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§0. Introduction.

Let SO(3) be the rotation group (see §1). In this paper, we shall study
smooth SO(3)-actions on homotopy 7-spheres without fixed points. Our category
is the smooth category. In [5], we have studied some SO(3)-actions on homo-
topy 7-spheres, mainly in the case with two or three orbit types. In that case,
the actions have fixed points (see [5]). Our present paper is concerned with
the case without fixed points.

Let a and 8 be the real irreducible representations of SO(3) of dimension
3 and 5 respectively (see §1). Then a@ S induces a linear action of SO(3) on
the 7-sphere S*. A simple observation shows that this is the only linear action
on S” which has no fixed points. Let (27, ¢) be a smooth SO(3)-action on a homo-
topy 7-sphere 27 (here ¢; SO(3)x2"—2" is a smooth map defining the action).
For g=SO(3) and x= 2", gx denotes ¢(g, x). The isotropy subgroup of x, G,
is defined by G,={g=5S0(3)|gx=x}. Then the set of the conjugacy classes
{(Gy)|x e X"} is called as the isotropy subgroup type of (27, ¢). Now we assume
that (27, ¢) is fixed point free, that is, for each x= 2", G, is a proper sub-
group of SO(3). Then we ask if the isotropy subgroup type of (27, ¢) coincides
with that of the linear action a® . The answer is given by the following
two theorems.

THEOREM 1. Let (27, ¢) be a smooth SO(3)-action on a homotopy T-sphere
2" without fixed points. Then the isotropy subgroup type of (27, ¢) is one of
the following two types,

(@) {(e), (Zy), (D), (SO(2)), (N)} and

(b) {(e), (Zu), (Do), (SO2)), (N), (Zsk+1), (Dars1)} (B is a positive integer),
(For the notations see §1).

The type (a) in the above theorem is that of the linear action a@f (§2).
There is no linear action having (b) as its isotropy subgroup type.

THEOREM II. For each positive integer k, there is a smooth SO(3)-action on
the standard 7-sphere S with isotropy subgroup type (b) of Theorem 1.

I will be proved in §3 and I in §4.
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It can be seen that if (X7, ¢) has a fixed point, its isotropy subgroup type
coincides with one of those realized by linear SO(3)-actions on S” ([5]). Hence
the two isotropy subgroup types of [ together with those of linear
actions give a complete list of the isotropy subgroup types occurring in smooth
SO(3)-actions on homotopy 7-spheres.

The author wishes to thank Prof. A. Hattori for his kind advices during
the preparation of manuscript.

§1. Notations and definitions.

A) SO(3) and its closed subgroups.

Let SO(3) be the group of those 3X3 real matrices {g=(a;;);=4,=s} such
that ‘gg is the identity matrix and |g|=1 where ‘g is the transpose of g and
|g| is the determinant of g We denote the identity matrix by e. The closed
subgroups of SO(3) are denoted as follows,

SO(2): the subgroup of the matrices of the form

cos @ sin 6 0
sin 0 cos 0 0 060 <2x,
0 0 1

N': the subgroup generated by SO(2) and

1 0 0
c={0 -1 01,
0 0 -1

for a positive integer &,
Z,:. the cyclic subgroup of SO(2) of order %,
D,: the subgroup generated by Z, and c,
T (the tetrahedral group): the subgroup of the matrices

[51 0 O 0 & O O O &
) 0 e 014,/0 0 &l,le, 0 01, Ie;=1
0 0 &) le, 0 010 & 0 Ei:il[

O (the octahedral group): the subgroup of the matrices
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e, 0 0710 e 07170 0 € )
0 e 0 0 0 €5 & 0 0
0 0 el leg 0 0J L0 g, 0
0 & 0771 0 0 &Y (e O 07
& 0 0 0 & O 0 0 & | Ie;=1, e;=+1

10 0 —e&) L—e 0 0 0 —e& 0

I: the icosahedral group.
We note that N is the normalizer of SO(2) in SO(3) and isomorphic to O(2),
the orthogonal group. Any closed subgroup of SO(3) is conjugate to one of
those listed above (Wolf [6]).

B) Real irreducible representations of SO(3), @ and fS.

a: Let R be the 3-dimensional real vector space consisting of vectors
{v=_(vy, vy, v3), v;: real number}. For v=(v;,)= R% and g=(a;;) <= SO(3), we
define gv e RS by

t ~~
(a;;) v
gv = Vs (matrix multiplication) .

Vy

~—

This is a 3-dimensional real irreducible representation of SO(3) and denoted by
«. We define the norm of v=_v;) by ||v|>*=2vk.

B: Let R} be the 5-dimensional real vector space consisting of those 3X3
real symmetric matrices {s=(s;;)} such that the trace of s=2>s;;=0. For
s€ R} and g€ SO(Q3), gs< R} is defined by gs=gsg™' (matrix multiplication).
This is a 5-dimensional real irreducible representation of SO(3) and denoted by
B. The norm of s& Rj is defined by |s||*=trace of ss. This norm is SO(3)-
invariant.

§2. Linear action o f.

Let R} and R} be as in §1. Let S, and Sz be the unit sphere in R} and
R} respectively. Then S, and Sg are SO(3)-manifolds. The isotropy subgroup
type of S, is {(SO(2))} and that of Sg is {(D,), (N)} (2] p. 43). The orbit
space S,/SO(3) is a point and Sg/SO(3) is an arc whose end points correspond
to the orbits of type (SO(3)/N).

Now let Rjeg be the direct sum of R} and RY, Res= RyD RE. Let x=x,+x,
be a point of Ries (here x, € R} and x,€ R%). The action of SO(3) on Rig; is
defined as gx—=gx,-+gx, for g= SO(3). The norm of x, ||x| is defined by |x|?
=|lx,*+ %1% Let ST be the unit sphere of Rgs SO(3) acts on S” and this
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is the linear action a@j.

LEMMA 2.1. The isotropy subgroup structure of the linear action a@p is
type (a) of Theorem I.

Proor. S7 is equivalent to the equivariant join S,*Sg as SO(3)-spaces. A
simple calculation gives the result. Q.E.D.

§3. Isotropy subgroup type.

In this section, we shall prove I (see §0).

Let (27, ¢) be a smooth SO(3)-action on a homotopy 7-sphere without fixed
points. For a closed subgroup H of SO(3), F(H) denotes the subset of 2”7
pointwisely fixed by H; F(H)={x XY"|HC G,}. It is well known that each
connected component of F(H) is a smooth submanifold of 27. If H and K are
two closed subgroups such that HC K, then F(K)C F(H). '

First we note that D, is isomorphic to Z, X Z, and the all elements of order
2 in SO(3) are mutually conjugate. Hence by a theorem of A. Borel concern-
ing elementary-abelian-group actions on spheres ([I] XIII) we have

7—dim F(D,) =3 dim F(Z,)—3 dim F(D,) .

It follows that dim F(Z,)=5 and dim F(D,)=4 or dim F(Z,)=3 and dim F(D,)
=]1. Now we have shown in that the action has fixed points if dim F(Z,)
=5 or if dim F(Z,)=3 and F(Z,)=F(S0(2)) I [5]). Therefore if
(27, ¢) has no fixed point we have dim F(Z,)=3, dim F(D,)=1 and F(Z,)#
F(SO(2)). By P.A. Smith’s theorem ([1] III), F(D,) is a Z,-homology sphere,
hence a circle.

Now SO(2) acts on F(Z,) and its fixed point set is F(SO(2)). By the dimen-
sion parity, dim F(SO(2))=1 or —1. But F(SO(2)) is not empty by Theorem 4
of (this theorem is proved for actions on the standard 7-sphere in [4].
But as the proof uses only the differentiability and the homology properties,
it holds also for actions on homotopy 7-spheres). Hence dim F(SO(2))=1. By
P.A. Smith’s theorem, F(SO(2)) is a Z-homology sphere. Therefore F(SO(2))
is a circle.

Let Y be the orbit space F(Z,)/SO(2). Y is an orientable 2-manifold with
boundary 0Y =F(S0(2)). Let p: F(Z,)— Y be the projection. Then pPx:
H(F(Z,); Z,)—H(Y;Z, is onto. As F(Z,) is a Z,homology 3-sphere,
H(F(Z,); Z,)=0. Hence H(Y ; Z,)=0. It follows that Y is the 2-disc D%

The quotient group N/SOQ2)=Z, acts on Y and its fixed point set is
p(F(D,)). It is 1-dimensional. By P.A. Smith’s theorem, it is Z,-acyclic (note
that Y =D?% is Z,-acyclic). Therefore p(F(D,)) is an arc with two endpoints
in aY. It follows that F(SO2)) N F(D,)=F(N) consists of 2 points.
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Now the octahedral group O (see § 1) is the normalizer of D,. The quotient
group O/D, acts on F(D,). O/D, is isomorphic to the symmetric group of 3
letters. The subgroup of O/D, generated by the class of d={0 1 0
0 01
1 00
cyclic group of order 3. As F(D,) is a circle, this subgroup acts on F(D,)
freely or trivially. If it acts on F(D,) trivially, then for x € F(N), G, contains
N and 4. But as N is maximal in SO(3), G, must be SO(3) and x is a fixed
point. This is a contradiction. Hence the above group acts on F(D,) freely,
that is, it acts by the rotation of 27k/3 angles (k=1, 2, 3). This group is the
only normal subgroup of O/D,, hence O/D, acts on F(D,) effectively. The
class of {O 1 OJ in O/D, is of order 2 and leaves F(N) pointwisely fixed,

1s a

1 0 0

0 0—1
and acts on F(D,) by the reflection through the diameter whose endpoints are
F(N).

We put N;=dNd* and N,=d*Nd™®. N, and N, contain D,. F(N,)=dF(N)
and F(N,)=d*F(N). They are contained in F(D,) and consist of two points.

Now the SO(2)-action on F(Z,) induces naturally an action of SO(2)/Z, on
F(Z,).

LEMMA 3.1. SO(2)/Z, acts on F(Z,) semifreely, and its fixed point set is
F(S0(2)).

PROOF. Since F(SO(2)) is not empty and =,(D?) is trivial, 7,(F(Z,)) is
trivial. F(Z,) is a simply connected 3-manifold. Hence it is a Z-homology 3-
sphere. Now let p” be a power of a prime p such that p"=3. Z, acts on
F(Z,) orientation preservingly. As F(Z;) is a Z-homology 3-sphere, F(Z,.)N
F(Z,) (this is the fixed point set of the above Z,-action on F(Z,)) is a Z,-
homology sphere. By the dimension parity, the dimension of it is 1 or 3 (note
that F(Z,,)N\F(Z;)DF(SO(2)) is not empty). Hence it is connected. If F(Z,,)
NF(Z,) is 3-dimensional, then it coincides with F(Z,) and for x< F(N,)
(CF(Z,), G, contains N; and Z,. As N, is maximal in SO(3), G, must be
SO@3). This is a contradiction. Therefore F(Z,,)N\F(Z,) is l-dimensional,
hence coincides with F(SO(2)). It follows that the quotient group SO(2)/Z,
acts on F(Z,) semifreely with fixed point set F(SO(2)). Q.E.D.

LEMMA 3.2. If xe F(D,), then G,=D, or N or N, or N,.

PrROOF. Since N, N; and N, are maximal in SO(3), for x F(N)\U F(N,)
UF(N,), G, is N or N, or N, Now N, N, and N, are the all of the proper
infinite subgroups which contain D,. Hence for x< F(D,)—(F(N)\U F(N,)\V
F(N,)), G, is a finite subgroup containing D,. By the argument before [Lemmal
3.1, O/D, acts on F(D,) effectively and G,\O=D, if x& F(N)\UF(N,)\JF(N,).
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Hence G, must be D,, for some positive integer k. If =2, then G,=D,,
contains a cyclic subgroup Z, for some positive prime power p"=3. By
F(Z,)N\F(Z,)=F(S0(2)). Hence x < F(SO(2)) "\ F(D,)=F(N). This
is a contradiction. It follows that k£=1. Q.E.D.
LEMMA 3.3. Let Sp be the unit sphere in Ry as in §1. The orbit of F(D,),
SOB)F(D,), is a smooth SO(3)-manifold and is equivariantly diffeomorphic to Sg.
PrOOF. First we show that if g& O and gF(D,) N\ F(D,) +0, then gF(D,)
NF(D,)=F(N) or F(N,) or F(N,). Let x be a point of F(D,)—(F(N)\UF(N,)
UF(N,). Then G, is D, by If gxe F(D,), then gG, g =gD,g™*
=D,, hence g=0. Consequently if g O, then gF(D,)NF(D,)=0 or F(N) or
F(N)) or F(N,). Now the two points of F(N) are not in a same orbit. F(N),
F(N,) and F(N,) are translated onto one another by the action of O. There-
fore we have SO(3)F(D,)/SO(3)=F(D,)/O. Hence SOR)F(D,)/SO(3) is an arc.
The interior points of the arc are the image of the orbits of type (SO(3)/D,)
and the two endpoints are the image of the orbits of type (SO(3)/N). Since
the projection (SO(3)/D,—SO(3)/N) is a circle bundle, SO(3)F(D,) is a smooth
SO(3)-manifold. Now there are just two equivariant diffeomorphism classes of
such SO(3)-manifolds, and the fixed point set of D, of the class of Sz is a
circle and that of the other class is disconnected (see [2] and Lemma 2.1 in
§2 of [6]). The Lemma follows. Q.E.D.
LEMMA 34. Let x be a point of F(SO(2)). For a positive integer i, let t*
be the 2-dimensional real representation of SO(2), t'; SO(2)—SO(2) with kernel
Z;. Then the tangential representation of SO(2) at x is t***'t24+¢+1, where
1 denotes the 1-dimensional trivial representation and k is a positive integer.
ProoF. Since F(SO(2)) is connected, the representations of SO(2) at x and
y are equivalent for any two points x and y € F(SO(2)). Hence we may take
as x a point of F(N)C F(SO(2)). Now F(N)C F(D,)CSs. The tangent space
at x is decomposed as V,+V,+V,, where V, is the normal subspace to Sg, V,
is the tangent space of the orbit SO(3)x (= P? the real projective plane), and
V, is the normal subspace to SO(3)x in Sg. The dimensions of V,, V, and V,
are 3, 2 and 2 respectively. V,, V,and V, are all N-invariant. N acts on V,
by the homomorphism N—O0(2) with trivial kernel, and acts on V, by the
homomorphism N—O0(2) with kernel Z,(cCSO(2)). Since dim F(Z,)=3 and
dim FF(SO(2))=1, the representation of N in V, is given by the homomorphism
N—N/Zy.;=NCSO(3) for some integer £=0 (the first map is the quotient
map). Now the representation of SO(2) at x is (¢?**'4-1) in V,, t in V, and 2
in V,. Hence the tangential representation of SO(2) at x is t2*" 424141,
Q.E.D.
PROOF OF THEOREM I. By (D,) and () appear as isotropy sub-
group types. For a point x & F(SO(2))—F(N), G, is SO(2). Thus we have shown
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that (D,), (SO(2)) and (N) appear as isotropy subgroup types. Now let x be
a point of 27 such that G, is a finite nontrivial subgroup. Let HC G, be a
nontrivial cyclic subgroup of G,. There is an element g SO(3) such that
gHg'€S0(2). Let p"=2 be a prime power such that Z,CgHg™'. Then
F(Z,) is a Z,-homology sphere and F(Z,)DF(SO(2)). By P
divides 2 or 2k+1. First, we assume that #=0. In this case, the only possi-
bility of p" is 2. Hence, all the nontrivial cyclic subgroup of G, must be of
order 2. G, is conjugate to Z, or D, Therefore if x & F(Z,)—SO(3)F(D,)
(#9), then G,=Z,. Thus (Z,) appears as an isotropy subgroup type. By the
above argument, it can be seen that for each point x€ 2"—S0O3)F(Z,), G, is
the trivial group (e) (note that dim F(Z,)=3 and dim SO3)F(Z,)=5). We
obtain type (a) of [Theoreml I in this case.

Nextly, we assume that 2=1. As F(I), F(O) and F(T) are contained in
F(D,), F(I), F(O) and F(T) are empty by Lemma 3.2 Hence (I), (O) and (T)
cannot occur. For a prime power p" such that p"|2k+1 we have F(Z,,)D
F(Zy41). By the dimensions of F(Z,,) and F(Z,,,) are both 3.
Since F(Z,,) is a Z,-homology sphere, it is connected. It follows that F(Z,,)
=F(Z,,41). Hence if x= 2" and G, is a nontrivial finite groups, then each
maximal cyclic subgroup of G, is of order 2 or 2k+1. Therefore G, is con-
jugate to Z, or D, or Zy,, or Dy.. Now if xe F(Z,)—(SOB)F(D,)\J
SOB)F(Zy441)), then G,=Z,. Thus (Z,) appear as an isotropy subgroup type.
By the proof of it can be seen that (Z,;,;) and (D,,,,) appear as
isotropy subgroup types. If x= X" —(SOQB)F(Z,)\JSOB)F(Z,,+1)), then G, must
be the trivial group (e). Hence we obtain type (b) of I in this case.

§4. Actions with exotic isotropy subgroup type.

In this section, we shall prove IT (see §0).

Let R%es be the direct sum of R} and R} as in §2. In this section, S’
denotes the 7-sphere with the linear SO(3)-action a D, that is, the unit sphere
in Rep.

Let vy, v, and v, (€ R3) be as follows; v,=(1,0,0), v,=(0, 1, 0), v,=(0, 0, 1).
Let y;, ¥, and y; (€ R%) be as follows;

0 0 0 0 0 —1 1 0 0
yi={0 0 1|, y=| 0 0 0], »=/0 1 0
0 1 0 -1 0 0 0 0 -2

Now we put
W=V, W,=VU;+Y;, Wy=V,+y, and wW,=Y,

considered as elements of Rigp.
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LEMMA 4.1. The isotropy subgroups of w,; are as follows;

G, =S0(2), Gu,,=N,
[ 10 0 1 -1 0 0 1
Gu,=¢, | 0 —1 0 (s, GwszJe, 0 1 0.
l 0 0 -1 [ 1 0 0 -1 [

PrROOF. We note that if x, € R}, x, € R} and x=x,+x,E Rig; then G,=
Gz, N\ Gg,. A simple calculation gives the result. Q.E.D.

Let W be the 4-dimensional subspace of Rigs spanned by {w;}i-1,25,.. Let
S be the unit sphere in W. Then SCS".

LEMMA 4.2. For g=SO(3), SN\gS is not empty if and only if g N.

Proor. First, we prove the following two sublemmas.

SUBLEMMA 1. Let U be the 2-dimensional subspace of R% spanned by y,, s.
Let g=(a;;) be an element of SO3). If g¥eU for some Y(#0)e U, then g
belongs to N or has the form {* 0 O}.

0

0
PROOF. Put Y =ty,+ry,, where f, ¥ are real numbers. As gY U, the

(1, 2) and (1, 3) components of the matrix gY¥ =g¥g™ is 0 and the (1,1) com-
ponent is equal to the (2, 2) component. Hence we have the following equations

Ha13055Q15055) +7(—3015055) =0
1130551 015045) +7(—3015055) =0
H20130,5—205,095) +7(3a3—30a3) =0

As (t,7)+ (0, 0), we have

1) @15(22055—5505,) =0

2) (ad+a3)(a15055—01505,) =0
and if a,,=a,; =0, then

3)  015(A15835—a1305,) =0.

The equations 1), 2) and 3) shows that a;;=a,;=0 or a,,=a;;=0. Q.E.D.

SUBLEMMA 2. Let W, be the 3-dimensional subspace of Ries spanned by
{w,, wy, w,}. Let g be an element of SOQ3). If gZe W, for some Z(+0)eW,,
then g< N.

PrROOF. Put Z=tw,+rw,+sw, where t, » and s are real numbers. Now
Z=(tvy+rv)+(ry,+sy;). If (r,s)=(0,0), then Z=tv, and gZ must be *tv,.
Hence g= N. We assume that (r,s)#(0,0). Let Y=ry,+sy,., Then Y e U.
As gZe W,, g¥ e U. By Sublemma 1, g< N or g can be written as r 0 O}

*

0 ea ¢b
0 —b a
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where e=+1 and a®+b*=1. In the latter case gv,=ev,, gv;=¢cbv,+av, and
the (1, 1) component of the matrix gy, =gy,g " is +1. As gZe W, we see
that g(rw,+sw,) =rew,+sw,. Hence gY =g(ry,+sy,)=rey,+sy;. Calculating
(2,2) and (2,3) component of the matrix gY, we obtain the following two
equations, r(a*—b?)+s(—3ab)=r and r(2ab)+s(a*—2b*)=s. From these equa-
tions, b=0 follows. Hence g N. Q.E.D.

Now we proceed to the proof of Put S,=S~\ W, Then S=
NS, and S is N-invariant. Let g=SO(3) be such an element as SN\ gS+0.
Then Y=gX for some X, Y=S. Since S=NS,, Y=n,Y, and X=n,X, for
some X,, Y,€S, and n,, n, & N. Now Y,=(ni'gn,)X,. By Sublemma 2, ni'gn,
€ N, hence g N. Q.E.D.

Now by SO(3)S is equivariantly diffeomorphic to SO(3) X »S.
Let v be the equivariant normal bundle of SO(3)S in S”. Let v, be the restric-
tion v|S. Then vy, is N-equivariant bundle over S and v is equivalent to
SO(3)X yv,. Let R3, be the 2-dimensional real vector space on which N acts
by the homomorphism d;: N—O(2) with kernel Z; (Z;=/{e}). Then as an N
space, Rigs=W-+R3+R3. Hence the normal bundle of Sin S” is N-equivalent
to SX(R},+R},). Let p: SO(3)X yS—SO(3)/N= P* be the projection. Let x be
the point of P? such that G,=N. Then the normal bundle of S, §, in SO(3) X S
is N-equivalent to (p|S)*TP%=SXxTP%, where p|S is the restriction of p to S
and TP2 denotes the tangent space of P? at x. Now N acts on TP2 by the
homomorphism 0, : N—0(2) with trivial kernel. Hence ¥ is N-equivalent to
SX R},. Therefore v, is N-equivalent to SX R}, and v is equivalent to SO(3)X »
(SX R3,).

Let D? be the unit disk in R3,. Then by the above argument, there is an
equivariant embedding p: SO(3)X y(SXD*)—S" such that p(SO(3)X x(Sx{0}))
=S0(3)S.

Let W, be the 4-dimensional real vector space on which N acts by the
homomorphism ¢, : N—N/Z,,.,=N—S0O(3)—S0(4), where the first map is the
quotient map, and the second and the last are the canonical inclusion. Let S,
be the unit sphere in W,. Then N acts on S, with isotropy subgroup type
{(Zar+1), (Darsr), (SO(2)), (N)}. Now let S* be the unit sphere in Rj, that is
0D*=S",

LEMMA 4.3. There is an N-equivariant diffeomorphism H: WX S*— W ,x S*.

Proor. Let KR! and R! be the 1-dimensional real vector spaces on which
N acts trivially and by the homomorphism z: N—O(l) with kernel SO(2)
respectively. Then as an N-space, W is decomposed as Rj +Ri+R'. Similarly,
W, is decomposed as R3,,.,+R:+R".

We identify SO(2) with the complex numbers {z;|z|=1}. Put c=
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0-1 0

0 0-1
we can write down the actions of N on them as follows; for z= SO(2) and
we R}, z acts on w by the complex multiplication by z* (i=1, 2k-+1) and ¢
acts on w by the complex conjugation, that is cw=i. Similarly, by identify-
ing S! suitably with the complex numbers {w; [w|=1}, we can write down
the action of NV on S! as follows; for z& SO(2) and w < S, zacts on w by the
complex multiplication by z? and cw =17.

Now we define H: WxS!'—W,xS' by Hw-+x+y, wy)=wkw+x+y, w)
where we R}, x€ R., ye R* and w,=S" and wfw denotes the complex multi-
plication (considered as an element of R3,,,,). H is a diffeomorphism. We
show that H is an N-equivariant map. For z< SO(2)c N, ﬁ(z(w—}—x—!—y, Wy))
and zﬁ(w+x+y, w,) are both equal to (2***'wfw+x+y, z°w,). For ¢,
ﬁ(c(w+x+y, w) and cH(w+x+y, w,) are both equal to (WEw+(—x)+y, W).
Hence H is an N-equivariant map. Q.E.D.

If we restrict the above map to SXS'C WX S?, we obtain an N-equivariant
diffeomorphism H:S%xS'—>S,xS'. Hence we obtain an SO(3) equivariant
diffeomorphism

[1 0 0}. Then, by choosing a suitable complex structure on R3 and Rj,,.,,

H=1XyH: SO(3)X y(SX S!) —> SO(3) X 5(S; X SY) .

Now as before, let g: SO3)X y(SXD?*)—S" be an equivariant embedding.
Let D? be the interior of D® Put

G=Hou: u(SO3)X y(Sx S1))—> SO3) % y(S;x SY) .
Let
37 =(ST—u(SO3) X y(Sx D)) Ug SOB3) X x(Se X D?)

be the manifold obtained from the disjoint union S"—u(SO(3)X y(SX D?)\
SO(3)X y(S;x D? by identifying their boundaries by G. This manifold is a dif-
ferentiable SO(3)-manifold with isotropy subgroup type {(e), (Z,), (D,), (SO(2)),
(N), (Zors1), (Dars)}.

LEMMA 4.4. 27 is a homotopy sphere.

PROOF. Put L,=S"—u(SO(3)X y(SXD?). L, is an SO(3)-manifold with
boundary 0L,= pu(SO(3)X y(SxS*)). Then,

71(2%) = m3(Lo) # w1, (SO3) X 5(Se X D*))/7,(SO(3) X n(SX S))

where * denotes the amalgamated product and the two inclusions of 7,(SO(3)
X §(SxSY) into the two factors are induced by g and H respectively. Now
7,(SO3) X §(Sp X D?)) = Z, = m,(SO(3) X y(SX D?)), and the diagram
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2(SOBY X M(SX ST —Hx | 2 (SOB)% 4(Skx DY)

N

7,(SO3) X y(SX D?))

(j is the inclusion)

is commutative. Hence, 7,(3%)=r,(S")=1. Now Hx(SO3)X (S, xD? ; Z) and
H(SOB)X y(SX D?) ; Z) are both isomorphic to Hyx(P?; Z)QH«(S?; Z), where
P? denotes the real projective plane. The diagram

Hi(SOB) % x(Sx SY; Z)— T H(SO3)% »(Skx D) ; Z)

M )

TN H(SOB)XMSXD?); Z)

is commutative. Therefore, the Mayer-Vietoris sequence for the triple (2%, L,
SO3) x y(S, X D?)) shows that Hy(2%; Z) is isomorphic to H«(S";Z). Con-
sequently 2% is a homotopy sphere. Q.E.D.

LEMMA 4.5. 2% is diffeomorphic to the standard 7-sphere.

PrROOF. Let D and D, be the unit 4-discs in W and W, respectively.
Then 0D=S and 0D,=S,. Let D® be the unit disc in R%gs. Then 0D*=S".
Let X=D*US0OB)X y(DX D% be the disjoint union, where D? is the unit disc
in K%, as before. Let ~ be an equivalence relation on X such that for x, ye X,
x~y if and only if x=y or x& SOB)X y(SXD?) and y=p(x)=S". Then, we
have a manifold K;= X/~ which has a differentiable structure by corner
rounding. Similarly, let K, be a manifold obtaining from the disjoint union
27 X [0, 11V SOB)X y(D,x D? by identifying x & SO(3) X (S X D?) and the cor-
responding point y € SOB) X y(SpxD?) ] X {1}. Then we have

0K, = (S"— p(SOB) X y(SX D)) U, SO(3) X y(D X S?)
where p¢: SO3)X y(SXS!)— u((SOB) X y(Dx S")), and

0K, = (S"— p(SO(3) X §(SX DD\ 4o -1 SO(3) X y(Dy X SY)
U disjoint union 2% x {0},

where poH™': SO(3)X (S, X SH)— u(SOB)X y(Sx SY). By Lemma 4.3, H* can
be extended to a diffeomorphism H™: SO3)X y(D,XS*)—SO(3)X x(DxS*).
Hence we have a diffeomorphism, F: 0K; —(0K,—27% x{0}). Now we define a
manifold K by K=K,\UrK,. Then 0K is diffeomorphic to 2%. Let [21] be
the orientation class of 2}. We determine an orientation class of K, [K] by
o[K]=[2}].

SUBLEMMA. The integral cohomology groups of K, H*(K), are as follows;
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H'=Z H*=Z, H*=Z+Z, H*=Z, and H’ =0, j otherwise.

PROOF OF SUBLEMMA. K, is homotopically equivalent to the quotient space
SO(3)X yD/SO(3) X »S. Hence, H*(K,) are as follows ; H°=H*=Z, H*=Z, and
H7=0(, j otherwise. As CW complexes, K, =K, Uone 8-cell, and H*(K,) are
as follows; H'=H*'=H"=Z, H*=Z, and H’-—O j otherwise. Now let L=
K\NK, L=L,JL,, where L,=S"— p(SO(3)X y(SX Dz)) and L,=SO(3)X (DX S").
Then Ly L,=S0(3)X x(SxS?'). By the Mayer-Vietoris sequence for the triple
(Lo, Ly, Ly Ly), we have H*(L) as follows; H'=H*=H*=H'=Z, H*=H*=Z,
and H’=0, j otherwise. Now by the Mayer-Vietoris sequence for the triple
(K., K,, L), we obtain the result. Q.E.D.

We continue the proof of Let SO denote the inductive limit
lim SO(n). The homotopy groups 7nx(SO) are as follows; m;,=Z, if i=1, 0
(mod 8), m;=Z if 1=3, 7 (mod 8), and =;=0 otherwise. Hence by Sublemma,
the only obstruction for the parallelizability of K lies in HYK; Z)=Z+Z.
Let D* be the 4-disc {e}X(DX{0})CSOB)X y(DXD*C K,. Then 0D*=S=
S"~W. As S bounds the 4-disc D® W, we obtain an embedded 4-sphere S*
in K;. The normal bundle of S* is trivial. The 4-cycle [S*] and its dual 4-
cycle generate H(K; Z)=Z+Z. If we carry a surgery at S* we obtain a
manifold K such that H*(K; Z)=0and H(K; Z)=H¥K; Z) for j+4. Hence,
Kis parallelizable and its index is 0. As oK = 2%, 2% is diffeomorphic to the
standard sphere ([3]). Q.E.D.

This completes the proof of [Theoreml II.
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