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The axiomatic research of non-negative superharmonic functions on a
harmonic space has been treated by M. Brelot, R. M. Herve, H. Bauer, and
C. Constantinescu and A. Cornea. In the study of elliptic or parabolic dif-
ferential equations we can find many applications of their theory (4], [10].
Our motivation in the present paper is related to the study of elliptic dif-
ferential equations with certain lateral conditions. What lateral conditions
may be considered on a harmonic space? The problem of this sort was first
considered by R.S. Martin in connection with the Dirichlet problem and by
Z. Kuramochi in connection with the Neumann problem. In the case of axio-
matic theory of harmonic functions K. Gowrisankaran made a study of the
Dirichlet problem. The axiomatic formulation of Kuramochi’s theory was
given by F.Y. Maeda [15]. It seems that many known lateral conditions
may be considered within the framework of fullharmonic structure introduced
by Maeda. (We can give the fullharmonic structure that corresponds to the
solutions of an elliptic differential equation with a Wentzel’s boundary con-
dition lacking the term that indicates, in a probability language, the jumps
to the interior.)

Starting from a given fullharmonic structure on a Brelot’s harmonic space,
we shall make a research of many properties of fullsuperharmonic functions
(that is to say, supersolutions of an elliptic differential equation with a lateral
condition). Many properties of superharmonic functions that were studied
extensively by Brelot and Herve are also valid for fullsuperharmonic functions
(Minimum principle, etc.). They are studied by F.Y. Maeda. Maeda has
proved a partition theorem, which, in the case of Brelot’s theory, was obtained
by Herve and is called by the name of Herve’s partition theorem. We shall
further develop his results, and shall construct potential kernels. We shall
give a submarkov resolvent such that the excessive functions relative to this
resolvent are exactly the non-negative fullsuperharmonic functions (Sections
3 and 4). P.A. Meyer is the first who constructed a resolvent such that the
excessive functions relative to the resolvent are the non-negative super-
harmonic functions in the axiomatic theory of Brelot. This problem has been
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studied by N. Boboc, C. Constantinescu and A. Cornea, and W. Hansen in the
case of axiomatic theory of Bauer or others.

Every non-negative fullsuperharmonic function is decomposed (uniquely)
to the sum of a harmonic fullsuperharmonic function and a fullsuperharmonic
function which is étranger to this function relative to the order induced by
the cone of non-negative fullsuperharmonic functions. These two functions
are characterized as follows: The latter has a Riesz-Martin type integral
representation with the aid of a measure on the harmonic space, the first
with the aid of a measure on an ideal boundary. The extreme points of a
compact base of the cone of non-negative harmonic fullsuperharmonic func-
tions are homeomorphically embedded into this ideal boundary. This bound-
ary of the harmonic space is Kuramochi boundary with respect to the full-
harmonic structure. These are studied in sections 5, 6 and 7.

It should be noted that our theory of fullsuperharmonic functions is a
slightly different one from that considered by Maeda. We start with the
assumption of the existence of a non-zero P-function on the harmonic space
(Section 1), while Maeda considered a subdomain of the given harmonic space
where the existence of a non-zero P-function was assumed. It can be proved
that, if every P-function is zero, then every fullsuperharmonic function on
the whole space is fullharmonic there and mutually proportional. Maeda’s
procedure corresponds to the routine method in function theory of taking off
a closed ball from the considering Riemann surface.

The main results of sections 3 and 4 were announced in and [12].
The result in as for the construction of a semigroups of submarkov
kernels was false.

§1. Preliminaries and basic properties.

Let X be a locally compact, not compact, connected Hausdorff space with
a countable base. We adopt a Brelot’s harmonic structure. Namely we
suppose that we are given a sheaf .9 of real vector spaces of real continuous
functions such that;

(1) there is a base for the topology of X which is formed by regular
domains (for %), i.e. relatively compact domains G such that any continuous
function f on 0G has a unique continuous extension H¢f in %(G) which is
non-negative if f is non-negative;

(2) the upper envelope of any upper directed family of functions in 4#(G)
where G is a domain is either +oo or an element of %(G).

Any function in #(G) is said to be harmonic on G. We denote by S(G)
the set of the superharmonic functions on an open set G.
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A fullharmonic structure subordinate to the harmonic structure % is intro-
duced as follows. Let @ be the family of domains D in X such that D is
not relatively compact and the boundary 0D of D is compact, and let ¢ be
the family of open subsets with compact boundary. We assume that we are
given a class 4 of linear subspaces (D) of % (D) where D < 9 such that;

@) if D, D'e®, D’C D, and u < J(D), then the restriction u|, of u on
D’ belongs to H(D"); if u < (D) and there is a compact set K such that
K (the interior of K)DaD and u|p.x € F(D—K), then u < J(D).

D e 9 is said to be regular (for ) if any continuous function f on oD
possesses a unique continuous extension to D whose restriction ﬁ”f to D
belongs to % (D), and is non-negative if f is non-negative. A set G ¢ is
regular if every component of G is either regular for 4 or regular for % .
We suppose that 4 satisfies the following axiom;

(4) for any compact set K|, there is another compact set K such that
K> K, and X—K is regular.

For G =g, we define the set of fullharmonic functions on G as follows;

H(G)={uecH(G); ulpe H(D)
for each component D of G such that De 9}.

A superharmonic function s on G < @& is said to be fullsuperharmonic on G
if, for any regular set De 9, D G, and for any continuous function f on
6D, the relation f=<s on 0D implies the relation H?f<s. We denote by S(G)
the set of fullsuperharmonic functions on G ¢. If G g is relatively com-
pact we have H(G)=H(G), S(G)=S(G).

Throughout this paper we will assume that the constant function 1 is
fullsuperharmonic on X;

B) 1edX).

From this assumption we see that every fullharmonic function on G is
bounded continuous for any G g,.

C(X), Cy(X), By(X) respectively are the spaces of continuous functions,
bounded continuous functions, bounded Borel measurable functions on X.
C.(X) is the space of continuous functions of compact support. The support
of f is denoted as Supp[ f]. For any set of functions A we denote by A.
or A" the set of positive elements of A.

We can prove many properties of fullsuperharmonic functions that are
similar to those of superharmonic functions. We shall give some of them
that will be frequently used. The proofs of these are found in [15].

(a) The upper envelope of any upper directed family of fullsuperharmonic
functions (resp. fullharmonic functions) is either the constant 4oco or a full-
superharmonic function (resp. fullharmonic function).
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(b) The lower semi-continuous regularization of the greatest lower bound
of a family of fullsuperharmonic functions, that are locally uniformly bounded
from below, is a fullsuperharmonic function.

() (Minimum Principle) A fullsuperharmonic function 4 on G € ¢ with
the property;

liminf u(x) =0 for any ve€dG,
Gox—y

is non-negative.
(d) Let u be a fullsuperharmonic function on X and v be a fullsuper-
harmonic function on G g. If

lim inf v(x) = u(y) for any yveodG,
Gox—y

then
inf (u, v) on G
w={
7 on X—G

is a fullsuperharmonic function or X.
(e) (Perron) Let U be a family of fullsuperharmonic functions on G € &.

Suppose that U is a Perron’s family” on G and that, for each compact set
K such that KDdG and G—K is regular, u € U implies uX € U, where

Heoxy on G—K
uk = {
u on GNK.
Then inf {v; v W} is fullharmonic on G.

Let f be a non-negative function on X and F be a subset of X. We define
the reduced function of f on F as follows;

RFf—inf {ve 8.(X), v=f on F}.

The lower semi-continuous regularization R¥f of R¥f is called the balayage
of fon F.

(f) Let u be a non-negative fullsuperharmonic function on X.

(f-1) RFfu = 8,(X). RFu is harmonic on X—F, RFu is fullharmonic on
X—F if F is relatively compact.

(f-2) RFu=u on F, RPu=0.

(f-3) For any G=4,,” we have

Heu on G
u on X—G.

RX-6y =

1) As for Perron’s family, see [1], [10], [15].

2) G,, &9, are the families of regular sets in & and 9 respectively.
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Let @ be the set of all non-negative fullsuperharmonic functions p on X
with the following property; if a fullsuperharmonic function u on X satisfies
p+u=0, then u=0. Any function in % is called a P-function. Any non-
negative fullsuperharmonic function u# has a unique decomposition u=p+h
with ~2 fullharmonic on X and p = P (Riesz decomposition). In fact let

h=sup {t; —te S(X) and u =1}
= —inf {s; s€&8(X) and u+s=0}.

The family U= {s e 8§(X); u+s=0} satisfies the conditions of (e¢) and there-
fore A is fullharmonic on X. Let p=u—h. pe IS (X). If ve S(X) is such
that p+v=0, we have v—he U, so v—h=—h and v=0. Hence pP. We
have the decomposition u=p+h, p= @, he H,.(X). The uniqueness is easily
proved.

2 is a convex cone. An order defined by the cone £ is called the specific
order in P, and is denoted by <.

We adopt the following assumption:

(6) For any point x of X there is a p € ¢ which is strictly positive at x.

The following properties (g) and (h) can be shown by a well-known
argument (See, for example, Section 5, Chap. II, [1]).

(g) Let feCHX). We have

Rf=R*fe 2 NC(X) N A(X—Suppl /D).

(h) For any x,ve X, x+ 9, there are p, g€ P N\ Cy(X) such that p(x)q(y)
# q(x0)p(¥).
THEOREM 1.1.
SX)=8.(X)=2, F(X)={0}.

PrROOF. Let ue 8(X) and let x, be a point of X. From (6) there is a
P-function p such that p(x,)>0. Since —u(x,))<oo we can find a number
A>0 such that —u(x,) < Ap(x,). Applying the minimum principle to the func-
tion Ap+u e S(X—{x,}) and the domain X—{x,} € 9, we have 2p+u=0 on X.
Ap being a P-function we have u=0. Therefore S(X)=S.(X). From this it
follows S,.(X)=2 and H(X)={0}.

We shall give some definitions as for the decomposition of P-functions.
We set:

g)b:g)m‘%(X)y
P,={p= P; if there is a w € L, such that w<p, then w=0},

P, ={pe P; p is fullharmonic out of some compact set}.

Functions in @, and 2, are called P,-functions and P;-functions respectively.
Any P-function p has a unique decomposition p=g-+r with g€ 2P, and r € P,.
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For any pe @, put
Bp=sup {we P,; w<p}.

i) Bp e @,, Bb<<p, and Bp is the least upper bound of {weP,;
w<<p} with respect to the specific order <. Any p < @ belongs to 2, (resp.
2,) if and only if Bp=p (resp. Bp=0). We have; B(p-+q)= Bp+Bgq.

PROPOSITION 1.2. For any u < P there is an increasing sequence of func-
tions p, € P.N\Cy(X) such that p, 1 u.

PROOF. Let f, be a sequence of continuous functions of compact support
such that f, 1 u. The functions p,= Rf, respond to our proposition in view
of (g).

LEMMA 1.3. Let p, be a sequence of P-functions such that it decreases to
0 with the specific order <. Let pp=DPot+timn With up, € P (n=m). If Buy,
=0 for any m and n, n=m, then Bp,=0 for any n.

PROOF. From the property (i) we have, for any m, Bp,=Bp,+Buy,,=
Bp,=<p, n=m). Tending n to infinity we have Bp, =0.

The next lemma is an immediate consequence of the definition.

LEMMA 14. Let p,qeP. Then p>q implies Bp > Bq and p—Bp >q—Bgq.

LEMMA 15. Let ue ®P,. If v<u then ve P,.

PROOF. Let h = 2 be such that u=v-+h4A. From the assumption —hA=v—u
e S8(X), we have he #(X). Hence ve 2NH(X)=P,.

In the above proof we have seen that, for p, ¢ € @, the relation ¢<<p is
equivalent to the relation p—q = P,. Hence the order < restricted on @, is
the order induced by the cone 2, itself. Also we can easily verify that the
order < restricted on 2; is the same as the order induced by the cone ;.

THEOREM 1.6. @, ®,, and P, are lattices with respect to the specific order <.

PROOF. Let p, g = L. Consider the family

U={uesP; u>p and u>gq}.

A . . .
Let »=1nf U (the lower semi-continuous regularization of the greatest lower
bound of the functions of ). r is a non-negative fullsuperharmonic function,
so rP. We set

7\
u=inf {ve P; v+p>q}.

Then we have u+p=r and u € P, so r >p. Similarly we have r>q. Now
let s= 2 be such that s>p and s>¢q. Put

S—7 if r<oo
1=
oo if r=o0,.
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Obviously t=0. We shall prove that ¢t is nearly fullsuperharmonic®. It is
enough to prove that
)= Hét(x)

holds for any G &, and any x= G at which ¢ is finite. Take a continuous
function ¢ such that ¢ <s on 0G, and let

inf (s——ﬁ%%—ﬁ"’r, ) on G
{ v on X—G.
From (d), fe S.(X)=<. Similarly
inf (w—ﬁ"gp—!—ﬁ"r, u) on G
&= { u on X—G

is a P-function, where w is the P-function such that s=p+w. Since gt+p=f
we have f>>p. We have also f>>¢ and f=U. Thus = f, that is,

s+HSr=r+HS.
Since
Hés=sup {H%; ¢ is continuous and ¢ <s on 3G},

we have
s+Ho% =r+HSs.

If t(x)< oo at x= G, we have
tH(x) =s(x)—r(x)= Ff"s(x)——ﬁar(x) = Ht(x).

Thus ¢ is nearly fullsuperharmonic, = 0. It holds that fe® and s———f—l—r, SO
s>r. r is the least upper bound pYVY ¢ of p and ¢ relative to the order <.
We have proved that (®, <) is an upper semi-lattice. Since & is a convex
cone, it is a lattice.

Let p and ¢ be two @,-functions and r=»Y ¢. From the property (i) it
follows Br>p and Br>>q,so Br>p\g=r. Hencer=Bre P, P, is a lattice.

Finally let p and ¢ be two P;-functions and r=p»YVYq. We have r—Br
>p—Bp=p and r—Br>¢ from Lemma 1.4l so r—Br>pY g=r. Br must be
0 and r L,;. This proves that 2, is a lattice.

We shall proceed to the problem; how many P-functions have we? We
shall prove that there are so many functions in &£, that the linear closure of
them relative to the topology of uniform convergence may contain at least
the set of all continuous functions of compact support. We denote by & the

3) A function g on Gg is said to be nearly fullsuperharmonic if it is nearly
superharmonic on G, and for any De9,, DCG, it holds g(x)=2HPg(x) for all x&D.

A

If g is nearly fullsuperharmonic then ¢ is fullsuperharmonic.
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set of bounded continuous P-functions, and by £—& the functions of the
form p—gq, p and g P.

PROPOSITION 1.7. Let K be a compact set. Every continuous function on
K may be approximated by the functions in —P uniformly on K.

PRrROOF. Let € be the set of all functions on K that are restrictions on K
of functions from &—&. Obviously € is a linear subspace of C(K), and from
the property (h) & separates the points of K. Let d=&, d=p—q, then |d]|
=p+q—2inf (p, q¢), so |d| &, this proves that & is a lattice. Since 1 &,
applying Stone-Weierstrass’ theorem, we have our result, that is, £ is dense
in C(K).

For any compact subset K of X such that X—K is regular, we set

EfX=C(X)NH(X—K).

E* is a Banach subspace of C,(X). By virtue of the above proposition, we
can find, for any fe EX and an ¢>0, two functions p, g= @ such that
sup | f—(p—g)|<e. Since f—(R*p—R"q)=H**(f—(p—q)) on X—K, we have

| f—(RXp—REqg)| < ¢ uniformly on X. Hence the set of all functions of the
form RX¥p—RXq, where p, g = &, is dense in the Banach space EX. C(K) being
separable we have the following proposition.

PROPOSITION 1.8. Let K be a compact set such that X—K 1is regular.
There is a countable collection (pX) of functions in @ \C(X)N H(X—K) such
that the differences of these functions ave dense in the Banach space EE.

Let (K,).=, be an exhaustion of X by compact sets K, with X—K, being
regular, and let E be the set of all continuous functions that are fullharmonic
out of some K,. E is a (LB)-space as the strict inductive limit of the sequence
of Banach spaces E%X» [21]. From the above proposition there is a countable
collection @, of functions in @ N\ C(X) N H(X—K,) such that Q,—Q, is dense
in E¥». We put Q=knJQn=(1>i)@1, pie . NCX).

THEOREM 1.9. Q—Q is dense in the (LB)-space E. Q—Q is also dense in
the uniform closure of the set E.

CorOLLARY 1.10. Any continuous function of compact support can be
approximated uniformly on X by the functions in Q—Q.

Let

P=3 5 Lo, peq.
=12 k

This series converges uniformly on X, and from the property (a) and [Theorem
1.1 it follows p, € @ N Cy(X).

ProPOSITION 1.11. p, is strictly fullsuperharmonic on X, and therefore, is
strictly positive.

Proor. If, for some regular set G ¢ and x= G, it holds that ﬁ"po(x)
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= po(x), then ﬁapn(x):pn(x) for all n. From |[Corollary 1.10| it follows that
ﬁGf(x):f(x) for any fe C,(X). Since HS(x, -) is a Radon measure concen-
trated on G, this relation is absurd. Hence p, is strictly fullsuperharmonic.

REMARK. p,= 2, is proved as follows. Later we will prove the relation

P.C P,. From this we have Bq,=0, where
o 1 b

T=2Z 2 suppy
It can be shown that the P-functions p,—g¢, decrease to 0 in the specific

order and that B(¢,—¢n,)=0 (n=m). Hence we have from

B(p,—q,)=0. Thus Bp,=0 and p, € &;.
PROPOSITION 1.12. Let & =2 N\ Cy(X). (2—P)N\C(X) is dense in C(X)

with respect to the compact convergence topology on X.
PROOF. Let

_{p—q . %
A'_“ ’ po ) p!qng) p“qECC(X)}'

A is a linear subspace of C,(X). In the same way as in [Proposition 1.7 we

can verify that A is a lattice. For d:v—;-«(p——q)e A we have
0

inf (1, d)= L {inf (po+q, p)—q} € A.

Do

We shall prove that A separates the points of X. Let x X and U be a
neighborhood of x. Let V be a relatively compact regular neighborhood of
x contained in U, and let

1

Do
From the property (f), d= A and d=0 out of V. Since p, is strictly full-
superharmonic d(x) >0. Thus A separates the points of X. These being so,
applying Stone-Weierstrass’ theorem, we conclude that A is dense in C.(X).
Since p, is a bounded function we have proved our assertion.

LEMMA 1.13. Let p and q be two functions in & such that p—q < CH(X).
Then for any open neighborhood U of the support of p—q there exist two
Sunctions p’ and q’ of P such that p’—q’ =p—q and such that p’ and q’ are
Ffullharmonic out of U.

PROOF. Let g=C,(X), 0<g=<1, equals 1 on the support K of p—gq,
and equals 0 out of U. The functions p’'= R(pg), ¢’ = R(qg) belong to
P N FAX—~U) and are equal to p and g on K respectively (Properties (f), (g))-
We shall prove p’=¢’ on X—K. Obviously p’=¢q’. The function

{ p=p on K
U=
q’ on X—K

d= - (p—R¥7py).
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is non-negative fullsuperharmonic on X (Property (d)). Since pg=qgg on X—K,
we have ¢’ = RXFgg=RXEpg>pg on X—K and u=pg on X. Thus ¢’'=p’
on X—K.

COROLLARY 1.14. (2.,—P)NC(X) is dense in C(X), where P,=2P. N\Cy(X).

§2. (Q-compactification of X. Extension of fullsuperharmonic functions.

Let E be the space of continuous functions on X which are fullharmonic
out of some compact set, and let Q =(p,)n=, be a family of functions in
2P.NC(X) such that Q—@Q is dense in E with respect to the uniform conver-
gence topology. For any finite subfamily F of functions in E and for any
e>0, let

Ur,.={(3,2)€ XX X; | f(@—f(»|<e for all feF}.

The collection Ug of all such sets Ur, forms a fundamental system of en-
tourages of some uniformity ¢ on X. Since Q—Q is dense in E, the metric
defined by

_ 3l ) —D()]
A 0= 98 T pld -1
induces the same uniformity on X as the uniformity €. Also we have, by
virtue of [Corollary 1.10, the equivalence of the topology induced by the uni-
formity U and the initial topology on X.

Let X be the completion of X with respect to the uniformity U (or
equivalently with respect to the metric d). The above consideration yields
the following theorem.

THEOREM 2.1. The metric completion X of (X,d) is a unique (up to a
homeomorphism) compactification of X with the following properties:

(@) Each fe E can be continuously extended over X.

(b) The extensions of the functions of Q separate the points of X.

Let

P, is a uniform limit on X of uniformly continuous functions ¢%, and so p, is
uniformly continuous and can be continuously extended over X.

Since the possibility of the continuous extension over X—X of any func-
tion depends only on the behavior of the function near the boundary XX,
any function which is not necessarily continuous on X but is fullharmonic
out of some compact set can also be extended uniquely to a function on X
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such that it is continuous near the boundary X—X. By the same reason if
a sequence of functions such that they can be continuously extended over
X converges uniformly on the complement of some compact set to a function,
then the limit function can be extended over X to be continuous near the
boundary X—X.

COROLLARY 2.2. Any function of P, can be extended over X such that it
is continuous near the boundary X—X.

REMARK. X is the compactification introduced by C. Constantinescu and
A. Cornea [7] and they defined it as Kuramochi’s compactification. But this
is not Kuramochi’s original compactification that was introduced in order to
get integral representations of P,-functions. We shall give in section 7 a
compactification such that P,-functions are represented by measures on the
ideal boundary.

§ 3. Specific restrictions of fullsuperharmonic functions to subsets of X.

F.Y. Maeda proved a partition theorem of fullsuperharmonic functions
and introduced the concept of specific restrictions of fullsuperharmonic func-
tions to the sets of 4. In this section we shall develop the result and get
some properties of the specific restrictions of fullsuperharmonic functions.
Things are different from the situation treated by Herve. Namely the specific
restriction of a P-function to a set of 9 contains a so-called boundary part
(Proposition 3.11).

DEFINITIONS. (1) For any pe @, G g, put

Be(D)={ucsP; u=p+s on G for some s = S(G)}
Pe=inf {u; uc B(p)}.

THEOREM 3.1 (F.Y. Maeda). Let p= P and G Q.

(i) pg is a P-function and is harmonic on X—G.

(i) pe<<p, more precisely, p =ps+w with a we PN H(G).

PROOF. (i) pge S(X)=P follows from the property (b) in section 1.
Let U be the family of fullsuperharmonic functions s on G such that u=p-+s
on G for some u € B5(p). Then we can verify, by virtue of the property (e)
in section 1, that s,=inf U is fullharmonic on G. We have pz=p+s, on G
and pg € Be(P), hence ps=p,;. Therefore ps=phs = P. ps < H(X—G) follows
also from the property (e) in section 1.

(ii) Let

P—b¢ if pe<oo

(e} if ])GZOO.

=

‘Take a domain D < &, and a continuous function %2 on 0D such that A< on
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o0D. We set
[ inf (]b—-ﬁ”h—i—ﬁ"j)g, ) on D
g:‘:

be on X—D.
From the property (d) of section 1 it follows g= @. Similarly
inf (—APh+-H?ps,s9) on GND
- { So on G—D

is a fullsuperharmonic function on G. Since g= f+p on G it follows g & B4(p)
and g=ps. Therefore p—HPh+HPps=ps on G. Since p=sup {h=C@D);
h<p} on 8D we have p-+HPp, > pg—l-ﬁl’p. Thus ¢ is nearly fullsuperharmonic
and f= ®. From ps+f=p it follows f= —s, on G. The function w=7 re-
sponds to the question.

From this theorem, for any compact subset K, there is a P-function px
such that p=py_x+px and px € A(X—K).

PROPOSITION 3.2. (i) Let p=® and G G. pg is the greatest lower bound
of Bs(p) with respect to the specific order <.

(i) pgx is the greatest specific minorant of p which is fullharmonic out of
the compact set K.

PROOF. Let u = B4(p). u=p+s on G for some s S(G). p=pe+w for
awe PN I(G). We have u=ps+s+w on G. Let D=9, and let h be a
continuous function such that A<u on dD. We set

{ inf (u——ﬁ”h+17”p(;, be) on D
g:
De on X—D.

We can verify from the property (d) that g S.(X)=2 and g<ps. Similarly,
the function

{inf(s——ﬁl’h—l—ﬁ"pg, —w) on DANG

—w on G—D
is fullsuperharmonic on G. (Note that Dljrxz igafD(s—FI"’h + ﬁ”pg) )+ w(y)

= u(y)—h(¥)=0.) Since g ®? and g=/+p on G, we have g< B;(p), so g=pg-
Hence g=p; and
u+HPps = ps+HPh .
h being arbitrary continuous function such that A <u on dD, we have
u+HPps = po+HPu .
Therefore the function
u——j)(; if pa < oo
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is nearly fullsuperharmonic on X and 7+p;=wu. We have u>p; and p; is
a lower bound of B4(p). Obviously it is the greatest lower bound. (ii) follows
from ().

COROLLARY 3.3. If pePNH(G), Ge g, then pg=0, wn particular, if
pe PN H(X—K) for a compact set K then p= pg.

PROPOSITION 34. Let p,g=e P and a=0. We have;

(P+De=pet+496; (ap)e=apg Ge9
(P+PDr=DPr+9x; (ap)x=apx (K is compact).

PROOF. First we shall show that the relation p>>¢ implies the relation
pe>qe. Let p=qg+u, ue P, and p=pet+w, we PN H(G). We have ps;=
g+u—w on G and u—w < S(G), s0 ps € Bs(q). Hence gz< pg.

From this remark there is a u = @ such that (p+¢)¢=pes+u. By virtue
of Theorem 3.1, (p+¢q)=(p+q)s+s and p=ps+w with s,we L HG). On
G we have u=g+w—s. Hence u € B;(q). Proposition 3.2 yields ¢gs< u. Then
Pet9e<(p+q@e Similarly ps-+qs < Bs(p+4q) can be verified, and from Prop-
osition 3.2 we have pg+g¢>(P+9¢ Thus pg+ge=(p+¢qqe. The rest is

proved in the same way.
PROPOSITION 3.5. Let pe P, and G,G, ¢ and let K, K; be compact

(i=1,2). We have;
KCG = pxg<ps; GC K = pe<<pg,
Glccz = pG1<sz; K1CK2 = pK1'<pKz-
PrROOF. Let KC G, and let
, { be—Pk if pxr<oo
For x = G at which px(x) is finite we have (x)=py_x(x)—w(x), where w <
PN\ J(G) is such that p=ps+w. Hence t is nearly fullsuperharmonic on G
and f< S(G). On the other hand, px being fullharmonic on X—K, we have
t=ps—px € S(X—K) and fc S(X—K). Thus f= S(X). The relations px P
and f+pxr=pe=0 imply the relation #=0. Hence f= S (X)=2 and px<Dg,
which proves the first assertion. The rest is easily proved.
PROPOSITION 3.6. Let p= P, and G, G' = @ and K be compact. We have;
KCG = pr=(Pa)x
GC G = pe=(pe)s-

PROOF. Since px<ps<p, we have (p)x<(Pe)x<DPx. But (px)x=px is
a consequence of Corollary 3.3, so (ps)x =Px. The proof of the second part
is as follows. We have p;>(ps)e from p>ps. Choose an element ¢ of
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Be(pe). Since ¢=ps+s on G for some s< S(G), and pg=p—w on G for
some we H(G’), we have ¢g=p+(s—w) on G, and q € By(p) follows. Hence
q >pe from [Proposition 3.2l q <= 8,(ps) being arbitrary, p; is a lower bound
of B;(p¢e), and the same proposition yields (pg)e >ps. Thus (pg)e= Dg-

It was shown in that

Bp= igf DPx-kpn»

where (K,) is an exhaustion of X by compact sets K, such that X—K, is

regular. This fact and [Corollary 3.3 yield

P.CP;.
Moreover we have:
PROPOSITION 3.7.

2i={pe@; p= 3 p. with (p)C 2.} .

PrROOF. For every n, there is a p, € @ such that pg,=pg,_,+p,. Both
Pk, and pg,_, being fullharmonic on X—K,, p, is fullharmonic on X—K,, so

N
Pn € Pe. Pp=2Put+bPx-k, Where p;=pg,. If p=P, we have py g, | Bp=0
n=1
and p=3p,. Conversely, suppose that p = @ is written in the form p=3p,
n=1 n=1

with (p,)C 2. Obviously B( zn)pk)zO for any n. Applying Lemma 1.3 to
k=1
the series

{tn=Zpsn=12-}ce,

we have Bg,=0 for all n. Therefore

Bp=B(S 1) +Ba.=0,
k=1
and pes ;.

Carriers of P;-functions.

The carrier of p = P, is defined as the smallest closed set F such that
X—Fe g and pe J(X—F). We denote it by Carr(p) or C(p).

LEMMA 3.8. If a P;-function u is harmonic on Ge< @, then it is full-
harmonic on G.

PROOF. It is enough to prove our lemma for G 9. Let K be a compact
set such that X—K is regular and is contained in G. Let U be a regular
relatively compact set in G. We have uy_ x=HVuy x=u—H up = u—ug
=uy_-x on U, and uy_g < H(G). Since uX,KeJ{(Io{) we have uy_x < H(X)
and uy_x € ®P,. Hence uy_x<uec P, impliesuy.x=0and u=ux € H(X—K).
u < JI(G) follows from Axiom (3).

This lemma says that Carr(p), p= 2;, is the smallest closed set with
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compact boundary such that p is harmonic out of the set.

PROPOSITION 3.9. The map p— Carr(p) possesses the following properties;

(i) p=0 & Carr(p)=9¢,

(ii) p<q = Carr(p)c Carr(q),

@iil) for any p= P, and for any compact subset K, there exist two P;
Sfunctions p, and p, such that p=p,+p, Carr(p,)CK, Carr(pz)CX——]%.

(iv) C(py+1,) =C(D:Y D) = C(p) Y C( D),

(v) C(pr AP C(p1) N C( Do),
where P, D, (resp. Py N\ p,) is the maximum (resp. minimum) of p, and p, with
respect to the specific order.

These properties are given in as the theory of abstract carriers and
can be proved in the same way. Namely the pair (2;, p— C(p)) is an abstract
carrier.

N. Boboc, C. Constantinescu, A. Cornea and W. Hansen [9] developed
the theory of abstract carriers and gave a method of constructing potential
kernels in connection with H. Bauer’s (or some other) axiomatic theory of
harmonic functions. Though their method is applicable for our theory [12],
we shall here follow R. M. Herve’s method for the construction of potential
kernels.

LEMMA 3.10. Bp=B(px)<pg, for any G D, in particular, p,<p—Bp,
for any relatively compact open set A.

PrROOF. We have, from Proposition 3.6, (Pg)x-x =Px-x for sufficiently
large compact set K. Therefore Bp=inf py_.x=inf (Pg)x-x= B(pe)<<ps.
The second assertion follows from the first and the relation p,<pz.

ProOPOSITION 3.11. Let G & and G, be an increasing sequence of domains
in G such that G=\JG,.

(i) If either G,= D for some n, or G is relatively compact, then

pG = Sup pGn .
(i) If all G,’s are relatively compact but G € 9, then

pe—Bp=sup pe, .
Moreover sup in the above can be taken relative to the specific order.

PROOF. Let ¢=sup pg,. Then ¢S (X)=2P. Let pg,=DPep~+tm,. With
Unn € P (n=m) (Proposition 3.5). We have ¢=pg,+Un, Up=SUpU,,, €P.
Hence ¢ is a specific majorant of any ps,. It can be proved similarly that
any specific majorant of {pg,,; m =1} is a specific majorant of ¢. ¢ is the
supremum of the pg,’s relative to the order <. Let p=ps,+w, with a
w, € PNI(G,). We have p=qg+w, w=supw, € P. w is also harmonic on G.

G If G,=9 for some n then w is fullharmonic on G, and therefore
g€ Bg(p). Hence ¢=ps;. On the other hand ps;,<ps for every n implies
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q<ps. Thus g=p;. The same argument holds when G is a relatively
compact set.

(i) We have ps—Bp=ps—B(be)>(bc)on=Ds, from and
IProposition 3.6 Hence p;—Bp>>q. We shall prove the converse. p; being
a specific minorant of p, we have from just the above p—Bp>q. Let ucs P
be such that u+¢qg=p—Bp. u<p—Bp implies u € P;. Since u-+q=q+w—Bp,
we H(G), we have u=w—Bpec 4(G). From u e J(G). Hence
q+Bp € Be(p) and ¢g+Bp=ps. Thus g+Bp=pg.

COROLLARY 3.12. Let K be the intersection of a decreasing sequence of
compact sets K,. Then pg=inf pg,.

ProrosiTION 3.13.

(i) pe=sup {px; K compact C G}+B(pq),

(i) px=inf {ps; G open D K}.

The supremum and the infimum in the above can be taken with regard to the
specific order.

PROOF. It can be verified that, for any compact set K and G & with
KCG, pp<pr=(pe)k<<pe—B(ps). This and [Proposition 3.11 prove our as-

sertion.
ProOPOSITION 3.14. Let G, G & and K, K' be compact. Then (pg)x =

Prnkn and (Pele: = Pene'-

ProOOF. We have, from Corollary 3.12, pxnx =Dx ADPx. Pxnx being a
specific minorant of pgx which is fullharmonic out of K’, we have pxnrx <(Pr)x.
Hence pxnx <(Px)x<Px APx = Pxnx, thatis, (px)x = Pxnr. We shall prove
the second equality. Let (K,) and (K)) be increasing sequences of compact
sets such that G=\J K,, G'=\J K, respectively. In the following argument
ber Do Prn Pxy Penes Praunk, are written by gq, 7, g,, 7, s, s, respectively.
It can be verified easily that s<{gs<g Ar. On the other hand we have the
equality :

s—Bs=Y s, =Y (@ A1) =(Y g AV 1) =(@q—Bg AN(r—Br),
from Proposition 3.13. To prove our assertion we consider the following four
cases: (1) G, G' =€ 9D, (2) G, G’ are relatively compact sets, (3) G= 9D and G’ is
relatively compact, (4) G’ = @ and G is relatively compact.

Case (1): We have Bs=Bq=Br=Bp and s—Bp=(g—Bp) A(r—Bp)=
gA\r—Bp, so s=qg Ar. We have s=gqz; =g Ar.

Case (2): Bs=Bgq=Br=0 and s=qgAr=g¢qg.

Case (3): We have Bs=Br=0 and s=(¢g—B¢g) Ar. From it
follows that ¢4; < q¢—Bgq, so ¢z <(@q—Bg) Ar=3s. Hence ¢4z =s.

Case (4): In this case Bs=Bqg=0, Br= Bp, and we have s=qg A (r—Bp).
Lemma 3.10 yields »—qg = (p—q)s > B(p—q) = Br, that is, g <r—Br. There-

fore ¢z <s and s=gqgq.
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Now we shall prove the additivity of the maps K— px and G— pg.
PROPOSITION 3.15. Let G; =@ and K; be compact sets (i1=1,2). We have:

p61UGz+pG1ﬂ62 - pG1 +sz ’
pK1UK2+pK1ﬁK2 — pK1+pK2 .

PROOF. First we note the following fact, which is easily verified: For
G G eg, if ge N\ HA(G) and if ¢=qg-+w with we H(G)NP then we PN
F(GUG). Let p=pg+u with ue @ H(G,) and u=ug,+v with ve P
H(G,) (Theorem 3.1). From the above it follows v € %(G,VG,). Since u<p,
we have ug,<pg, and p = pg,+ug,+v<ps,+Da,+v. Hence pg,+Ds, € BeucL D)
From Proposition 3.2 we have pg,+pe, >Psiue,r Let s€ 2P be such that
S+Pe1ue: = Pe1+Dg,. In view of Proposition 3.4 and Proposition 3.14, sg,-+pe,
= Peinee Dy SO We have s>sg, = Paing,. Therefore pene,+DPe1u6:< PertDeo-
Conversely, if te® is such that pg,ue,+Peine: =Pe,+1 we have, like the
above, pg,=15,<t and D t+De, < Doive:+Paing.e Thus we have pg,+Pg, =
DerveatDeings- '

We have seen that, for any x< X, the function K— px(x) defined on the
compact sets is positive, increasing, right continuous and additive. Hence it
may be extended over all subsets of X as a right continuous Choquet’s
capacity. If p(x) is finite the restriction of this capacity to the Borel subsets
of X is a bounded Radon measure on X. We shall denote this measure by
Ve(x, dy).

Let p be a finite P-function. Since V?(., K)=px is lower semi-continuous
for any compact set K, V?(-, A) is Borel measurable for any Borel set 4, that
is, V?(x, dy) is a kernel.

Let A be a Borel set. From the relation

Ve(., A)=sup {V?(-, K); K compact C A}
=sup {px; K compact C A},
it follows that V?(., A) is a P-function dominated by p and is fullharmonic

out of A if A is relatively compact (Property (a) in section 1). Similarly, for
any non-negative measurable function g, the function

Vpg:fxg(y)Vp(-, dy)

is a P-function if V?Pg= co. It is fullharmonic out of the support of g if g
has a compact support. From [Proposition 3.11] (ii) we have V?1=p—Bp. We
shall prove that, for any non-negative measurable function g, the function
VP?g is a P,-function if VPg==co. In case of ge Bf(X), VPg is a specific
minorant of (sgpg)- Vplz(sgpg)(p—Bp), and so it is a P;function. In
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general V?(min (g, N)) is a P;-function. Let gy =V?(g—min (g, N)). gy’s are
P-functions and, by virtue of Lemma 1.3 applied to the sequence gy, we have
Bgy=0 for every N. Hence V?g=V?(min (g, N)+qy € P;.

THEOREM 3.16. (i) Let p be a finite P-function. There is a kernel V?
which satisfies the following properties:

(@) For every non-negative measurable function g, the function VPg is a
P;-function whenever V?g+ 400, VPg is fullharmonic out of the support of
g if g is of compact support.

(b) VP1=p—Bp.

(i) If a kernel V on X has the property;

(@)Y Vi< oo and, for every ge CHX), the function Vg is a P-function
which is fullharmonic out of Supp[g], then there is a finite P;-function p
such that V=VP,

PROOF. It remains for us to prove (ii). From the above condition (a)’
and the property (a) in section 1, Vg is a P-function whenever g is a lower
semi-continuous function such that Vg= +oco. In particular Vl=pe L. We
shall prove that the relation V1g = px holds for any compact set K. Let K,

be a compact set such that KC I%l and X—K, is regular. Let <A be the family
of continuous functions f such that 0= =<1 and f=1 on K and f=0 out of
K,. Further let U={Vf; f€ A}. Then Vlig=inf U is nearly fullsuper-
harmonic® and is equal to the difference p—V1yx_x, hence V1g is a P-function
and V1x<p. Moreover the family U restricted on X— K, satisfies the con-
ditions of (e) in section 1, and therefore Vlg=inf U € £(X—K,). K, being
arbitrary compact set such that KC 10(1 and X—K, is regular, we have
Vig e J(X—K). Thus V1g is a specific minorant of p which is fullharmonic
out of K, hence Proposition 3.2 yields V1y<pg. In view of this inequality
and Proposition 3.13 we have

p=V1=sup {V1,; H compact} <sup {py; H compact} =p—Bp,
hence Bp=0 and p = 2;. Now we have
Vig_g=sup {V1,; H compact C X—K}
<sup {py; H compact C X—K}
=px-x—Bp

:pX—K ’

4) The greatest lower bound of a family of nearly fullsuperharmonic functions,
that are locally uniformly bounded from below, is nearly fullsuperharmonic. If the
difference of two finite fullsuperharmonic functions is nearly fullsuperharmonic, then
it is fullsuperharmonic.
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that is, V1g = p—px-x = bpx. Therefore V1g=px for any compact set K, and
the kernel V and V? are identical.

DEFINITION. A kernel with the properties (a) and (b) of Theorem 3.16 is
called the potential kernel associated with p.

Let p be a finite P-function. The potential kernel associated with p is
unique. The proof is as follows. Let V be a kernel with the properties (a)’
and (b), and let ¢=p—Bp, then V=V? from Theorem 3.16 (ii) and its proof.
Since (Bp)x =0 (Corollary 3.10), we have gx = px—(Bp)x = px and the kernels
V? and V¢ coincide. Thus we have V=V? We have also shown V?=V?"52,

PROPOSITION 3.17. If p is a continuous P-function, the potential kernel V?
maps By,(X) into C(X).

The proof follows from the fact that if ¢ is a specific minorant of p then
g is also continuous.

Let p= ;. If the carrier of p is the whole space X, then, for each x € X,
the support of the measure V?(x, dy) is the whole space. In fact, suppose
that VP(x, U)=0 for some relatively compact open set U, then py(x)=0 and
so py =0 on X. Therefore p=p—py is fullharmonic on U (Theorem 3.1,
which contradicts to the fact that the carrier of p is the whole space. Now
suppose that the carrier of p» is a compact set K. The above argument
applied to p=px yields that, for each x, the support of the measure V?(x, dy)
contains the compact set K. (Note that (px)y =py for every open set con-
tained in K.) On the other hand, let U be a relatively compact open set
such that K\ U= ¢, then

Ve(x, U) = pg(x) = (p)5(%) = pxrzr(x) = 0.

Hence the support of V?(x, dy) is precisely the carrier of p. Applying the
above to the function p—Bp whenever p is any P-function, we have the
following proposition.

PROPOSITION 3.18. For every p= P and x € X, the support of the measure
V?(x, dy) is exactly the carrier of p—Bp.

ProrOSITION 3.19. Let p, P, n=1, and p:ipne:’?, p<oo, then we have :

Bp= 3 Bpn,
Vr= 3 Vn,
n=1

PrROOF. We have already known that, for any p, ¢ € @, B(p+q)= Bp+Bg,
and VP*?=VP1V? (Proposition 3.4). These are also true for finite summand.
To prove the first part, put ¢= 3 Bp,. As an increasing limit of P,-functions,
g is also a P,function. On the other hand, applying Lemma 1.3 to the
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sequence {q,, = znj (p—Bp)eP;, n= 1}, we have Bg,=0, hence B(p—q)=0,
k=n

and Bp=Bg=¢q. Now let V be the kernel V=3 VPr, Obviously V satisfies
condition (a)’ of [Theorem 3.16f From the above it follows that

Vi=3 VPl = E(pn_"'Bpn) :P—ZBPn :p——Bp:

that is, V satisfies condition (b) of [Theorem 3.160 Hence V =V? from the
uniqueness of the potential kernel.

REMARK. Let p be a P-function (not necessarily finite). px(x) is finite
for x & K, so we can associate a Radon measure W?(x, dy) on X—{x} such
that WP1lg(x) = px(x) for any compact set such that K »x. The support of
W?(x, dy) is Carr(p)—{x}.

Let x,= X and J, be a regular (relatively compact) neighborhood of x,.
The function K— H%p,(x,) defined on the compact sets defines a bounded
Radon measure on X whose total mass is equal to H%p(x,)—Bp(x,).

§4. Resolvents associated with potential kernels. Excessive functions.

This section is devoted to the investigation of the submarkov resolvent
V? associated with the potential kernel V?, and also to the investigation of
the relation between excessive functions with respect to this resolvent and
P-functions. We shall show that, for an appropriately chosen p = &, the range
of V% and E have the same uniform closure (E is the space introduced in
section 2).

DEFINITION. Let W be a kernel. A function d € B.(X) is called a W-
dominant function if, for every pair ( f, g) of positive measurable functions,
the relation

d+Wf=Wg on {x=X,; gk >0}

implies the relation
d+Wf=Wg on X.

It is well-known that if the function (/4+AW)u is a W-dominant function

for a 4> 0 then u is non-negative.
PROPOSITION 4.1. Let pe PNC(X). Every P-function is a VP-dominant

Sfunction.

PrROOF. We may suppose p+# 0. Since V? is a strictly positive continuous
kernel it is enough to prove that; for every pair (f, g) of non-negative con-
tinuous functions of compact support, the relation

se® and s+V?f=VP?g on {g>0}

implies the relation
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s+V?f=VPg everywhere.

There is a sequence (q,) C C(X) 2. such that the carrier of ¢, is contained
in {g>0} and ¢, 1 V?g (For instance ¢,=V?(g- l,z1m)). For these ¢, it holds

s+V?f—q,=0 on Carr(g,),
and

s+V?f—q, c S(X—Carr(qy,)).

The minimum principle yields s+ V?f—gq, =0, and consequently, s+ V?f=V?g,
In particular V? satisfies the complete maximum principle from the as-
sumption (5). Hence, if p € @\ Cy(X) there is a submarkov resolvent (V%),5,
such that
VP—VBE=RVPVE=AVEV?

(Th. 10, Chap. X, [17]). In this case every P-function s on X is (V3)-super-
median, thatis, AVEs<s for all 2>0. In fact, takea ¢ = @, C(X) such that
g =s. The function V?q is bounded, so the function A= A(g—AV3%q) has the
finite potential that equals AV%¢. We have s=2AV3¢=V?h on the set
{s—AVZq >0}, in particular, on the set {A#>0}. So s=AV3q everywhere on
X, and s being equal to sup {g= 2, "\ C(X); ¢ <s} (Proposition 1.2), it follows
s=AV3Es,

Since V?fe ¢, whenever f is non-negative measurable and V?f= + oo,
every (V5)-excessive function is a P-function as an increasing limit of finite
potentials. But the converse does not hold in general. (Take a p = P, then
V?=0.) We shall prove that for a suitably chosen p= 2 every P-function
is (VB)-excessive.

LEMMA 4.2, Let pe PN\C(X) and let q be a specific minovant of p. Then

(i) V2sz=Vis for any se P and A>0,

(i) Vig=Vig+Vi~ig for any g Bi(X).

PROOF. From pe Cy(X) and ¢=<p it follows that ¢ and p—¢q are bounded
continuous P-functions, so V¢ and V277 are defined. (i) It is enough to prove
the relation for s @, N\ C(X) (Proposition 1.2). In this case V?s and V% are
bounded. Let {=V?s—V4%. The resolvent equations for (V?) and (V9 imply
t=—AVPt4+(VP—VOh = —AVPi+ VP %h where h=s5—AVis =20. VP h—2V?t=0
on {{>0}. V? ¢ isa(V?)-dominant function from Proposition 4.1. Therefore
VP=ip—2VPt =0 everywhere. Thus t=0. (ii) Let u=Vig+V?4g—V?g In
view of the resolvent equations for these potential kernels and the relation
VP=Vi4 VP 7 we have the equality;

(I+2VPu = AVaVr-agt Ve-1Vig.

Since the right hand side belongs to @, (/+AV?u is a VP-dominant function.
Therefore u=0.
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Let K, be a compact exhaustion of X such that X—K, is regular for
every m, and let E™ be the space of continuous functions fullharmonic out
of K,,., Let E=\JE™. From [Proposition 1.8 and there is a

countable family Q= (pi)i=, of functions in @, N\C(X) such that QN E"—
QNE" is dense in E™ and Q—Q is dense in E (relative to the uniform
convergence topology on X). We set

Po=3 g s B0=0Q,
k
and

Q
I

b4

"l 20 supr
where k(N)=*%k if r=p,€Q. p,€ P;N\C(X) and ¢, € PNE™ and ¢,<bp,.
We shall denote the potential kernels V?o(x, dy) and V9(x, dy) simply by
V(x, dy) and V"(x, dy) and their associated resolvents by (V) and (V})®.

LEMMA 4.3. For any fe E™ the function AV}f converges to f at every
point of X as A tends to infinity.

PROOF. Let x<= X and let v, be the measure AV(x, dy), 2>0. v, is con-
centrated on the compact set K, and its total variation is less than 1 because
AVF1=1. For each 1,>0, let M(1,) be the closure (in the weak topology
of the space of measures on K,) of {v;; A=2,}. M(A,), 2, >0, forms a nested
family of non-empty compact sets and hence have non-empty intersection M.
Let p& M. From Proposition 5.1 it follows u(r) <r(x) for every re QN E™
and #(¢,) < ¢,(x). But, since ”(q"):’ﬂ?o Zqun(x)=£h£ AVRV™I(2) = gn(2), 1)
=r(x) for all reQNE". QN E™ being total in E® we have u(f)=f(x) for
any fe E". Thus }ng AVif(x)=f(x) for any f€ E™” and x& X.

THEOREM 4.4. The excessive functions with respect to the resolvent (V))
are exactly the cone <.

PROOF. It remains for us to prove that any P-function s is (V))-excessive.
By virtue of Proposition 1.2 we may suppose s 2, N\C(X). Let x= X and
let n be a sufficiently large number such that s E*. We have }lim AVis(x)
=s(x) from Lemma 4.3. From Lemma 4.2 we have -

0=s(x)—AV;s(x) = s(x)—AVs(x) — 0 (A—00).

Thus s is (V))-excessive.

THEOREM 4.5. The space E and the range of the resolvent (V) operating
on By(X) have the same uniform closure.

PROOF. Since ¢,1p, uniformly, V*f— Vf uniformly on X for any f= By(X).

5) From Proposition 3.8 the support of the measure V (x, dy) is the whole space
X, and the support of V% (x, dy) is contained in K,, for every x=X.
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From V"fe E*C E it follows V(B,(X)C E. Conversely let g E. g= E™
for some 7, and we can find, for any >0, two functions u, v Q@ " E" such
that |g—(u—v)| < e uniformly on X. Hence AV (Jg—u—v)|) <e. On the other
hand and Dini’s convergence theorem imply that 0= u—2AV,u<e
uniformly on K, for sufficiently large A. Since e+ AVu—u=ce+AV(u—21V,u)
—ue 8(X—K,), we have, from the minimum principle, e+AVu—u=0 on
X—K,, hence 0<u—AV,u=<e¢ uniformly on X. Similarly 0=v—2AV,v=¢
uniformly on X for sufficiently large 4. Thus we have |AV,g—g|<4e uni-
formly on X for large 2. g<V(By,(X)). Hence EcCV(B,(X)).

COROLLARY 4.6. For every fe C(X), the function AV,f converges to f
uniformly on X as 2 tends to infinity.

§5. Integral representation of P,-functions.

P;-functions of one-point carrier are introduced and the integral repre-
sentation of P;-functions with the aid of these one-point carrier P;-functions
is discussed. The proofs are in parallel with those of Chap. III of [10].
The following lemma is a consequence of axiom (2), [14].

LEMMA 5.1. Let G be a domain of X.

(1) The set {he H.(G); hixy) =1}, x,€ G, is equicontinuous at x,.

(2) For any compact subset K of G there is a constant M =1 such that for
every h e 9.(G) and every pair of points x, and x, in K the relation

i ) < h(x) = M)
holds.

(38) The set of non-negative harmonic functions on G that arve uniformly
bounded is relatively compact with respect to the compact convergence topology
on G.

PROPOSITION 5.2. Let x,= X. For any vy X—{x,} there is a P;-function
qy such that Carr(q,)={y} and q,(x,)=1.

PROOF. Let pe 2, >0. For any y+ x,, let U, be a sequence of relatively
compact open neighborhood of vy that decreases to y. If we set, for each n,

gn(%) = BUnp(x)

we have ¢, € @ N H(X—U,), ¢.(x)=1. From Lemma 5.1 we can choose, for
any n=1 such that x,& U,, a subsequence of {g,; m=n} which converges
uniformly on every compact subset of X— U’n. By the diagonal procedure we
can extract a subsequence ¢, that converges uniformly on any compact sub-
set of X—{y} to a fullharmonic function on X—{y}. Let
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. -/\
g, = lim inf q,. .

n/—oo

g, € ?. Hence q,€ @\ H(X—{y}). Obviously ¢,(x,)=1. From
there is a constant a >0 such that ¢,(x) = aq,(x,)= « for sufficiently large n
whenever x# v, so g,(x) >0 whenever x#y. Thus we get a P,-function with
the carrier {v}.

PROPOSITION 5.3. Let p be a Radon measure, =0, on X and let g(x, y) be
a function defined on the set XX(X—N), where N is a p-measure null set.
Suppose that the function g(x,y) has the following properties:

(1) There is an increasing sequence of compact subset K, such that, for
each n, y(X—K,) = il and such that the restriction of g(x,y) on XXK, is a

lower semi-continuous function of (x, y¥) which is continuous for x+y.

(2) For each ye X—N, g(-,y) is a P;-function with the carrier y.

(8) There is a denumerable dense subset (x;) of X such that the function
v—g(x;, v) is p-integrable. Then the function

u)= [ g(x, y)p(dy)

is a P;-function and is fullharmonic out of Supp[p] if X—Supp[ulegq.
Movreover we have, for any compact set K,
ux ()= _g(x Mudy).
PrROOF. Let
L@={, gl pa).

I, is a lower semi-continuous function (Fatou’s theorem). Fubini's theorem
vields, for every G &, and x G,

HEL) = | Hgl, M@Dudy)

=L,(x.

From (3) I.(x;)=u(x;)<oco on the dense points x; hence every I,, and
u=1im 1 I, are non-negative fullsuperharmonic functions. It also follows from

n—0

(2) that I, € H(X—K,) and u is harmonic out of Supp [x]. u is fullharmonic
out of Supp[g] if X—Supp[puleg. Let

= <, )pldy) .

q fx_xng( »)dy)

The P-functions ¢, satisfy the condition of Lemma 1.3, so Bg,=0. Hence
Bu=Bq,+Bl,=0 and u=s P;. Let K be a compact set. The function
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Ix()= [ g(x, y)p(dy)

is a P,-function which is fullharmonic out of K, and it is a specific minorant
of u. From [Proposition 3.2l we have Iy <ug. We have also

Uy_xg=-sup {uy; H compact C X—K}
=sup {I5; H compact C X—K}

={  gC, Nu@).
X-K

Here we used Proposition 3.13 (i). Therefore uy=Ix.

COROLLARY 5.4. Carr(u)= Supp[g].

ProOOF. Carr(u) Supp[(] follows from the above. Suppose that there
is a relatively compact regular domain U such that w(U)>0 and u e H(U).
Since g(-, )= HYg(-,y) on U, we have g(-, »))=HVg(-,y) on U for p-almost
all y. Take a y= U where g(x, ¥)=(HVg(-, y))(x) holds for any x= U. Then
y=~Carr(g(-,y)c X—U. This is absurd. We have Carr(u)= Supp[ ¢J.

COROLLARY 5.5. We have, for every relatively compact regular domain 0,

Hour)®) = [, Hg (-, D)D)pdy).

(See the remark at the end of section 3.) If the function y—g(x,y) is ;f
integrable for every x e X, we have

Vix A= g )udy).

The following lemma is a more perspicuous form of a result of R.M.
Herve (Lemma 17.2 and Proposition 8.1 of [10])).

LEMMA 5.6. Let A be a subset of X with A+ ¢, and let {k,; ye A} be a
Jfamily of superharmonic functions, >0, such that k,  H(X—{y}). If there is
a dense subset B of X such that, for every xe& B, the function y— k,(x) is
continuous on A—{x}, then the function (x, y)— k,(x) is lower semi-continuous
on XX A, and is continuous for x+y.

PROOF. Let (a,b)e Xx A, a+#b, and let U and V be disjoint neigh-
borhoods of a and b respectively. Let ¢>0. From Lemma 5.1 there is a
neighborhood U’ of a, U’ U, such that

u(x)
1—¢ é *T(x‘/)"* é 1+5

for any u = 4, (U) and x, x’ = U’. In particular

ky(x)

SR Gy

=1+,
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and

o Bz
1 Eé kb(a) él—l—s

for any xeU’, x’ e U'nB and ye€ AnV. From the assumption there is a
neighborhood V’ of b, V/CV, such that

1__ < ky(x/)

o= TRy =1
for any yeV’/~ A. Therefore we have, for x< U’ and y € V' A, the relation
k(%)
—g)8 YN 3
1—eP =< £x(a) =1+e)’.

We see that (x, ¥)— k,(x) is continuous for x+#y. Now we shall prove the
lower semi-continuity. It is enough to prove that, for any a < X such that
kqo(a) > 2> 0, we can find a neighborhood V of a such that x€V and yeVNnA
imply k,(x) > A. Let G be a sufficiently small regular neighborhood of a such
that (HCk,)(a) > 1 and let 2¢=(HSk,)(a)—A. Since (x, y)— k,(x) is continuous
for x+y, there is a neighborhood U of a, UC G, such that

| Ry (§)—ka(E)] < e-(HCL(a))™
for all £€0G and ye Un A. We have
(HCEk )a) > A+e
for all ye Un A. On the other hand the family

Hbpg,
LTV s ye A

Hebay * Y EUN }

being equicontinuous at a, we can find a neighborhood U’ of q, U’'c G, such
that

Hok,(0> ié HOk,(a)

for all x= U’. Thus we have
ey (%) = HOR(2) > 2

for all (x, ) €VXV, where V=UNU".

Before we proceed to the representation theorem of P;-functions we make
a remark. Let 0 be a (relatively compact) regular domain and x<4. For
any pe @, the set function K— (H°px)(x) defined on the compact subsets of
X is extended to a Radon measure, =0, on X. We denote it by p¢*” (Remark
after[section 3). Two such measures px*® and p®* are mutually absolutely
continuous. In fact if p**(A)=0 for a Borel set A then inf {H’°ps(x); G open
and GD A} =0. There is a decreasing sequence of open subsets G, such that
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lim H%pg,(x)=0. We have H’(lim pg,)(x)=0. Hence fim P¢,=0 on X. Thus
#77%(A) < lim HP pg,(x') < 1im pg,(x') = 0.
THEOREM 5.7. Let p= P;, >0, and x,= X and d, be a relatively compact

regular domain containing x,. The function p admits an integral representation
of the form

p(x) = [ 2(x, Yy

where p is a finite measure, =0, on X and g(x,¥) is a function with the
Droperties (1)~(3) of Proposition 5.3. g(x, y) satisfies

Hoog (-, y)(x)=1.
M 1s uniquely determined by the relation;
u(A) = pPoro(4).

PROOF. The uniqueness follows from Corollary 5.5 and the remark after
section 3. The existence of g(x, ») and p is proved as follows. Let A=(x;)
be a countable dense subset of X with p’¢%(x;)=0 and p(x;) < oo, and let
B=(0;) be a base formed by relatively compact regular domains d; with
#°0"(00,)=0 (Such a base # does exist from Proposition 7.2 of [10]). We
set o= p%¢% and p, ;= p’*; whenever x; =4J,. The support of the measures
Mo and p,; are the carrier of p and g, ; is absolutely continuous relative to
Mo Applying a theorem on the differentiation of measures, we can find a
Mo-negligeable set N and, for each y= X—N, a sequence of compact neigh-
borhoods B,(y) of ¥ such that; B,(¥) | {3}, t(Ba(»)>0 and the limit

im s (Ba(2))
O T B.00
exists for every i and j with x; d;. This limit function defines a density

function of g; ; relative to p,., (We may suppose NDO X—Carr(p).) For every
ye X—N we set

N S
g,,(x, y) - ﬂo(Bn(y)> an(y)(x) .

Z.(-, ») is fullharmonic on X—B,(»), and the relation

; _ #4580 s
(2) (H5 gn(" y))(xj) - ﬂo(Bn(y)) ’ X S 51, ’

holds for each n. If 6, B.(y)=¢ it follows

ﬂi,j(Bn(y))

gn(x;, ¥) = ’*#O(B:(}))* , X; €0,

and g,(-, ¥) converges at x;, Moreover g,(-, y) converges uniformly on every
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compact subset of X—{y} to a fullharmonic function, =0 on X—{y}
PaN

5.1). Let g(x, y)=lim inf g.(x, »), y€ X—N, where the operation ~ is takem
mzn

with regard to the variable x. The following properties are verified :

(@ gG,NenIAX—{yD.

(b) g(x,»>0. In fact let x= X and & be a regular neighborhood of x.
Lemma 5.1 applied to the domain § Ud, yields the existence of a constant a >0
such that pgp, (%) = ap(B.(3) for every n with B(W)Né=¢. Thus g.(x, y)
= a for large n if x+ v, so g(x, y) = «a.

(¢) There is a sequence of compact subset K, such that m(X——K,,)g}l
and such that, for each 7, the restriction of g(x,») on XX K, is lower semi-
continuous and is continuous for x=y. The proof is as follows. Since g, is

a bounded Radon measure we can find, for each n, a compact set K, with

po(X—K,) < i such that the restriction of the function v— g(x;, ) on Y, is

continuous for every x, € A, [19]. (We may suppose K,C X—N.) By virtue
of Lemma 5.6 we have the assertion.

(d) g(x,, -) is p,-integrable and H%ig(-, y)(x,) is a density function of y,,;
relative to g, In fact, since the measure H?i(x;, dz) is concentrated on 00
and g,(-, y) converges uniformly on 0d; if y & 0d,, we have

(H?g (-, Y)(xp) = lim (g, (-, M(x;)  for ye ;.

But p,(00,)=0 implies the validity of this equality for all y up to a g,

measure null set. From (1) and (2) lim (H%g,(-, »))(x;) is a density functiom
n

of p;; relative to p, so we have

@ Hp(x) = pu(X) = [ HPig (-, 9)(x,)pldy)

and
[ o, 80 Dersd) = Hoipx) S plx) < oo

This is true for any J;= @ such that x;,=d,. We can verify the p,-inte-
grability of y— g(x;, ¥) if we note p(x;)=0.

We have seen that the function g(x, y) satisfies the conditions of Prop-
osition 5.3. Hence the function

()= [ g(x, ypdy)

is a P;,-function. We have
Hosu(xy) = [ H'g (-, 3)(x)p(d)

for any 6,8 and x,d;, From (3) we have Hlip(x;)= H%u(x;). B=(0y)
being a regular base for the topology of X, the superharmonic functions w
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and p are identical. It remains for us to prove;

(® Hog(+, M(xy)=1.
For, (H%g,(+, M)(x,) =1 implies (H%g(-, »))(x,)=1 and the equality follows from

(X)) = Hoop(xy) = [ (Hog (-, ) (xo)p1a(d) -

In the rest of this section we treat the case when the following assump-
tion is satisfied.

(7) For every y<= X, the P;-functions with the carrier {y} are mutually
proportional.

From [Proposition 5.2, given a point y & X, there is a P;-function ¢, with
its carrier {y}. Let (x, 6,) be the pair stated in [Theorem 5.7. We may
suppose H%gq,(x,)=1 for every y. Then, for any x< X, ¢,(x) is a continuous
function of ye X—({x,} U {x}). In fact let y, be a limit point in X—{x,} of
a sequence y,. Suppose that, for a x+# 1y, there is a subsequence »n’ and an
« >0 such that

19y =@y (D] > .

For large n’, the functions g¢,,. is fullharmonic out of some neighborhood of

¥, and is equal to 1 at x,, Hence, applying Lemma 5.0 and the diagonal
procedure, we can find a subsequence n” such that ¢,,. converges locally

RS
uniformly on X-—{y,} to a fullharmonic function on X—{y,}. lim infg,,. is
a P-function with its carrier y,, and is equal to 1 at x,. Our assumption (7)

RS
yields ¢y,=liminf gy, and ¢, (%)= lim g,,(x). This is a contradiction, and

y—q,(x) is continuous on X—({x,} \V {x}) for every x e X.

PROPOSITION 5.8. We can take, for every y = X, a Py function p, with the
carrier {y} such that; (x, ¥)— p,(x) is lower semi-continuous on XXX, and is
continuous for x =+ y.

PrOOF. Let (d,, x,) and (d,, x;) be two pairs of relatively compact regular
domains J, and J, such that d,= x,, 6,2 x; and 6, d,=¢. Let g, and 7, be
P;-functions with their carriers {y} such that H%g,(x,)=1 and H%r,(x,)=1.
We have 7,(x)= q,(x)H%r,(x,). Take an open set U such that s,cUcCUcC
X—4, and put

ry(x) if yelU
py(x): . -
() -c(y) if yeX-U,
where ¢(») is a continuous function >0 on X—4J, which coincides with
H?éor,(x,) on [7~50. p, is a P;-function with the carrier ¥y and the function
y—p,(x) is continuous on X—{x}. Applying Lemma 5.6 we have our result.
THEOREM 5.9. Let g, and p, be the P;-functions in the above.



510 T. Kort

(a) Every P;-function p has a unique integral representation of the form:

0= [ g,(0 ()

by a measure p=0 on X (p= péo*o),
(b) p has a unique integral representation of the form:

() = | p,(DA(d)
by a measure A=0 on X, 2 is given by

dy)
dy)= - ¥ (d}
D= (oo yxy -
PrOOF. Theorem 5.7 and Corollary 5.4 yield our theorem. (Note g(x, ¥)
= q,(x) where they are defined.)

§ 6. Locally convex topology on the cone . Integral representation of
P-functions by measures on the extreme elements of a base of <.

In order to get a representation theorem of Martin type for the cone 2,
we shall proceed in the following way: 1) £ is embedded into a locally
convex separated topological vector space. It is proved that ¢ has a compact
base. 2) Applying Choquet’s representation theorem [20], we prove that;
for a given compact base X of 2, every P-function p admits a unique integral
representation ;

2x) = [u(xdv(),

by a Radon measure v=0 on X which is supported by the extreme points
of K.

First we shall introduce a vector lattice of which the positive elements
are exactly . The relation

(b, p)~(q, 4"

defined by p+¢’=q-+p’ is an equivalence relation of X . We denote by
[2] the quotient set of X P with respect to this relation and by [ p, p’] the
equivalence class of the element (p, p’). Defining the sum of two elements of
(2] by

Cp, p'1+0g9, ¢'1=0[p+q, p'+4q']

and the multiplication with a real number by
alp, p’1="Lap, ap’]
—alp, p’1="Lap/, ap]
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for a =0, [&] becomes a real vector space. We shall identify & with the
set {[p, 0]; p= P} and consider as @ [P]. The specific order in [P] is
defined by the cone «: [p, p’1>-[¢q, ¢'] if [p, p’1=1[q, ¢’]J+u for some u eP.

THEOREM. [ ] with the specific order is a conditionally complete vector
lattice (espace de Riesz compléetement réticulé), [2, 107].

Before we introduce a locally convex topology on [2] we shall extend
the notion of potential kernels. Let X,= XU {0} be a one point compacti-
fication of X. Let pe @, x€ X and fe C,(X,). We set

U?f(x)= [ g(x, NF(Ndp()+7@)Bb(),
where g is a Radon measure =0 on X representing the P;-function p—Bp;

p—Bp={g(-, »du(y)  (Theorem 5.7).
From the remark at the end of section 3 we have

U? f(x) =W?f(0)+7(0)Bp(x)
whenever x e Supp[ /1%, and, for a finite valued p = 2, we have
UPf=V?f+f(0)Bp.

The map L=U? from C.(X,) into & satisfies the following properties:
(@) f— Lf is a linear map from Cu(X,) into @, (b) LfeP; if Supp[ flC X,
(¢) Lf is harmonic on X—Supp[f], (d) L1=p, and (e) for any f, g C:s(Xy)
and ¢q=U?f, we have Ulg=U?(f- g).

PROPOSITION 6.1. Let L be a linear map from Cu(X,) into L. L is given
by the form L=U? with a p= P if and only if L satisfies the above properties

(@)~().

PrROOF. We shall prove ‘if’ part only. For each x € X, the linear form
f— Lf(x), feCiX,), is extended to a measure L, on X,. Let p=L1= P and
let ¢ be the Radon measure on X which represents the P;-function p—Bp;

p—Bp={ g, 3)udy).

For any feCHX) we have Lfe ;N\ H(X—Supp[f]), so from Lemma 3.8,
Lfe ;N dH(X—Supp[f]). We have, like the proof of Theorem 3.16,

Lix=px=] g(,3dpu)
for any compact subset K of X. Hence we have;

LAl = _&C, N/)dus),

6) Here Supp[f] is considered in X, so Supp[f]CX means f=C.(X).
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L(1x)=p—Bp,
and

L(lta)) =L1-L(yx)=Bp.
Therefore

Lf={ g, NI(NKd)+f@Bp
=U?f.
R. M. Herve has shown that; if a sequence of non-negative superharmonic

functions s, is such that, for each xe< X, their associated measures pf,
converge vaguely in the space of measures on X,—{x}, then the map

S
f—lim inf g, (f) is linear and positively homogeneous on C,(X,). (Proposition

21.1 of [10]) An adaptation of her proof shows the following:
LEMMA 6.2. Let l,,, n=1, xe X, be a family of measures on X, such that

L, () E€SXINIH(X—Supp[ f])  for any f[fe Cu(X,).

Suppose that; for each x € X, the measures {l,,; n=1} converges vaguely in
the space of measures on X,—{x}. Then the map

RS
f—= Uf=liminf [, .(f)
from Cu(X,) into Su(X) satisfies
U(af+bg)=aUj+bUg,

for any a,b=0 and f, g C.(Xy).

The next lemma is a general version of Lemma 21.2 of [10]. Herve’s
proof is applicable without any change.

LEMMA 6.3. Let [, n=1, xe X, be the same as above. Suppose that,
for a number a >0 and a relatively compact regular domain J, with a point
X, € 0,, it holds

(Hl, D)x) S a.

Then there is a subsequence n’ such that, for each x& X, the measures |, ,
converges vaguely in the space of measures on X,—{x} to a measure v,.

Now we shall introduce a locally convex topology on [2]. The pair
(f, ¥) with fe CH(X,—{x}) is called a couple (f, x). For any couple (f, x) the
map

Lo, '] —> UPf(0)—U? f(x)

is a linear form on [%]. We denote by T the least fine topology on [ %] for
which all these linear forms are continuous. [ %] provided with this topology
is a locally convex separated topological vector space. From the property
(e) of UP listed previous to [Proposition 6.1 we see that the map p— U?f is




Non-negative fullsuperharmonic functions 513

continuous on (2, T) for any fe Cu(Xy).

Let & =(x,) be a countably dense subset of X and F be a countable
family of continuous functions on X, with the following properties: For any
xe ¥ and fe CH{X,—{x}) and any compact neighborhood K of x such that
KNSupp[ f1=¢, and for an >0, one can find two functions f; and f; of
F such that they vanish on K and such that

i=f=fi and |f—fil<e on X, (k=1,)).

We can verify that the family of all sets

pee; U AG)=

7"7}’ anF, xjeff and 7’>0,

forms a subbase of a fundamental system of neighborhoods of 0 of the

topology T induced on the positive cone @. Hence (2, T) is metrisable.
PROPOSITION 6.4. Let p,=P, n=1. If, for each x< X, the wmeasure
U?n(x, dy) considered on X,—{x} converges vaguely to a measure on X,—{x},

~ P
then the functions p, are T-convergent to liminf p,. In particular if p,’s are

~ T
T-convergent in P the limit is equal to lim inf p,.

PROOF. From Lemma 6.2 the map f— Uf=lim inf U?nf, fe Cu(Xy), is
linear. Uf is a P-function and U?»f converges locally uniformly on X—
Suppl{ f] to a harmonic function on X—Supp[ f]. If Supp[f] is contained
in X every UPrf is fullharmonic on X—Supp[ f], and hence, Uf is so. Thus
U satisfies the conditions of Proposition 6.1 and we have from this proposition
U=U? with p= liﬁf pn.. Let (f, x) be a couple. UPnf being convergent on
X—Suppl f] to Uf=U?f, we have lim UP~f(x)=U?f(x). Hence p,’s are T-

convergent to p.
Let x,= X and let J, be a relatively compact regular domain containing

x,. Let D(u) denote H%u(x,) for ue P. Let

P*={ueP; Dw)=a}, a>0.

S
If p, is a sequence of functions of £%, then liminf p, = £*. For,

S R
H%(lim inf p,)(x,) = H?(lim inf p,)(x,)
=lim inf p,(x,)
=a.
THEOREM 6.5. (1) 2% 1is compact in (L, 'T). (2) The cone ¢ has a compact
base. The set
H={pe®: Urf(x)+UQA—/)(x)=1},
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where feCu(Xy), 0=f=<1, f=0 on a neighborhood of x, and f=1 on a
neighborhood of x,, is a compact base of 2.
ProoF. (1) follows from Lemma 6.3, Proposition 6.4 and the above remark.

Let p= X and let J, and d, be regular neighborhoods ot x, and x, respectively
such that f=0 on 0, and f=1 on J,, From Lemma 5.1 there is a constant
a >0 such that

DU?f) = aH " UPf(x) = aU?f(x,),
and

DUP(A—f) = aUPA—f)(x),
hence it follows

D(p) = a(UPf(x)+UP(A—f)(x2)) .

From this we see X C P®. X is T-closed, and compact in ¢ from 1). We
shall show that X is a base. U?f(x,)+U?(1—f)(x,)=0 implies p=U?f+
UP(1—f)=0. Therefore we have ape K with a=(U?f(x)+U?(1—f)(x,)*
for every pe 2, p>0.

THEOREM 6.6. (1) < is complete.

(2) <P, is closed in .

PrRoOOF. (1) Let p, be a Cauchy sequence in #. Let (x, /) be a couple.
Then there is a number a >0 such that D(p,) <aU?»f(x) for all n (Lemma
5.1). Since the set (p,) is bounded in <, sx:p UPrf(x)< B for some >0,

hence sup D(p,) < a-fB, and (p,)C P7, where y =a-f. <P’ being compact there
is a subsequence p,. which converges in @7, Since p, is a Cauchy sequence
b, converges to the same limit.

(2) Let p, =<, and let p, be ’T‘-convergent to a limit pe . We have
p,=UPrf for any fe C.(X,) which is equal to 1 at {0}. Hence (p,) is con-
vergent pointwisely on X. From Lemma 5.1 this convergence is uniform on
every compact subset, and the limit is a P,-function ¢g. Therefore we have
U?f(x)= f(d)q(x) for any couple (f, xX). We shall show p=¢q. Let x be a
point such that p(x) <oco and p°r*(x)=0, and let f, € C/(X—{x}), n=1, be
such that f,11lx.-z» The measure U?(x, dy) being absolutely continuous
relative to poo*(dy), we have p(x)=U?Ply, » =1im U?f,(x)=q(x). Since the
points where g°¢%({x})>0 are at most countable and the set of points of
infinity of p is a polar set, we have p=q.

REMARK . ’T‘-topology induced on &, coincides with the compact conver-
gence topology on X.

We have seen that & is a metrisable convex cone with a compact base
in the locally convex separated topological vector space [?] and & is a lattice
relative to the specific order defined in [2]. Thus we can apply Choquet’s
representation theorem.



Non-negative fullsuperharmonic functions 515

THEOREM 6.7. Let K be a compact base of P. Every p= P has a unique
representation

6.1) p= j uv(du)

with the aid of a Radon measure v=0 on KX which is supported by the set of
extreme points of K".

The vectorial integral means that, if [ p, p’1— L(p, p’) is a continuous
linear form on [%], we have

L(p) = j L(u)v(du) .

REMARK. From a general property as for semi-continuous affine func-
tionals over a compact base of a convex cone in a locally convex space
(Lemma 9.7 of we have the following formula:

©.1y O(p) = [ OGuy(du)

for any affine lower (or upper) semi-continuous functional @ on X whenever
p e @ is represented as [(6.1)

Here we shall study the extreme rays of <.

A ray p of a convex cone C is a set of the form R*x= {4x; 4= 0} where
xeC, x+0. A ray p of C is called an exireme ray of C if whenever x<p
and x=Ay+(1—2Az (y,z=C), then y, z= p. We denote by (C)., the union of
extreme rays of C; this set has the following useful descriptions: Suppose
xe C, then x is in an extreme ray if and only if x=y+42(y, z= C) implies
y, ze R*x. Let < denote the partial ordering induced by the cone C on the
linear space C—C. x&C is an extreme ray of C if and only if y=Ax (for
some 4=0) whenever 0<y<x. If C has a base B then p is an extreme ray
of C if and only if p intersects B in an extreme point of B. It holds that
the intersection of extreme rays with B is exactly the extreme points of B;
ex B=B " (C).s.

In the sequel we denote the set (P, (Pi)er and (Pp)ex by &, &; and &,
respectively. Let p=&. Then from the above description of extreme rays
it follows that p—Bp, Bp = R*p. Hence p must be either in &, or in £,.

PROPOSITION 6.8.

8:81;U8b, 81:8mg)7', 81;:8(\-@1)-

PROOF. Let pe¢&,; and p=ar+(1—a)s for some 7,s€2P and 0<a<lL
It follows ar<p and (1—a)s<p. These relations are also true for the order
induced by the cone ¥; (Theorem 1.6), so we have 7, s R*p. Thus &, CEéNP..

7) The extreme points of X is a G;-set.
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The converse is obvious and we have &, =&\ P;. Now let p¢&, and p=ar
+(—a)s for 7, s€® and 0<a<1. From we have ar, (1—a)sS P,.
Hence 7, se Rtp. &,C &N P,. The converse is obvious and we have &,=
E N Py,

Every element p = &;, >0, is of one-point carrier. In fact, suppose that
Carr (p) contains two distinct points y, and y,. We have, for a compact set
K such that ylel(o' and Vv, & K, p=px+px_x. Since pe&, py_x must be
proportional to p. It follows pe‘ﬂ’(}%) and ylelér\Carr(p):ng, this is a
contradiction. Conversely every point y € X is the carrier of an element of
&;. Because the set of all P;-functions with carrier {y}, which are equal to
1 at a point x,# y, forms a closed convex subset of ?,N\P' ={pe P;; D(p)
=<1}, hence this is a compact convex set and has an extreme point.

We shall study the topology T induced on € or on €\ X for some com-
pact base X of ?. In the sequel we define, for the convenience, the carrier
of a P,-function as the point {0} ; C(p) € X if p= &, and C(p)={0d} if p € P,.
Let p=&. We have

UPf(x) = W? f(x)+ f(9) Bp(x)
0 if x=C(peX

FCPHp(x)  if x=C(D),

for any couple (f, x).

PROPOSITION 6.9. (a) The map C: p— C(p) from &;\J P, to X, is continuous.

(b) p—p(x) is continuous on &;,\J P, for x= C(p).

PROOF. (a) Let p,=¢&; and K be a compact neighborhood of C(p,) in X.
We take a point x X—K and a continuous function f which vanishes on
X—K and >0 at C(p,). U?Pf(x)=7px)-f(C(p,))>0. Hence cV={pess;;
U?f(x)=p(x)f(C(p)) >0} is a neighborhood of p, and p = <V implies C(p) € K.
Thus p— C(p) is continuous at p,. For p,= P, we can prove by the same
way if we take a Ge 9, x€ X—G, and a fe CF(X,) with f(0)>0 and f=0
on X—G. (b) Let x+ C(p,) and G be a neighborhood of C(p,) in X, such that
x&G. Let feCHX,—{x}) be such that f=1 on G. W= {pes&,JP,;
[UPf(0)—UPf(x)|<etn{pee&; C(p) = G} is a neighborhood of p,. We have,
for pe v, UPf(x)=p(x)f(C(p)) = p(x), so we have |p(x)—p,(x)|<e.

From the above (a) and (b) we see that;

(c) the map (p, x)— p(x) is lower semi-continuous on (€;\JPy)X X and is
continuous for x+ C(p). (The proof is the same as Lemma 5.7).

PROPOSITION 6.10. Let p, be a P;-function of carrier {y} such that, for
any x € X, the map y— p,(x) is continuous on X—{x}. If p,€&; for any yeX,
the map y—p, from X into &; is continuous.

PrOOF. Let y, be a sequence that converges to ¥y, in X. For any x+),
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and any f& CHX,—{x}), we have U?*f(x)= f(In)ba(x)— F(¥o)Ds()=U?*f(x),
where p,=p,, and p,=p,,. For x=y,and fe CHX,—{y,}) we have UP"f(x}
=UP f(x)=0 for large n. Therefore y—p, from X to &; is continuous.

In the following we shall prove that the formula [(6.I) holds as a function
on X (Theorem 6.13).

PROPOSITION 6.11. Let KX be a compact base of P and let v be a Radon
measure, =0, on KX NE. Then we have;

J'uv(du) e, f uy(du) € P,
EiNX
f uv(du) € @, .
Epnx

PrOOF. From Proposition 6.9 (c) the function

9(0) = [ u(Du(du)

is lower semi-continuous. If
j‘H"u(x)v(du) < oo

for any x and any regular neighborhood é of x, we have, by using Fubini’s
theorem, ¢ = S.(X). We have also ¢ = S, (X)= . The finiteness of

j H3u(x)v(du)

is verified as follows. Let f, x,, x, be the same as in Theorem 6.5. From
Lemma 5.1 there is a constant a >0 such that H(U?f)x) < aU?f(x,) and
HX(UPQA—f)(x) <aUP(Q—f)x,) for any pe L. Since p—U?Pf(x,) and p—
U?(1—f)(x,) are continuous, they are bounded on X. Hence H’p(x) is also
bounded on X, and it follows the finiteness of the above integral. Fubini’s
theprem also yields

5'6’ n

uy(du) € P,
pNX
and
j uv(du) € @ N J(X—A),
c-i(a)
where A is a compact subset of X and C!A)={uesenX; Clu) e A}. We
have

@ Bg>-{ undu),

and

aa>{_, usdu)

Cc-1(4)
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(The property (i) in section 1 and [Proposition 3.2). It follows from
3.10 that

9—Bg>| GO

Therefore
2 —Bg=
@ 9—Bgz [, un(du)
=f uy(du) .
&N

The inequalities (1) and (2) imply
Bq — f uy(du) ,
EpNX
and
g—Bg = f COEE S
COROLLARY 6.12.
-1

@ ={__, uCwdu)

for any compact set K of X and x& K.

Wi ={, = fC@uw(du)

for any couple (f, x).

The proof is the same as Proposition 5.4.

THEOREM 6.13. Let K be a compact base of @. Every p P has a unique
representation ;

6.2) p(x) = j u(v(dy), xeX,

by a Radon measure vy =0 on X, which is supported by €N XK. _
PROOF. Let v be the Radon measure on £ which appeared in the formula
(6.1). We have, for any couple (f, x),

Uf(x)= [ Uf(u(dg)

= a0 f(Clgv(dg) .

For every xe X let f, = C#{(X,—{x}) be such that f, 1 1y,-1». If x is a point
of X such that p(x) < oo and such that H%U?1,(x,)=0 and vw(E€ N K N Cx))
=0, we have p(x) = Urly,x(x)=limT U?f,(x)= lim 1 fQ(x)fn(C(q))v(dq)

=_fq(x)v(dq). Here we have used the fact that UP?(x, dy) is absolutely con-
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tinuous relative to the measure H%U?(-, dy)(x,). The points of X where
vENKNC(x) >0 or H?U?1,(x,) >0 holds are at most countable, and the
set of points of infinity of p is a polar set. Therefore the superharmonic

functions p and jqu(dq) must be identical. We shall prove the uniqueness

part of the theorem. Suppose p = 2 is represented as

P = a(pdg).

For any couple (f, x) we have, from [Proposition 6.11 and [Corollary 6.12

Uf(x) = W2f(D)+ f@BH®) = | F(C(@)a()p(da)
= [U*f(x)udg) .
Hence we have, for any continuous linear form L on [2],
L(p)= [ L(g)p(dg) .

Choquet’s theorem yields the uniqueness of p.
COROLLARY 6.14. Every p = P, admits a unique representation ;

(6.3) p={,  abnda,
and every p e P; admits a unique representation;
©9 p@={_  aGouda).

Further properties of the topology T.
Let p, be a P;-function with carrier at y such that y— p,(x) is continuous
on X—{x} for every x. Let a P;,-function p be represented by

80,20
p=[pd), =5
(Theorem 5.9). We know Carr(p)=Supp[4,]. Consider the map p— 4, from

2, 'into the set of Radon measures =0 on X. This map is bijective, (Theo-
rem 5.9).

(6.5) Let K be a compact set of X. The topology on the set CY(K)={pesP;;

Carr(p)c K} induced by T is the inverse image by the map p— A, of
the vague topology on the space of Radon measures =0 on K.

First we note that Upf(x)zfpy(x)f(y)zp(dy) for any couple (f, x) and
pE P, Since y—p,(x) is continuous on X—{x} the map A(dy)— p,(x)A(dy)
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from M. (K) into M.(X,—{x})® is continuous whenever these spaces are given
the vague topologies. Hence the map p—p,(x)2,(dy) from C-!(K) into
M(X,—{x}) is continuous whenever C *(K) is given the inverse image of the
vague topology on HM.(K). This topology is finer than T-topology on C-YK).
Conversely, choose a point x= X—K, and let ¢ (»)=(p,(x))!, y K. Since

the topology T lets the map p—+U1’(gox-f)(x):jf(y)z,,(dy) continuous for any

fe Cu(K), T is finer than the inverse image of the vague topology on H.(K).

(6.6) Let p, =P be a decreasing sequence (resp. increasing sequence with
supp, = P). Then p, is T—convergent to i;]\f pn (resp. sup p,).
n n

Every p, belongs to &“ for/s&me a>0. Hence there is a subsequence
p. which is T-convergent to liminf p,.. This proves (6.6).

(6.7) Let X be a compact base of the cone P. For every p=Ey N\ K, there is
a sequence p, < E;N\K such that it is ’T‘-convergent to p.

Since p= &, N\ KX is an extreme point of the compact convex set X, the
traces on £\ X of the open half-spaces in [2] that contain p form a funda-
mental system <(p) of neighborhoods in &€ X of p ([6], p. 108). Let e
cY(p) be such that; <V ={ge X NE; ¢(q) > a}, where ¢ is a continuous linear
form, #0, on [¢] and a« >0. By virtue of [Proposition 1.2 and (6.6) we can
find a g= P; V. ¢ is represented as

q= fuv(du)

by a probability measure on X which is supported by &, "X (Corollary 6.15
and Proposition 6.7). If &,N\NHA NV = ¢ then

a < p@)= [ pum(dn) < o

which is contradictory. &,NKX NV + ¢ for any &V = <Y(p). Hence there is
a sequence p, €&, KX that converges to p.

§7. Representation of P,-functions. Ideal boundary of X.

In this section we shall adopt the hypothesis of proportionality, that is,
for every point y of X all P;,-functions > 0 with carrier at y are proportional.
In this case we can identify X homeomorphically with the extreme P;-func-
tions of some compact base of P, and the closure of this set contains the

8) ML(A) is the set of finite measures =0 on the locally compact space A.
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extreme P,-functions of the compact base. This is Kuramochi compactifica-
tion of X with respect to the fullharmonic structure 4.

Let x, and x, be two distinct points of X and let §, and J, be disjoint
regular neighborhoods of x, and x, respectively. Let f, € C.(X,) be such that
fo=0o0n 6, and f,=1 on §,, and 0< /, <1 on X,—4,Jd,. The set

Ko={p e P; Urf(x)+U?A— f)(x;) =1}

forms a compact base of @ as we have seen in We define a
function a,(y) on X as follows;

1
BN A S D) 0TI F I YE R
B! _
aly) = le(xz) for y=x,
for Yy=Xx,.

1
JNED)
ay(¥) is a continuous function and a,(y)p, € K, NE; for any ye X. We shall
denote it by k,(-).

PROPOSITION 7.1. The correspondence y— k, gives a homeomorphism from
X onto &; M K,.

PROOF. Let y= X. The set of all functions p € X, N\ P; with C(p)={y}
is not empty and forms a closed convex subset of X, hence this set is com-
pact convex and has an extreme point ¢g=&; N\ X, From our assumption
(7) q is written as ¢= B(»)p,. It is easy to see B(¥)=a(y). Thus y—a(p,
=k, is bijective. From Propositions 6.9 and 6.10 this map is a homeomor- .

phism from X onto &; N\ X,.
We recall that, for any subset .4 of @, the collection of all sets in AX A

of the form
{(p, )€ AXA; |UPf(xp)—Uif;(xpl<e, 1=j=n},

where each (f;, x;) is a couple and ¢>0, forms a fundamental system of
entourages of the uniformity induced on £ by that of [#]. This uniformity
defines ’T—topology on A and the T-closure .7 is complete (Theorem 6.6).

Let U* be the uniformity on X which is the inverse image of the uni-
formity on &; N\, under the map y— k,, that is, U* is the coarest uniformity
on X for which the map y—#k, is uniformly continuous. The fundamental
system of entourages of U* is given by the sets of the form

{1, ¥) € XXX 5 | [1(0Dky (x)—f1(V)Ry,(x) | <&, 1 =j=n},

where (f;, x;)’s are couples and ¢ >0. The topology on X induced by U* is
the inverse image under the map y—k, of ’T‘-topology, hence this topology
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is the original topology on X. Since y—k, is bijective from X onto &;N\X,,
the entourages on &; "\ X, are the direct images under this map of the entou-
rages in U*, hence X and &; "\ X, are isomorphic as uniform spaces. It fol-
lows that the inverse of the map y—k, is also uniformly continuous [5,
Chap. 1I, 2.4].

Let X* be the completion of X with respect to U*. The isomorphism
of X onto E; K, extends to an isomorphism of X* onto &; N\ X, [5, Chap. II,
3.6]. In particular X* and &;N\ X, are homeomorphic. The map y— £k, is
continuously extended over X*, which we shall denote by &— ks, & X*.

THEOREM 7.2. (1) X* is a compactification of X.

(2) The function &— ke(x) is continuous on X*—{x}, for every x<= X.

B) EnNH,Clke; E€e X¥—X} T PyN\ K.

(4) There is a constant y >0 such that

71,« SDk) =7 for every £ X*.

PrROOF. We have already proved (1). We shall prove (3). The first inclu-
sion relation follows from (6.7). For any £& X*—X, ke is a T-limit of a
Cauchy sequence k,,, y, € X, such that y, has no accumulation point in X.
We see from the remark after Theorem 6.6 that k,, converges locally uni-
formly on X. Hence k¢ is harmonic and ks € @, N\ K, (2) From Proposition
6.9 p— p(x) is continuous on &;\J P, whenever x+ C(p). On the other hand
the map £—k; from X* onto &;\ X, is continuous, and &;, N K, &E;\J P,
from the above. Hence £— ks(x) is continuous on X*—{x} for any xe X.
(4) From Lemma 5.1 there is a constant 7 >0 such that

L UPfe) < HOUfiGe) < 1U )
and
- U?(A—fo)(x) = H*U P(1— fo)(xo)
=7UPA—fo)(x,) .
Therefore we have ——71;— = D(p) =y for any p & K,

<!

DEFINITION.
4d=X*—X,
di={fsd; ke &N K,}.
The function (x, &) — ks(x) on X X 4 is continuous. In fact, let (a, b)e X x4

and ¢ >0. Since k;, £ 4, is harmonic, we have, from Lemma 5.1,

l—e=Z __ki(f)u <l-+e

Tke(@) T
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on a relatively compact neighborhood U of a for any £ = 4. Take a neigh-
borhood V of b in X* such that
ke(a)
l—e= 57 <14¢
ky(a)
for every £= V. Then we have

2 ke(x) 2
(1—9) é—k-iw—)é(l-!-e) .
Thus (x, &§)— ks(x) is continuous at (a, b).
Like the proof of [Proposition 5.8, it is verified that (x, &) — ks(x) is lower
semi-continuous on XX X*. .
PROPOSITION 7.3. Let pn be a Radon measure =0 on X*. Then we have

p=[kpdd) s .

If p is supported by the set 4 we have p = P,.
The proof is the same as [Proposition 6.11.
THEOREM 7.4. Every p= P (rvesp. P,) has a unique representation

p= [ kev(d)

by a Radon measure v=0 on X* which is supported by 4,\J X (resp. 4,). The
total variation of v is given by

v(X*) = U? fo(x)+UPQA—fo) (%) .

This theorem follows from [Theorem 6.13
The measure v is called the canonical measure of p.
LEMMA 7.5. Let p,, n=1, be a sequence of Radon measures =0 on X*.

Let

Po= [ kepta(d®).

{f p, converges vaguely to a Radon measure p on X* and if p, converges to
apeP in ’T‘-topology, then

p=[kep(d®).

PROOF. Let L be a continuous linear form on [%] of the form L(p, p’)
=U?f(x)—U? f(x), for a couple (f, x). Since £— k¢ is a continuous map from
X* into K, and p, is T-convergent to p, we have

L($p) =lim L(py) =lim | L(k)1a(d&)

= [Ltkpae) = L[ kepr(d®).
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Therefore

p= [ kepu(dg)

in [¢]. Like the proof of [Theorem 6.13 we get the above equality as func-
tiens on X.

THEOREM 7.6. Let pe P and F be a subset of X. There is a Radon mea-
sure =0 on X* which is supported by the closure of F in X* such that

R7p=[kep(ds).

PrOOF. Let (K,) be an exhaustion of X by compact sets. We have
RFp=1im } RFNEnp. From (6.6) RF'Xzp are T-convergent to RFp. The fact

n—oo

that RFNEnp e @ N H(X—K,) and Theorem 5.9 imply the existence of a Radon
measure g, on X such that

R78np = [ by

Let r be the constant of Theorem 7.2 (4), then we have; the total mass of
. =7-D(p). Hence we can extract from the sequence p,, considered as
measures on X* a subsequence p, that converges vaguely to a Radon mea-
sure ¢ on X* In view of Lemma 7.5 we have

Rep= [ ke(de) .

tt. is supported by F\ K, (Corollary 5.4), so p is supported by the closure
of F in X*.

LEMMA 7.7. Let G be an open set of X. Then, for every xe< X, the map
p— REp(x) on P is lower semi-continuous.

PROOF. Let a sequence p,= P be convergent to a p=P. We have
pzliﬁfpn. Let u,=R¢p, and u=liminfu,. Then u,e® u,=p, on G
e ®. Since u(y)=Iliminf p,(y»)=p(y) for all y=G, it follows #=p on G.
Hence u=#%= R®p on X. This proves the lower semi-continuity of p—R¢p(x).

THEOREM 7.8. Let G be an open set of X. Let p= P and let v be the
canonical measure of p. Then we have

ROp= j ROE(dE) .

PrOOF. The function ¢g— R%(x) being affine lower semi-continuous on
K, we have,
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Rép(x) = j MXORGu(x)v’(du)

from [6.1Y, where v/ is the unique measure on £\ X, that represents p.
Therefore

[y}

[8]
0o ]
[10]
[11]
[12]
[13]
[14]

{15]
(16]

7]

REp(x) = [ ROke(x)(dé) .
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