, is a non-zero constant and f; is holomorphic function on C". Let
a;;(y) (1=2i<j=n) and a,(y) (1=j=n) denote the matrix-components of y= .

LEMMA 2.2. Let g(z) be polynomial functions of z, -, z, and P(y) be
polynomial functions of a,;(y) and a;(y) (1=I=p). If f is a holomorphic func-
tion on C™ which satisfies the relations

b4
2.1) Ar(2)=fl2)+ ) Py(r)g.(z)
for any y I, then f is a polynomial function of z,, -, Zy.
PrROOF. We prove our lemma by induction on the number of variables
Zy, -+, Z,. Consider the case when f and g, are functions depending only on
z,. We denote by m, the degree of the polynomial gi. Put m=Max {m;|j=1,
--,p}. Then we get dsz: (y(2))= dzmﬂ (z) for any y= I, since

z,ta,5(p)zyt o Fan(r)zatag(y)

............

(2.2) 7(2)=| Zptppei(P)2et -+ T aea(7)2Znt+au(y)

............

Zptan(y)
. . dm™tif .

Since C"/I" is a connected compact complex manifold, W is constant
and hence f is a polynomial function of z,. We may assume that if f, g, are
functions depending only on z,, ---, z, and f satisfies the relation for some
P(y) then f is a polynomial function of z,, ---, z,. Let m} denote the degree
of the polynomial g, with respect to z; and m,=Max {m} |j=1, ---, p}. By
and [2.2), we get

am1+1

S @) =@

for any yI'. Therefore

m, .
(23) @)= et X 0, -+, 20)2]
where an,+;€C and a;(2,, -+, z,) are holomorphic functions depending only on

Z,, -+, Zp. By [2.1), and [2.3), we see that a, (2, -, z,) satisfies the rela-
tion for some polynomial functions gm,(z) of z,, ---, z, and some poly-
nomial functions P (y). Thus an (2, -+, z,) is polynomial function. Con-
sidering the coefficient of z7! of and noting that a, (2, ---, z,) is a
polynomial function, we see that aml_l(zz, .-+, Z,) satisfies the relation and
hence an,-1(2,, -, z,) is a polynomial function. By the same way, we see that
a;(2,, -+, 2,) are polynomial functions of z,, ---, z, for j=0, 1, .-, m,. q.e.d.
0 0

COROLLARY OF LEMMA 2.2. Let X= Eka 3z, + oz, be a holomorphic vec-
J<
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tor field on C*/I'. Then f; are polynomial functions of zy, -+, Zy.
Proor. By in section 1, we can see that f; satisfies the relation [2.1).
LEMMA 2.3. Suppose that dim Aut (C*/I')=n. Then there are holomorphic
vector fields X,, ---, X, on C"/I" such that

0 0
(2.4) X;= %fij_@"+a—%,

where f;; is a polynomial function such that f;;(0)=0. Moreover the matrix
component a;;(y) of yeI satisfies

(2.5) a:i;(r)=Fi(a(y), -, (7)) -
PROOF. It is easy to see that there are holomorphic vector flelds Y, -,
Y, on C*/I" such that YV,= X g, -f?~+—a— for some holomorphic functions
J i<j J aZi aZj

gi;. Put X;=Y;— Ejgkj(O)Xk for j=1, ---,n. Then, X, -, X, satisfy the

conditions of Lemma 2.3 by [Corollary] of Lemma 2.2. By in section 1, f;;
satisfies the relations

(2.6) fijOT:fij+i<§j aik(T)fkj+aij<T>-
By [2.2), we see that a;;(7)=/i;(y(0))=/i;(ai(y), -+, aa(1)). q.e.d.

LEMMA 2.4. Suppose that I' is a subgroup of A(n, C) acting on C™ freely
and properly discontinuously and such that C*/I" is compact. Then the set of

translational parts a of elements (64 C{) of I' contains a basis for C™ regarded
as a real vector space.

Proor. See [1], [2]
LEMMA 2.5. Let G be a subset of N(n, C) defined by

[ ; |
G-—l fllj(Z) ! Z]EC, ]—1, ,nJ
0 creeenerennn 0 1

Then G is a simply connected complex nilpotent Lie subgroup of N(n, C) and
contains I

PrROOF. By the set of translational parts of elements yI
contains a basis for C" regarded as a real vector space, a fortiori, it contains
a basis for C” as a complex vector space. In particular, we see that if f is
a polynomial function on C”" such that f(a,(y), -+, a,(y))=0 for any y=I then
f is identically zero. We prove that G is a subgroup of N(n, C). We denote
(2,(8), =+, 2,(8)) by 2(g). For elements
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’ z,(8) z,(h)
T Ji2(8) T C{(0) I
=10 1 e IO T am
Q ceeeereanee 0 | 1 0 ceeneeeeaee 0 | 1

of G, the components a;;(gh), a,(gh) of gheN(n, C) can be written as

a;;(gh)=fiz()+ 3 fisz(@)fai(2()+1i,(2(8))
afgh)=z(h)+ 2 fu(z(g)zih)+2(8).

Since I is a subgroup of N(n, C), we have
Ji(2(y0)) = fij(2(5))+i<§<jfi W2 Sz S15(z(1)

(2.7)
2(r0)=2(0)+ 3 fuz()z(0)+2r)

for 1=i<j<n, 1=I<mn, and any 7, 0. Define z,(z, y) for 1=<[<n, and 2,y
eC".
z(z, y):yl+z§flk(2>yk+zl-

We also define polynomial functions P;;(z,¥) on C"XC" for 1=i<j<n by
(2.8) Pij(z, y)=fi,(z:(2, 3), -+, 2a(2, ¥))—[1;(¥)
— 3 Fil@D) (0 —Fi5(2).
A

By [2.7), we have P(z(y), 2(8))=0 for any y, dI'. For a fixed del,
P;;(z, 2(0)) is a polynomial function on C® which vanishes on the set of trans-
lational parts of elements of I'. Thus P;;(z, 2(6))=0 for any zeC" and d= .
Now for a fixed z=C", we can see that P;;(z, y)=0 for any y=C” by the
same way. This implies that gheG. Similarly we can see that if geG then
g7'eG. Thus G is a subgroup of N(n, C). The other claim in Cemma 2.9 is
obvious. q.e.d.
PRroOOF OF THEOREM 2.1. We define a biholomorphic map ¢: C*—G by

Z
. f“(zﬁ :

é(z)= 0 1z for zeC™.
O ceeenneeenns 0l 1

Then we can see that

(2.9 #(g(2) =g ¢(2)
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for any geG and any zeC" Since I’ acts on C™ properly discontinuously
and freely, it follows from that the same is true for the action of I on
G by left-translations. Therefore I’ is a discrete subgroup of G and ¢ induces
a biholomorphic map ¢: C*/I'—I'\G. This proves [Theorem 2.1.

ExAMPLE. Let I' be a subgroup of N(3, C) defined by

1 0 a, a,
e 1 0 al|la,ecZ++—1Z
N 1 a .
1=1,2,3
0 1

Then it is easy to see that 1) I" acts on C?® properly discontinuously and freely
2) C?/ I is compact. Moreover dim Aut,(C®/I')=3 and Aut,(C?/I") is not abelian.
In fact, C*/I" is biholomorphic to G/I'; where

1 Zs  Z
G=+<|0 1z jlz;eC, i=1,2,3
0 0 1
and
1l a

3
I
(]

&

a,y .
i=1,2,3 '

§3. The case of Kihler manifolds.

In this section we prove the following theorem.

THEOREM 3.1. Let I' be a subgroup of N(n, C) satisfying the conditions
1) and 2) in section 1. If a compact complex manifold C"/I" has a Kidhler
metric, C"/I" is biholomorphic to a complex torus.

We need some lemmas to prove this theorem.

LEMMA 3.2. All Chern classes ¢,(C*/I"e H*(C*/I", R) (i=1, ---,n) of a
compact complex manifold C*/I" are zero.

PROOF. Since C"/I' has an affine structure, C*/I" has an affine connec-
tion with zero curvature and zero torsion (cf. Matsushima [3], Vitter [6]). In
particular, all Chern classes ¢;(C"/I") are zero. qg. e. d.

LemMma 3.3. If M is a compact Kdhler manifold with ¢, (M)=0, then we
have

(1) The Lie algebra a of all holomorphic vector fields on M is abelian.

(2) Every non-zero holomorphic vector field and every non-zero holomorphic
1-form are nonvanishing.
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(3) Let H“(M) be the vector space of all holomorphic 1-forms on M. The
bilinear function B: H*(M)xa—C defined by B(0, X)=6(X) is non-degenerate.

PROOF. See §9 Theorem 3.

PrROOF OoF THEOREM 3.1. By of Preposition 1.3, there is a holo-
morphic 1-form 6,=dz, on C*/I". By (3) of there is a holomor-
phic vector field Xea such that 6,(X)+#0 for 6, H-°(C"/I"). Since 0,(X)=/f,

for X= _élfipaZ—, there exists a holomorphic vector field X,=a of the form
1= i

. 0 0
Xp= 1§Lfm—8-zi—+ oz,
We now claim that if there exist holomorphic vector fields X,.,, ---, X,
on C"/I" and holomorphic 1-forms 8,.,, ---, 8, on C"/I" such that

_ 3 . 3
Xy=Z iyt %z,  U=kFL REOF

0l:dzl+_§glidzi (l:k—}—l’ ...’n>
and

01(Xj) = 51;' ’

then there are a holomorphic vector field X, and a holomorphic 1-form 6, on
C"/I" such that

. 0 0
Xp= 1%fik'a?+‘_‘azk )

Or=dz,+ 3 8:dz;
Sk

and 0,(X;)=0,; (I, j=Fk, -+, n).
By [(1.3), f:; satisfies the relation

f1k+lor ...... flnor 1 Qg +eer Qin f1k+1 ...... fln

fkk+1o7’ """ fknOT ., Srpsq ooeee Sin
(3.1 1. ...... fremor |= o 01 RIRRE Fovin |-

1 famo 1 aye1n 1 fomm
0 =T w g LI
1 1 1

Define holomorphic functions g,; (E<i=n) on C" by Zw=—Fes+18s+1:s+ **
+fri-18i-1:+f»:) and the holomorphic 1-form 6, by 6,=dz,+ _z_‘;?gkidzi, Then
fij, 8i; satisfy the relation
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1 foper oo f@n 1 Gepeq oo Ern
(3.2 0 1] | 1 oga T
1 1

| Ern 1 Gwpsio7 EmOT 1 Grpey oo Qen
O 1 g;b—ln - 0 1 gn—.mO?’ 0 .1 an.-m ‘
1 1 1

Thus 6, is invariant by any yeI” and 6, H>*(C"/I"). By (3) of
there is a holomorphic vector field X=a such that 6,(X)+0. By Remark 1 in

the section 1, there are constants C; (j=k-1, ---, n) such that
X— % CX,= 3 h—2—
_j=;+1 7 j_ﬁi=1 ¢ azi ?

where h, is a constant. Since 6,(X)=0,(X— i C;X;)=h,+#0, there is a holo-

j=F+1
b—
morphic vector field X,= Z)l fik—ag"{" —827 in a. Obviously
=1 i

0(X»)=1  0(X)=0 (I>Fk) and 0,X,)=0 (I>k).

Therefore dima=n and C"/I" is a complex parallelisable manifold. Since
C"/I" is a Kéhler manifold, C*/I" is biholomorphic to a complex torus by a
theorem of Wang [7]. g.e.d.

§4. The case when [’ is abelian.

In this section we prove the following theorem.

TurEOREM 4.1. If I' is an abelian subgroup of A(n, C) acting freely and
properly discontinuously on C™ and such that C*/I" is compact, then the compact
complex manifold C"/I" is biholomorphic to a complex torus.

ProoF. Let A(y) be the holonomy part and a(y) the translation part of
y€A(n, C™). Since I' is abelian, {A(y)eGL(n, C)|y=I} is abelian. It is well-
known that there is a basis {v,, -+, v,} of C" such that

(O - *)} for any yeI'.

*

Alpe

Thus we can write each element y of /" as
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By there are elements 0,, ---, 8, of I’ such that {«(d,)

is a basis of C". Since I' is abelian, we get

(4.1)

Y. SAKANE
ay(y) «oeeee aln(?’) al(]’)
A e o

2 a.u8)ay(p)+a(d)

3 a5,@)ay()+a(@) |=

...............

.............. 0 1

3 40D +en(r)

PITHCOLACHRRACH

ann(51>an(r)+an<5z) ann(T)an(ai)+an(7)
for i=1, .-, n and any y=l'. By we have

2 a6, —a(r)

3

(4.2) 3 25(00)a,(7)— ()

Il

J

...............

ann(az)an(r) - an(T)

011(7’)_1 alz(]’) """ aln(?’) a,(0;)

— azz(?’>—1"' azp(T) az(ﬁi)

0 an(r)—1] | @)

for i=1, .-, n and any y&l'. Thus we have

(111(7’)-—1 (112()’) """ aln(T) 0(1(51) """ a,(0,)
(4.3) 022(7)“1"' aztn(f) az(?x) """ az(ﬁn)
0 ann(r)_l an(:51) """ an(an)

...... (08— Day(p)+ j"gzal,.(ak)aj(r)

=| (@60 —Da()+ 3 an(Ga(y) -

............... (Qun(B)—D)p(y) oeverererensenens

/\

k

)
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Since {a(d,), -+, a(0,)} is a basis of C", we get

a(y) = 1+k_§1 Chay(y) for i=1,-,n
(4.4)
aij(y):IEIC{?jak(r) for 1=Zi<j=n

for any y= I, by [(4.3).
Since I is a subgroup of A(n, C),

(14 33 Chau()(1+ 33 Chau(@) =1+ 3 Chay(r)
(4.5) )
a(yd)= j;t: a,;(r)e;(0)+a,(y)

for ¢, t=1,---,n and any 7y, o=/
By and [(4.5), we get

(4.6) z CECLa(P)a ()

= 3 CLCha(Na(B)+ (2 2 CLlha,()ay)

1 k=1 t=1 j>t

t,

R

for i=1,--,n and any 7,0/
Since {a(y)|yel'} contains a basis of C”, we get
(4.7) CiCL=CLCE+ 2 C%icfl
t<t
for 1, &k, [=1, -+, n.
We now claim that C%=0 for i, k=1, ---, n. Suppose that C!;#0 for some
i. Then Ci=C}% by[47) In particular, Ci;#0. Define an element g, A(n, C)

by
1 Tl

A

go= O

1] o
0 oeeeneen 0 1 )
Then we have

1+ 1; Cﬁai(]’) * 41(7’)

. az(T)
(4.8) 8o A S -

O 1"' iglcnnai(r> an(r)

Y 0 1
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1+ 3 Cha(y) | B
_ t . . az'(f)
0 1+ Z%) Cin.ay(y) a;(r)
0 ceeeeeenrennens 0 ‘ 1 }

for any yel'. It is easy to see that if I" acts freely and properly discon-
tinuously on C™ and C"/I" is compact, so does gl'g™* for any g A(n, C). By
Lemma 24, the translational parts of gl'g™* contains a basis of C*. By (4.8),
the translational parts of g,/'g;! can not contain a basis of C*. This is a con-

tradiction. Hence, we get C},=0 for i=1, .-, n. By the same way we get
Ck=0 for k, i=1, ---, n from [(4.7) inductively. Therefore each element y=l’
can be written in the form
1 al()’)
L )|
7= :
0 1 an(r)
0 o | 1
We define a subset G of A(n, C) by
1 z,
: . zk) C?]-Zk .
é={| o . Y lzeec k=1, -, n).
1 Zn
r— 0 ]

Then we can see that G is a simply connected complex abelian Lie group

which contains I” in the same way as for Moreover the map
¢ : C"—G defined by

1 2y
)= () . : for zeC™
1 -
O ceeeeeenann 0 1 }

is biholomorphic and ¢(g(z))=g-¢(z) for any g€G and any z&C". Since I’
acts on C™ freely and properly discontinuously, /' is a discrete subgroup of G
and ¢ induces a biholomorphic map ¢: C"/I'-I'\G. Since C*/I" is compact,
C™/I" is biholomorphic to the complex torus I'\G. g.e.d.
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