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\S 1. Introduction.

Due to Imschenetsky, we have a method of transforming Monge-Amp\‘ere’s
equations, which is a generalization of Laplace’s method of transforming linear
hyperbolic equations. Monge-Amp\‘ere’s equation to which an Imschenet-
sky transformation can be applied is said to be of Imschenetsky type.
Generalizing Monge’s method, the author [7], [8] gave a method of inte-
grating Monge-Amp\‘ere’s equations by integrable systems. Here, apPlying
this method of integration to an equation of Imschenetsky type, we shall
prove that the transformed equation is solved by integrable systems of order
$n-1$ if and only if the original equation is solved by integrable systems of
order $n$ . For an equation of Imschenetsky type, we shall define its invariants
$H_{n}(n\geqq 0)$ and $l_{n}(n\geqq 1)$ , and prove that the given equation can be reduced
by n-times applications of the Imschenetsky transformation to an equation
solved by Monge’s method of integration if and only if $H_{n}=0$ and $ l_{1}=\ldots$

$=l_{n}=0$ . In the special cases, these results were obtained in [7], [8].

We shall discuss the problem of solving a hyperbolic equation of the
second order of the form

(1.1) $s+f(x, y, z, p, q)=0$

by integrating ordinary differential equations along the characteristic $dx=$

$dz-qdy$ $=dP+fdy=0$ , wheres $=\partial^{2}z/\partial x\partial y,$ $p=\partial z/\partial x,$ $q=\partial z/\partial y$ . Monge-Amp\‘ere’s
equation whose two characteristics are different is transformed by a contact
transformation to an equation of the form (1.1) if and only if it has an
intermediate integral of the first order with respect to each of its two
characteristics. The method of integration for solving the Cauchy problem
of (1.1) by integrable systems given in [7], [8] is as follows: Consider the
Cauchy problem in the space of $x,$ $y,$ $z,$ $p,$ $q_{1},$ $\cdots$ , $q_{n}$ which involves the deriva-
tives of higher order $q_{i}=\partial^{i}z/\partial y^{i}(q_{1}=q)$ with respect to $y$ . Then it requires
us to find a two-dimensional submanifold which satisfies the system of
Pfaffian equations
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\langle 1.2) $dz-pdx-qdy=dq_{1}+f_{0}dx-q_{2}dy$

$=dq_{2}+f_{1}dx-q_{3}dy=$ $=dq_{n-1}+f_{n-2}dx-q_{n}dy=0$

and contains a given initial curve satisfying (1.2). Here, $f_{i}$ is a function of
$x,$ $y,$ $z,$ $p,$ $q_{1},$ $\cdots$ , $q_{i+1}$ defined inductively by

(1.3) $f_{i}=(G_{i}-f\frac{\partial}{\partial p})f_{i-1}(i\geqq 1)$ , $f_{0}=f$

with

\langle 1.4) $G_{i}=\overline{d}\overline{y}d+\sum_{j=1}^{i}q_{j+1}\frac{\partial}{\partial q_{j}}(i\geqq 1)$ , $G_{0}=\frac{d}{dy}=\frac{\partial}{\partial y}+q\frac{\partial}{\partial z}$ .

A system of ordinary differential equations

(1.5) $\underline{d}xo^{-}=_{1}^{d\underline{y}}-=\frac{dz}{q_{1}}=\frac{dp}{-f}=\frac{dq_{1}}{q_{2}}=$ $=\frac{dq_{n-1}}{q_{n}}=\frac{dq_{n}}{u}$

with a function $u$ of $x,$ $y,$ $z,$ $p,$ $q_{1},$ $\cdots$ , $q_{n}$ is said to be ”integrable” if $u$ is a
solution of the following system of two linear partial differential equations

(1.6) $\frac{\partial u}{\partial p}=0$ , $(\frac{d}{dx}-\sum_{i=1}^{n}f_{i-1}\frac{\partial}{\partial q_{i}})u+\frac{\partial f}{\partial q}u+(G_{n-1}-f_{\partial}^{-}\frac{\partial}{p})f_{n-1}=0$ ,

where $d/dx=\partial/\partial x+p\partial/\partial z$ . Suppose that an initial curve is given so that it
satisfies (1.2) and $dq_{n}+f_{n-1}dx-udy=0$ . Then the surface obtained by inte-
grating (1.5) under the given initial condition satisfies (1.2) and $dq_{n}+f_{n-1}dx$

$-udy=0$ for each of such initial curves if and only if the system (1.5) is
integrable. Hence, if the system (1.5) is integrable, the surface thus obtained
gives a solution of the Cauchy problem; For the integral surface $z=\phi(x, y)$ ,

$p=\psi(x, y),$ $q_{i}=\phi_{i}(x, y),$ $1\leqq i\leqq n$ of the system (1.5) under the given initial
condition satisfies

$\partial\partial^{\frac{\phi}{X}}=\psi(x, y)$ , $\partial y\partial\phi_{-}=\phi_{1}(x, y),$ $\underline{\partial}\partial\frac{\phi_{i}}{y}=\phi_{i+1}$ , $1\leqq i<n$ ,

$\frac{\partial\phi_{i}}{\partial x}=-f_{i-1}(x, y, \phi, \psi, \phi_{1}, \cdots \phi_{i})$ , $1\leqq i<n$

by (1.2), and hence

$\partial\partial\frac{\psi}{y}=\frac{\partial^{2}}{\partial x}=\overline{\partial y}\partial^{\frac{}{X}-=-f_{0}}\phi\underline{\partial}\phi_{1}=-f$ ,

$\phi_{i}=\frac{\partial^{i}\phi}{\partial y^{i}}$ . $1\leqq i\leqq n$ .

Here we assumed that $n>1$ . In the case where $n=1$ , the integral surface
also gives a solution of th2 Cauchy proble $n$ by $dz-pdx-qdy=dq+fdx-udy$
$=0$ .
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Any system of linear partial differential equations of the first order with
one unknown function can be prolonged either to a complete system or to
an incompatible system by adding the compatibility conditions. If we get a
complete system consisting of $r$ independent equations by this prolongation,
then the original system is said to have the rank $m-r$, where $m$ is the
number of the independent variables ([7]). Let $n$ be a positive integer.
Then equation (1.1) is said to be solved by integrable systems of order $n$

if the system of linear equations (1.6) has its rank greater than zero ([8]).

In this case, the Cauchy problem is solved by integrating an integrable sys-
tem for any initial curve satisfying (1.2), since we can find such a solution
$u$ of (1.6) that satisfies $dq_{n}+f_{n-1}dx-udy=0$ along the given initial curve. If
equation (1.1) is solved by Monge’s method of integration, then let us say
that it is solved by integrable systems of order $0$ . In this case, equation
(1.1) is solved by integrable systems of the first order, and the Cauchy prob-
lem can be solved by taking as an integrable system the Lagrange-Charpit
system of an intermediate integral of the first order for any initial curve
([7]).

A set of four relations

(1.7) $x^{\prime}=x$ , $y^{\prime}=y$ , $z^{\prime}=h(x, y, z, q)$ , $p^{\prime}=k(x, y, z, q)$

between $x,$ $y,$ $z,$ $p,$ $q$ and $x^{\prime},$ $y^{\prime},$ $z^{\prime},$ $P^{\prime},$ $q^{\prime}$ is called an Imschenetsky transfor-
mation if it satisfies

(1.8) $-\frac{h}{q}\partial\partial\neq 0$ , $\frac{\partial(h,k)}{\partial(z,q)}\neq 0$

([5]). It gives the following transformation between the two equations from

(1.9) $-\partial\frac{h}{q}s+\frac{\partial h}{\partial z}p+\frac{\partial h}{\partial x}-k\partial=0$

to

(1.10) $\frac{\partial h}{\partial q}s^{\prime}-\frac{\partial k}{\partial q}q^{\prime}-\frac{dk}{dy}-\partial\frac{h}{q}+\frac{dh}{dy}\frac{\partial k}{\partial q}\partial=0$ ,

where we replace $x,$ $y,$ $z,$ $q$ in (1.10) by

$x=x^{\prime}$ , $y=y^{\prime}$ , $z=h^{\prime}(x^{\prime}, y^{\prime}, z^{\prime}, p^{\prime})$ , $q=k^{\prime}(x^{\prime}, y^{\prime}, z^{\prime}, p^{\prime})$ ,

solving (1.7) with respect to $x,$ $y,$ $z,$ $q$ . Take a solution $z=\phi(x, y)$ of (1.9).

Then the surface $z^{\prime}=h(x^{\prime}, y^{\prime}, \phi(x^{\prime}, y^{\prime}), \phi_{y}(x^{\prime}, y^{\prime}))$ gives a solution of (1.10)
and $\partial z^{\prime}/\partial x^{\prime}=k(x^{\prime}, y^{\prime}, \phi, \phi_{y})$ . Conversely take a solution $z^{\prime}=\phi^{\prime}(x^{\prime}, y^{\prime})$ of (1.10).

Then the surface $z=h^{\prime}(x, y, \phi^{\prime}(x, y), \phi_{x}^{\prime},(x, y))$ gives a solution of (1.9) and
$\partial z/\partial y=k^{\prime}(x, y, \phi^{\prime}, \phi_{x^{\prime}}^{\prime})$ . These two transformations are the inverse of each
other.

The original equation (1.9) and the transformed one (1.10) are linear in
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$p$ and $q^{\prime}$ respectively. An equation of the form

(1.11) $s+M(x, y, z, q)p+N(x, y, z, q)=0$

can be the original equation of an Imschenetsky transformation if and only
if the coefficients $M$ and $N$ satisfy

(1.12) $\frac{\partial M}{\partial x}-N_{\partial q}^{-}\partial M_{--}\partial\partial^{\frac{N}{z}}+M\partial\partial\frac{N}{q}\neq 0$ .

In this case, equation (1.11) is said to be of Imschenetsky type ([8]). The
vanishing of the left-hand member of (1.12) is a necessary and sufficient
condition that equation (1.11) be solved by Monge’s method of integration
([7]).

Let $a,$ $b,$ $c$ be functions of $x,$ $y$ , and $h_{0}$ be $\partial a/\partial x+ab-c$ . Then, if $h_{0}\neq 0$ ,
the set of four relations

$x^{\prime}=x$, $y^{\prime}=y$ , $z^{\prime}=q+az$ , $h_{0}z=p^{\prime}+bz^{\prime}$

defines an Imschenetsky transformation called a Laplace transformation,
which transforms an equation of Laplace linear form

(1.13) $s+a(x, y)P+b(x, y)q+c(x, y)z=0$

to an equation of the same type

$s^{\prime}+(a-\frac{\partial}{\partial y}$ log $h_{0}$) $p^{\prime}+bq^{\prime}+(c-\frac{\partial a}{\partial x}+\frac{\partial b}{\partial y}-b\frac{\partial}{\partial y}$ log $h_{0})z^{\prime}=0$ .

The $h_{0}$ is called the first invariant of equation (1.13). It is equal to the left-
hand member of (1.12) if we set $M=a$ and $N=bq+cz$ . The $(n+1)$ -th invari-
ant $h_{n}$ of equation (1.13) is defined inductively by

$ h_{n}=-\frac{a_{n}}{X}--\frac{b}{y}+h_{n-1}\partial\partial\partial\partial$ $a_{n}=a_{n-1}-\frac{\partial}{\partial y}$ log $h_{n-1}$ , $a_{0}=a$

under the condition that $h_{n-1}\neq 0$ . The $h_{n}$ is proved to be the first invariant
of tbe n-times transformed equation by the Laplace transformation. Hence,
Laplace linear equation (1.13) is reduced by n-times applications of the Laplace
transformation to an equation solved by Monge’s method of integration if
and only if its $(n+1)$ -th invariant $h_{n}$ vanishes. This theorem is due to Laplace.

Let us apply the method of integration by integrable systems to equation
(1.11) of Imschenetsky type. Then we shall obtain the following:

THEOREM 1. SuppOse that the Imschenetsky transformation (1.7) transforms
equation (1.11) to an equation $s^{\prime}+f^{\prime}=0$ . Then the original equation (1.11) is
solved by integrable systems of order $n$ if and only if the transformed equation
$s^{\prime}+f^{\prime}=0$ is solved by integrable systems of order $n-1$ . Here, $n$ is a positive
integer.
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This theorem was proved for $n=1$ in [7], and for $n=2$ in [8]. In both
the cases the transformed equation $s^{\prime}+f^{\prime}=0$ was assumed to be linear in $p^{\prime}$ .

Combining Theorem 1 with Laplace’s theorem, we see that Laplace linear
equation (1.13) is solved by integrable systems of order $n$ if and only if its
$(n+1)$ -th invariant $h_{n}$ vanishes. This result was obtained in [8] by prolong-
ing the system (1.6) for Laplace linear equation (1.13) to a complete system.

The reduced equation (1.10) by the Imschenetsky transformation (1.7) is
not linear in $p^{\prime}$ in general. An equation of Imschenetsky type was said in
[7], [8] to be of Laplace type if one of its reduced equations is linear in $p^{\prime}$ .
In this case, every reduced equation is linear in $p^{\prime}$ . Here, we shall call such
an equation of Imschenetsky type an equation of $L_{1}$ -type, and define an
equation of $L_{n}$ -type inductively as an equation of Imschenetsky type one of
whose reduced equations is of $L_{n-1}$ -type $(n\geqq 2)$ . In this case, every reduced
equation is of $L_{n-1}$ -type. The left-hand member of (1.12) is called the first
invariant of equation (1.11) denoted by $H_{0}$ ([8]). We shall define in \S 3 the
$(n+1)$ -th invariant $H_{n}(n\geqq 1)$ of (1.11) generalizing the $h_{n}$ of (1.13). To give
a condition that equation (1.11) be of $L_{n}$ -type, we shall define also in \S 3 the
l-invariants $l_{n}(n\geqq 1)$ . The $H_{n}$ and $l_{n}(n\geqq 1)$ are rational functions of $q_{2},$ $\cdots$ ,
$q_{n+1}$ whose coefficients are functions of $x,$ $y,$ $z,$ $q$ . If equation (1.11) takes on
the form (1.13) we have $H_{n}=h_{n}(n\geqq 0)$ and $l_{n}=0(n\geqq 1)$ . The following
theorem will be proved:

THEOREM 2. SuPpose that $n\geqq 1$ . Then equation (1.11) is of $L_{n}$ -type if and
only if $H_{0}\neq 0,$ $\cdots$ , $H_{n-1}\neq 0$ and $l_{1}=\ldots=l_{n}=0$ . SuppOse that equation (1.11) is
of $L_{n}$ -type. Then, it is solved by integrable systems of order $n$ if and only if
its $(n+1)$ -th invariant $H_{n}$ vanishes identically.

An equation of Imschenetsky type is of $L_{1}$ -type if one of its reduced
equations is solved by Monge’s method of integration ([7]). In this case,
every reduced equation is solved by Monge’s method. Hence, by Theorems
1 and 2, equation (1.11) can be reduced by n-times applications of the Im-
schenetsky transformation to an equation solved by Monge’s method of inte-
gration if and only if $H_{0}\neq 0,$ $\cdots$ , $H_{n-1}\neq 0,$ $H_{n}=l_{1}=\ldots=l_{n}=0$ . In order that
$l_{n}=0,$ $M$ and $N$ should satisfy a system of partial differential equations with
independent variables $x,$ $y,$ $z,$ $q$ . The system $l_{1}=l_{2}=\ldots=l_{n}=\ldots=0$ is gener-
ated by $l_{1}=l_{2}=l_{3}=0$ ; if $M$ and $N$ satisfy $l_{1}=l_{2}=l_{3}=0$ , then they satisfy
$l_{n}=0$ for every $n\geqq 1$ . This is a result from the following theorem due to J.
Clairin [5]:

An equation of $L_{3}$-type is transformed by a contact transformation either
to a Laplace linear equation or to a Moutard equation of the form

$s+e^{z}p+\frac{\partial}{\partial y}(be^{-z})+c=0$ ,
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where $b,$ $c$ are functions of $x,$ $y$ .
There exists an example of an equation of $L_{2}$ -type which is not linear

in $q$ ([8]). It can be transformed neither to a Laplace linear equation nor to
a Moutard equation by any contact transformation.

We are always in the category of infinite differentiability. The same
arguments as above can be made along the other characteristic $dy=dz-pdx$

$=dq+fdx=0$ of equation (1.1). In this case, the Cauchy problem should be
considered in the space of $x,$ $y,$ $z,$ $p_{1},$ $q,$ $p_{2},$ $\cdots$ , $p_{n}$ , where $p_{i}=\partial^{i}z/\partial x^{i}$ .

REMARK 1.1. Consider in general a system $\Sigma$ of Pfaffian equations $\theta_{1}=$

. $=\theta_{t}=0$ . Then an integral vector field $\xi$ of $\Sigma$ is called a characteristic of
$\Sigma$ if at every point we have $d\theta_{i}(\xi, \eta)=0,1\leqq i\leqq t$ for all integral vectors $\eta$

of $\Sigma$ . In this case $ c\xi$ is a characteristic of $\Sigma$ for any function $c$ . The
characteristic $\xi$ of $\Sigma$ is characterized by the property that $\Sigma$ is left invariant
by the one-parameter group of transformations generated by $\xi$ . The system
of Pfaffian equations for defining the characteristics of $\Sigma$ is called the
characteristic system of $\Sigma$ , which is proved to be completely integrable due
to E. Cartan ([1], [2], [3, p. 101]). See Goursat’s memoir ([6], pp. 6-7) and
E. Cartan’s one ([4], pp. 50-60, pp. 78-87). SuPpose that $\Sigma$ is generated by
(1.2) and $dq_{n}+f_{n-1}dx-udy=0$ . Then its characteristic system is generated
by (1.5) and

(1.14) $-\partial\frac{u}{p}dy\partial=\{\frac{du}{dx}-\sum_{i=1}^{n}f_{i-1^{-}}^{\partial}\partial\frac{u}{q_{i}}+\frac{\partial f}{\partial q}u+(G_{n-1}-f\frac{\partial}{\partial p})f_{n-1}\}dy=0$ .

These equations (1.5) and (1.14) are derived respectively from

$dx\wedge dP+dy\wedge dq\equiv dx\wedge(dp+fdy)\equiv 0$ mod $(\Sigma)$

and $df_{n-1}\wedge dx-du\wedge dy\equiv 0$ mod $(\Sigma)$ . Hence, our system $\Sigma$ has its non-trivial
characteristic if and only if $u$ is a solution of (1.6), and in this case it is
given by (1.5).

ACKNOWLEDGEMENTS. Theorem 1 was stated in the author’s note [9]

communicated to the Japan Academy on September 13, 1971. Remark 1.1
was given by K. Aomoto (see [10]). This work of generalizing the author’s
results in [7], [8] was motivated by the discussions with him, to whom the
author wishes to express his sincere gratitude.

\S 2. Imschenetsky transformation.

In this section we shall prove Theorem 1 stated in the introduction. By

the definition, the first invariant $H_{0}$ of equation (1.11) is given by

(2.1) $H_{0}=X_{1}M-Z_{1}N$ ,

where $X_{1},$ $Z_{1}$ are the operators defined by
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$X_{1}=\frac{\partial}{\partial x}-N\frac{\partial}{\partial q}$ , $Z_{1}=\frac{\partial}{\partial z}-M\frac{\partial}{\partial q}$ .
PROPOSITION 2.1. Equation (1.11) can be the original equation of an Im-

schenetsky transformation (1.7) if and only if $H_{0}\neq 0$ . In this case we have

(2.2) $H_{0}=-\frac{\partial(h,k)}{\partial(z,q)}(\frac{\partial h}{\partial q})^{-2}$

PROOF. Suppose that equation (1.11) is the original equation (1.9) of the
Imschenetsky transformation (1.7). Then we have

(2.3) $Z_{1}h=\frac{\partial h}{\partial z}-M\frac{\partial h}{\partial q}=0$ , $X_{1}h=\frac{\partial h}{\partial x}-N\frac{\partial h}{\partial q}=k$ ,

since the coefficients $M,$ $N$ of the original equation are given by $\frac{\partial h}{\partial z}/\frac{\partial h}{\partial q}$

and $(\frac{\partial h}{\partial q})^{-1}(\frac{\partial h}{\partial x}-k)$ respectively. By the definition of Imschenetsky trans-

formation, $h$ and $k$ satisfy (1.8). Hence, by (2.1) and (2.3), we have

$H_{0}=X_{1}M-Z_{1}N=(\frac{\partial h}{\partial q})^{-1}(X_{1}M-Z_{1}N)\frac{\partial h}{\partial q}=(\frac{\partial h}{\partial q})^{-1}[Z_{1}, X_{1}]h$

$=(\frac{\partial h}{\partial q})^{-1}([Z_{1}, X_{1}]+X_{1}Z_{1})h=(\frac{\partial h}{\partial q})^{-1}Z_{1}X_{1}h=(\frac{\partial h}{\partial q})^{-1}Z_{1}k$

$=(\frac{\partial h}{\partial q})^{-1}(\frac{\partial k}{\partial z}-M\frac{\partial k}{\partial q})=-(\frac{\partial h}{\partial q})^{-2}(\frac{\partial h}{\partial z}\frac{\partial k}{\partial q}-\frac{\partial h}{\partial q}\frac{\partial k}{\partial z})$

$=-(\frac{\partial h}{\partial q})^{-2}\frac{\partial(h,k)}{\partial(z,q)}\neq 0$ .

Conversely, suppose that $M$ and $N$ satisfy $H_{0}\neq 0$ . Take a solution $h$ of $Z_{1}k$

$=0$ satisfying $\partial h/\partial q\neq 0$ , and define $k$ by $X_{1}h=k$ . Then they satisfy the
identity (2.2). Hence, we have $\partial(h, k)/\partial(z, q)\neq 0$ by the assumption that $H_{0}\neq 0$ .
Therefore, these $h$ and $k$ define an Imschenetsky transformation which can
be applied to equation (1.11).

PROPOSITION 2.2. SuPpose that equation (1.11) is of Imschenetsky type and
reduced to $s^{\prime}+f^{\prime}=0$ by (1.7), and that $s^{*}+f^{*}=0$ is the reduced equation of
(1.11) by another Imschenetsky transformation. Then from the former we obtain
the latter changing $x^{\prime},$ $y^{\prime},$

$z^{\prime}$ to $x^{*},$ $y^{*},$ $z^{*}$ , where $x^{*}=x^{\prime},$ $y^{*}=y^{\prime},$ $z^{*}=\lambda(x^{\prime}, y^{\prime}, z^{\prime})$ .
PROOF. Suppose that $h^{*}$ and $k^{*}$ define the Imschenetsky transformation

which reduces (1.11) to $s^{*}+f^{*}=0$ . Then $h^{*}$ is a solution of $Z_{1}h^{*}=0$ . Since
$h$ is a solution of $Z_{1}h=0$ satisfying $\partial h/\partial q\neq 0,$ $h^{*}$ is expressed in the form
$h^{*}=\lambda(x, y, h)$ , where $\partial\lambda/\partial h\neq 0$ . The $k^{*}$ is given by

$k^{*}=X_{1}h^{*}=X_{1}\lambda=\frac{\partial\lambda}{\partial x}+\frac{\partial\lambda}{\partial h}X_{1}h=\frac{\partial\lambda}{\partial x}+\frac{\partial\lambda}{\partial h}k$ .
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Change $x^{\prime},$ $y^{\prime},$ $z^{\prime}$ to $X^{*},$ $y^{*},$ $z^{*}$ , where $x^{*}=x^{\prime},$ $y^{*}=y^{\prime},$ $z^{*}=\lambda(x^{\prime}, y^{\prime}, z^{\prime})$ . Then
we have

$s^{*}+f^{*}=s^{*}-(\underline{\partial}\partial\frac{h^{*}}{q})^{-1}(-\partial\partial k^{*}q-q^{*}+\frac{dk^{*}}{dy}\underline{\partial}\partial\frac{h^{*}dh^{*}}{qdy}\frac{\partial k^{*}}{\partial q})$

$=_{\partial}^{\partial}-\frac{\lambda}{z’}\{s^{\prime}-(\frac{\partial h}{\partial q})^{-1}(-\partial\frac{k}{q}q^{\prime}+\frac{dk}{dy}\frac{\partial h}{\partial q}-\frac{dh}{dy}\partial\frac{\partial k}{\partial q})\}$

$=\frac{\partial\lambda}{\partial z}(s^{\prime}+f^{\prime})$ .

LEMMA 2.1. Let $f$ be $M(x, y, z, q)p+N(x, y, z, q)$ and $f_{i}(i\geqq 0)$ be the func-
tion defined by (1.3). Then the $f_{i}$ takes on the form $A_{i}p+B_{i}$ for each $i\geqq 0$ .
Here, $A_{i}$ and $B_{i}$ are the functions of $x,$ $y,$ $z,$ $q_{1},$

$\cdots$ , $q_{i+1}$ defined by $A_{0}=M$,
$B_{0}=N$ and

\langle 2.4) $A_{i}=G_{i}A_{i-1}-MA_{i-1}$ , $B_{i}=G_{i}B_{i-1}-NA_{i-1}$ , $i\geqq 1$ .
PROOF. Since $A_{0}=M$ and $B_{0}=N$, we get $f_{0}=f=Mp+N=A_{0}p+B_{0}$ .

Suppose that $f_{i-1}=A_{i-1}p+B_{i-1}$ . Then, by (2.4), we have

$f_{i}=(G_{i}-f\frac{\partial}{\partial p})f_{i-1}=\{G_{i}-(Mp+N)\frac{\partial}{\partial p}\}(A_{i-1}p+B_{i-1})$

$=(G_{i}A_{i-1}-MA_{i-1})p+G_{i}B_{i-1}-NA_{i-1}=A_{i}P+B_{i}$ .
PROPOSITION 2.3. Let $n$ be a positive integer. Then, equation (1.11) is

solved by integrable systems of order $n$ if and only if the sysiem of two linear
equations

(2.5) $Z_{n}u+\frac{\partial M}{\partial q}u+M_{n}=0$ , $X_{n}u+\frac{\partial N}{\partial q}u+N_{n}=0$

with indePendent variables $x,$ $y,$ $z,$ $q_{1},$ $\cdots$ , $q_{n}$ has the rank greater than zero,
where $Z_{n},$ $X_{n}$ are the operators defined by

\langle 2.6) $Z_{n}=\frac{\partial}{\partial z}\sum_{j=1}^{n}A_{j-1}\frac{\partial}{\partial q_{j}}$ , $X_{n}=\frac{\partial}{\partial x}-\sum_{j=1}^{n}B_{j-1}\frac{\partial}{\partial q_{j}}$ ,

and $M_{n},$ $N_{n}$ are the functions of $x,$ $y,$ $z,$ $q_{1},$ $\cdots$ , $q_{n}$ defined by

(2.7) $M_{n}=G_{n-1}A_{n-1}-MA_{n-1}$ , $N_{n}=G_{n-1}B_{n-1}-NA_{n-1}$ .
PROOF. Replace $f$ in (1.6) by $Mp+N$. Then, by Lemma 2.1, the second

equation of (1.6) is written in the form

$p(Z_{n}u+\frac{\partial M}{\partial q}u+M_{n})+X_{n}u+\frac{\partial N}{\partial q}u+N_{n}=0$ .

Since the functions $A_{i},$ $B_{i},$ $\partial M/\partial q,$ $\partial N/\partial q,$ $M_{n},$ $N_{n}$ do not involve $p$ , the com-
patibility condition between the two equations in (1.6) is given by the first
equation of (2.5). Hence, the system (1.6) is equivalent to the system con-
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sisting of (2.5) and $\partial u/\partial p=0$ . Each of the two equations of (2.5) and every
equation produced by them as a compatibility condition are compatible with
$/\partial u/\partial p=0$ . Thus the two systems (1.6) and (2.5) have the same rank, since
the number of independent variables of the second system is diminished
from that of the first system by one.

LEMMA 2.2. Let $X_{i},$ $Z_{i},$ $G_{i}$ be the operators defined by (2.6) and (1.4). Then
we have the following identities:

$t(2.8)$ $[Z_{i+1}, G_{i}]=-MZ_{i}+(G_{i}A_{i})\frac{\partial}{\partial q_{i+1}}$ , $i\geqq 1$ ,

$c_{\backslash }^{\prime}2.9)$ $[X_{i+1}, G_{i}]=-NZ_{i}+(G_{i}B_{i})\frac{\partial}{\partial q_{i+1}}$ , $i\geqq 1$ .

PROOF. By the definition (2.4) of $A_{j}$ , we have

$[Z_{i+1}, G_{i}]=[\frac{\partial}{\partial z}\sum_{f=0}^{i}A_{j}\frac{\partial}{\partial q_{j+1}},$ $\frac{\partial}{\partial y}+q_{\partial\overline{z}}-\partial+\sum_{j=1}^{i}q_{j\prec\cdot 1}\frac{\partial}{\partial q_{j}}]$

$=-A_{0}\frac{\partial}{\partial z}-\sum_{J=1}^{i}(A_{j}-G_{j}A_{j-1})\frac{\partial}{\partial q_{j}}+(G_{i}A_{i})\frac{\partial}{\partial q_{i+1}}$

$=-M\frac{\partial}{\partial z}+\sum_{J=1}^{i}MA_{j-1}\frac{\partial}{\partial q_{j}}+(G_{i}A_{i})\frac{\partial}{\partial q_{\iota+1}}$

$=-MZ_{i}+(G_{i}A_{i})\frac{\partial}{\partial q_{i+1}}$ .
Similarly we can prove (2.9) by the dePnition (2.4) of $B_{j}$ .

LEMMA 2.3. SuPpose that $n\geqq 2$ , and change the independent variables
$x,$ $y,$ $z,$ $q_{1},$ $\cdots$ , $q_{n}$ to $x^{\prime},$ $y^{\prime},$ $z^{\prime},$ $p^{\prime},$ $q_{1}^{\prime},$ $\cdots$ , $q_{n-1}^{\prime}$ , where

$r(2.10)$ $\left\{\begin{array}{ll}\chi^{\prime}=x, y^{\prime}=y, z^{\prime}=h, P^{\prime}=k, q^{\prime}=G_{1}h=\frac{dh}{dy}+ & \frac{h}{q}q_{2}\partial\partial\\ q_{t}^{\prime}=G_{i}\cdots G_{1}h=G_{i-1}(G_{i-1}\cdots G_{1}h)+\frac{\partial h}{\partial q}q_{i+1} , & 1<i<n.\end{array}\right.$

Here $G_{i}(1\leqq i<n)$ is the operatOr defined by (1.4), and $h,$ $k$ are functions of
$x,$ $y,$ $z,$ $q$ satisfying (1.8) and (2.3). Then, we have

$((2.11)$ $Z_{n}=H_{0^{-}}^{\partial}\frac{h}{q}-\frac{\partial}{p}\partial\partial^{\prime}$ ,

$A\langle 2.12)$ $X_{n}=-d_{\overline{X}}\sum_{i=1}^{n-1}f_{i-1}^{\prime}\frac{\partial}{\partial q_{i}}+(X_{1}k)_{\partial\overline{p’}}^{\partial}d-$ .

Here, $f_{i}^{\prime}(0\leqq i<n-1)$ is the function defined by

\langle 2.13) $\left\{\begin{array}{l}f_{l}^{\prime}=(G_{i}^{\prime}-f^{\prime}\overline{\partial}\partial\overline{p\prime})f_{i-1}^{\prime}, G_{i}^{\prime}=_{d\overline{y^{\prime}}}^{d}-+\sum_{J=1}^{i}q_{j+1^{\frac{\partial}{\partial q_{j}^{\prime}}}}^{\prime},\\f_{0}=f=\frac{dk}{dy}-(\frac{\partial h}{\partial q})^{-1}(q^{\prime}\frac{dh}{dy})\frac{\partial k}{\partial q}.\end{array}\right.$

$i\geqq 1$ ,
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PROOF. By (2.8) and (2.3), we have

(2.14) $Z_{n}q_{t}^{\prime}=Z_{i+1}(G_{i}\cdots G_{1})h=(G_{i}-M)Z_{i}(G_{i-1}\cdots G_{1})h=$

$=(G_{i}-M)\cdots(G_{1}-M)Z_{1}h=0$

for each $i(1\leqq i<n)$ , since $(G_{j-1}\cdots G_{1})h$ is a function of $x,$ $y,$ $z,$ $q_{1},$ $\cdots$ , $q_{j}$ . By
(2.3) and (2.2), we get

(2.15) $Z_{1}k=\frac{\partial k}{\partial z}-M\frac{\partial k}{\partial q}=\frac{\partial k}{\partial z}-(\frac{\partial h}{\partial z}/\frac{\partial k}{\partial q})\frac{\partial k}{\partial q}$

$=-(\frac{\partial h}{\partial q})^{-1}\frac{\partial(h,k)}{\partial(z,q)}=H_{0}\frac{\partial h}{\partial q}$ .
Hence, we obtain

$Z_{n}=(Z_{n}x^{\prime})\frac{\partial}{\partial x^{\prime}}+(Z_{n}y^{\prime})\frac{\partial}{\partial y^{\prime}}+(Z_{n}z^{\prime})\frac{\partial}{\partial z^{\prime}}+(Z_{n}p^{\prime})\frac{\partial}{\partial p^{\prime}}+\sum_{i=1}^{n-1}(Z_{n}q_{i}^{\prime})\frac{\partial}{\partial q_{i}^{\prime}}$

$=H_{0}\frac{\partial h}{\partial q}\frac{\partial}{\partial p^{\prime}}$ .

By (2.9), we have

$X_{n}q_{i}^{\prime}=X_{i+1}(G_{i}\cdots G_{1})h=(G_{i}X_{i}-NZ_{i})(G_{i-1}\cdots G_{1})h$

$=G_{i}X_{i}(G_{i-1}\cdots G_{1})h=\ldots=(G_{i}\cdots G_{1})X_{1}h=(G_{i}\cdots G_{1})k$

for each $i(1\leqq i<n)$ . Here

(2.16) $G_{i}=(G_{i}x^{\prime})\frac{\partial}{\partial x}+(G_{i}y^{\prime})\frac{\partial}{\partial y}+(G_{i}z^{\prime})\frac{\partial}{\partial z}+(G_{i}p^{\prime})\frac{\partial}{\partial p’}+\sum_{j=1}^{n-1}(G_{i}q_{j}^{\prime})\frac{\partial}{\partial q_{j}}$

$=\frac{\partial}{\partial y^{\prime}}+q^{\prime}\frac{\partial}{\partial z^{\prime}}f^{\prime}\frac{\partial}{\partial p^{\prime}}+\sum_{j=1}^{i-1}q_{j+1}^{\prime}\frac{\partial}{\partial q_{j}^{\prime}}+\sum_{j=i}^{n-1}(G_{i}q_{j}^{\prime})\frac{\partial}{\partial q_{j}^{\prime}}$

$=G_{i-1}^{\prime}-f^{\prime}\frac{\partial}{\partial p^{\prime}}+\sum_{j=i}^{n-1}(G_{i}q_{j}^{\prime})\frac{\partial}{\partial q_{j}^{\prime}}$ , $i\geqq 1$ ,

since we have

$G_{1}k=\frac{dk}{dy}+q_{2}\frac{\partial k}{\partial q}=\frac{dk}{dy}+(\frac{\partial h}{\partial q})^{-1}(q^{\prime}-\frac{dh}{dy})\frac{\partial k}{\partial q}=-f^{\prime}$ .

Hence, we obtain

(2.17) $X_{n}q_{i}^{\prime}=(G_{i}\cdots G_{1})k=-(G_{i}\cdots G_{2})f^{\prime}$

$=-(G_{t}\cdots G_{3})(G_{1}^{\prime}-f^{\prime}\frac{\partial}{\partial p^{\prime}})f^{\prime}=-(G_{i}\cdots G_{3})f_{1}^{\prime}=\cdots=-f_{t-1}^{\prime}$

for each $i(1\leqq i<n)$ , since $f_{j}^{\prime}$ is a function of $x^{\prime},$ $y^{\prime},$ $z^{\prime},$ $q_{1}^{\prime},$ $\cdots$ , $q_{j+1}^{\prime}$ . By this
identity and $X_{1}h=k$ , we have (2.12).

LEMMA 2.4. SuppOse that $n\geqq 2$ , and change the independent variables $x,$ $y$ ,
$z,$ $q_{1},$ $\cdots$ , $q_{n}$ and the unknown function $u$ in the system (2.5) to $x^{\prime},$ $y^{\prime},$ $z^{\prime},$ $p^{\prime},$ $q_{1}^{\prime},$

$t$
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$q_{n-1}^{\prime}$ and $u^{\prime}$ by (2.10) and

(2.18) $u^{\prime}=G_{n-1}(G_{n-1}\cdots G_{1}h)+\frac{\partial h}{\partial q}u=G_{n-1}q_{n-1}^{\prime}+\frac{\partial h}{\partial q}u$ ,

where $G_{\ell}(1\leqq i<n)$ is the operat0r defined by (1.14), and $h,$ $k$ are functions $oJ$

$\chi y,$ $z,$ $q$ satisfying (1.8) and (2.3). Then the first and the second equations of
$|(2.5)$ are transformed to

$\partial u^{\prime}$

(2.19)
$H_{0}=0\overline{\partial p^{\prime}}$

cand

$((2.20)$ $(\frac{\partial h}{\partial q})^{-1}\{\frac{du^{\prime}}{dx’}\sum_{i=1}^{n-1}f_{i-1}^{\prime}\frac{\partial u^{\prime}}{\partial q_{i}}+-\partial\partial\frac{f^{\prime}}{q^{\prime}}u^{\prime}+(G_{n-2}^{\prime}-f^{\prime}\frac{\partial}{\partial p\prime})f_{n-2}^{\prime}\}$

$+(\frac{\partial h}{\partial q})^{-1}(X_{1}k)\frac{\partial u^{\prime}}{\partial p’}=0$

respectively, where $f_{i}^{\prime}(i\geqq 0),$ $f^{\prime}$ are the functions defined by (2.13).

PROOF. Since
$-\frac{f^{\prime}}{q^{\prime}}\partial\partial=-\frac{\partial k}{\partial q}/\frac{\partial h}{\partial q}$

we have

$r(2.21)$ $\left\{\begin{array}{l}Z_{1}\frac{\partial h}{\partial q}=\frac{\partial}{\partial q}(Z_{1}h)+\frac{\partial M}{\partial q}\frac{\partial h}{\partial q}=\frac{\partial M}{\partial q}\frac{\partial h}{\partial q},\\X_{1}\frac{\partial h}{\partial q}=\frac{\partial}{\partial q}(X_{1}h)+\frac{\partial N}{\partial q}\frac{\partial h}{\partial q}=\frac{\partial k}{\partial q}+\frac{\partial N}{\partial q}\frac{\partial h}{\partial q}\end{array}\right.$

$=\frac{\partial h}{\partial q}(\frac{\partial k}{\partial q}/\frac{\partial h}{\partial q}+-\partial\partial\frac{N}{q})=\frac{\partial h}{\partial q}(\frac{\partial N\partial f^{\prime}}{\partial q\partial q^{\prime}})$ ,

.and

(2.22) $Z_{1}(\frac{\partial h}{\partial q})^{-1}=-\underline{\partial}\partial\frac{M}{q}(\frac{\partial h}{\partial q})^{-1}$

By (2.8) and (2.14), we have

$X_{1}(-\partial\partial\frac{h}{q})^{-1}=-(\frac{\partial N}{\partial q}-\frac{\partial f^{\prime}}{\partial q’})(\frac{\partial h}{\partial q})^{-1}$

$\backslash \langle 2.23)$ $Z_{n}G_{n-1}q_{n-1}^{\prime}=(G_{n-1}Z_{n}-MZ_{n-1}+G_{n-1}A_{n-1}\frac{\partial}{\partial q_{n}})q_{n-1}^{\prime}$

$=-MZ_{n-1}q_{n-1}^{\prime}+G_{n-1}A_{n-1}\frac{q_{n-1}^{\prime}}{q_{n}}\underline{\partial}\partial$

$=-M(Z_{n}+A_{n-1}\frac{\partial}{\partial q_{n}})+G_{n}A_{\partial}^{\partial}$

$=(-MA_{n-1}+G_{n-1}A_{n-1})\frac{\partial h}{\partial q}$

$\partial h$

$=M_{n}\overline{\partial q}$

since

$n\geqq 2$ ,



54 M. MATSUDA

$Z_{n-1}=Z_{n}+A_{n-1}\frac{\partial}{\partial q_{n}}$ , $\frac{\partial q_{n-1}^{\prime}}{\partial q_{n}}=\frac{\partial h}{\partial q}$ .

By (2.9), (2.17) and (2.16), we have

(2.24) $x_{n}c_{n-1}t_{n-1}=(G_{n-1}X_{n}-NZ_{n-1}+G_{n-1}B_{n-1}\frac{\partial}{\partial q_{n}})q_{n-1}^{\prime}$

$=-G_{n-1}f_{n-2}^{\prime}-NA_{n-1}\frac{\partial h}{\partial q}+G_{n-1}B_{n-1}\frac{\partial h}{\partial q}$

$=-(G_{n-2}^{\prime}-f^{\prime}\frac{\partial}{\partial p^{\prime}}+G_{n-1}q_{n-1}^{\prime}\frac{\partial}{\partial q_{n-1}^{\prime}})f_{n-2}^{\prime}+(G_{n-1}B_{n-1}-NA_{n-1})\frac{\partial h}{\partial q}$

$=-(G_{n-2}^{\prime}-f^{\prime}\frac{\partial}{\partial p^{\prime}})f_{n-2}^{\prime}-G_{n-1}q_{n-1}^{f}\frac{\partial f^{\prime}}{\partial q’}+N_{n^{-\frac{h}{q}}}^{\partial}\partial$ $n\geqq 2$ ,

since

$Z_{n- 1}q_{n-1}^{\prime}=(n- 1^{-}=A_{n- 1}\frac{\partial h}{\partial q},$ $\frac{\partial f_{n-2}^{\prime}}{\partial q_{n-1}^{\prime}}=\frac{\partial f^{\prime}}{\partial q’}$

Hence, by (2.22), (2.23) and (2.24), we obtain

$z_{n^{\mathcal{U}+-}}^{\partial}\frac{h}{q}u+M_{n}\partial=Z_{n}\{(\frac{\partial h}{\partial q})^{-1}(u^{\prime}-G_{n- 1}q_{n-1}^{\prime})\}$

$+\frac{\partial M}{\partial q}(\frac{\partial h}{\partial q})^{-1}(u^{\prime}-G_{n- 1}q_{n-1}^{\prime})+M_{n}=-\frac{\partial M}{\partial q}(\frac{\partial h}{\partial q})^{-1}(u^{\prime}-G_{n- 1}q_{n-1}^{\prime}\lambda$

$+(\frac{\partial h}{\partial q})^{-1}(Z_{n}u^{\prime}-M_{n}\frac{\partial h}{\partial q})+\frac{\partial M}{\partial q}(\frac{\partial h}{\partial q})^{-1}(u^{\prime}-G_{n- 1}q_{n-1}^{\prime})+M_{n}$

$=(\frac{\partial h}{\partial q})^{-1}Z_{n}u^{\prime}$

and

$X_{n}u+\frac{\partial N}{\partial q}u+N_{n}$

$=X_{n}\{(\frac{\partial h}{\partial q})^{-1}(u^{\prime}-G_{n- 1}q_{n-1}^{\prime})\}+\frac{\partial N}{\partial q}(\frac{\partial h}{\partial q})^{-1}(u^{\prime}-G_{n- 1}q_{n-1}^{\prime})+N_{7t}$

$=-(-\partial\partial\frac{N}{q}---\partial\partial\frac{f^{\prime}}{q’})(\partial\partial\frac{h}{q})^{-1}(u^{\prime}-G_{n- 1}q_{n-1}^{\prime})$

$+(\frac{\partial h}{\partial q})^{-1}\{X_{n}u^{\prime}+(G_{n-2}^{\prime}-f^{\prime}\frac{\partial}{\partial p^{\prime}})f_{n-2}^{\prime}+G_{n- 1}q_{n-1}^{\prime}\frac{\partial f^{\prime}}{\partial q^{\prime}}-N_{n}\frac{\partial h}{\partial q}\}$

$+\underline{\partial}\partial\frac{N}{q}(\frac{\partial h}{\partial q})^{-1}(u^{\prime}-G_{n- 1}q_{n-1}^{\prime})+N_{n}$

$=(\frac{\partial h}{\partial q})^{-1}\{X_{n}u^{\prime}+(G_{n-2}^{\prime}-f_{\partial}^{\prime}-\frac{\partial}{p’})f_{n-2}^{\prime}+^{\partial}-\partial\frac{f^{\prime}}{q’}u^{\prime}\}$ .

Hence, by Lemma 2.3, the first and the second equations of (2.5) are trans-
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formed to (2.19) and (2.20) respectively.
REMARK 2.1. Suppose that $z=\phi(x, y)$ is a solution of (1.11) of Imschenetsky

type, and that $z^{\prime}=\phi^{\prime}(x^{\prime}, y^{\prime})$ is the transformed surface by (1.7). Then $q_{t}^{\prime}=$

$\partial^{l}\phi^{\prime}/\partial y^{\gamma i}(i\geqq 1)$ is given by (2.10), where we replace $q_{j}$ by $\partial^{j}\phi/\partial y^{j}$ .
PROOF OF THEOREM 1. In [7], this theorem was proved for an equation

of $L_{1}$-type in the case where $n=1$ . Also it was shown that equation (1.11)
of Imschenetsky type is of $L_{1}$-type if the reduced equation is solved by
integrable systems of order $0$ . In [8], it was proved that equation (1.11) of
Imschenetsky type is of $L_{1}$ -type if it is solved by integrable systems of the
first order. Hence, we have Theorem 1 for $n=1$ . The $f^{\prime}$ in (2.13) gives the
reduced equation $s^{\prime}+f^{\prime}=0$ of (1.11) by (1.7). Let $f_{i}^{\prime}(0\leqq i\leqq n-2)$ be the
function defined by (2.13), and $n$ be greater than one. Then, by Lemma 2.4,
the system (2.5) and the system of (2.19) and (2.20) have the same rank. The
reduced equation is solved by integrable systems of order $n-1$ if and only
if the system of two linear equations

$\frac{\partial u^{\prime}}{\partial p’}=0$ ,

$\frac{du^{\prime}}{dx}\sum_{t=1}^{n-1}f_{i-1}^{\prime}\frac{\partial u^{\prime}}{\partial q_{l}^{\prime}}+\frac{\partial f^{\prime}}{\partial q’}u^{\prime}+(G_{n-2}^{\prime}-f^{\prime}\frac{\partial}{\partial p^{\prime}})f_{n-2}^{\prime}=0$

has the rank greater than zero. This system is equivalent to the system of
(2.19) and (2.20). By Proposition 2.3, the original equation (1.11) is solved by
integrable systems of order $n$ if and only if the system (2.5) has the rank
greater than zero. Hence, we have Theorem 1 for $n\geqq 2$ , and hence for every
$n\geqq 1$ .

\S 3. Invariants $H_{n}$ and $l_{n}$ .
In this section we shall define the invariants $H_{n}$ and $l_{n}(n\geqq 1)$ of equation

(1.11) and show some of their properties. Let us define the $(n+1)$ -th invariant
$H_{n}(n\geqq 1)$ of (1.11) from $H_{0}$ inductively by

(3.1) $H_{n}=H_{n- 1}+X_{n+1}C_{n}+N(\partial M/\partial q)-G_{1}(\partial N/\partial q^{\prime})$ , $n\geqq 1$ ,

under the condition that $H_{0}\neq 0,$ $\cdots$ , $H_{n-1}\neq 0$ , where $C_{n}$ is a function of $\chi y$ ,
$z,$ $q_{1},$ $\cdots$ , $q_{n+1}$ defined inductively by

(3.2) $C_{n}=C_{n- 1}-G_{n}$ log $H_{n- 1}(n\geqq 1)$ , $C_{0}=M$ .

Then, $H_{n}$ and $C_{n}(n\geqq 1)$ are rational functions of $q_{2},$ $q_{n+1}$ whose coefficients$\cdot$

are functions of $x,$ $y,$ $z,$ $q$ . Under the condition that $H_{0}\neq 0,$ $\cdots$ , $H_{k-1}\neq 0$ , we
define the operators $Y_{ki}(k\geqq 0, i\geqq 1)$ by $Y_{0i}=-Z_{i}$ and
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$Y_{ki}=\sum_{j=1}^{i}A_{k,j- 1}\frac{\partial}{\partial q_{j}}$ $(k\geqq 1)$ ,

where $A_{kj}$ is a function of $x,$ $y,$ $z,$ $q_{1},$ $\cdots$ , $q_{j+1}$ defined inductively with respect
to $k$ by

(3.3) $H_{k}A_{k+1,j}=X_{j+1}A_{kj}+Y_{k,j+1}B_{j}-\pi_{k}A_{kj}(k\geqq 0)$ , $A_{0j}=A_{j}$

for each $j\geqq 0$ . Here, we put

$\pi_{k}=\partial N/\partial q(k\geqq 1)$ , $\pi_{0}=0$ .
The $A_{kj}(k, j\geqq 1)$ is a rational function of $q_{2},$ $\cdots$ , $q_{j+1}$ whose coefficients are
functions of $x,$ $y,$ $z,$ $q$ . By the definition, we have

(3.4) $H_{k}Y_{k+1,i}=[X_{i}, Y_{ki}]-\pi_{k}Y_{ki}(k\geqq 0)$ , $Y_{0i}=-Z_{i},$ $i\geqq 1$ .
We define the n-th l-invariant $l_{n}$ of equation (1.11) by

(3.5) $(-1)^{n}l_{n}=Y_{n-1,n+1}A_{nn}-Y_{n,n+1}A_{n- 1,n}-e_{n-1}A_{nn}$

under the condition that $H_{0}\neq 0,$ $H_{n-1}\neq 0$ , where we put

$ e_{j}=(-1)^{j}\partial$ log $H_{j- 1}/\partial q_{j}(j\geqq 1)$ , $e_{0}=-\partial M/\partial q$ .
The $l_{n}$ is a rational function of $q_{2},$ $\cdots$ , $q_{n+1}$ whose coefficients are functions
of $\chi,$ $y,$ $z,$ $q$ . By the definition (3.5), $(-1)^{n}l_{n}$ is the coefficient of $\partial/\partial q_{n+1}$ in
the operator $[Y_{n- 1,n+1}, Y_{n,n+1}]-e_{n- 1}Y_{n,n+1}$ .

LEMMA 3.1. SuPpose that $k\geqq 0$ , and that $H_{0}\neq 0,$ $\cdots$ , $H_{k-1}\neq 0,$ $l_{1}=\ldots=l_{k-1}$

$=0$ . Then we have the following identities:

(i) $A_{sj}=0(0\leqq j<s-1),$ $A_{s,s- 1}=(-1)^{S- 1},1\leqq s\leqq k$ ;

(ii) $Y_{s+1,\leftrightarrow 1}H_{S}+X_{S}e_{s}-\pi_{s}e_{s}-Y_{S1}\pi_{s+1}=0,0\leqq s\leqq k-1$ ;

\langle iii) $[Y_{si}, Y_{ti}]-e_{R}Y_{ti}=0,0\leqq s\leqq k-2,$ $s<t\leqq k,$ $i\geqq 1$ ;

(iv) $Y_{sk}H_{k-1}=0,0\leqq s\leqq k-2$ ;

(v) $A_{si}=(G_{t}-C_{s})A_{s,i-1}-A_{s-1,i- 1},0\leqq s\leqq k,$ $i\geqq 1$ ;

(vi) $[Y_{s,i+1}, G_{i}]=-Y_{s- 1,i}-C_{s}Y_{si}-G_{i}A_{si}\frac{\partial}{\partial q_{i+1}}$ , $0\leqq s\leqq k,$ $i\geqq 1$ ;

\langle vii) $A_{ss}=(-1)^{s}\sum_{j=1}^{s}C_{j},$ $0\leqq s\leqq k$ ;

\langle viii) $(-1)^{s}H_{s}=X_{s+1}A_{SS}+Y_{s,s+1}B_{S}-\pi_{S}A_{ss},$ $0\leqq s\leqq k$ ;

(ix) $l_{s}=Y_{S- 1,S+1}C_{S}-G_{S- 1}e_{S- 1}+C_{S- 1}e_{S- 1}+e_{S- 2},1\leqq s\leqq k$ .
Here, we put $Y_{-1,i}=0(i\geqq 1),$ $A_{-1,j}=0(i\geqq 0),$ $e_{-1}=0$ .

PROOF. For $k=0$ , we have (v), (vi) and (viii) by (2.4), (2.8) and (2.1)

respectively. Since $A_{00}=A_{0}=M$, we get (vii). Hence, Lemma 3.1 is valid
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for $k=0$ . Suppose that $H_{0}\neq 0,$ $\cdots$ , $H_{k-1}\neq 0,$ $l_{1}=$ $=l_{k- 1}=0$ , and that the
identities $(i)-(ix)$ are valid. Then, by (i), $Y_{ki}$ does not involve $\partial/\partial q_{j}$ for any
$j<k$ , and its coefficient of $\partial/\partial q_{k}$ is $(-1)^{k-1}$ if $i\geqq k$ . By (v), (vii) and (3.2),

we have

(3.6) $\frac{\partial A_{sk}}{\partial q_{k+1}}=\frac{\partial A_{s.k- 1}}{\partial q_{k}}=$ $=\frac{\partial A_{ss}}{\partial q_{s+1}}=(-1)^{s}\frac{\partial C_{s}}{\partial q_{s+1}}=-e_{s}$ , $0\leqq s\leqq k$ .

In addition to the above assumption, let us suppose that $H_{k}\neq 0$ and $l_{k}=0$ ,

and prove successively the identities $(i)-(ix)$ for $k+1$ .
(i). The coefficient of $\partial/\partial q_{j+1}$ in the right-hand side of (3.4) vanishes for

any $j<k-1$ , since $Y_{ki}B_{j}=0$ for such $j$ . For $j=k-1$ , we have

$X_{k}A_{k,k- 1}+Y_{kk}B_{k-1}-\pi_{k}A_{k,k- 1}=0$ ,

since
$A_{k,k- 1}=(-1)^{k-1}$ , $Y_{kk}B_{k-1}=(-1)^{k-1}\partial B_{k-1}/\partial q_{k}=(-1)^{k-1}\pi_{k}$ .

Hence we have $A_{k+1,j}=0$ for any $j\leqq k-1$ . For $j=k$ , we have

$A_{k+1,k}=H_{k}^{-1}(X_{k+1}A_{kk}+Y_{k,k+1}B_{k}-\pi_{k}A_{kk})=(-1)^{k}$

by (viii). Therefore, $Y_{k+1,i}=0$ for $i\leqq k$ , and the coefficient of $\partial/\partial q_{k+1}$ in
$Y_{k+1,i}$ is $(-1)^{k}$ for $i\geqq k+1$ .

(ii). Suppose that $s=0$ . Then, by (2.1), we have

$\frac{\partial}{\partial q}H_{0}=\frac{\partial}{\partial q}(X_{1}M)-\frac{\partial}{\partial q}(Z_{1}N)$

$=(X_{1}\frac{\partial}{\partial q}-\frac{\partial N}{\partial q}\frac{\partial}{\partial q})M-(Z_{1}\frac{\partial}{\partial q}\frac{\partial M}{\partial q}\frac{\partial}{\partial q})N$

$=-X_{1}e_{0}-Z_{1}\pi_{1}$ .
Suppose that $1\leqq s\leqq k$ . Then, by (3.1), we have

$\frac{\partial}{\partial q(\backslash +1}H_{s}=\frac{\partial}{\partial q_{s+1}}H_{s-1}+\frac{\partial}{\partial q_{s+1}}(X_{s+1}C_{s})+\frac{\partial}{\partial q_{s+1}}(N\frac{\partial M}{\partial q})-\frac{\partial}{\partial q_{s+1}}(G_{1}\frac{\partial N}{\partial q})$

$=(X_{s+1}\frac{\partial\partial B_{s}}{\partial q_{s+1}\partial q_{s+1}}\frac{\partial}{\partial q_{s+1}})C_{s}-(G_{1}\frac{\partial}{\partial q_{s+1}}+\frac{\partial}{\partial q_{s}})\frac{\partial N}{\partial q}$

$=(-1)^{s- 1}(X_{s+1}e_{s}-\pi_{s}e_{s}-Y_{s1}\pi_{s+1})$ ,

since $H_{s-1},$ $N\frac{\partial M}{\partial q}$ , $\frac{\partial N}{\partial q}$ do not involve $q_{s+1}$ and

$\frac{\partial B_{s}}{\partial q_{s+1}}=\pi_{s+1}=\pi_{s}$ , $\frac{\partial C_{s}}{\partial q_{s+1}}=(-1)^{s-1}e_{s}$ ,

$Y_{11}\pi_{2}=\frac{\partial}{\partial q_{1}}\frac{\partial N}{\partial q}$ , $Y_{s1}\pi_{s+1}=0=(-1)^{s- 1}\frac{\partial}{\partial q_{s}}\frac{\partial N}{\partial q}(1<s\leqq k)$ .

Hence, we obtain (ii) for $0\leqq s\leqq k$ by
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$Y_{s+1,s+1}H_{s}=(-1)^{s}\frac{\partial}{\partial q_{s+1}}H_{s}$ , $0\leqq s\leqq k$ .
(iii) and (iv). First, we shall prove (iii) for $s=k-1$ and $t=k$ ;

(3.7) $[Y_{k- 1,i}, Y_{ki}]-e_{k- 1}Y_{ki}=0$ , $i\geqq 1$ .
Let $E_{j}$ denote the coefficient of $\partial/\partial q_{j}$ in the left-hand side of (3.7). Then $E_{j}$

vanishes for any $j<k$ , since $Y_{ki}$ does not involve $\partial/\partial q_{j}$ and $Y_{kj}A_{k-1,f-1}=0$

for such $i$ . For $j=k$ , we have

$E_{k}=Y_{k-1,k}A_{k,k-1}-Y_{kk}A_{k-1,k-1}-e_{k-1}A_{k,k- 1}$

$=Y_{k-1,k}(-1)^{k-1}-(-1)^{k- 1}(\partial/\partial q_{k})A_{k-1,k-1}-e_{k-1}(-1)^{k- 1}=0$

by (3.6). For $j=k+1$ , we have $E_{k+1}=(-1)^{k}l_{k}$ by the definition (3.5) of $l_{k}$ .
For $i\geqq k$ , by (v) and (vi), we have

$E_{j+1}=Y_{k-1,j+1}A_{kj}-Y_{k,j+1}A_{k-1,j}-e_{k-1}A_{kj}$

$=Y_{k- 1,j+1}\{(G_{j}-C_{k})A_{k,j- 1}-A_{k-1,j-1}\}$

$-Y_{k,j+1}\{(G_{j}-C_{k-1})A_{k- 1,j-1}-A_{k-2,j-1}\}-e_{k-1}A_{kj}$

$=(G_{j}Y_{k-1,j}-Y_{k-2,j}-C_{k- 1}Y_{k- 1,j})A_{k,j-1}$

$-(Y_{k- 1,k+1}C_{k})A_{k,j- 1}-C_{k}Y_{k-1,j}A_{k,j-1}-Y_{k-1,j}A_{k-1,j-1}$

$-(G_{j}Y_{kj}-Y_{k-1,j}-C_{k}Y_{kj})A_{k- 1,j-1}+(Y_{kk}C_{k-1})A_{k-1,j-1}$

$+C_{k-1}Y_{kj}A_{k-1,j-1}+Y_{kj}A_{k-2,j-1}$

$-e_{k-1}\{(G_{j}-C_{k})A_{k,j- 1}-A_{k-1,j-1}\}$

$=(G_{j}-C_{k}-C_{k-1})(Y_{ki}A_{k- 1,j- 1}-Y_{k-1,j}A_{k,j- 1}-e_{k- 1}A_{k,j- 1})$

$-(Y_{k- 1,k+1}C_{k}-G_{k-1}e_{k- 1}+C_{k-1}e_{k-1})A_{k,j- 1}$

$-(Y_{k- 2,j}A_{k,j-1}-Y_{kj}A_{k-2,j- 1})$ ,

since
$Y_{kk}C_{k-1}=(-1)^{k-1}\partial C_{k- 1}/\partial q_{k}=-e_{k- 1}$ .

Here, we have
$Y_{k-2,j}A_{k,j- 1}-Y_{kj}A_{k- 2,j- 1}=e_{k- 2}A_{k,j- 1}$

by the identity
$[Y_{k- 2,i}, Y_{ki}]=e_{k- 2}Y_{ki}$

which we obtain from (iii), taking $s=k-2$ and $t=k$ . Hence, by (ix), we
have

(3.8) $E_{j+1}=(G_{j}-C_{k}-C_{k- 1})E_{j}-l_{k}A_{k,j- 1}$ , $i\geqq k$ .
Since we assumed that $l_{k}=0$ , by (3.8) we have $E_{j}=0$ for all $j>0$ . Thus
(3.7) has been proved. Secondly, we shall prove the identity
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(3.9) $[Y_{si}, Y_{k+1,i}]-e_{S}Y_{k+1,i}=-$ ( $Y_{si}$ log $H_{k}$) $Y_{k+1,i}$ , $i\geqq 1$

for each $s(0\leqq s\leqq k-1)$ . From (iii) we obtain

$[Y_{si}, Y_{ki}]=e_{s}Y_{ki}$ , $0\leqq s<k-1$ ,

taking $t=k$ . Hence, by (3.4) and the Jacobi identity, we have

$[Y_{si}, Y_{k+1,\ell}]-e_{S}Y_{k+1,i}=[Y_{si}, H_{k}^{-1}([X_{i}, Y_{ki}]-\pi_{k}Y_{ki})]-e_{S}Y_{k+1,i}$

$=-$ ( $Y_{si}$ log $H_{k}$) $Y_{k+1,i}+H_{k}^{-1}[Y_{si}, ([X_{i}, Y_{ki}]-\pi_{k}Y_{ki})]-e_{S}Y_{k+1,i}$

$=-$ ( $Y_{si}$ log $H_{k}$) $Y_{k\prec\cdot 1,i}-e_{S}Y_{k+1,i}+H_{k}^{-1}\{-(Y_{si}\pi_{k})Y_{ki}$

$-\pi_{k}[Y_{si}, Y_{ki}]+[Y_{si}, [X_{i}, Y_{ki}]]\}$

$=-$ ( $Y_{si}$ log $H_{k}$) $Y_{k+1,i}-e_{S}Y_{k+1,i}+H_{k}^{-1}\{-(Y_{si}\pi_{k}+\pi_{k}e_{s})Y_{ki}$

$+[X_{i}, [Y_{si}, Y_{ki}]]-[[X_{i}, Y_{si}],$ $Y_{ki}$]}

$=-$ ( $Y_{si}$ log $H_{k}$) $Y_{k+1,i}-e_{S}Y_{k+1,i}+H_{k}^{-1}\{-(Y_{si}\pi_{k}+\pi_{k}e_{s})Y_{ki}$

$+[X_{i}, e_{s}Y_{ki}]-[H_{S}Y_{s+1,i}+\pi_{s}Y_{si}, Y_{ki}]\}$

$=-$ ( $Y_{si}$ log $H_{k}$) $Y_{k+1,i}-e_{S}Y_{k+1,i}+H_{k}^{-1}\{-(Y_{si}\pi_{k}+\pi_{k}e_{s})Y_{ki}$

$+(X_{i}e_{s})Y_{ki}+e_{s}[X_{i}, Y_{ki}]+(Y_{ki}H_{s})Y_{s+1,i}-H_{s}[Y_{s+1,i}, Y_{ki}]$

$+(Y_{ki}\pi_{s})Y_{si}-\pi_{s}[Y_{si}, Y_{ki}]\}$

$=-$ ( $Y_{si}$ log $H_{k}$ ) $Y_{k+1,i}-e_{S}Y_{k+1,i}+H_{k}^{-1}\{-(Y_{si}\pi_{k}+\pi_{k}e_{s})Y_{k\ell}+(X_{i}e_{s})Y_{kf}$

$+e_{s}(H_{k}Y_{k+1,i}+\pi_{k}Y_{ki})+(Y_{ki}H_{s})Y_{s\{\cdot 1,i}-H_{s}[Y_{s+1,i}, Y_{ki}]-\pi_{s}e_{s}Y_{ki}\}$

$=-$ ( $Y_{si}$ log $H_{k}$) $Y_{k+1,i}+H_{k}^{-1}\{(X_{i}e_{s}-Y_{si}\pi_{s+1}-\pi_{S}e_{S})Y_{ki}$

$+(Y_{k}{}_{i}H_{s})Y_{k+1,i}-H_{s}[Y_{s+1,i}, Y_{ki}]\}$ ,

since $Y_{ki}\pi_{s}=0$ and $Y_{si}\pi_{k}=Y_{si}\pi_{s+1}$ . Here, suppose that $s=k-1$ . Then we
have

$(Y_{k}{}_{i}H_{s})Y_{s+1,i}-H_{s}[Y_{s+1,i}, Y_{ki}]=(Y_{s\neg\cdot 1}{}_{i}H_{s})Y_{ki}$ ,

since $[Y_{s+1,i}, Y_{ki}]=[Y_{ki}, Y_{ki}]=0$ . Suppose that $0\leqq s<k-1$ . Then, by ( $iii\rangle$

or (3.7), we have
$[Y_{s+1,i}, Y_{ki}]=e_{s+1}Y_{ki}$ ,

and
$(Y_{ki}H_{s})Y_{s+1,i}-H_{s}[Y_{s+1,i}, Y_{ki}]=-H_{S}e_{s+1}Y_{ki}$

$=(-1)^{s}(H_{s}\frac{\partial}{\partial q_{s+1}}$ log $H_{s})Y_{ki}=(Y_{s+1}{}_{i}H_{s})Y_{ki}$ ,

since $Y_{ki}H_{s}=0$ . Hence, for any $s(0\leqq s\leqq k-1)$ , we obtain

$(X_{i}e_{s}-Y_{si}\pi_{s+1}-\pi_{S}e_{S})Y_{ki}+(Y_{ki}H_{s})Y_{k+1,i}-H_{s}[Y_{s+1,i}, Y_{ki}]=0$
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by (ii). Thus we have the identity (3.9) for each $s(0\leqq s\leqq k-1)$ . The co-
efficient of $\partial/\partial q_{k+1}$ in the left-hand side of (3.9) vanishes, since we have

$Y_{s,k+1}A_{k+1,k}-Y_{k+1,k+1}A_{sk}-e_{S}A_{k+1,k}$

$=Y_{s,k+1}(-1)^{k}-(-1)^{k}\frac{\partial}{\partial q_{k+1}}A_{sk}-e_{s}(-1)^{k}=0$

by (3.6). The coefficient of $\partial/\partial q_{k+1}$ in $Y_{k+1,i}$ is $(-1)^{k}$ if $i\geqq k+1$ . Hence, we
have $Y_{si}$ log $H_{k}=0(i\geqq k+1)$ and

$[Y_{si}, Y_{k+1,i}]-e_{S}Y_{k+1,i}=0$ , $0\leqq s\leqq k-1,$ $i\geqq 1$ .
Thus we obtain (iii) and (iv) for $k+1$ .

(v). Let us prove the identity

$((3.10)$ $X_{i+1}A_{ki}+Y_{k,i+1}B_{i}-\pi_{k}A_{ki}$

$=(G_{i}-C_{k})(X_{i}A_{k,i- 1}+Y_{ki}B_{i- 1}-\pi_{k}A_{k,i- 1})-H_{k}A_{k,i- 1}$ , $i\geqq 1$ .
By (v), (2.4), (2.9) and (vi), we have

$X_{i+1}A_{k\ell}+Y_{k,i+1}B_{i}-\pi_{k}A_{ki}$

$=X_{i+1}(G_{i}A_{k,i- 1}-C_{k}A_{k,i- 1}-A_{k- 1,i- 1})+Y_{k,i+1}(G_{i}B_{i- 1}-NA_{i-1})-\pi_{k}A_{ki}$

$=(G_{i}X_{i}-NZ_{i})A_{k,i- 1}-(X_{i+1}C_{k})A_{k,i- 1}-C_{k}X_{i}A_{k,i- 1}-X_{i}A_{k,i- 1}$

$+(G_{i}Y_{ki}-Y_{k- 1,i}-C_{k}Y_{ki})B_{i- 1}-(Y_{k1}N)A_{i-1}-NY_{ki}A_{i- 1}$

$-\pi_{k}(G_{i}A_{k,i- 1}-C_{k}A_{k,i- 1}-A_{k- 1,i- 1})$

$=(G_{i}-C_{k})(X_{i}A_{k,i- 1}+Y_{ki}B_{i- 1}-\pi_{k}A_{k,i- 1})$

$-(X_{k+1}C_{k}+N\partial M/\partial q-G_{i}\pi_{k})A_{k,i-1}$

$-(X_{i}A_{k- 1,i- 1}+Y_{k- 1,i}B_{i-1}-\pi_{k}A_{k- 1,i- 1})$

$-N(Z_{i}A_{k,i- 1}+Y_{ki}A_{i- 1}-(\partial M/\partial q)A_{k,i- 1})-(Y_{k1}N)A_{i- 1}$ .
Here, suPpose that $k=0$ . Then we have (3.10), since

$(X_{k+1}C_{k}+N\partial M/\partial q-G_{i}\pi_{k})A_{k,i- 1}+N(Z_{i}A_{k,i- 1}+Y_{ki}A_{i- 1}-(\partial M/\partial q)A_{k,i- 1})$

$+(Y_{k1}N)A_{i- 1}=(X_{1}M-Z_{1}N)A_{i- 1}=H_{0}A_{i- 1}=H_{k}A_{k,i-1}$ .
Suppose that $k\geqq 1$ . Then we have

$Z_{i}A_{k,i- 1}+Y_{ki}A_{i- 1}-(\partial M/\partial q)A_{k,i- 1}=0$ ,

since we obtain
$[Y_{0i}, Y_{ki}]=e_{0}Y_{ki}$

from (iii) or (3.9). If $k=1$ , then we have $\pi_{k}=Y_{k1}N$ and $\pi_{k-1}=\pi_{0}=0$ , and if
$k>1$ , then we have $\pi_{k}=\pi_{k- 1}$ and $Y_{k1}N=0$ . Hence, for any $k\geqq 1$ , we obtain
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$X_{i}A_{k- 1,i- 1}+Y_{k- 1,i}B_{i- 1}-\pi_{k}A_{k- 1,l- 1}+(Y_{k1}N)A_{i- 1}$

$=X_{i}A_{k- 1,i- 1}+Y_{k- 1,i}B_{i- 1}+\pi_{k-1}A_{k- 1,i- 1}=H_{k- 1}A_{k,i- 1}$

by (3.3). Therefore, for $k\geqq 1$ , we have (3.10) by (3.1). Thus, for any $k\geqq 0$ ,
we obtain the identity (3.10). Since we assumed that $H_{k}\neq 0$ , by (3.2) and (3.3)
we have

(3.11) $A_{k+1,i}=(G_{i}-C_{k+1})A_{k+1,i- 1}-A_{k,i- 1}$ , $i\geqq 1$ ,

multiplying both sides of (3.10) by $H_{k}^{-1}$ .
(vi). By (3.11), we have

(3.12) $[Y_{k+1,i+1}, G_{i}]=[\sum_{J=0}^{t}A_{k+1,j}\frac{\partial}{\partial q_{j+1}}$ , $\frac{d}{dy}+\sum_{f=1}^{\ell}q_{j+1}\frac{\partial}{\partial q_{j}}]$

$=A_{k+1,0}-\partial\frac{\partial}{z}+\sum_{j=0}^{i}(A_{k+1,j}-G_{j}A_{k+1,j- 1})\frac{\partial}{\partial q_{j}}-G_{i}A_{k+1,i}\frac{\partial}{\partial q_{i+1}}$

$=A_{k+1,0}\frac{\partial}{\partial z}\sum_{J=0}^{i}(C_{k+1}A_{k+1,j- 1}+A_{k,j- 1})_{\partial}^{-}\frac{\partial}{q_{j}}-G_{i}A_{k+1,i}\frac{\partial}{\partial q_{i+1}}$

$=-Y_{k\ell}-C_{k+1}Y_{k+1,i}-G_{i}A_{k+1,i}\frac{\partial}{\partial q_{i+1}}$ , $i\geqq 0$ .

(vii). Take $i=k+1$ in (3.11). Then we have

$A_{k+1,k+1}=(G_{k+1}-C_{k+1})A_{k+1,k}-A_{kk}$

$=-(G_{k+1}-C_{k+1})(-1)^{k}-(-1)^{k}\sum_{j=1}^{k}C_{j}=(-1)^{k+1}\sum_{f\Leftarrow 1}^{k}C_{j}$ .
(viii). By (2.4) and (3.12), we have

$Y_{k+1,k+2}B_{k+1}=Y_{k+1,k+2}(G_{k+1}B_{k}-NA_{k})$

$=(G_{k+1}Y_{k\{\cdot 1,k+1}-Y_{k,k+1}-C_{k+1}Y_{k+1,k+1})B_{k}$

$-(Y_{k+1,1}N)A_{k}-NY_{k+1,k+1}A_{k}$

$=(-1)^{k}(G_{1}\frac{\partial N}{\partial q}-C_{k+1}\pi_{k+1}-N_{\partial}^{\partial}-\frac{M}{q})-Y_{k,k+1}B_{k}-(Y_{k+1,1}N)A_{k}$ ,

since
$Y_{k+1,k+1}B_{k}=(-1)^{k}\frac{\partial N}{\partial q}=(-1)^{k}\pi_{k+1}$ , $Y_{k+1,k+1}A_{k}=(-)^{k}\frac{\partial M}{\partial q}$ .

Hence we obtain

$X_{k+2}A_{k+1,k+1}+Y_{k+1,k+2}B_{k+1}-\pi_{k+1}A_{k+1,k+1}$

$=(-1)^{k+1}(X_{k+2}C_{k+1}+N\frac{\partial M}{\partial q}-G_{1}\frac{\partial N}{\partial q})$

$-(X_{k\prec\cdot 1}A_{kk}+Y_{k,k+1}B_{k}-\pi_{k+1}A_{kk})-(Y_{k+1,1}N)A_{k}$

by
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\langle 3.13) $A_{k+1,k+1}=(-1)^{k+1}C_{k+1}-A_{kk}$ , $k\geqq 0$ .
Here, suPpose that $k=0$ . Then we have

$X_{k+1}A_{kk}+Y_{k,k\prec\cdot 1}B_{k}-\pi_{k+1}A_{kk}+(Y_{k+1,1}N)A_{k}=X_{1}M-Z_{1}N=H_{0}$ .
SuPpose that $k\geqq 1$ . Then we have

$X_{k+1}A_{kk}+Y_{k,k\dashv\cdot 1}B_{k}-\pi_{k+1}A_{kk}+(Y_{k_{\ulcorner}1,1}N)A_{k}=(-1)^{k}H_{k}$

by (viii), since $\pi_{k+1}=\pi_{k}$ and $Y_{k+1,k}N=0$ . Hence, for any $k\geqq 0$ , we obtain the
identity (viii) for $k+1$ by (3.1).

(ix). By (3.6) and (3.11), we have

$Y_{k+1,k+2}A_{k,k+1}+e_{k}A_{k+1,k\triangleleft\cdot 1}$

$=\{(-1)_{\partial}^{k}-\frac{\partial}{q_{k+1}}+A_{k+1,k+1}-\partial\frac{\partial}{q_{ki\cdot 2}}\}A_{k,k+1}+e_{k}A_{k+1,k+1}$

$=(-1)^{k}-\frac{\partial}{q_{k+1}}(G_{k+1}A_{kk}-C_{k}A_{kk}-A_{k- 1,k})\partial$

$=(-1)^{k}(G_{k+1}\partial\frac{\partial}{q_{k+1}}+\frac{\partial}{\partial q_{k}})A_{kk}+e_{k}A_{kk}+(-1)^{k}C_{k}e_{k}+(-1)^{k}e_{k- 1}$

$=(-1)^{k^{\llcorner}1}G_{k}e_{k}-Y_{k,k+1}A_{kk}+(-1)^{k}(C_{k}e_{k}+e_{k- 1})$ .
Hence, by (3.5) and (3.13), we obtain

$l_{k+1}=(-1)^{k+1}(Y_{k,k+2}A_{k+1,k+1}-Y_{k+1,k+2}A_{k,k+1}-e_{k}A_{k+1,k+1})$

$=Y_{k,k+2}C_{k+1}-G_{k}e_{k}+C_{k}e_{k}+e_{k- 1}$ .
REMARK 3.1. Under the same condition that is assumed in Lemma 3.1,

the operators $[X_{i}, Y_{ki}]-\pi_{k}Y_{ki}$ and $[Y_{k-1,i}, Y_{ki}]-e_{k-1}Y_{ki}(i\geqq 1)$ do not involve
$\partial/\partial q_{j}$ for any $j\leqq k$ , as it was shown in the proof of (i) and of (iii), (iv)
respectively.

By the identity (viii) in Lemma 3.1 we have the following:
COROLLARY 3.1. Under the same condition that is assumed in Lemma 3.1,

the coefficient of $\partial/\partial q_{k+1}$ in the oPerator $[X_{i}, Y_{ki}]-\pi_{k}Y_{ki}(i\geqq k+1)$ is $(-1)^{k}H_{k}$ .
PROPOSITION 3.1. SuppOse that $k\geqq 2$ , and that $H_{0}\neq 0,$ $\cdots$ , $H_{k-1}\neq 0,$ $l_{1}=0$ ,

... , $l_{k-1}=0$ . Then we have

\langle 3.14) $H_{k- 2}l_{k}=-Y_{k- 2,k+1}H_{k}$ .
PROOF. For $i\geqq 1$ , let us prove the identity

(3.15) $[Y_{k- 2,i}, [X_{i}, Y_{ki}]-\pi_{k}Y_{kt}]$

$=e_{k- 2}([X_{i}, Y_{ki}]-\pi_{k}Y_{ki})-H_{k-2}([Y_{k- 1,i}, Y_{ki}]-e_{k- 1}Y_{ki})$ .
By (ii), (iii) in Lemma 3.1 and the Jacobi identity, we have
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$[Y_{k- 2,i}, [X_{i}, Y_{ki}]-\pi_{k}Y_{ki}]$

$=[Y_{k- 2,i}, [X_{i}, Y_{ki}]]-(Y_{k- 2,i}\pi_{k})Y_{ki}-\pi_{k}[Y_{k- 2,i}, Y_{ki}]$

$=[X_{i}, [Y_{k- 2,i}, Y_{ki}]]-[[X_{i}, Y_{k- 2,i}],$ $Y_{ki}$] $-(Y_{k- 2,i}\pi_{k})Y_{ki}-\pi_{k}e_{k- 2}Y_{ki}$

$=[X_{i}, e_{k- 2}Y_{ki}]-[H_{k- 2}Y_{k- 1,i}+\pi_{k- 2}Y_{k- 2,i}, Y_{ki}]$

$-(Y_{k- 2,i}\pi_{k})Y_{ki}-\pi_{k}e_{k- 2}Y_{ki}$

$=(X_{i}e_{k-2})Y_{ki}+e_{k- 2}[X_{i}, Y_{ki}]+(Y_{ki}H_{k- 2})Y_{k- 1,i}-H_{k- 2}[Y_{k-1,i}, Y_{ki}]$

$+(Y_{ki}\pi_{k-2})Y_{k-2,i}-\pi_{k- 2}[Y_{k- 2,i,}Y_{ki}]-(Y_{k-2,i}\pi_{k})Y_{ki}-\pi_{k}e_{k- 2}Y_{ki}$

$=(X_{i}e_{k-2}-\pi_{k- 2}e_{k- 2}-Y_{k- 2,i}\pi_{k})Y_{ki}+e_{k- 2}[X_{i}, Y_{ki}]$

$-H_{k-2}[Y_{k-1,i}, Y_{ki}]-\pi_{k}e_{k-2}Y_{ki}$

$=-Y_{k-1,k-1}H_{k- 2}1^{r_{ki}}+e_{k-2}[X_{i}, Y_{ki}]-H_{k-2}[Y_{k- 1,i}, Y_{ki}]-\pi_{k}e_{k-2}Y_{ki}$

$=e_{k-2}([X_{i}, Y_{ki}]-\pi_{k}Y_{ki})-H_{k- 2}([Y_{k-1,i}, Y_{ki}]-e_{k- 1}Y_{ki})$ ,

since $Y_{k}{}_{i}H_{k-2}=0,$ $Y_{ki}\pi_{k-2}=0$ and $\pi_{k}=\pi_{k-1}$ . Thus we have (3.15). By the
definition, $(-1)^{k}l_{k}$ is the coefficient of $\partial/\partial q_{k+1}$ in the operator $[Y_{k-1,k+1}, Y_{k,k+1}]$

$-e_{k-1}Y_{k,k+1}$ . By Corollary 3.1, $(-1)^{k}H_{k}$ is the coefficient of $\partial/\partial q_{k+1}$ in the
operator $[X_{k+1}, Y_{k,k+1}]-\pi_{k}Y_{k,k+1}$ . Hence, comparing the coefficient of $\partial/\partial q_{k+1}$

in the left-hand side of (3.15) for $i=k+1$ with that of $\partial/\partial q_{k+1}$ in the right-
hand side, we have

$(-1)^{k}Y_{k-2,k+1}H_{k}-(-1)^{k}H_{k}\frac{\partial A_{k-2.k}}{\partial q_{k+1}}=e_{k- 2}(-1)^{k}H_{k}-(-1)^{k}H_{k-2}l_{k}$ .

Since $\partial A_{k-2,k}/\partial q_{k+1}=-e_{k- 2}$ , we obtain (3.14).
REMARK 3.2. A contact transformation leaves the type of equation $s+f$

$=0$ invariant for any $f$ if and only if it is a composition of the following
three transformations:

(3.16) $\chi*=\chi$ $y^{*}=y$ , $z^{*}=\lambda(x, y, z)$ ,

(3.17) $x^{*}=\phi(x)$ , $y^{*}=\psi(y)$ , $z^{*}=z$ ,

and $x^{*}=y,$ $y^{*}=x,$ $Z^{*}=z$ . The last transformation changes one of the two
characteristics of $s+f=0$ to the other. Under the transformations (3.16) and
(3.17), the transformed equation $s^{*}+f^{*}=0$ satisfies

$\partial^{2}f/\partial p^{2}=\frac{\partial\lambda}{\partial z}(\partial^{2}f^{*}/\partial p*2)$ ,

and

$\partial^{2}f/\partial p^{2}=(\frac{d\phi}{dx})^{-1}\frac{d\psi}{dy}(\partial^{2}f^{*}/\partial p*2)$ ,

$\partial\lambda$

$\partial^{2}f/\partial q^{2}=_{\partial\overline{z}}-(\partial^{2}f*/\partial q^{*2})$

$\partial^{2}f/\partial q^{2}=\frac{d\phi}{dx}(\frac{d\psi}{dy})^{-1}\partial^{2}f^{*}/\partial q^{*2}$

respectively. Hence the type(1.11) of the equation is left invariant by the
transformations (3.16) and (3.17). By these transformations, $q_{1},$ $\cdots$ , $q_{i},$ $\cdots$ are
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changed to $q_{1}^{*},$ $\cdots$ , $q_{i}^{*},$ $\cdots$ , where $q_{i+1}^{*}=G_{i}q_{i}^{*}(i\geqq 1),$ $ q_{1}^{*}=G_{0}\lambda$ and $(d\psi/dy)q_{t+1}^{*}$

$=G_{i}q_{i}^{*}(i\geqq 1),$ $(d\psi/dy)q_{\iota}^{*}=q_{1}$ respectively. Let $H_{k}^{*}$ and $l_{k}^{*}$ be the $(k+1)$ -th
invariant and k-th l-invariant of the transformed equation $s^{*}+f^{*}=0$ respec-
tively. Then, under the transformation (3.17), we have

$H_{k}=\frac{d\phi}{dx}\frac{d\psi}{dy}H_{k}^{*}$ , $l_{k+1}=(\frac{d\psi}{dy})^{1-k}l_{k+1}^{*}$ , $k\geqq 0$ .

Suppose that $H_{0}\neq 0,$ $\cdots$ , $H_{k-1}\neq 0$ and $l_{1}=$ $=l_{k}=0$ . Then we have $H_{k}=H_{k}^{*}$

under the transformation (3.16). In addition to this condition, suppose that
$H_{k}\neq 0$ . Then we have $l_{k+1}=(\partial\lambda/\partial z)l_{k+1}^{*}$ .

\S 4. Invariants $H_{n}^{\prime}$ and $l_{n}^{\prime}$ of the reduced equation.

In this section we shall prove Theorem 2 stated in the introduction. By
the definition, an equation of Imschenetsky type is of $L_{1}$-type if and only if
the reduced equation is linear in $P^{\prime}$ , and is of $L_{n}$-type if and only if the
reduced equation is of $L_{n-1}$ -type $(n\geqq 2)$ .

PROPOSITION 4.1. SuPpose that equation (1.11) is of Imschenetsky tyPe.

Then it is of $L_{1}$ -type if and only if $l_{1}=0$ .
PROOF. Suppose that the Imschenetsky transformation (1.7) can be applied

to (1.11). Then the function $f^{\prime}$ in (2.13) gives the reduced equation $s^{\prime}+f^{\prime}=0$ .
Let us define the function $f_{j}^{\prime}(j\geqq 0)$ of $x^{\prime},$ $y^{\prime},$ $z^{\prime},$ $p^{\prime},$ $q_{1}^{f},$ $\cdots$ , $q_{j+1}^{f}$ by (2.3), and
change the independent variables $x,$ $y,$ $z,$ $q_{1},$

$\cdots$ , $q_{i}$ to $x^{\prime},$ $y^{\prime},$ $z^{\prime},$ $p^{\prime},$ $q_{1}^{\prime},$ $\cdots$ , $q_{i-1}^{\prime}$

by (2.10). Then, by (2.11) and (2.12) we have

(4.1) $Y_{1i}=H_{0}^{-1}[Z_{i}, X_{i}]=\frac{\partial h}{\partial q}(\frac{\partial}{\partial z^{\prime}}\sum_{j=1}^{\ell-1}\underline{\partial}\partial f_{\underline{j-1} ,p^{\prime}}^{\prime}\frac{\partial}{\partial q_{j}^{\prime}})+\frac{\partial k}{\partial q}\frac{\partial}{\partial p^{\prime}}$ $i\geqq 2$ ,

since we get

$Z_{1}X_{1}k-X_{1}(H_{0}\frac{\partial h}{\partial q})=(H_{0}Y_{11}-X_{1}Z_{1})k-X_{1}Z_{1}k=H_{0}\frac{\partial k}{\partial q}$

by (2.15). Hence by (2.11) we obtain

(4.2) $[Z_{i}, Y_{1i}]-\frac{\partial M}{\partial q}Y_{1i}=-H_{0}(\frac{\partial h}{\partial q})^{2}\sum_{j=1}^{i-1}\frac{\partial^{2}f_{j-1}^{\prime}}{\partial p^{\prime 2}}\frac{\partial}{\partial q_{j}^{\prime}}$ , $i\geqq 2$ ,

since we have

$Z_{1}\frac{\partial h}{\partial q}=\frac{\partial M}{\partial q}\frac{\partial h}{\partial q}$ ,

$Z_{1}\frac{\partial k}{\partial q}-\frac{\partial}{\partial q}(H_{0}\frac{\partial h}{\partial q})=(\frac{\partial}{\partial q}Z_{1}+\frac{\partial M}{\partial q}\frac{\partial}{\partial q})k-\frac{\partial}{\partial q}Z_{1}k=\frac{\partial M}{\partial q}\frac{\partial k}{\partial q}$

by (2.21) and (2.15). By the definition, $l_{1}$ is the coefficient of $\partial/\partial q_{2}$ in the
left-hand side of (4.2) for $i=2$ . Hence we have
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$\partial h$

$l_{1}=-H_{0}-\overline{\partial q}(\partial^{2}f^{\prime}/\partial p^{\prime 2})$ ,

since

(4.3) $-\frac{\partial}{q_{k}}\partial=\frac{\partial h}{\partial q}-\partial\frac{\partial}{q_{k-1}^{\prime}}+\sum_{j=k}^{i-1}-\frac{q_{j}^{\prime}}{q_{k}}-\frac{\partial}{q_{j}^{\prime}}\partial\partial\partial$ $k\geqq 2$ .

Therefore, the reduced equation $s^{\prime}+f^{\prime}=0$ is linear in $p^{\prime}$ if and only if $l_{1}=0$ .
Suppose that equation (1.11) is of $L_{1}$ -type. Then the reduced equation

takes on the form

(4.4) $s^{\prime}+M^{\prime}(x^{\prime}, y^{\prime}, z^{\prime}, q^{\prime})p^{\prime}+N^{\prime}(x^{\prime}, y^{\prime}, z^{\prime}, q^{\prime})=0$ .

For this equation, let us define the invariants $H_{k}^{\prime},$ $l_{k}^{f}$ and the operators $X_{i}^{f}$ ,
$Z_{i}^{\prime},$ $Y_{ji}^{\prime}$ as we dePned them for the equation (1.11). Suppose that $i\geqq 2$ , and
that $x^{\prime},$ $y^{\prime},$ $z^{\prime},$ $p^{\prime},$ $q_{1}^{\prime},$ $\cdots$ , $q_{i-1}^{\prime}$ are functions of $x,$ $y,$ $z,$ $q_{1},$ $\cdots$ , $q_{i}$ defined by (2.10).
Then, by (2.11), (2.12) and (4.1), we have

(4.5) $X_{i}=X_{i-1}^{\prime}+p^{\prime}Z_{i-1}^{\prime}+(X_{1}k)\frac{\partial}{\partial p^{f}}$ , $Y_{1i}=\frac{\partial h}{\partial q}Z_{i-1}^{f}+\frac{\partial k}{\partial q}\frac{\partial}{\partial p^{\prime}}$ .

PROPOSITION 4.2. SuPpose that equation (1.11) is of $L_{1}$ -type. Then we have
$H_{1}=H_{0}^{\prime}$ .

PROOF. By (4.5) and (2.21), we have

(4.6) $[X_{i}, Y_{1l}]-\frac{\partial N}{\partial q}Y_{1i}=(X_{1}\frac{\partial h}{\partial q})Z_{t-1}^{\prime}+(X_{1}\frac{\partial k}{\partial q})\frac{\partial}{\partial p^{\prime}}$

$+\frac{\partial h}{\partial q}[X_{i-1}^{f}, Z_{i-1}^{\prime}]-\frac{\partial k}{\partial q}Z_{i- 1}^{\prime}-(Y_{1i}X_{1}k)\frac{\partial}{\partial p’}-\frac{\partial N}{\partial q}Y_{1i}$

$=-\frac{\partial h}{\partial q}[Z_{i- 1}^{\prime}, X_{i- 1}^{\prime}]$ , $i\geqq 2$ ,

since

$X_{1}\frac{\partial k}{\partial q}-Y_{1i}X_{1}k=(\frac{\partial}{\partial q}X_{1}+\frac{\partial N}{\partial q}\frac{\partial}{\partial q})k-\frac{\partial}{\partial q}X_{1}k=\frac{\partial N}{\partial q}\frac{\partial k}{\partial q}$ .
By Corollary 3.1, $-H_{1}$ is the coefficient of $\partial/\partial q_{2}$ in $[X_{2}, Y_{12}]-\pi_{1}Y_{12}$ , and $H_{(\}}^{\prime}$

is the coefficient of $\partial/\partial q^{\prime}$ in $[Z_{1}^{\prime}, X_{1}^{\prime}]$ by the dePnition. Hence, taking account
of (4.3), we have $H_{1}=H_{0}^{\prime}$ by (4.6).

PROPOSITION 4.3. SuppOse that equation (1.11) is of $L_{1}$ -type, and that $H_{1}\neq 0$ .
Then we have

$H_{2}=H_{1}^{\prime}-P^{\prime}l_{1}^{\prime}$ , $l_{2}=-\frac{\partial h}{\partial q}l_{1}^{\prime}$ .

PROOF. Multiplying each side of (4.6) by $H_{1}^{-1}=(H_{0}^{\prime})^{-1}$ , we have

(4.7) $Y_{2i}=-\frac{\partial h}{\partial q}Y_{1,i- 1}^{\prime}$ , $i\geqq 2$ .
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By this identity and (4.5), we obtain

(4.8) $[X_{i}, Y_{2i}]-\frac{\partial N}{\partial q}Y_{2i}=-(X_{1^{-}}^{\partial}\partial\frac{h}{q})Y_{i,i- 1}^{\prime}$

$--\frac{h}{q}([X_{l- 1}^{\prime}\partial\partial Y_{1,i- 1}^{\prime}]+p^{\prime}[Z_{i- 1}^{\prime}, Y_{1,i- 1}^{\prime}])+---\frac{h}{q}Y_{1,i- 1}^{\prime}\partial N\partial\partial\overline{q}\partial$

$=--\frac{h}{q}\partial\partial([X_{i- 1}^{\prime}, Y_{1,i- 1}^{\prime}]-\frac{\partial N^{\prime}}{\partial q^{\prime}}Y_{1,i- 1}^{\prime})$

$--\partial\partial\frac{h}{q}p^{\prime}([Z_{i- 1}^{\prime}, Y_{1,i- 1}^{\prime}]_{\partial}^{\partial}--\frac{M^{\prime}}{q^{\prime}}Y_{1,i- 1}^{\prime})$ , $i\geqq 2$ ,

since we have

$ X_{1^{-\frac{h}{q}--\frac{N}{q}-\frac{h}{q}}}^{\partial\partial\partial}\partial\partial\partial=--\frac{h}{q}-\frac{f^{\prime}}{q^{\prime}}\partial\partial\partial\partial=--\partial q\partial h(-\partial M^{\prime}\partial$

by (2.21). Hence, comparing the coefficient of $\partial/\partial q_{3}$ in the left-hand side of
the first identity of (4.8) for $i=3$ with that of $\partial/\partial ff_{2}$ in the right-hand side
of the second identity, we have $H_{2}=H_{1}^{\prime}-P^{\prime}l_{1}^{\prime}$ . By Proposition 3.1, we obtain

$ l_{2}=H_{0}^{-1}Z_{3}H_{2}=\frac{\partial h}{\partial q}-\partial\overline{p^{\prime}}(H_{1}^{f}-p^{\prime}l_{1}^{\prime})\partial=--\frac{h}{q}l_{1}^{\prime}\partial\partial$

LEMMA 4.1. $SuPPose$ that $k\geqq 2,$ $H_{0}\neq 0,$ $\cdots$ , $H_{k}\neq 0,$ $H_{0}^{\prime}\neq 0,$
$\cdots,$

$H_{k-1}^{\prime}\neq 0$ ,
$l_{1}=$ $=l_{k}=l_{1}^{\prime}=$ $=l_{k-1}^{\prime}=0,$ $H_{k}=H_{k-1}^{\prime}$ , and that for $i\geqq 2$ we have

(4.9) $[X_{i}, Y_{ki}]-\frac{\partial N}{\partial q}Y_{ki}=-\frac{\partial h}{\partial q}([X_{i- 1}^{\prime}, Y_{k-1,i- 1}^{\prime}]-\frac{\partial N^{\prime}}{\partial q^{\prime}}Y_{k-1,i- 1}^{\prime})$ .
Then we have

$[X_{i}, Y_{k+1,i}]-\frac{\partial N}{\partial q}Y_{k+1,i}=-\frac{\partial h}{\partial q}([X_{i-1}^{\prime}, Y_{k.t-1}^{\prime}]-\frac{\partial N^{\prime}}{\partial q^{\prime}}Y_{k.i-1}^{\prime})$ , $i\geqq 2$

and

$H_{k+1}=H_{k}^{\prime}$ , $l_{k+1}=-\frac{\partial h}{\partial q}l_{k}^{\prime}$ .

PROOF. Multiplying both sides of (4.9) by $H_{k}^{-1}=(H_{k-1}^{\prime})^{-1}$ , we have

$f(4.10)$ $Y_{k+1,i}=-\frac{\partial h}{\partial q}Y_{k.i-1}^{\prime}$ , $i\geqq 2$ .

By the identity (iii) in Lemma 3.1, we have

$[Z_{t- 1}^{\prime}, Y_{k,i-1}^{\prime}]-\frac{\partial M^{\prime}}{\partial q^{\prime}}Y_{k.t-1}^{\prime}=0$ ,

since we can take $s=0$ and $t=k$ by the assumption that $k\geqq 2$ . Hence, by
(4.5) and (4.10), we obtain
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$\partial N$

(4.11)
$[X_{i}, Y_{k+1,i}]--Y_{k+1,i}\partial\overline{q}$

$=-\frac{\partial h}{\partial q}([X_{i- 1}^{\prime}, Y_{k.i-1}^{\prime}]-\partial\partial\frac{N^{\prime}}{q^{\prime}}Y_{k.i-1}^{\prime})$

$-\frac{\partial h}{\partial q}p^{\prime}([Z_{i-1}^{\prime}, Y_{k.i-1}^{\prime}]--\partial\partial M^{\prime}\frac{}{q^{\prime}}-Y_{k.i-1}^{\prime})$

$=-\frac{\partial h}{\partial q}([X_{l- 1}^{f}, Y_{k.t-1}^{\prime}]_{\partial}^{\partial}--\frac{N^{\prime}}{q^{\prime}}Y_{k.i-1}^{\prime})$ , $i\geqq 2$ .

By Corollary 3.1, $(-1)^{k+1}H_{k+1}$ is the coefficient of $\partial/\partial q_{k+2}$ in $[X_{k+2}, Y_{k+1,k+2}]$

$-\pi_{k+1}Y_{1+1,k+2}$ , and $(-1)^{k}H_{k}^{\prime}$ is the coefficient of $\partial/\partial q_{k+1}^{\prime}$ in $[X_{k+1}^{\prime}, Y_{k.k+1}^{\prime}]$

$-\pi_{k}^{\prime}Y_{k.k+1}^{\prime}$ . Hence, by (4.11), we have $H_{k\dashv\cdot 1}=H_{k}^{\prime}$ . By Proposition 3.1, we
obtain

$l_{k+1}=-H_{k-1}^{-1}Y_{k\prec\cdot 1,k+2}H_{k+1}=(H_{k-2}^{\prime})^{-1}\frac{\partial h}{\partial q}Y_{k.k+1}^{\prime}H_{k}^{\prime}=-\frac{\partial h}{\partial q}l_{k}^{\prime}$ .

PROPOSITION 4.4. SuppOse that $k\geqq 3$ , and that the coefficients $M$ and $N$ of
equation (1.11) satisfy $H_{0}\neq 0,$ $\cdots$ , $H_{k-1}\neq 0,$ $l_{1}=\cdots=l_{k- 1}=0$ . Then we have

(4.12) $H_{k}=H_{k-1}^{\prime}$ , $l_{k}=-\frac{\partial h}{\partial q}l_{k-1}^{\prime}$ .

PROOF. Suppose that $k=3$ . Then, by Proposition 4.3, we have $l_{1}^{\prime}=$

$-(-\frac{h}{q}\partial\partial)^{-1}l_{2}=0$ and $H_{1}^{\prime}=H_{2}\neq 0$ . Hence, by the identity (iii) in Lemma 3.1,

we obtain
$\partial M^{\prime}$

$[Z_{t- 1}^{\prime}, Y_{1,i- 1}^{\prime}]--Y_{1,i- 1}^{\prime}\partial\overline{q^{\prime}}=0$

and

$[X_{i}, Y_{2i}]_{\partial}^{\partial}--\frac{N}{q}Y_{2i}=--\partial\partial\frac{h}{q}([X_{i- 1}^{\prime}, Y_{1,i-1}^{\prime}]-\partial\partial\frac{N^{\prime}}{q^{\prime}}Y_{1,i- 1}^{\prime})$

by (4.8). Therefore, we have (4.12) and (4.9) for $k=3$ by Lemma 4.1. Sup-
pose that $H_{0}\neq 0,$

$\cdots,$
$H_{k}\neq 0,$ $l_{1}=\ldots=l_{k}=0$ , and that the identities (4.12) and

(4.9) are valid for each of 3, $\cdots$ , $k$ . Then we have $H_{0}^{\prime}=H_{1},$ $\cdots$ , $H_{k-1}^{\prime}=H_{k}$ and
$\prime l_{1}^{\prime}=$ $=l_{k-1}^{\prime}=0$ . Hence, by Lemma 4.1, we have (4.2) and (4.9) for $k+1$ .

Let us prove the Prst part of Theorem 2 stated in the introduction.
THEOREM 4.1. Equation (1.11) of Imschenetsky type is of $L_{n}$-type if and

only if $H_{0}\neq 0,$ $\cdots$ , $H_{n- 1}\neq 0$ and $l_{1}=$ $=l_{n}=0$ .
PROOF. By Proposition 4.1, this theorem is valid for $n=1$ . Since an

requation of $L_{1}$ -type is of Imschenetsky type and linear in $p$ , an equation of
$L_{2}$ -type is of $L_{1}$-type. Hence, an equation of $L_{n}$-type is of $L_{n- 1}$ -type. Sup-
pose that Theorem 4.1 is valid for $n=k$ . Then the reduced equation $s^{\prime}+f^{\prime}$

$=0$ of (1.11) is of $L_{k}$ -type if and only if $H_{0}^{\prime}\neq 0,$ $\cdots$ , $H_{k-1}^{\prime}\neq 0$ , and $1_{1}^{\prime}=$ $=l_{k}^{\prime}$
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$=0$ . Suppose that equation (1.11) is of $L_{k+1}$ -type. Then it is of $L_{k^{-}}type_{r}$

and we have $H_{0}\neq 0,$ $\cdots$ , $H_{k-1}\neq 0,$ $l_{1}=$ $=l_{k}=0$ . Since the reduced equation.
is of $L_{k}$-type, we have $H_{0}^{\prime}\neq 0,$ $H_{k-1}^{\prime}\neq 0$ and $l\{=\ldots=l_{k}^{\prime}=0$ . Hence, by
Proposition4.3 and Proposition 4.4, we obtain $l_{k+1}=-(\partial h/\partial q)l_{k}^{\prime}=0$ and $H_{k}$

$=H_{k-- 1}^{\prime}\neq 0$ . Conversely, suPpose that $H_{0}\neq 0,$ $H_{k}\neq 0$ and $l_{1}=\ldots=l_{k+1}=0$ .
Then, by Proposition 4.3 and Proposition 4.4, we have $ l_{k}^{\prime}=-(\partial h/\partial q)^{-1}l_{k}=\theta$.
and $H_{k-1}^{\prime}=H_{k}\neq 0$ . Hence, the reduced equation (4.4) is of $L_{k}$ -type, and the
original equation (1.11) is of $L_{k+1}$ -type.

Let us prove the second part of Theorem 2 stated in the introduction.
THEOREM 4.2. SuPpose that equation (1.11) is of $L_{n}$ -type. Then it is solved

by integrable systems of order $n$ if and only if $H_{n}=0$ .
PROOF. In [7] it was proved that an equation of $L_{1}\cdot type$ is solved by

integrable systems of the first order if and only if it is reduced by the
associated Imschenetsky transformation to an equation whose first invariant
$H_{0}^{f}$ vanishes. By Proposition 4.2, $H_{0}^{\prime}$ vanishes if and only if $H_{1}=0$ . Hence
Theorem 4.2 is valid for $n=1$ . Suppose that Theorem 4.2 is valid for $n=$

$k\geqq 1$ , and equation (1.11) is of $L_{k+1}$ -type. Then the reduced equation (4.4) is
solved by integrable systems of order $k$ if and only if $H_{k}^{\prime}=0$ . By Theorem
4.1, we have $H_{0}\neq 0,$ $\cdots$ , $H_{k}\neq 0$ and $l_{1}=$ $=l_{k+1}=0$ . Hence, by Propositions
4.3 and 4.4, we have $H_{k}^{\prime}=H_{k+1}$ . By Theorem 1, equation (1.11) of $L_{k+1}$ -type

is solved by integrable systems of order $k+1$ if and only if the reduced
equation (4.4) is solved by integrable systems of order $k$ . Hence, equation
(1.11) of $L_{k+1}$ -type is solved by integrable systems of order $k+1$ if and only
if $H_{k+1}=0$ .

REMARK 4.1. Suppose that $H_{0}\neq 0,$ $H_{k-1}\neq 0,$ $l_{1}=$ $=l_{k}=0$ and $H_{k}=0_{\sim}$

Then, by (3.10), we have

$[X_{i}, Y_{ki}]-\pi_{k}Y_{ki}=0$ , $i\geqq 1$ .
For any $n\geqq k$ , the system (2.5) is prolonged to a complete system consisting
of (2.5) and

$Y_{sn}u+e_{s}u-(A_{sn}+e_{S}q_{n+1})=0$ , $1\leqq s\leqq k$

by adding the compatibility conditions. Here, $A_{sn}+e_{s}q_{n+1}$ is a function of
$x,$ $y,$ $z,$ $q_{1},$ $\cdots$ , $q_{n}$ , since $A_{sn}$ is linear with respect to $q_{n+1}$ , and $\partial A_{sn}/\partial q_{n+1}=-e_{s}$ .
Hence the rank of the system (2.5) is $n-k+1$ . Therefore, if equation (1.11)

is of $L_{k}$ -type and if it is solved by integrable systems of order $k$ , then it is
solved by integrable systems of order $n$ for every $n\geqq k$ . This argument
gives another proof of Theorem 4.2. Suppose that equation (1.11) is not of
Imschenetsky type; $H_{0}=0$ . Then equation (1.11) is solved by integrable
systems of order $n$ for every $n\geqq 0$ .

REMARK 4.2. In [8], for equation (1.11) of Imschenetsky type, its invari-
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ant $H_{1i}(1\leqq i\leqq 4)$ was defined by

$H_{11}=\frac{\partial L_{1}}{\partial q}$ , $H_{13}=\frac{dL_{1}}{dy}-ML_{1}-Z_{1}M$ ,

$H_{12}=\frac{\partial L_{2}}{\partial q}$ , $H_{14}=\frac{dL_{2}}{dy}-NL_{1}-Z_{1}N-2H_{0}$ ,

where

$L_{1}=Z_{1}$ log $H_{0}+\frac{\partial M}{\partial q}$ , $L_{2}=X_{1}$ log $H_{0}+\frac{\partial N}{\partial q}$

By these $H_{1i}$ , the invariants $l_{1}$ and $H_{1}$ are expressed in the form

$l_{1}=H_{11}q_{2}+H_{13}$ , $H_{1}=-H_{12}q_{2}-H_{14}$ .
Hence, Proposition 4.1 gives the same condition $H_{11}=H_{13}=0$ as obtained in
[8] for equation (1.11) of Imschenetsky type to be of $L_{1}$ -type. In [8], Pro-
position 4.2 was expressed in the identities

$A=-H_{12}/\frac{\partial h}{\partial q}$ , $B=-H_{14}+\frac{d}{d}\frac{h}{y}H_{12}/\frac{\partial h}{\partial q}$ ,

where $A$ and $B$ are the coefficients of $H_{0}^{\prime}$ which is linear in $q^{\prime}$ ; $H_{0}^{f}=Aq^{\prime}+B$ .
Also, such identities that are equivalent to those in Proposition 4.3 were
obtained in [8].

EXAMPLE 4.1 (Moutard equation). Equation of the form

$S^{*}+-\frac{\partial}{X}\partial(\alpha e^{z*})+\frac{\partial}{\partial y}(\beta e^{-z*})+\gamma=0$

is called a Moutard equation, where $\alpha,$ $\beta,$
$\gamma$ are functions of $x,$ $y$ . Suppose

that $\alpha\neq 0$ . Then this equation is transformed to

(4.13) $s+pe^{z}+\frac{\partial}{\partial y}(be^{-z})+c=0$

by changing the dependent variable $z^{*}$ to $z$ , where $ z=z^{*}+\log\alpha$ , and

$ b=\alpha\beta$ , $ c=\gamma_{\partial^{\frac{10}{X}}\partial y}^{--}\partial^{2}g\alpha$

For the equation (4.13), we have
$\partial b$

$H_{0}=-be^{-z}q+--e^{-z}-b\partial y$

Suppose that $b\neq 0$ . Then, the Imschenetsky transformation

$x^{\prime}=x$ , $y^{\prime}=y$ , $z^{\prime}=\log(q+e^{z}-\frac{\partial\log b}{\partial y})$ ,

$p^{\prime}=be^{-z}-b^{\prime}e^{-z^{\prime}}$ , $b^{\prime}=b+\underline{\partial}^{2}ogb\partial^{\frac{1}{x}}\partial y^{--}+c$



70 M. MATSUDA

reduces (4.13) to a Moutard equation

$s^{\prime}+p^{\prime}e^{z^{l}}+\frac{\partial}{\partial y}(b^{\prime}e^{-z^{\prime}})+c^{\prime}=0$ ,

where
$c^{\prime}=b^{\prime}-b$ .

Conversely, the equation (4.13) is reduced from a Moutard equation

$s^{\prime}+\frac{\partial}{\partial x}\{(c-b)e^{-z^{\prime}}\}-q^{\prime\prime}e^{z^{\prime}}-c=0$

by the Imschenetsky transformation
$x^{\prime}=x$ , $y^{\prime}=y$ , $z^{\prime}=\log(P+be^{-z})$ , $q^{\prime}=(b-c)e^{-z^{\prime}}-e^{z}$
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