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INTRODUCTION

Recent authors dealing with the classification of pseudogroups have
treated the case where the group of first order terms is irreducible. Here
the simplest of the reducible cases is treated; a classification is given of all
pseudogroups whose first order terms generate the entire one dimensional

foliation group ( $d_{j}^{b_{i}}i$).
These pseudogroups are classified modulo equivalence by coordinate

changes in $R^{N}$ ; there are then 19 major classes of such pseudogroups, of
which 2 are families of pseudogroups parameterized by a real constant, and
3 are families parameterized by a positive integral constant.

The classification proceeds in two steps. Step I is a classification of
certain graded Lie algebras; such algebras appear in most pseudogroup
theories. Step II is a solution of the equivalence problem and the actual
derivation of the pseudogroups; here use is made of a theory due to R. C.
Gunning at Princeton of pseudogroups defined by differential equations with
constant coefficients.

Since Gunning has not published a detailed description of his theory, the
first chapter of this paper contains a summary of his results. This theory
is more restrictive than many recent treatments, but has the advantage of
keeping formulas attractively explicit. Gunning considers the terms of order
$\leqq n$ in the power series expansions of $C^{\infty}$ functions at some fixed point $x$ ;
these form the elements of a group $\tilde{G}_{x}^{n}$ . Those terms in $\tilde{G}_{x}^{n}$ coming from
the expansion of the functions of a pseudogroup $\Gamma$ form a subgroup $G_{x}^{n}$ of
$\tilde{G}_{x}^{n}$ . If the differential equations defining $\Gamma$ have constant coefficients, this
subgroup $G^{n}$ does not vary over the manifold, and so can be used to define
$\Gamma$ . Hence $\Gamma$ can be analyzed indirectly using Lie group methods on $G^{n}$ .

For simplicity, Gunning omits terms of order $0$ ; thus all pseudogroups
are transitive. If local coordinates are chosen, the group $\tilde{G}^{n}$ can be given
very explicitly. In particular, $\tilde{G}^{1}$ is just $GL(N, R)$ , and $G^{1}$ is precisely the
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group of all first order terms ( $\frac{\partial f^{i}}{\partial x_{j}}$). The classification problem can then

be stated as follows: given the first order terms $G^{1}$ , find all possible pseudo-
groups $\{G^{n}\}$ built over this first order group.

If a new coordinate system is chosen given by a coordinate transforma-
tion $\psi$ , a new pseudogroup $\psi^{-1}\circ\Gamma\circ\psi$ is formed; this pseudogroup is naturally
considered equivalent to $\Gamma$ , and the above classification problem is stated
modulo this equivalence relation.

We will constantly use the results of the classification when $G^{1}=GL(N, R)$

(see Guillemin and Sternberg, [3]); these results are given at the end of
chapter I. All of the results in this paper hold in two cases: one where $C^{\infty}$

real manifolds are involved, and all algebras and groups are real, the other
where complex analytic manifolds are involved, and all algebras and groups
are complex. For convenience I shall write only of the first case and let
the reader fill in the details of the second.

The results of this paper were obtained in my thesis, written under
Gunning’s direction; I am grateful to him for help and encouragement.

CHAPTER I: THE THEORETICAL FRAMEWORK

A. Locally-Flat Continuous Pseudogroups

1. $\tilde{G}^{n}$

Suppose $f=(f^{1}, f^{N})$ is a $C^{\infty}$ map from $R^{N}$ to $R^{N}$ . If $x\in R^{N}$, we can
consider

$\langle\frac{\partial f^{i}}{\partial x_{j}}|_{x}\frac{\partial^{2}f^{i}}{\partial x_{j_{1}}\partial x_{j_{2}}}|_{x},$ $\frac{\partial^{n}f^{i}}{\partial x_{j_{1}}\cdots\partial x_{j_{n}}}|_{x}\rangle=\langle\xi_{j}^{i}, \xi_{j_{1}\cdots j_{n}}^{i}\rangle$ .

Notice that $\xi_{j_{1}\cdots j_{k}}^{i}$ belongs to the space $T^{k}(N, R)$ of tensors fully symmetric
in the lower indices. If $f$ is a local diffeomorphism, the matrix $\xi_{j}^{i}$ is non-
singular.

Let $\tilde{G}^{n}(N, R)$ be the set of all elements $\langle\xi_{j}^{i}$ , $\cdot$ .. , $\xi_{j_{1}\cdots j_{n}}^{i}\rangle$ with $\xi_{j}^{i}$ non-
singular, $\xi_{j_{1}\cdots j_{k}}^{i}\in T^{k}(N, R)$ . For each local diffeomorphism $f:R^{N}\rightarrow R^{N}$ and
$x\in R^{N}$ there is an associated element $\eta_{x}(f)\in\tilde{G}^{n}$ , described above. It is pos-
sible to make $\tilde{G}^{n}$ into a (Lie) group so that $\eta_{x}(f\circ g)=\eta_{g(x)}(f)\circ\eta_{x}(g)$ . We
wish to describe this group operation explicitly. Let $\theta=\xi\circ\nu$ ; clearly we
expect $\theta_{j_{1}\cdots j_{n}}^{i}$ to be a sum of terms of the form

$\sum_{k_{1}\cdots k_{q}}\xi_{k_{1}\cdots k_{q}}^{i}\nu_{j_{1}\cdots j_{a_{1}}}^{k_{1}}\nu_{j_{a_{1}+1}\cdots j_{a_{1}}+a_{2}}^{k_{2}}\cdots\nu^{k_{q_{j_{a_{I}}+\cdots+a_{q-1}j_{n}}}}\ldots$
.

However this expression is not necessarily symmetric in $j_{1},$ $j_{n}$ ; we intro-
duce an operator $S$ which, roughly speaking, is a “ minimal symmetrization “
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operator. For example,

$S\sum\xi_{k_{1}k_{2}}^{i}\nu_{j_{1}j_{2}}^{k_{1}}\nu_{j_{3}}^{k_{2}}=\Sigma\xi_{k_{1}k_{2}}^{i}\nu_{j_{1}j_{2}}^{k_{1}}\nu_{j_{3}}^{k_{2}}$

$+\Sigma\xi_{k_{1}k_{2}}^{i}\nu_{j_{1}j_{8}}^{k_{1}}\nu_{j_{2}}^{k_{2}}+\Sigma\xi_{k_{1}k_{2}}^{i}\nu_{j_{2}j_{3}}^{k_{1}}\nu_{j_{1}}^{k_{2}}$ .

The reader can easily write down the general definition of $S$ .
THEOREM 1. If $\theta=\xi\circ\nu$ ,

$\theta^{i_{j_{1}\cdots j_{n}}}=\sum_{q1\leqq_{+^{a}\cdot\cdot+a_{q}=^{a_{n}}}}\sum_{!^{\leqq\cdot\leqq q}a_{1}}..S\sum_{1k\cdots kq}\xi_{k_{1}\cdots k_{q^{\nu^{k_{1}}}J_{1}\cdots Ja_{1}}}^{\iota}\cdots\nu_{J_{a_{1}+}=\cdot\cdot Jn}^{k_{q}}$

.

In particular

$\theta^{i_{j}}$

$=\sum_{k}\xi^{i_{k}}\nu_{j}^{k}$

$\theta^{i_{j_{1}j_{2}}}$

$=\sum_{k}\xi^{i_{k}}\nu_{j_{1}j_{2}}^{k}+\sum_{k_{1}k_{2}}\xi_{k_{1}k_{2}}^{i}\nu_{j_{1}}^{k_{1}}\nu_{j_{2}}^{k_{2}}$

$\theta^{i_{j_{1}j_{2}j_{3}}}=\sum_{k}\xi_{k}^{i}\nu_{j_{1}j_{2}j_{3}}^{k}+S\sum_{k_{1}k_{2}}\xi_{k_{1}k_{2}}^{i}\nu^{k_{1_{j_{1}}}}\nu^{k_{2_{j_{2}j_{S}}}}$

$+\sum_{k_{1}k_{2}k_{3}}\xi_{kkk}^{i}\nu^{k_{1}}\nu_{j_{2}}^{k_{2}}\nu_{j_{3}}^{k_{3}}$ .
We shall in the main deal with Lie algebras rather than Lie groups.

The Lie algebra $\tilde{g}^{n}$ of $\tilde{G}^{n}$ can be identified with all $\langle A^{i_{j}}$ , $\cdot$ .. , $A_{J_{1}\cdots J_{n}}^{i}\rangle,$ $A_{j_{1}\cdots j_{k}}^{i}$

$\in T^{k}(N, R)$ , in such a way that if $\xi_{j_{1}\cdots j_{k}}^{i}(t)$ is a path in $\tilde{G}^{n}$ with $\xi(0)=identity$,

then $\xi^{*}(\frac{d}{dt})=\frac{d}{dt}\xi_{j_{1}\cdots j_{k}}^{i}(t)|_{t=0}=A_{j_{1}\cdots j_{k}}^{i}$ . Moreover, we have

THEOREM 2. If $C=[A, B]$ ,

$C_{j_{1}\cdots j_{n}}^{i}=\sum_{k}\sum_{\lambda}\{A_{j_{1}\cdots k\cdots j_{n}}^{i}B_{J_{\lambda}}^{k}-B_{j_{1}\cdots k\cdots j_{n}}^{i}A_{J_{\lambda}}^{k}\}$

$+\sum_{k}\sum_{\lambda=1}^{n-1}S\{A_{kj_{1}\cdots J_{\lambda-1}}^{i}B_{J_{\lambda}\cdots J_{n}}^{k}-B_{kj_{1}\cdots j_{\lambda-1}}^{i}A_{j_{\lambda}\cdots j_{n}}^{k}\}$

and in particular

$C_{j}^{i}$ $=\sum\{A_{k}^{i}B_{j}^{k}-B_{k}^{i}A_{j}^{k}\}$

$C_{j_{1}j_{2}}^{i}$ $=\Sigma\{A_{k}^{i}B_{j_{1}j_{2}}^{k}-B_{kj_{1}j_{2}}^{i}A^{k}\}+S\sum\{A_{j_{1}k}^{i}B_{j_{2}}^{k}-B_{j_{1}k}^{i}A_{j_{2}}^{k}\}$

$C_{j_{1}j_{2}j_{3}}^{i}=\sum\{A_{k}^{i}B_{j_{1}j_{2}j_{3}}^{k}-B_{k}^{i}A_{j_{1}f_{2}j_{3}}^{k}\}$

$+S\sum\{A_{j_{1}k}^{i}B_{j_{2}j_{3}}^{k}-B_{j_{1}k}^{i}A_{j_{2}j_{3}}^{k}\}$

$+S\sum\{A_{j_{1}j_{2}k}^{i}B_{j_{3}}^{k}-B_{j_{1}j_{2}k}^{i}A_{j_{3}}^{k}\}$ .
Finally, we have a series of obvious maps $\sigma$ from $\tilde{G}^{n}$ to $\tilde{G}^{n-1}$ ,

$\sigma:\langle\xi_{j}^{i}, ’ \xi_{j_{1}\cdots j_{n}}^{i}\rangle\rightarrow\langle\xi_{j}^{i}, \xi_{J_{1}\cdots J_{n}-1}^{i}\rangle$ .
Of course $\sigma(\eta^{n_{x}}(f))=\eta_{x}^{n- 1}(f)$ . The $\sigma$ maps induce corresponding maps be-
tween Lie algebras, also denoted $\sigma$ .
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2. Definition and Fundamental Properties of Pseudogroups

A differential equation with no terms of order $0$ has the form

$\{F_{k}(-\partial_{X^{-,\frac{\partial^{2}\psi^{\mathfrak{i}}}{\partial x_{j_{1}}\partial x_{j_{l}}}}}\partial\psi_{j^{i}}\ldots$ $\frac{\partial^{n}\psi^{i}}{\partial x_{j_{1}}\cdots\partial x_{J_{n}}})=0\}$ $1\leqq k\leqq m$ ;

we then define a subset $G_{x}^{n}$ of $\tilde{G}^{n}$ by

$G^{n_{x}}=\{\langle\xi_{j}^{i}, \xi_{j_{1}\cdots j_{n}}^{i}\rangle|F_{k}(\xi_{j}^{i}, \xi_{J_{1}\cdots J_{n}}^{i})|_{x}=0\}$ .
Clearly $\psi$ solves the differential equation at $x\Leftrightarrow\eta_{x}(\psi)\in G^{n_{x}}$ .

If the differential equation has constant coefficients, $G^{n_{x}}$ does not depend
on $x$ and we can write simply $G^{n}$ . If $G^{n}$ is a group, the solutions of the
differential equation form a pseudogroup since $\eta_{x}(\psi\circ\theta)=\eta_{\theta(x)}(\psi)\circ\eta_{x}(\theta)$ .
These remarks lead to the following definition:

DEFINITION. Let $\Gamma$ be a $C^{\infty}$ pseudogroup on a manifold $M$. We call $\Gamma$

a continuous locally-flat pseudogroup if at each point of $M$ it is possible to
choose a local coordinate neighborhood $(\mathcal{U}, x_{1}, x_{N})$ and connected Lie sub-
groups $G^{n}$ of $\tilde{G}^{n}(N, R)$ , so that

(1) $f\in\Gamma|\mathcal{U}t\Rightarrow\eta_{x}(f)\in G^{n}$ for all $x\in \mathcal{U}$ , and all $n$ ;
(2) every $\xi\in G^{n}$ can be realized by $\eta_{x}(f)$ for some $x\in \mathcal{U},$ $f\in\Gamma|\mathcal{U}$ ;
(3) the natural maps $\sigma;G^{n}\rightarrow G^{n-1}$ are continuous.
The natural map in (3) is defined since (2) clearly implies that the maps

$\sigma:\tilde{G}^{n}\rightarrow\tilde{G}^{n-1}$ take $G^{n}$ to $G^{n-1}$ . The condition that $G^{n}$ be connected is chosen
purely for convenience; a weaker assumption could certainly be made. The
purpose of (3) is to insure that the $G^{n}’ s$ are given a consistent topology.

Since we shall discuss only pseudogroups of the above type in the
remainder of this paper, the term ” pseudogroup ” will henceforth be used
for “ locally-flat continuous pseudogroup “. We will only deal with the local
situation and so always think of $M$ as an open neighborhood of the origin
in $R^{N}$ .

It should be noted that (1) automatically guarantees that $\{f|\eta_{x}(f)\in G^{n}$

for all $x\in \mathcal{U}$ and all $n$ } is a pseudogroup; condition (2) puts very severe
limitations on $G^{n}$ .

Since by this definition $G^{n}$ determines the pseudogroup $\Gamma$ , we now shift
our attention to $G^{n}$ ; since $G^{n}$ is connected, it is sufficient to study the Lie
algebra $g^{n}$ of $G^{n}$ .

The above conditions limit the possibilities for $g^{n}$ ; we give below certain
necessary conditions that $g^{n}$ yield a pseudogroup. In the particular cases
we discuss, it will be a consequence of the classification theorem that these
necessary conditions are also sufficient.

LEMMA 1. If $\{g^{n}\}$ gives a pseudogroup, the map $\sigma:g^{n}\rightarrow g^{n-1}$ is onto.
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PROOF. This is an obvious consequence of the definition above.
DEFINITION. Let $1\leqq k\leqq N$. Define $\tau_{k}$ : $T^{r}(N, R)\rightarrow T^{r-1}(N, R)$ by $\tau_{k}(\xi)_{J_{1}\cdots Jr-1}^{i}$

$=\xi_{kj_{1}\cdots jr-1}^{i}$ . Similarly define $\tau_{k}$ ; $\tilde{g}^{n}\rightarrow\tilde{g}^{n-1}$ by $\langle\tau_{k}(A)^{i_{j}}, \tau_{k}(A)^{i_{j_{1}\cdots j_{n-1}}}\rangle=\langle A_{kj}^{i}$ ,
... , $ A_{kj_{1}\cdots j_{n-1}}^{i}\rangle$ .

DEFINITION. Let $g^{n-1}$ be a linear subspace of $\tilde{g}^{n-1}$ . Then $\Lambda^{n}g^{n-1}$ , a linear
subspace of $\tilde{g}^{n}$ , is the set of all $A$ in $\tilde{g}^{n}$ , such that

(1) $\sigma(A)\in g^{n-1}$

(2) $\tau_{k}(A)\in g^{n-1}$ for all $1\leqq k\leqq N$.
LEMMA 2. Let $G^{n}$ define a pseudogroup, and suppose $\xi\in G^{n}$ . Then $\tau_{k}(\xi)$

$\circ\sigma(\xi^{-1})\in g^{n-1}$ . (Composition is in the sense of the group operation in $G^{n-1}.$)

PROOF. Since $\xi\in G^{n}$ , we can find $ f\in\Gamma$ such that $\eta_{0}(f)=\xi,$ $\eta_{x}(f)\in G^{n}$

for all $x\in \mathcal{U}$ . Thus $\psi(t)=[\eta_{(0\cdots t\cdots 0)}(f)]\circ[\eta_{0}(f)]^{-1}\in G^{n}$ for $|t|<\epsilon$ . But $\psi(0)$ is

the identity, so $\frac{d}{dt}\psi(t)|_{t=0}\in g^{n}$, so $\sigma(\frac{d}{dt}\psi(t)|_{t=0})\in g^{n-1}$ .
But

$\eta_{(0\cdots i\cdots 0)}(f)=(\frac{\partial}{\partial}(0\cdots t\cdots 0),$$\frac{\partial^{2}f^{i}}{\partial x_{j_{1}}\partial x_{j_{2}}}(0\cdots t\cdots 0)f_{j^{i}}\overline{x}$ $)$

and so

$\frac{d}{dt}\eta_{(0\cdots t\cdots 0)}(f)|_{t=0}=(\frac{\partial^{2}}{\partial x}\frac{f^{i}}{\partial x_{j}}\frac{\partial^{3}f^{i}}{\partial x_{k}\partial x_{j_{1}}\partial x_{j_{2}}}k$ $)$ ;

the rest is obvious by inspection.
LEMMA 3. Let $\{g^{n}\}$ define a pseudogroup and $A\in g^{n}$ . Then $\tau_{k}(A)\in g^{n-1}$ .
PROOF. If $A\in g^{n}$ , we can find $\xi(t)$ in $G^{n},$ $\frac{d}{d}\xi_{-}t=A$ . Then $\psi(t)=\tau_{k}(\xi(t))$

$\iota\circ\sigma[\xi(t)]^{-1}\in g^{n-1}$ for all $t$ . Hence since $g^{n-1}$ is a linear subspace, $\frac{d}{dt}\psi(t)|_{t=0}$

$\in g^{n-1}$ . This is

$\{\frac{d}{dt}\tau_{k}(\xi(t))|_{t=0}\}\circ\sigma(\xi(0))^{-1}+\{\tau_{k}(\xi(0))\}\circ\frac{d}{dt}\sigma(\xi(t))^{-1}|_{t=0}$ .

Since $\sigma(\xi(0))^{-1}=the$ identity and $\tau_{k}(\xi(0))=0$ the lemma is clear.
LEMMA 4. If $\{g^{n}\}$ defines a pseudogroup, $g^{n}\subseteqq\Lambda^{n}g^{n-1}$ .
PROOF. A consequence of the above lemmas.
THEOREM 3. If $g^{1},$ $g^{2},$ $g^{n},$ $\cdots$ yields a pseudogroup,
(1) $\sigma:g^{n}\rightarrow g^{n-1}$ is onto
(2) $g^{n}\subseteqq\Lambda^{n}g^{n-1}$ .
Let $G^{1}$ be a connected Lie subgroup of $GL(N, R)$ ; we want to find all

pseudogroups with $G^{1}$ as the group of first order terms. This suggests:
CLASSIFICATION PROBLEM. Given $g^{1}$ a Lie subalgebra of $g^{1}(N, R)$ , find

all series of subalgebras $g^{n}\subseteqq\tilde{g}^{n}$ satisfying the above conditions.
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3. The Kernel Sequence

Since $g^{n}\rightarrow g^{n- 1}$ is onto, we have an exact sequence

$0\rightarrow k^{n}\rightarrow g^{n}\rightarrow g^{n-1}\rightarrow 0$

where $k^{n}\subseteqq T^{n}(N, R)$ . $k^{n}$ is called the $n^{th}$ kernel of the pseudogroup; the
sequence of $k^{n}’ s$ is called the kernel sequence. By definition, $k^{1}=g^{1}$ .

In solving the above classification problem, we propose first to classify
all possible kernel sequences and then to classify all extensions $0\rightarrow k^{n}\rightarrow 7$

$\rightarrow g^{n-1}\rightarrow 0$ .
LEMMA 5. $\Lambda^{k}k^{n- 1}\supseteqq k^{n}$ .
PROOF. If $\langle 0, \cdots , 0, A_{j_{1}\cdots j_{n}}^{i}\rangle\in k^{n}\subseteqq g^{n}$ , then $\tau_{k}\langle 0, 0, A_{j_{1}\cdots j_{n}}^{i}\rangle=\langle 0,$ $\cdots$ ,

$A_{kj_{1}\cdots j_{n-1}}^{i}\rangle\in g^{n-1}$ , so it belongs to $k^{n-1}$ , hence the result.
Consider $A=\langle 0, 0, A_{j_{1}\cdots j_{k}}^{i}, 0, 0\rangle\in g^{n},$ $ B=\langle 0, 0, B^{i_{j_{1}\cdots j_{l}}}, 0, 0\rangle$

$\in g^{n}$ .
LEMMA 6. $[A, B]^{t_{j_{1}\cdots j_{r}}}$ is non-zero only if $r=k+l-1$ .
PROOF. Examine the explicit form of $[A, B]$ given previously and notice

that $[A, B]_{j_{1}\cdots j_{n}}^{i}$ involves only terms with $m$ indices multiplied by terms with
$n-m+1$ indices.

LEMMA 7. $[k^{n}, k^{m}]\subseteqq k^{n+m- 1}$ .
PROOF. A corollary of lemma 6.
THEOREM 4. The kernel sequence $g^{1}=k^{1},$ $k^{2},$ $k^{n},$ $\cdots$ must satisfy
(1) $[k^{n}, k^{m}]\subseteqq k^{n+m-1}$

(2) $k^{n}\subseteqq\Lambda^{n}k^{n-1}$ .
Conversely, if this is true and we let $g^{n}$ be the trivial extension of $g^{n-1}$ via $k^{n}$,
the $g^{n}$ satisfy the requirements of theorem 3.

PROOF. If $g^{n}$ has the form described in the last sentence, $g^{n}=\langle k^{1},$ $k^{2},$ $\cdots$ ,
$ k^{n}\rangle$ . It suffices if this is a subalgebra of $g^{n}$ , a result holding because of
Lemma 7. Hence

CLASSIFICATION PROBLEM. Find all sequences $k^{n}\subseteqq T^{n}(N, R)$ , such that
(1) $k^{1}=g^{1}$

(2) $[k^{l}, k^{m}]\subseteqq k^{l+m-1}$

(3) $k^{n}\subseteqq\Lambda^{n}k^{n- 1}$ .
LEMMA 8. If $A\in k^{1}$ , and $B\in k^{n}$ , then

$[A, B]_{j_{1}\cdots j_{n}}^{i}=\sum A_{k}^{i}B_{j_{1}\cdots j_{n}}^{k}-\sum B_{j_{1}\cdots k\cdots j_{n}}^{i}A_{j_{\lambda}}^{k}$ .
PROOF. A calculation, from the results obtained previously.
We denote the above by $[d\rho(A)B]^{i_{j_{1}\cdots j_{n}}}$ . It is clearly the Lie algebra

representation corresponding to the representation of $GL(N, R)$ on $T^{n}(N, R)$

given by
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$[\rho(\xi)\varphi]_{j_{1}\cdots j_{n}}^{i}=\sum\xi_{k}^{i}\varphi_{s_{1}\cdots s_{n}}^{k}(\xi^{-1})_{j_{1}}^{s_{1}}\cdots(\xi^{-1})^{s_{n_{j_{n}}}}$ .
Hence:

LEMMA 9. $k^{n}$ must be an invariant subspace of $T^{n}(N, R)$ under the stan-
dard representation of $G^{1}$ .

(For more on this representation, see chapter 4 of Weyl [9] or chapter
5 of Boerner [2].)

Interestingly enough, the kernel sequences appear in almost all approaches
to pseudogroup theory. See, for example, Guillemin and Sternberg [3], Koba-
yashi and Nagano [7].

4. Further Results on $g^{n}$ and $k^{n}$

LEMMA 10. If $A\in\tilde{g}^{n+1},$ $B\in\tilde{g}^{n+1}$ , then $\tau_{k}[A, B]=[\tau_{k}(A), \sigma(B)]+[\sigma(A)$ ,

$\tau_{k}(B)]+\sum_{r}\{B^{r_{k}}\tau_{r}(A)-A^{r_{k}}\tau_{r}(B)\}$ .
PROOF. Calculate from previous formulas.
LEMMA 11. Let $k^{1},$ $k^{2},$ $k^{n}$ satisfy
(1) $[k^{r}, k^{s}]\subseteqq k^{r+s-1}$ whenever $r\leqq n,$ $s\leqq n,$ $r+s-1\leqq n$

(2) $k^{r}\subseteqq\Lambda^{r}k^{r-1}$ whenever $r\leqq n$ .
Then $k^{1},$ $k^{2},$ $\cdots$ $k^{n},$ $\Lambda^{n+1}k^{n},$ $\Lambda^{n+2}\Lambda^{n+1}k^{n},$ $\cdots$ satisfies all requirements for a sequence
of kernels.

PROOF. Define $k^{r}=\Lambda^{r}\Lambda^{r-1}\cdots\Lambda^{n+1}k^{n}$ for $r>n$ . Since $k^{s}\subseteqq\Lambda^{s}k^{s-1}$ for all $s$ ,
we need only prove that if $A\in k^{m},$ $B\in k^{r}$ , then $[A, B]\in k^{m+r-1}$ . We prove
this by double induction, the principal induction being on $m$ . If $m=1$ and
$r\leqq n$ , then $m+r-1\leqq n$ and the result is true by assumption. Retaining the
assumption $m=1$ , we apply a sub-induction to $r$. If $r>n$ we need only prove
$\tau_{k}[A, B]\in k^{r-1}$ by definition of $k^{r}$ . But we can apply lemma 10 since
$k^{n}\subseteqq\tilde{g}^{n+a}$ for $a\geqq 0$ ; thus $\tau_{k}[A, B]=[\tau_{k}(A), B]+[A, \tau_{k}(B)]+\sum_{r}\{B^{r_{k}}\tau_{r}A-A^{r_{k}}\tau_{r}B\}$ .
But $A\in k^{1}$ , so $\tau_{k}(A)=0;B\in k^{r}$ so by definition $\tau_{k}(B)\in k^{r-1}$ ; then by sub-
induction $[A, \tau_{k}(B)]\in k^{r-1}$ ; finally $\sum A^{s_{k}}\tau_{s}(B)$ is a linear combination of ele-
ments of $k^{r-1}$ , so in $k^{r-1}$ . This completes the sub-induction step.

Assume the lemma for $m\leqq k$ , and let $m=k+1(m>1)$ . We again use a
sub-induction on $r$. If $r=1$ , we are done by the above, reversing the roles
of $A$ and $B$ . If $r>1$ , and $m+r-1\leqq n$ , then $m\leqq n,$ $r\leqq n$ , so $[A, B]\in k^{m+r-1}$

by assumption. If $m+r-1>n$ , we must prove $\tau_{s}[A, B]$ in $k^{m+r-2}$ or $[\tau_{s}A, B]$

$+[A, \tau_{s}B]+\sum_{w}\{B^{w_{S}}\tau_{w}A-A^{w_{S}}\tau_{w}B\}$ in $k^{m+r-2}$ . Since $r>1,$ $m>1,$ $B_{j}^{i}=A_{j}^{i}=0$ ,

and this last term vanishes; $[\tau_{s}A, B]\in k^{m+r- 2}$ by induction, $[A, \tau_{s}B]\in k^{m+r-2}$

by sub-induction.
The above lemma provides a way of constructing a kernel sequence when

part of one is at hand. It is a theorem of Kuranishi (the prolongation theo-
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rem) that every kernel sequence eventually becomes $\Lambda^{n+1}k^{n},$ $\Lambda^{n+2}\Lambda^{n+1}k^{n}$ , etc.
We do not need that theorem here (indeed our results will constitute a veri-
fication of the theorem in a particular case). However, we shall now show
how in the presence of such a kernel sequence the group $G^{n}$ determines the
pseudogroup (so $G^{n+1}$ , etc., are irrelevant).

LEMMA 12. If $g^{n}$ is an algebra, so is $\Lambda^{n+1}g^{n}$ .
PROOF. Since $[A, B]^{i_{j_{1}\cdots j_{k}}}$ depends only on terms of degree $\leqq k$ , if $A$ and

$B$ are in $\Lambda^{n+1}g^{n}$ then $\sigma[A, B]\in g^{n}$ . It suffices then if $\tau_{k}[A, B]\in g^{n}$ for fixed
$k$ . But this is clear from lemma 10.

THEOREM 5. Let $k^{1},$ $k^{n},$ $\Lambda^{n+1}k^{n},$ $\cdots$ be a kernel sequence, and let $g^{1},$ $\cdots$

$g^{n}$ be a sequence of subalgebras which fit this kernel sequence and satisfy
$g^{k}\subseteqq\Lambda^{k}g^{k-1}$ . Then if $g^{1},$ $g^{n}$ can be extended at all to give a complete series
of algebras, the extension must be $\Lambda^{n_{F1}}g^{n},$ $\Lambda^{n+2}\Lambda^{n+1}g^{n},$ $\cdots$ However, for this to
work we must have

$\sigma:\Lambda^{n\succ 1}g^{n}\rightarrow g^{n}$

$\sigma:\Lambda^{n+2}\Lambda^{n+1}g^{n}\rightarrow\Lambda^{n+1}g^{n}$

:

all onto. (That this is not necessarily so will become apparent later; this con-
dition will lead to integrability conditions for certain differential equations.)

PROOF. $0\rightarrow k^{n}\rightarrow g^{n}\rightarrow g^{n-1}\rightarrow 0$ is exact. Then consider

$0\rightarrow\Lambda^{n+1}k^{n}\sim^{\Lambda_{g^{n+1}}g^{n}}’\uparrow_{n+1}>g^{n}\rightarrow 0$

(The vertical map is given by inclusion.) Since $g^{n+1}\rightarrow g^{n}$ is required to be
onto, $\Lambda^{n+1}g^{n}\rightarrow g^{n}$ must be onto. Conversely, if this holds and if the top
sequence is exact, the 5-1emma guarantees that $g^{n+1}=\Lambda^{n+1}g^{n}$ . But the exact-
ness of the top sequence is clear; indeed if $\langle 0, \cdot.. , 0, A_{j_{1}\cdots j_{n+1}}^{i}\rangle\in\Lambda^{n+1}g^{n}$ , for
each fixed $ k\langle 0, 0, A_{kj_{1}\cdots j_{n}}^{i}\rangle$ is in $g^{n}$ , so $A_{kj_{1}\cdots j_{n}}^{i}\in k^{n}$ , so $A_{j_{1}\cdots j_{n+1}}^{i}\in\Lambda^{n+1}k^{n}$ .

$CoROLLARY$ . Let $k^{1},$ $\cdots$ , $k^{n},$ $\Lambda^{n+1}k^{n},$ $\cdots$ be a kernel sequence corresponding
to two pseudogroups $G^{1}$ , $\cdot$ .. , $G^{k}$ , $\cdot$ .. and $\check{G}^{1}$ , $\cdot$ .. , $\check{G}^{k}$ , $\cdot$ .. and suppose $G^{1}=\check{G}^{1}$ , $\cdot$ ,
$G^{n}=\check{G}^{n}$ . Then the two pseudogroups are identical.

PROOF. $g^{1}=\check{g}^{1},$ $g^{n}=\check{g}^{n}$, and the theorem then forces $g^{n+s}=\check{g}^{n+s}$ , and
so $G^{n+s}=\check{G}^{n+s}$ .

In this sense, for kernels of the above type finitely many $g^{k}’ s$ determine
the pseudogroup.
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5. A Well-Known Special Case

Suppose $G^{1}\subseteqq O(n)$ , the orthogonal group. Then $A_{j}^{i}\in g^{1}\Rightarrow A_{j}^{i}=-A^{j_{i}}$ .
Hence $\langle A_{j}^{i}, A_{j_{1}j_{2}}^{i}\rangle\in\Lambda^{2}g^{1}\Rightarrow A_{kj}^{i}=-A^{j_{ki}}=-A^{j_{ik}}=A_{ij}^{k}=A_{ji}^{k}=-A_{jk}^{i}=-A_{kj}^{i}$ ,

so $A_{kj}^{i}=0$ . As $g^{2}\subseteqq\Lambda^{2}g^{1}$ , we conclude that $ g^{2}=\langle A_{j}^{i}, 0\rangle$ , and in general that
$ g^{n}=\langle A_{j}^{i}, 0, \cdot.. , 0\rangle$ ; and so $ G^{n}=\langle G^{1},0, \cdot.. , 0\rangle$ . Thus the only possible pseudo-
group is

$\{y_{i}=\sum_{j}a_{ij}x_{j}+b_{i}\}$
$a_{ij}\in G^{1}$ .

This example, included only as a curiosity, illustrates how the conditions
on $g^{n}$ can severely limit the possible pseudogroups.

6. The Equivalence Relation

Let $M$ and $N$ be manifolds, $\psi:M\rightarrow N$ a diffeomorphism, and $\Gamma$ a pseudo-
group on $M$. Then $\psi\circ\Gamma\circ\psi^{-1}$ (the meaning of this notation is obvious) is
clearly a pseudogroup on $N$.

In particular, if $M$ and $N$ are open neighborhoods of $0$ on $R^{N}$ , and $\psi(0)$

$=0$ , we have a method of going from one pseudogroup $\Gamma$ to another $\psi\circ\Gamma\circ\psi_{r}^{-1}$

both defined in some neighborhood of the origin. Then:
DEFINITION. Let $\Gamma$ and $\Gamma^{\gamma}$ be (locally-flat continuous) pseudogroups de-

fined (in some neighborhood of the origin) by $G^{n}$ and $\check{G}^{n}$ respectively. We
say these pseudogroups are equivalent if a diffeomorphism $\psi:\mathcal{U}\rightarrow \mathcal{V}$ can
be found of sufficiently small neighborhoods of the origin, $\psi(0)=0$ , so that
$\Gamma|\mathcal{U}\cap \mathcal{V}=(\psi\circ\Gamma^{1}\circ\psi^{-1})|\mathcal{U}\cap \mathcal{V}$ .

We intend to show in chapter 3 that for the pseudogroups we classify,
the various extensions

$0\rightarrow k^{n}\rightarrow p\rightarrow g^{n-1}\rightarrow 0$

all yield equivalent pseudogroups, so we may take the trivial extension as
an example of the pseudogroup produced by $k^{n}$ .

7. Conclusion

The above remarks constitute in outline Gunning’s general theory. Fur-
ther developments, below, hold only if special assumptions on $g^{1}$ are made.

Clearly a number of questions remain unanswered; the most important
is whether the conditions listed in Theorem 3 are sufficient. Also unanswered
is the relation of the equivalence problem for pseudogroups to the extension
problem for our algebras. In our case the question of extension of $g^{n}$ to
$g^{n+1}$ via $k^{n+1}$ is only a matter of equivalent pseudogroups.
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B. Further Developments

1. The Case $E\in g^{1}$

Special formulas of a more precise nature hold in case the identity matrix
$E$ is in the Lie algebra $g^{1}$ .

Suppose we first examine $0\rightarrow k^{2}\rightarrow g^{2}\rightarrow g^{1}\rightarrow 0$ . Then there must be an
element $\langle E, \varphi\rangle\in g^{2}$ , since the last map is onto. Since $g^{2}\subseteqq\Lambda^{2}g^{1},$ $\varphi\in\Lambda^{2}k^{1}$ .
But we can add to $\varphi$ any element of $k^{2}$ , and so pick only one element in an

$\Lambda^{2}k^{1}$

equivalence class $\tilde{\varphi}\in\overline{k^{2}}$ . Now this $\varphi$ determines $g^{2}$ completely.

LEMMA 13.

$g_{\varphi}^{2}=\{\langle A_{j}^{i}, A_{j_{1}j_{2}}^{i}\rangle|A_{j_{1}j_{2}}^{i}=-[d\rho(A_{j}^{i})\varphi]^{i_{j_{1}j_{2}}}+k^{2}\}$ .
PROOF. A simple calculation.
It should be emphasized that $g_{\varphi}^{2}$ need not be an element of a chain, since

$\Lambda^{8}g_{\varphi}^{2}\rightarrow g_{\varphi}^{2}$ need not be onto. If $\varphi=0$ , we have the trivial extension, which
always is part of a chain.

DEFINITION. $\theta_{\varphi}^{2}$ : $\tilde{G}^{2}\rightarrow T^{2}(N, R)$ is defined by

$[\theta_{\varphi}^{2}(\xi_{j}^{i}, \xi_{j_{1}j_{2}}^{i})]_{j_{1}f_{2}}^{i}=\sum\xi_{k_{1}k_{2}}^{i}(\xi^{-1})_{j_{1}}^{k_{1}}(\xi^{-1})_{j_{2}}^{k_{2}}+[\rho(\xi_{j}^{i})\varphi]_{j_{1}j_{2}}^{i}-\varphi_{j_{1}j_{2}}^{i}$ .
LEMMA 14.

$\theta_{\varphi}^{2}(\xi\circ\eta)=\theta_{\varphi}^{2}(\xi)+\rho(\xi)\theta_{\varphi}^{2}(\eta)$ .
PROOF. A calculation.
THEOREM 6.

$G_{\varphi}^{2}=\{(\xi_{j}^{i}, \xi_{j_{1}j_{2}}^{i})|\xi_{j}^{i}\in G^{1}, \theta_{\varphi}^{2}(\xi_{j}^{i}, \xi_{j_{1}j_{2}}^{i})\in k^{2}\}$

is the Lie group generated by $g_{\varphi}^{2}$ ; if $G^{1}$ is connected, so is $G_{\varphi}^{2}$ .
PROOF. This follows immediately from the lemma above and a little

thought. Connectivity is immediate, for

$\xi_{j_{1}j_{2}}^{i}=\Sigma\{\varphi^{i_{k_{1}k_{2}}}\xi_{j_{1}}^{k_{1}}\xi_{j_{2}}^{k_{2}}+k_{k_{1}k_{2}}^{i}\xi^{k_{1_{j_{1}}}}\xi^{k_{2_{j_{2}}}}\}-\Sigma[\rho(\xi_{j}^{i})\varphi]_{k_{1}k_{2}}^{i}\xi^{k_{1_{j_{1}}}}\xi^{k_{2_{j_{2}}}}$

so a path $\psi(t)$ joining $\xi_{j}^{i}$ to the identity in $G^{1}$ and a path $k(t)$ joining $k_{k_{1}k_{2}}^{i}$

to $0$ in $k^{2}$ yield a path $\xi_{j_{1}j_{2}}^{i}(t)$ joining $\langle\xi_{j}^{i}(1), \xi_{j_{1}j_{2}}^{i}(1)\rangle$ to $\langle E, 0\rangle$ .
THEOREM 7. The pseudogroup defined by $G_{\varphi}^{2}$ is equivalent to the pseudo-

group defined by $G_{0}^{2}$ , provided there is a local diffeomorphism $\psi:\mathcal{U}\rightarrow \mathcal{V},$ $\mathcal{U}$ and
$\mathcal{V}$ open neighborhoods of $0$ in $R^{N},$ $\psi(0)=0$ , such that

(1) $\frac{\partial\psi^{i}}{\partial x_{j}}\in G^{1}$

(2) $\theta_{0}^{2}(\eta_{x}(\psi))-\varphi\in k^{2}$ for each $x\in \mathcal{U}$ .
PROOF. We must find $\psi$ so that $\frac{\partial}{\partial x_{i}}(\psi g\psi^{-1})^{j}\in G^{1}$ , and $\theta_{\varphi}^{2}(\eta_{x}(\psi g\psi^{-1}))\in k^{2}$
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for all $x\Leftrightarrow\frac{\partial g^{j}}{\partial x_{i}}\in G^{1}$ and $\theta_{0}^{2}(\eta_{x}(g))\in k^{2}$ , for all $x$ .

But if $\frac{\partial\psi^{i}}{\partial x_{j}}\in G^{1}$ , the first part holds. Then the required result is

$\theta_{\varphi}^{2}(\eta_{x}(\psi g\psi^{-1}))=\theta_{0}^{2}(\eta_{x}(\psi g\psi^{-1}))+\rho(\eta_{x}(\psi g\psi^{-1}))\varphi-\varphi\in k^{2}\Leftrightarrow\theta_{0}^{2}(\eta_{x}g)\in k^{2}$ .
The left hand side is

$\theta_{0}^{2}(\eta_{s\psi^{-1_{(x)}}}(\psi)\circ\eta_{\psi^{-1}(x)}(g)\circ\eta_{x}(\psi^{-1}))+\rho(\eta_{x}(\psi g\psi^{-1}))\varphi-\varphi$ .
If we apply Lemma 14, this becomes

$\theta_{0}^{2}(\eta_{g\psi^{-1_{(x)}}}(\psi))+\rho(\eta_{g\psi^{-1_{(x)}}}(\psi))\theta^{2_{0}}(\eta_{\psi^{-1}(x)}(g))$

$+\rho(\eta_{g\psi^{-1}(x)}(\psi))\rho(\eta_{\psi^{-1_{(x)}}}(g))\theta_{0}^{2}(\eta_{x}(\psi^{-1}))+\rho(\eta_{x}(\psi g\psi^{-1}))\varphi-\varphi$ .
However,

$\theta_{0}^{2}(\eta_{\psi^{-1_{(x)}}}(\psi^{-1}\circ\psi))=\theta^{2_{0}}(\langle E, 0\rangle)$

$=0=\theta_{0}^{2}(\eta_{x}(\psi^{-1}))+\rho(\eta_{x}(\psi^{-1}))\theta_{0}^{2}(\eta_{\psi^{-1_{(x)}}}(\psi))$

so we may rewrite the left hand side as

$\{\theta^{2_{0}}(\eta_{g\psi^{-1_{(x)}}}(\psi))-\varphi\}+\rho(\eta_{x}(\psi g\psi^{-1}))\{\theta_{0}^{2}(\eta_{\psi^{-1_{(x)}}}(\psi))-\varphi\}$

$+\rho(\eta_{g\psi^{-1}(x)(\psi))\theta_{0}^{2}(\eta_{\psi^{-1}(x)}(g))}$ .
Now $k^{2}$ is invariant under the representation $ d\rho$ , so also under the repre-
sentation $\rho$ ; since $\eta_{x}(\psi g\psi^{-1})\in G^{1}$ , the lemma is obvious.

LEMMA 15. Let $g^{n-1}=\{\langle A_{J}, A_{n-1}\rangle|A_{1}\in k^{1}, A_{n-1}\in k^{n-1}\}$ . Then there
exists $\varphi\in\Lambda^{n}k^{n-1}/k^{n}$ such that

$g^{n}=\{\langle A_{1}, A_{n}\rangle|\langle A_{1}, A_{n-1}\rangle\in g^{n-1},$ $A_{n}$

$=-\frac{1}{n-1}[d\rho(A_{1})\varphi]+k^{n}\}$ .

PROOF. $\langle E, \cdots , 0\rangle\in g^{n-1}$ , so $D=\langle E, 0, \cdots , 0, \varphi\rangle\in g^{n}$ . Since $g^{n}\subseteqq\Lambda^{n}g^{n-1}$ ,
$\varphi\in\Lambda^{n}k^{n-1}$ . But $\varphi-\tilde{\varphi}\in k^{n}$ implies $\langle E, 0, 0,\tilde{\varphi}\rangle\in g^{n}$ .

Now suppose $A=\langle A_{1},0, 0, A_{n}\rangle\in g^{n}$ . Then $[A, D]=\langle 0,$ $\cdots$ , $0,$ $[A_{n}, E]$

$+[A_{1}, \varphi]\rangle$ . Hence $[A_{n}, E]=(n-1)A_{n}=-[A_{1}, \varphi]+k^{n}$ , so the lemma holds in
this case.

By induction, we assume the lemma if $A_{2}=$ $=A_{k}=0$ , and prove it if
$A_{2}=$ $=A_{k-1}=0$ .

Indeed, then

$[A, D]=\langle 0_{1}, 0_{k-1}, [A_{k}, E], \cdots , [A_{n}, E]+[A_{1}, \varphi]\rangle$

$=\langle 0_{1}, \cdots , 0_{k- 1}, (k-1)A_{k}, (n-1)A_{n}+[A_{1}, \varphi]\rangle$ .
Hence
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$(k-1)A-[A, D]=\langle(k-1)A_{1},0_{2}, 0_{k}, (k-1)A_{n}-(n-1)A_{n}-[A_{1}, \varphi]\rangle$ .

We can apply the induction hypothesis to this element, and conclude that

$(k-n)A_{n}-[A_{1}, \varphi]=-\frac{1}{n-1}[(k-1)A_{1}, \varphi]+k^{n}$

or
$n-1$ $k-1$

$(k-n)A_{n}=n-1[A_{1}, \varphi]--[A_{1}, \varphi]+k^{n}\overline{n-}1$

which implies the lemma in this case also.
DEFINITION. $\theta^{s_{\varphi}}$ : $\tilde{G}^{3}\rightarrow T^{3}(N, R)$ is defined by

$\theta_{\varphi}^{3}(\xi)=2\sum\xi_{k_{1}k_{2}k_{3}}^{i}(\xi^{-1})_{j_{1}}^{k_{1}}(\xi^{-1})^{k_{2_{j_{2}}}}(\xi^{-1})_{j_{3}}^{k_{3}}$

$-S\sum\theta_{0}^{2}(\xi)^{i_{j_{1}k}}\theta_{0}^{2}(\xi)_{j_{2}j_{3}}^{k}+\rho(\xi)\varphi-\varphi$ .
LEMMA 16.

$\theta_{\varphi}^{3}(\xi\circ\eta)=\theta^{s_{\varphi}}(\xi)+o(\xi)\theta_{\varphi}^{3}(\eta)+[\theta^{z_{0}}(\xi), \rho(\xi)\theta_{0}^{2}(\eta)]$ .
PROOF. A calculation.
THEOREM 8.

$G_{\varphi}^{3}=\{\xi|\xi_{j}^{i}\in G^{1}, \theta_{0}^{2}(\xi)\in k^{2}, \theta_{\varphi}^{3}(\xi)\in k^{3}\}$ .
PROOF. This is a group, for the composition of two elements is in it by

the lemma and the fact that $k^{3}$ is invariant under $\rho$ and $[k^{2}, k^{2}]\subseteqq k^{3}$ . It is
a connected Lie group for essentially the same reason that $G^{2}$ is a connected
Lie group. Finally, it has the correct Lie algebra; indeed if

$\frac{d}{dt}\xi(t)=A,$ $--\theta^{s_{\varphi}}(\xi(t))d^{d_{t}}=2A_{3}-[A_{1}, \varphi]$ ,

so
$A_{3}=_{2}^{1}--[A_{1}, \varphi]+k^{8}$ .

THEOREM 9. The pseudogroup defined by $G_{\varphi}^{3}$ is equivalent to the pseudo-
group defined by $G_{0}^{3}$ provided there is a local diffeomorphism $\psi:\mathcal{U}\rightarrow \mathcal{V},$ $\mathcal{U}$

and $\mathcal{V}$ open neighborhoods of $0$ in $R^{N},$ $\psi(0)=0$ , such that
(1) $\psi$ is in the pseudogroup defined by $G_{0}^{2}$

(2) $\theta^{\epsilon_{0}}(\eta_{x}(\psi))-\varphi\in k^{3}$ , for each $x\in \mathcal{U}$ .
PROOF. We want $\theta_{\varphi}^{3}(\eta_{x}(\psi f\psi^{-1}))\in k^{3}\Leftrightarrow\theta^{3_{0}}(\eta_{x}(f))\in k^{3}$ . But

$\theta_{\varphi}^{3}(\eta_{x}(\psi f\psi^{-1}))=\theta_{0}^{3}(\eta_{x}(\psi f\psi^{-1}))+\rho(\eta_{x}(\psi f\psi^{-1}))\varphi-\varphi$

$=\theta_{0}^{3}(\eta_{f\psi^{-1}(x)(\psi))+\rho(\eta_{f\psi^{-1}(x)(\psi))\theta_{0}^{3}(\eta_{x}(f\psi^{-1}))}}$

$+[\theta_{0}^{2}(\eta_{f\psi^{-1_{(x)}}}(\psi)), \rho(\eta_{f\psi^{-1_{(x)}}}(\psi))\theta^{2_{0}}(\eta_{x}(f\psi^{-1}))]$

$+\rho(\eta_{x}(\psi f\psi^{-1}))\varphi-\varphi$
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$=\{\theta^{s_{0}}(\eta_{J\psi^{-1_{(x)}}}(\psi))-\varphi\}+\rho(\eta_{f\psi^{-1_{(x)}}}(\psi))\theta_{0}^{3}(\eta_{\psi^{-1_{(x)}}}(f))$

$+\{\rho(\eta_{f\psi^{-1_{(x)}}}(\psi))\rho(\eta_{\psi^{-1_{(x)}}}(f))\theta_{0}^{3}(\psi^{-1})+\rho(\eta_{x}(\psi f\psi^{-1}))\varphi\}$

$+\rho(\eta_{f\psi^{-1}(x)(\psi))[\theta_{0}^{2}(\eta_{\psi^{-1_{(x)}}}(f))}, \rho(\eta_{\psi^{-1_{(x)}}}(f))\theta_{0}^{2}(\eta_{x}(\psi^{-1}))]$

$+[\theta^{2_{0}}(\eta_{J\psi^{-1_{(x)}}}(\psi)), \rho(\eta_{f\psi^{-1_{(x)}}}(\psi))\theta_{0}^{2}(\eta_{x}(f\psi^{-1}))]$ .
But

$0=\theta_{0}^{s}(\eta_{x}(\psi\circ\psi^{-1}))=\theta^{3_{0}}(\eta_{\psi^{-1_{(x)}}}(\psi))+\rho(\eta_{\psi}-1_{(x)(\psi))\theta^{\epsilon_{0}}(\psi^{-1})}$

$+[\theta^{2_{0}}(\eta_{\psi^{-1_{(x)}}}(\psi)), \rho(\eta_{\psi^{-1_{(x)}}}(\psi))\theta_{0}^{2}(\eta_{x}(\psi^{-1}))]$ .
Also

$\theta^{2_{0}}(\eta_{x}(\psi^{-1}))=-\rho(\eta_{x}(\psi^{-1}))\theta_{0}^{2}(\eta_{\psi^{-1_{(x)}}}(\psi))$

so this last part vanishes and

$\theta^{s_{0}}(\eta_{x}(\psi^{-1}))=-\rho(\eta_{x}(\psi^{-1}))\theta^{3_{0}}(\eta_{\psi^{-1_{(x)}}}(\psi))$ ,

so the formula is

$\theta_{\varphi}^{3}(\eta_{x}(\psi f\psi^{-1}))=\{\theta_{0}^{3}(\eta_{f\psi^{-1_{(x)}}}(\psi))-\varphi\}$

$+\rho(\eta_{f\psi^{-1}(x)}(\psi))\theta^{3_{0}}(\eta_{\psi^{-1_{(x)}}}(f))$

$-\rho(\eta_{x}(\psi f\psi^{-1}))\{\theta^{s_{0}}(\eta_{\psi^{-1_{(x)}}}(\psi))-\varphi\}$

$+\rho(\eta_{J\psi^{-1}(x)(\psi))[\theta^{2_{0}}(\eta_{\psi^{-1_{(x)}}}(f)),\rho(\eta_{\psi}-1_{(x)(f))\theta^{2_{0}}(\eta_{x}(\psi^{-1}))]}}$

$+[\theta_{0}^{2}(\eta_{f\psi^{-1_{(x)}}}(\psi)), \rho(\eta_{f\psi^{-1_{(x)}}}(\psi))\theta_{0}^{2}(\eta_{x}(f\psi^{-1}))]$

and since everything in sight is in $G_{0}^{2}$ and $[k^{2}, k^{2}]\subseteqq k^{3}$ , the theorem is clear.

2. The Classification of Pseudogroups for $GL(N, R)$

By a previous remark, $k^{n}$ must be an invariant subspace of $T^{n}(N, R)$

under the standard representation of $GL(N, R)$ . But this standard repre-
sentation splits into two invariant subrepresentations:

DEFINITION.
$(1-\Omega)(T^{n})=\{\xi_{J_{1}\cdots J_{n}}^{i}\in T^{n}|\Sigma\xi_{kj_{1}\cdots j_{n-1}}^{k}=0\}$

$\Omega(T^{n})=\{\xi_{J_{1}\cdots J_{n}}^{i}|\xi_{j_{1}\cdots j_{n}}^{i}=\Sigma\delta_{J_{\lambda}}^{i}\eta_{J_{1}\cdots J_{\lambda}^{\wedge}\cdots J_{n}}$ for some
$\eta_{J_{1}\cdots J_{n-1}}\in S^{n-1}(N, R)$ , the space of fully

symmetric tensors}.
LEMMA 17. These subspaces are irreducible invariant subspaces and

$T^{n}=(1-\Omega)(T^{n})\oplus\Omega(T^{n})$ $(N\geqq 2)$

PROOF. A standard computation.
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Hence $k^{n}$ can only be $T^{n},$ $(1-\Omega)(T^{n}),$ $\Omega(T^{n})$ , or $0$ . The conditions $[k^{r}, k^{*}]$

$\subseteqq k^{r+\iota-1}$ give still more restrictions, and one easily computes:
THEOREM 10. The following is a complete classification of all kernel

sequences for $GL(N, R)$ :
$N=1$ : $g^{1}$ $k^{2}$ $k^{3}$ $k^{4}$ $k^{n}$

$ C\backslash \nearrow$

$0$

$\rightarrow\nearrow$
$00$ $\rightarrow^{\rightarrow}$ $00$ $\rightarrow\rightarrow$ $00$

$C$

$\sim$ $C$ $\rightarrow$ $C$ $\rightarrow$ $C$

$N\geqq 2$ :
$0$ $\rightarrow$ $0$ $\rightarrow$ $0$ $\rightarrow$ $0$

$T^{1}\nearrow^{\nearrow}\Omega(T^{2})$ $\rightarrow$ $0$ $\rightarrow$ $0$ $\rightarrow$ $0$

$\searrow\sim_{T^{2}\rightarrow T^{3}}^{(1-\Omega)(T^{2})\rightarrow(1-\Omega)(T^{3})}\rightarrow T\rightarrow(1-\Omega)(T^{4})4\rightarrow(1-\Omega)(T^{n})\rightarrow T^{n}$

Next the equivalence problem must be solved. Here Gunning proves:
THEOREM 11. All extensions $0\rightarrow k^{n}\rightarrow g^{n}\rightarrow g^{n-1}\rightarrow 0$ are equivalent to the

$f$rivial extension.
It is then a simple matter to compute the pseudogroups; we have:
THEOREM 12. The following is a complete list of all pseudogroups for

$GL(N, R)$ , up to equivalence:

$N=1$ : $\{y=ax+b$

$\{y=\frac{ax+b}{cx+d}$

$\{y=f(x)$

$N\geqq 2$ : $\{y_{t}=\Sigma a_{ij}x_{j}+b_{i}$

$\{y_{i}=\frac{\Sigma a_{ij}x_{j}+b_{i}}{\Sigma c_{j}x_{j}+d}$

$\{y_{i}=f_{i}(x_{1}, x_{n})$ $\det(\frac{\partial f^{i}}{\partial x_{j}})=constant$

$\{y_{i}=f_{i}(x_{1}, x_{n})$

CHAPTER II: THE KERNEL SEQUENCES

1. Preliminaries to the Classification Theorem

As a preliminary to the calculation which follows, I collect here several
useful formulas. The Lie algebra of the foliation group consists of all

matrices of the form $(_{0}^{a}$ $d^{b_{i_{j}^{i)}}}$ $(2\leqq i\leqq N;2\leqq j\leqq N)$ . The ” largest ” kernel



Pseudogroups associated with foliation group 163

sequence is just $k^{1},$ $\Lambda^{2}k^{1},$ $\cdots$ An element of $\Lambda^{n}\Lambda^{n-1}$ $\Lambda^{2}k^{1}$ is a tensor $A_{J_{1}\cdots J_{n}}^{i}$ ;
we write this tensor in the form

$\left(\begin{array}{llllllll}A_{1l}^{1}.. & 1 & A_{1}^{1}.. & 1j_{1} & A_{1}^{1}.. & 1j_{1}j_{2} & A_{j_{1}}^{1}.. & j_{n}\\A_{11}^{i} & 1 & A_{1}^{i} & 1j & A_{1}^{i} & j1j & A_{j}^{i} & j\end{array}\right)$

where $i,$ $j_{1},$ $j_{n}\geqq 2$ .
LEMMA 18. $\Lambda^{n}\Lambda^{n-1}\cdots\Lambda^{2}k^{1}=the$ set of all

$\left(\begin{array}{lllll}e & e_{j_{1}} & e_{j_{1}j_{2}} & e_{j_{1}}.. & j_{n}\\0 & 0 & 0 & e^{i_{j}} & j\end{array}\right)$

where each element is symmetric in all lower indices. That is, $A_{j_{1}\cdots j_{n}}^{i}=0$ if
$i\geqq 2$ and at least one $j_{1}=1$ . (We are letting $A_{1\cdots 1j_{1}\cdots j_{k}}^{1}=e_{j_{1}\cdots j_{k}}(j_{i}\geqq 2),$ $A_{J_{1}\cdots J_{n}}^{i}$

$=e_{j_{1}\cdots j_{n}}^{i}(i\geqq 2, j_{i}\geqq 2).)$

PROOF. Induction on $n$ . If $n=1$ , the lemma is true by the definition of $k^{1}$ .
If the lemma holds for $n-1$ , we have

$A_{1j_{1}\cdots j_{n-1}}^{i}=\left(\begin{array}{lllll}(1)e & (1)e_{j_{1}} & (1)e_{j_{1}j_{2}} & (1)e_{j_{1}}.. & j_{n-1}\\0 & 0 & 0 & (l)ie_{j} & j\end{array}\right)$

$A_{kj_{1}\cdots j_{n-1}}^{i}=\left(\begin{array}{lllll}(k)e & (k)e_{j_{1}} & (k)e_{j_{1}j_{2}} & (k)e_{j_{1}}.. & j_{n-1}\\0 & 0 & 0 & (k)ie_{j} & j\end{array}\right)$

But $A_{11\cdots 1j_{1}\cdots j_{n-r}}^{1}=e_{J_{1}\cdots Jn-r}(1)=(j)e_{j_{2}\cdots j_{n-r}}$ ; therefore the top row of the bottom
box, shifted one to the right, is the same as the top row of the top box.
Since (1)

$A_{j_{1}\cdots j_{n}}^{i}=0$, the lemma also holds for $n$ .
LEMMA 19.

$d\rho\left(\begin{array}{ll}a & a_{i}\\0 & b_{j}^{i}\end{array}\right)[\left(\begin{array}{lll}e & e_{i} & e_{ij}\\0 & 0 & d_{jk}^{i}\end{array}\right)]$

$=(^{-ae}0$ $\{-a_{j}e-\sum_{0}e_{k}b_{j}^{k}\}\{ae_{j_{1}j_{2}}-a_{j_{1}}e_{j_{2}}-a_{j_{2}}e_{j_{1}}-\sum e_{j_{1}k}b^{k_{j_{2}}}-\Sigma e_{j_{2}k}b_{j_{1}}^{k}+\sum a_{k}d_{j_{1}j_{2}}^{i}\})$

$(d\rho(b)[d])_{j_{1}j_{2}}^{i}$

PROOF. Calculate.
Of course $(d\rho(b)[d])^{i_{j_{1}j_{2}}}$ means that $b^{i_{j}}$ and $d^{i_{j_{1}j_{2}}}$ are to be treated as

tensors in $R^{N-1}$ .
The purpose of this chapter is to prove the following theorem:
THEOREM 13. The following is a complete list of all kernels for $(_{0}^{a}$ $a_{i_{j}}b^{i)}$ .

$k^{2}$ $k^{3}$ $k^{n}$

(1) $0$ $\rightarrow$ $0$ $\rightarrow$ $0$
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$k^{2}$ $k^{8}$ $k^{n}$

(2) $\left(\begin{array}{lll}0 & 0 & e_{j_{1}j_{2}}\\0 & 0 & 0\end{array}\right)$ $\rightarrow$ $0$ $\rightarrow$ $0$

$\sim\left(\begin{array}{llll}0 & 0 & 0 & e_{j_{1}j_{2}j_{8}}\\0 & 0 & 0 & 0\end{array}\right)\rightarrow$

$0$

$\sim$

$\left(\begin{array}{llllll}0 & \cdots & 0 & 0 & e_{j_{1}}.. & j_{n}\\0 & \cdots & 0 & 0 & 0 & \end{array}\right)$

$\nearrow$

$\left(\begin{array}{ll}000 & a\\000 & 0\end{array}\right)$ $\rightarrow$ $\left(\begin{array}{lllll}0 & \cdots & 0 & 0 & a\\0 & \cdots & 0 & 0 & 0\end{array}\right)$

(3) $\left(\begin{array}{ll}00 & a\\00 & b\end{array}\right)$

$(N=2)$

$\sim$
$\left(\begin{array}{ll}000 & a\\000 & b\end{array}\right)$ $\rightarrow$ $\left(\begin{array}{lllll}0 & \cdots & 0 & 0 & a\\0 & \cdots & 0 & 0 & b\end{array}\right)$

(4) $\left(\begin{array}{ll}00 & e_{j_{1}j_{2}}\\00 & \Omega(T^{2})\end{array}\right)$
$\rightarrow\left(\begin{array}{llll}0 & 0 & 0 & e_{f_{1}f_{2}j_{3}}\\0 & 0 & 0 & 0\end{array}\right)\rightarrow$ $\left(\begin{array}{llllll}0 & \cdots & 0 & 0 & e_{j_{1}}.. & j_{n}\\0 & \cdots & 0 & 0 & 0 & \end{array}\right)$

$(N>2)$

(5) $\left(\begin{array}{ll}00 & e_{j_{1}f_{2}}\\00 & (1-\Omega)(T^{2})\end{array}\right)\rightarrow\left(\begin{array}{l}000 e_{j_{1}j_{2}j_{S}}\\000(1-\Omega)(T^{\epsilon})\end{array}\right)\rightarrow\left(\begin{array}{llllll}0 & \cdots & 0 & 0 & e_{j_{1}}.. & J_{n}\\0 & \cdots & 0 & 0 & (1-\Omega)(T^{n}) & \end{array}\right)$

$(N>2)$

(6) $\left(\begin{array}{lll}0 & 0 & e_{j_{1}j_{2}}\\0 & 0 & T^{2}\end{array}\right)\rightarrow(_{0}^{0}0000$ $e_{j_{1}}T^{j_{2_{3}}j_{3}})\rightarrow\left(\begin{array}{llllll}0 & \cdots & 0 & 0 & e_{j_{1}}.. & j_{n}\\0 & \cdots & 0 & 0 & T^{n} & \end{array}\right)$

$(N>2)$

(7) $\left(\begin{array}{lll}0 & e_{j_{1}} & e_{j_{1}j_{2}}\\0 & 0 & 0\end{array}\right)\rightarrow\left(\begin{array}{llll}0 & 0 & 0 & e_{j_{1}j_{2}j_{3}}\\0 & 0 & 0 & 0\end{array}\right)\rightarrow\left(\begin{array}{llllll}0 & \cdots & 0 & 0 & e_{j_{\Gamma}}. & Jn\\0 & \cdots & 0 & 0 & 0 & \end{array}\right)$

$\sim$

$\left(\begin{array}{llll}0 & 0 & e_{j_{1}j_{2}} & e_{j_{1}j_{2}j_{\theta}}\\0 & 0 & 0 & 0\end{array}\right)\rightarrow\left(\begin{array}{llllll}0 & \cdots & 0 & 0 & e_{j_{1}}.. & J_{n}\\0 & \cdots & 0 & 0 & 0 & \end{array}\right)$

$\left(\begin{array}{lllllll}0 & \cdots & 0 & e_{j_{1}}.. & j_{n-1} & e_{j_{1}}.. & J_{n}\\0 & \cdots & 0 & 0 & & 0 & \end{array}\right)$
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$k^{2}$ $k^{3}$ $k^{n}$

(8) $\left(\begin{array}{lll}0 & a & b\\00 & & c\end{array}\right)$
$\backslash \nearrow$

$\left\{\begin{array}{lll}00 & a & b\\000 & & 0\\00a & & b\\000 & & c\end{array}\right\}$ $\rightarrow^{\rightarrow}$

$(_{00}^{0\cdot.\cdot.\cdot.0}$
$a0$

$0bbc))$

$\langle N=2)$

$(_{00}^{0\cdot.\cdot.\cdot.0}$
$a0$

(9) $\left(\begin{array}{lll}0 & e_{j_{1}} & e_{j_{1}j_{2}}\\00 & & \Omega(T^{2})\end{array}\right)\rightarrow\left(\begin{array}{llll}0 & 0 & e_{j_{1}j_{2}} & e_{j_{1}j_{2}j_{3}}\\0 & 0 & 0 & 0\end{array}\right)\rightarrow\left(\begin{array}{lllllll}0 & \cdots & 0 & e_{j_{1}}.. & J_{n-1} & e_{j_{1}}.. & J_{n}\\0 & \cdots & 0 & 0 & & 0 & \end{array}\right)$

$s\langle N>2)$

\langle 10) $\left(\begin{array}{lll}0 & e_{j_{1}} & e_{j_{1}j_{2}}\\0 & 0 & (1-\Omega)(T^{2})\end{array}\right)\rightarrow\left(\begin{array}{lll}0 & 0 & e_{j_{1}j_{2}j_{3}}e_{j_{1}j_{2}}\\0 & 0 & 0(1-\Omega)(T^{8})\end{array}\right)\rightarrow\left(\begin{array}{llllll}0 & \cdots & 0 & e_{j_{1}}.. & e_{j_{1}}j_{n-1}\cdot\cdot & j_{n}\\0 & \cdots & 0 & 0 & (1-\Omega)(T^{n}) & \end{array}\right)$

$\langle N>2)$

\langle 11) $\left(\begin{array}{lll}0 & e_{j_{1}} & e_{j_{1}j_{2}}\\0 & 0 & T^{2}\end{array}\right)\rightarrow\left(\begin{array}{llll}0 & 0 & e_{j_{1}j_{2}} & e_{j_{1}j_{2}j_{\partial}}\\0 & 0 & 0 & T^{3}\end{array}\right)\rightarrow\left(\begin{array}{lllllll}0 & \cdots & 0 & e_{j_{1}}.. & j_{n-1} & e_{j_{1}}.. & j_{\hslash}\\0 & \cdots & 0 & 0 & & T^{n} & \end{array}\right)$

$\backslash \langle N>2)$

\langle 12) $\left(\begin{array}{lll}e & e_{j_{1}} & e_{j_{1}j_{2}}\\0 & 0 & 0\end{array}\right)$ $\backslash \nearrow\left\{\begin{array}{l}0e_{j_{1}}e_{j_{1}j_{2}}\\00 0 0 0\\e0e0^{j_{1}}e_{0^{j_{1}j_{2}}} e_{j_{1}}0^{j_{2}j_{3}})\rightarrow( )\end{array}\right.$

$e_{j_{1}}0^{j_{2}j_{3}})\rightarrow\left(\begin{array}{llllll}0 & \cdots & e & . & . & .\\0 & \cdots & 0 & & & \end{array}\right)$

$\left(\begin{array}{llll}0 & b & c & d\\000 & & & 0\end{array}\right)$ $\rightarrow$ $\left(\begin{array}{lllll}0 & \cdots & b & c & d\\0 & \cdots & 0 & 0 & 0\end{array}\right)$

$/$

(13) $\left(\begin{array}{lll}a & b & c\\00 & & d\end{array}\right)$

$\sim\nearrow$
$\{000ab00bc00c$ $ddo_{1}e)$

$\rightarrow^{\rightarrow}$

$(_{00}^{a\cdot.\cdot.\cdot.b}$
$0c$

$ded0\}$

$\backslash (N=2)$

$(_{00}^{0\cdot.\cdot.\cdot.b}$
$c0$

$\backslash \backslash $

$\left(\begin{array}{lll}ba & c & d\\000 & & e\end{array}\right)$ $\rightarrow$ $\left(\begin{array}{lllll}a & \cdots & b & c & d\\0 & \cdots & 0 & 0 & e\end{array}\right)$
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$k^{2}$ $k^{3}$ $k^{n}$

(14) $\left(\begin{array}{lll}e & e_{j_{1}} & e_{j_{1}f_{2}}\\0 & 0 & \Omega(T^{z})\end{array}\right)\nearrow\searrow\{e0000_{j_{1}}^{j_{1}}0_{e}^{j_{1}j}e00^{e_{J_{1}J_{2}^{2}}}e$ $ee_{j_{1}f^{2}j_{8}}0^{J_{1}J_{2}Js_{1}}0)\rightarrow\rightarrow\left\{\begin{array}{llllll}0 & \cdots & e_{J_{1}}.. & j_{n-2}e_{J_{1}}.. & f_{n-1}e_{J_{l}}.. & J_{n}\\0 & \cdots & 0 & 0 & 0 & \\e & \cdots & e_{Jr}. & j_{n-2}j_{1}e.. & r_{n-1}^{e_{j_{1}}}\cdot\cdot & J_{n}\\0 & \cdots & 0 & 0 & 0 & \end{array}\right\}$

$(N>2)$

$(15)\left(\begin{array}{ll}ee_{j_{1}} & e_{j_{1}j_{2}}\\00 & (1-\Omega)(T^{2})\end{array}\right)(N>2)\nearrow\searrow\{_{000^{j}(1-\Omega)^{2}(T)}^{00_{j^{j_{1^{1}}}}0_{1}(1-\Omega_{1}^{1})^{2}(T_{3}^{3})}0ee_{1}J_{j_{2}^{1}}J_{2}e_{jjj^{3}})\rightarrow(\rightarrow(0000_{J_{1}\cdots J_{n^{-2}}^{n_{-2}}}^{j_{1}\cdots j}0e00e_{j_{1}j^{n_{-1}}}((11--\Omega^{e}\Omega)r(T_{n}^{f}\overline{n}n^{R_{\neg}})\{$

(16) $\left(\begin{array}{lll}e & e_{j_{1}} & e_{j_{1}j_{2}}\\0 & 0 & T^{2}\end{array}\right)\nearrow\searrow(_{0}^{0}(_{0}^{e}ee0_{j_{1}}^{j_{1}}0_{j_{1}j_{2}}^{e}e00^{f_{1}j_{2}}$ $eeT_{j_{1}}^{\epsilon_{j_{2}j^{3}}^{J_{2}J_{8}}}T^{f_{1_{3}}}\}\rightarrow\rightarrow\left\{\begin{array}{llllll}0 & \cdots & e_{j_{1}}.. & J_{n}-ge_{j_{1}}.. & j_{n-1}e_{J_{1}}.. & J_{n}\\0 & \cdots & 0 & 0 & T^{n} & \\e & \cdots & e_{j_{1}}.. & J_{n-2}e_{j_{1}}.. & J_{n-1}e_{j_{1}}.. & J_{n}\\0 & \cdots & 0 & 0 & T^{n} & \end{array}\right\}$

$(N>2)$

(17) $\left(\begin{array}{lll}0 & \lambda d^{(2)f_{jj}} & e_{j_{1}j_{2}}\\0 & 0 & T^{2}\end{array}\right)\rightarrow$ $\Lambda^{3}k^{2}$ $\rightarrow$ $\Lambda^{n}\cdots\Lambda^{8}k^{2}$

$(N>2)$

($d^{(2)}=component$ of $d^{i_{j_{1}j_{2}}}$ in $\Omega(T^{2}),$ $d^{i_{j_{1}j_{2}}}\in T^{2}$)
$(\lambda\neq 0)$

(18) $\left(\begin{array}{lll}0 & \lambda a & b\\0 & 0 & a\end{array}\right)$
$\sim\nearrow$

$\left\{\begin{array}{llll}0 & 0 & 0 & e\\0 & 0 & 0 & 0\\0 & 0 & \lambda a & b\\0 & 0 & 0 & a\end{array}\right\}\rightarrow^{\rightarrow}\left\{\begin{array}{l}0\cdots 0 0\\0\cdots 0 0\\0\cdots 0\\0\cdots 0\end{array}\right.$

$0e)$

$\lambda a0$ $ab)$

$(N=2)$

( $\lambda$ fixed, $\lambda\neq 0$)

(19) $\left(\begin{array}{lll}0 & \lambda d^{f_{jj}} & e_{j_{1}j_{2}}\\0 & 0 & \Omega(T^{2})\end{array}\right)\rightarrow\left(\begin{array}{llll}0 & 0 & 0 & e_{j_{1}j_{2}j_{3}}\\0 & 0 & 0 & 0\end{array}\right)\rightarrow\left(\begin{array}{llllll}0 & \cdots & 0 & 0 & e_{j_{1}}.. & J_{n}\\0 & \cdots & 0 & 0 & 0 & \end{array}\right)$

$(N>2)$

( $\lambda$ fixed, $\lambda\neq 0$)
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HOWEVER: In (18) and (19) we have special cases if $\lambda=\frac{n-1}{2}(n=2,3$ ,

4, $\cdot$ ..). If $n=2$ , this takes the form of a new $k^{2}$ sequence:

$and(l9a)(l8a)$ $(_{0}^{0}$
$\frac{d^{j_{jf}}}{2}00\Omega(T^{2}))$ $\rightarrow$ $0$ $\rightarrow$ $0$

If $n\geqq 3$ , we can replace the $n^{th}$ kernel by zero and so get:

$k^{2}$ $k^{3}$ $k^{\iota}(l<n)$ $k^{n}$ $k^{\iota}(l>n)$

$0$ $\rightarrow$ $0$

(18b)
$\left(\begin{array}{lll}0 & \lambda a & b\\0 & 0 & a\end{array}\right)\searrow 0\nearrow(_{0}^{0}(_{0}0000000e0a\lambda ab))\rightarrow(0\cdot..\cdot..\cdot..0e)\rightarrow(00a)0000\lambda ab\nearrow\searrow\rightarrow\left\{\begin{array}{llll}0 & \cdots & 0 & e\\0 & \cdots & 0 & 0\\0 & \cdots & \lambda a & b\\0 & \cdots & 0 & a\end{array}\right\}\rightarrow(\rightarrow(0\cdots 0a^{e}000\ldots\lambda 00ab0\}$

$(N=2)$

(19b) $\left(\begin{array}{lll}0 & \lambda d^{f_{jj}} & e_{j_{1}j_{2}}\\0 & \Omega 0(T^{2}) & \end{array}\right)\rightarrow\left(\begin{array}{llll}0 & 0 & 0 & e_{j_{1}j_{2}j_{\theta}}\\0 & 0 & 0 & 0\end{array}\right)\rightarrow\left(\begin{array}{lllll}0 & \cdots & 0 & e_{j_{1}}.. & j_{l}\\0 & \cdots & 00 & & \end{array}\right)\rightarrow 0\rightarrow 0$

$(N>2)$
$\left(\begin{array}{lllll}0 & \cdots & 0 & e_{j_{1}}.. & j_{n}\\0 & \cdots & 0 & 0 & \end{array}\right)\rightarrow(_{0\cdots 0}^{0\cdots 0}0^{J_{1}\cdots J_{l}}e\}$

2. $k^{2}$

We now begin the actual calculation of all possible kernel sequences. By
lemma 11 in Chapter I, whenever $k^{1},$ $k^{n}$ satisfy all requirements that can
be imposed on them, we can extend to $\Lambda^{n+1}k^{n}$ , $\cdot$ .. , and get a valid kernel
sequence. Most sequences are determined by $k^{2}$ and $k^{3}$ .

In this section we compute $k^{2}$ . The only requirements to be met are
$k^{2}\subseteqq\Lambda^{2}k^{1}$ and $[k^{1}, k^{2}]\subseteqq k^{2}$ , so it suffices if $k^{2}$ is an invariant subspace of

$\left(\begin{array}{lll}e & e_{i} & e_{ij}\\0 & 0 & e_{jk}^{i}\end{array}\right)$

.

It is convenient to separate $(_{0}^{a}$
$b^{i^{i_{j}})}a$ into $\left(\begin{array}{ll}a & a_{i}\\0 & 0\end{array}\right)\tau and\left(\begin{array}{ll}0 & 0\\0 & b^{i_{j}}\end{array}\right)$ ; hence

LEMMA 20. $k^{2}$ is admissible if and only if it is invariant under
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(1)

$\left(\begin{array}{l}\\0\end{array}\right)\rightarrow\left(\begin{array}{lll}-a_{j_{1}}e_{j_{2}} & -a_{j_{2}}e_{j_{1}} & +\Sigma a_{k}d^{k_{j_{1}f_{2}}}\\ & & 0\end{array}\right)$

and

(2)

$\left(\begin{array}{ll} & \\d_{j}^{i} & j\end{array}\right)\rightarrow(_{0}^{0}$

$-\sum eb^{k_{j}}0^{k}$ $-\Sigma e_{j_{1}k}b_{j_{2}}^{k}-\Sigma e_{1}b^{k}$

.$[d\rho(b)d]^{i_{j}}$sa
LEMMA 21. An invariant subspace of $(_{0}^{e}$ $e0^{i}$

$d^{i_{jk}}e_{ij)}$ either has $e\equiv 0$, or has
$e$ arbitrary. It either has $e_{ij}\equiv 0$ , or $e_{ij}$ all symmetric tensors and arbitrary (that
is, $e_{ij}$ does not depend on $e,$ $e_{i}$ , or $d_{jk}^{i}$).

PROOF. Under the representation (1) in lemma 20 with $a=1,$ $a_{i}=0$,

$\left(\begin{array}{l}\\d^{l_{jk}}\end{array}\right)\rightarrow\left(\begin{array}{l}\\0\end{array}\right)$

.

$0$

Under the representation (2) in lemma 20, with $b^{i_{j}}=\delta_{j}^{t}$ ,

$\left(\begin{array}{l}\\0\end{array}\right)\rightarrow\left(\begin{array}{l}\\0\end{array}\right)$

.
Hence if $(_{0}^{e}$ $e0^{i}$

$d^{i_{jk}}e_{ij)}$ is in an invariant subspace, so are

$\left(\begin{array}{l}\\0\end{array}\right)$

and

$(_{0}^{0}$ $00$ $e_{ij)}0$ .
Under (2) of lemma 20,

$\left(\begin{array}{l}\\0\end{array}\right)\rightarrow\left(\begin{array}{l}-\Sigma e_{kj}b_{t}^{k}\\0\end{array}\right)$

,

this is the Lie algebra representation corresponding to the symmetric repre-
sentation of $GL(N-1, R)$ , which is well-known to be irreducible. The lemma
follows.

LEMMA 22. If we map an invariant subspace $k^{2}$ to $T^{2}(N-1, R)$ by

$\left(\begin{array}{l}\\d_{jk}^{i}\end{array}\right)\rightarrow d_{jk}^{i}$

the resulting subspace of $T^{2}(N-1, R)$ is either $0,$ $(1-\Omega)(T^{2}),$ $\Omega(T^{2})$ , or $T^{2}$ .
PROOF. This is obvious by (2) of lemma 20, and theorem 10.
LEMMA 23. Either the $e_{i}$ are arbitrary, or for any basis (1)

$\eta^{s_{jk}},$ $(r)\eta^{c_{jk}}$

of the subspace of $T^{2}(N-1, R)$ described in Lemma 22, there are vectors (1)
$e_{i}$ ,

... , $(r)e_{i}$ such that whenever $d_{jk}^{i}=\sum\lambda_{s^{(\partial)}}\eta_{jk}^{i},$ $e_{i}=\sum\lambda_{s^{(\epsilon)}}e_{i}$ .
PROOF. Given a basis (1)

$i_{jk}\eta,$ $(r)i_{jk}\eta$ of the $d^{i_{jk}}$ space (which is $0,$ $\Omega(T^{2})$ ,
$(1-\Omega)(T^{2})$ , or $(T^{2}))$ , there exist elements of the form
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$\left(\begin{array}{lll}0 & (j)e_{i} & 0\\0 & 0 & (j)\eta^{i_{ks}}\end{array}\right)$

in $k^{2}$ because of lemma 21, so if $d_{jk}^{i}=\sum\lambda_{s^{(s)}}\eta_{jk}^{i}$ , we have

$(_{0}^{0}$ $\Sigma_{0^{\lambda_{s^{(s)}}e_{i}}}$ $d_{jk}^{i}0)$

in $k^{2}$.
Suppose there is an element $(_{0}^{e}$ $e_{i}0$ $d^{i_{jk})}e_{ij}\in k^{2}$ with $e_{i}$ not of this form.

Then by lemma 21, $\left(\begin{array}{lll}0 & e_{i} & 0\\0 & 0 & d_{jk}^{t}\end{array}\right)\in k^{2}$ , and subtracting from the element above,

$\left(\begin{array}{lll}0 & \tilde{e}_{i} & 0\\0 & 0 & 0\end{array}\right)\in k^{2\sim}e_{i}\not\equiv 0$ . By (2) of lemma 20, $(_{0}^{0}$ $-\sum\tilde{e}_{k}b_{j}^{k}0$ $00)\in k^{2}$ . Since this

representation is irreducible, $e_{i}$ is arbitrary.
LEMMA 24. If $e\not\equiv O,$

$e_{i}$ and $e_{ij}$ must be arbitrary.

PROOF. By lemma 21, $\left(\begin{array}{lll}1 & 0 & 0\\0 & 0 & 0\end{array}\right)\in k^{2}$ . Then (1) of lemma 20, with $a=0$ ,

$a_{i}=1$ , gives ( $0^{j}e$ $00)\in k^{2}$ . $e_{j}=-\delta^{i_{j}}$ , and so $e_{j}$ is arbitrary. (1) of lemma

20 applied to the above element yields

$\left(\begin{array}{lll}0 & 0 & e_{jk}\\0 & 0 & 0\end{array}\right)$

with $e_{jk}=2\delta_{j}^{i}\delta_{k}^{i}$ and so $e_{jk}$ is arbitrary.
The calculation of $k^{2}$ will now be completed by examining the various

possibilities case by case.
CASE I. $d_{jk}^{i}\equiv 0$ . Then the possibilities are

$\left(\begin{array}{lll}e & 0 & 0\\0 & 0 & 0\end{array}\right)$ $\left(\begin{array}{lll}0 & e_{i} & 0\\0 & 0 & 0\end{array}\right)$ $\left(\begin{array}{lll}0 & 0 & e_{ij}\\0 & 0 & 0\end{array}\right)$ $\left(\begin{array}{lll}e & e_{i} & 0\\0 & 0 & 0\end{array}\right)$

$\left(\begin{array}{lll}e & 0 & e_{lj}\\0 & 0 & 0\end{array}\right)$ $\left(\begin{array}{lll}0 & e_{i} & e_{if}\\0 & 0 & 0\end{array}\right)$ $\left(\begin{array}{lll}e & e_{i} & e_{ij}\\0 & 0 & 0\end{array}\right)$
$\left(\begin{array}{lll}0 & 0 & 0\\0 & 0 & 0\end{array}\right)$

.
Examine lemma 20. The first two are not invariant by (1) of this lemma.
The third is invariant. The next two fail the test of lemma 24. The last
three are invariant. We have just verified $k^{2}$ for (1), (2), (7), and (12) in the
list of kernels. From now on we tacitly assume $d_{jk}^{i}\not\equiv 0$.

CASE II. $e\not\equiv O$ .
By lemma 24, we can only have

$\left(\begin{array}{lll}e & e_{j} & e_{jk}\\0 & 0 & T^{2}\end{array}\right)$
$\left(\begin{array}{lll}e & e_{j} & e_{jk}\\0 & 0 & \Omega(T^{2})\end{array}\right)$ and $\left(\begin{array}{lll}e & e_{j} & e_{jk}\\0 & 0 & (1-\Omega)(T^{2})\end{array}\right)$

.
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Each of these is clearly invariant. They account for (13), (14), (15), and (16)

on the list.
CASE III. $e\equiv 0,$

$e_{ij}$ arbitrary.
One possibility is that $e_{i}$ is also arbitrary. This leads to

$\left(\begin{array}{lll}0 & e_{l} & e_{ij}\\0 & 0 & \Omega(T^{2})\end{array}\right)$ $\left(\begin{array}{lll}0 & e_{i} & e_{tj}\\0 & 0 & (1-\Omega)(T^{2})\end{array}\right)$ $\left(\begin{array}{lll}0 & e_{i} & e_{ij}\\0 & 0 & T^{2}\end{array}\right)$

,

which are invariant and account for (8), (9), (10), (11) of the list.
Otherwise, we have

$\left(\begin{array}{lllll}0 & \Sigma\lambda_{s} & (s)e_{j} & & e_{jk}\\0 & 0 & & \Sigma\lambda_{\epsilon} & (s)i_{jk}\eta\end{array}\right)$

in the notation of lemma 23.
If all $\lambda_{s}\equiv 0$ , we have

$\left(\begin{array}{lll}0 & 0 & e_{jk}\\0 & 0 & \Omega(T^{2})\end{array}\right)$ $\left(\begin{array}{lll}0 & 0 & e_{jk}\\0 & 0 & (1-\Omega)(T^{2})\end{array}\right)$ $\left(\begin{array}{lll}0 & 0 & e_{jk}\\0 & 0 & T^{2}\end{array}\right)$

,

all invariant. These yield (3), (4), (5), and (6) of the list. Otherwise $\lambda_{s}$ is
not $\equiv 0$.

For every $d^{i_{jk}}$ in the appropriate space, $\sum\lambda_{s}^{(\epsilon)}e_{j}$ is an associated vector;
thus we have a linear map from a subspace of $T^{2}$ to $R^{N-1}$ ; since the most
general such map is

$e_{i}=\sum_{ju}(t)\lambda^{J_{k\epsilon}}d^{J_{k\epsilon}}$

we have a new expression for $\sum\lambda_{s^{(S)}}e_{i}$ .
Thus

$k^{2}=\left(\begin{array}{lll}0 & \Sigma^{(t)}\lambda^{f_{kt}}d^{f_{kl}} & e_{jk}\\0 & 0 & d_{jk}^{i}\end{array}\right)$

.
The only restriction posed by lemma 20 is given by (2) and can be written:

$-\sum_{rjk*}r\lambda^{J_{ks}}d^{J_{ks}}b_{t}^{f}=\sum_{jk}{}^{t}\Lambda^{J_{ks}}[d\rho(b)d]^{J_{k*}}$

CASE IIIa. $N=2$ .
Then $-\lambda db=\lambda(bd-2bd)$ , and

$k^{2}=\left(\begin{array}{lll}0 & \lambda d & e\\0 & 0 & d\end{array}\right)$

is invariant. This gives (18) and (18b) on the list.
CASE IIIb. $N>2,$ $d_{jk}^{i}\in\Omega(T^{2})$ .
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Then
$d^{i_{jk}}=\frac{1}{2}[\delta_{j}^{i}d_{kk}^{k}+\delta_{k}^{i}d^{j_{jj}}]$ .

LEMMA 25. If $d$ has the above form,

$[\rho(b)d]^{m_{np}}=-\frac{1}{2}[\delta^{m_{n}}(\Sigma d_{kk}^{k}b_{p}^{k})+\delta^{m_{p}}(\sum d_{kk}^{k}b_{n}^{k})]$ .
PROOF. Calculate.
Using this result, the boxed-in statement above becomes

$\sum_{jkn}r\lambda^{J_{jn}}d_{kk}^{k}b_{n}^{k}=\sum_{jkn}n\lambda^{J_{jk}}d_{kk}^{k}b^{n_{r}}$

But

$\sum^{i}\lambda^{J_{ks}}d^{j_{ks}}=\sum_{jks}{}^{t}\lambda^{J_{ks}}\frac{1}{2}(\delta^{J_{k}}d^{\epsilon_{ss}}+\delta^{J_{s}}d_{kk}^{k})=\sum_{ks}i\lambda_{ks}^{k}d^{s_{ss}}$ .

If we define $i\lambda_{s}=\sum_{k}^{i}\lambda_{ks}^{k}$ , then

$k^{2}=\left(\begin{array}{llll}0 & \Sigma^{i}\lambda_{s}d^{s} & ss & e_{ij}\\0 & 0 & & d^{i_{jk}}\end{array}\right)$

where $d^{i_{jk}}\in\Omega(T^{2})$ and

$\sum_{kn}r\lambda_{n}d_{kk}^{k}b_{n}^{k}=\sum_{kn}n\lambda_{k}d_{kk}^{k}b^{n_{r}}$

On the other hand, $d_{kk}^{k}$ can be an arbitrary vector when $d^{i_{fk}}\in\Omega(T^{2})$ , so let-
ting $d_{kk}^{k}=0$ if $k\neq s$ and 1 if $k=s$ , we have

$\sum_{n}^{r}\lambda_{n}b_{n}^{S}=\sum_{n}n\lambda_{s}b^{n_{r}}$ .

Letting $b_{j}^{i}=\delta^{s_{i}}\delta^{r_{j}}$ , we have $r\lambda_{r}=^{s}\lambda_{s}$ . Letting $b_{j}^{i}=\delta^{s_{i}}\delta^{s_{j}}$ we have $r\lambda_{s}=^{s}\lambda_{s}\delta^{s_{r}}$ ,

so if $r\neq s,$ $r\lambda_{s}=0$ . Hence $\sum^{i}\lambda_{s}d^{s_{ss}}=^{i}\lambda_{i}d_{ii}^{\iota}=\lambda d_{ii}^{i}$ , so

$k^{2}=\left(\begin{array}{lll}0 & \lambda d^{i_{ii}} & e_{jk}\\0 & 0 & d_{jk}^{i}\end{array}\right)$

where $d^{i_{jk}}\in\Omega(T^{2})$ . But this is invariant, for the last boxed-in formula is
easily verified. We obtain (19) and (19b) on the list.

CASE IIIc. $N>2,$ $d_{jk}^{i}\in(1-\Omega)(T^{2})$ .
LEMMA 26. Let $\alpha\neq\beta,$ $\alpha\neq\nu,$ $\beta\neq\nu$ . Then $r\lambda_{\beta\nu}^{\alpha}=0$ .
PROOF. Say $d_{\beta\nu}^{\alpha}=d_{\nu\beta}^{\alpha}=1,$ $d^{i_{jk}}=0$ otherwise. Then $\sum d_{ik}^{i}=0$ , so $d_{jk}^{i}$

$\in(1-\Omega)(T^{2})$ . The required formula in the box just before case IIIa can be
written, for this $d$,

$-2\sum i\lambda_{\beta\nu}^{\alpha}b^{s_{r}}=2\sum_{m}r\lambda_{\beta\nu}^{m}b^{m_{\alpha}}-2\sum_{m}r\lambda^{\alpha_{m\nu}}b_{\beta m}-2\sum_{m}r\lambda_{m\beta}^{\alpha}b_{\nu m}$ .
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Letting $b_{a\alpha}=1,$ $b_{ij}=0$ otherwise, we obtain

$-2^{\alpha}\lambda_{\beta\nu}^{a}b_{ar}=2^{r}\lambda_{\beta\nu}^{\alpha}$ .
If $r\neq\alpha,$ $r\lambda_{\beta\nu}^{\alpha}=0$ . If, however, $ r=\alpha$ , it is still true that ${}^{t}\lambda_{\beta\nu}^{\alpha}=0$.

LEMMA 27. Let $\alpha\neq\beta,$ $\alpha\neq\nu$ . Then $r\lambda_{\beta\nu}^{\alpha}=0$ .
PROOF. If $\beta\neq\nu$ , this is Lemma 26. Otherwise, let $d_{\beta\beta}^{\alpha}=1,$ $d_{jk}^{i}=0$ the

rest of the time. This is in $(1-\Omega)(T^{2})$ and a calculation shows that the $re$ .
quired formula now takes the form

$-\sum_{\iota}\$\lambda_{\beta\beta}^{\alpha}b_{r}^{S}=\sum_{m}r\lambda_{\beta\beta}^{m}b^{m_{\alpha}}-2\sum_{n}r\lambda_{n\beta}^{\alpha}b_{\beta n}$ .

Letting $b_{\beta\beta}=1,$ $b_{j}^{i}=0$ otherwise, we have

$-\beta\lambda_{\beta\beta}^{\alpha}\delta^{\beta_{r}}=-2^{r}\lambda_{\beta\beta}^{\alpha}$ .
If $r\neq\beta,$ $r\lambda_{\beta\beta}^{\alpha}=0$. If $ r=\beta$ , it is still true that $r\lambda_{\beta\beta}^{a}=0$ .

LEMMA 28. If $\alpha\neq\beta,$
$r\lambda_{\alpha\beta}^{a}=\frac{1}{2}’\lambda^{\beta_{\beta\beta}}$ .

PROOF. Let $d_{11}^{1}=1,$ $d^{r_{r1}}=d^{r_{1r}}=-1$ (since $N>2$ , we can pick $r\neq 1$). Then
this is in $(1-\Omega)(T^{2})$ , and the required formula becomes

$-\Sigma({}^{t}\lambda_{11}^{1}-2^{\epsilon}\lambda^{r_{1r}})b_{st}=\sum_{m}{}^{t}\lambda^{m_{11}}b^{m_{1}}$

$-2\sum_{m}{}^{t}\lambda^{m_{1r}}b^{m_{r}}-2\sum_{n}{}^{t}\lambda_{n1}^{1}b_{n}^{1}$

$+2\sum_{n}{}^{t}\lambda^{r_{nr}}b_{n}^{1}+2\sum_{n}{}^{t}\lambda^{r_{n1}}b_{rn}$ .

Now we apply $s\lambda_{\beta\nu}^{\alpha}=0$ if $\alpha\neq\beta,$ $\alpha\neq\nu$ to conclude that the above is

$-\sum_{s}(s\lambda_{11}^{1}-2^{S}\lambda^{r_{1r}})b^{s_{t}}={}^{t}\lambda_{11}^{1}-2{}^{t}\lambda_{1r}^{1}b_{r}^{1}$

$-2\sum_{n}{}^{t}\lambda_{n1}^{1}b_{n}^{1}+2\sum_{n}{}^{t}\lambda^{r_{nr}}b_{n}^{1}$ .

Letting $b_{1}^{1}=1,$ $b_{j}^{i}=0$ otherwise, we get

$-(1\lambda_{11}^{1}-2^{1}\lambda^{r_{1r}})\delta_{\epsilon}^{1}=^{s}\lambda_{11}^{1}-2^{\iota}\lambda_{11}^{1}+2^{s}\lambda^{r_{1r}}$ .
Picking $s\neq 1,$ $s\lambda_{11}^{1}=2^{\epsilon}\lambda^{r_{71}}$ , so $\$\lambda_{r1}^{r}=\frac{1}{2}s\lambda_{11}^{1}$ (if $s\neq 1$). Since 1 and $r$ are not
sacred,

$\nu\lambda_{a\beta}^{\alpha}=\frac{1}{2}\nu\lambda^{\beta_{\beta\beta}}$ if $\nu\neq\beta$ .

Now put $b_{r}^{1}=1,$ $b^{i_{j}}=0$ otherwise, and let $s=r$. Then
$1\lambda^{\iota_{11}}=4^{r}\lambda_{1r}^{1}+2^{1}\lambda^{r_{r1}}-2^{r}\lambda_{rr}^{r}$ .

Exchanging 1 and $r$, and putting the result for $r\lambda^{r_{rr}}$ in the above formula, we
get $1\lambda_{11}^{1}=2^{1}\lambda_{r1}^{r}$ , so $1\lambda_{r1}^{r}=\frac{1}{2}1\lambda_{11}^{1}$ . Hence the above result holds in general
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and the lemma is proved.
LEMMA 29.

$i\lambda^{J_{ks}}=\frac{1}{2}(\delta^{j_{k}i}\lambda_{ss}^{S}+\delta^{j_{\$}i}\lambda_{kk}^{k})$ .

PROOF. A consequence of the above lemmas.
LEMMA 30. Case IIIc does not occur.
PROOF.

$\sum^{i}\lambda^{j_{ks}}d^{j_{k\epsilon}}=\sum_{jks}\frac{1}{2}(\delta^{j_{k}i}\lambda^{s_{ss}}+\delta^{f_{s}i}\lambda_{kk}^{k})d^{f_{ks}}$

$=\sum_{ks}i\lambda^{s_{ss}}d^{k_{ks}}$ .
But $d^{i_{jk}}\in(1-\Omega)(T^{2})$ , so $\sum d^{k_{ks}}=0$, so $e_{i}\equiv 0$ . However this case has already
been considered.

CASE IIId. $N>2,$ $d_{jk}^{i}\in T^{2}$ .
In this case by lemma 17, $d=d^{(1)i_{jk}}+d^{(2)i_{jk}},$ $d^{(1)}\in(1-\Omega)(T^{z}),$ $d^{(2)}\in\Omega(T^{2})$ .
But we can apply all the restrictions on $i\lambda^{j_{ks}}$ proved in case IIIc. Hence

$e_{i}=\sum_{ks}{}^{t}\lambda^{s_{ss}}d_{ks}^{k}$ .
This vanishes for $d^{(1)}$ , so

$e_{i}=\frac{1}{2}\sum_{ks}i\lambda_{ss}^{S}(\delta_{k}^{k}d^{(2)s_{ss}}+\delta_{\epsilon}^{k}d_{kk}^{(2)k})$

$=\frac{N}{2}i\lambda_{ss}^{S}d^{(2)s_{ss}}$ .

But $i\lambda^{J_{ks}}$ must also satisfy the conditions required when $d^{i_{jk}}\in\Omega(T^{2})$ . Thus
if $i\lambda_{j}=\sum_{k}^{i}\lambda_{kj}^{k},$

$i\lambda_{j}=\lambda\delta_{j}^{i}$ for a fixed $\lambda$ . But this is just

$\frac{1}{2}\sum_{k}(\delta_{k}^{ki}\lambda^{j_{jj}}+\delta_{j}^{ki}\lambda_{kk}^{k})^{i}=\frac{N}{2}\lambda^{j_{jj}}=\delta^{i_{j}}\lambda$ .
Hence $e_{i}=\lambda d^{(2)i_{ii}}$ . A simple calculation shows that this gives an invariant
subspace, and yields (17) on the list.

CASE IV. $e\equiv 0,$ $e_{jk}\equiv 0$ .
Suppose $e_{i}$ is arbitrary. Then ( $\delta_{0^{j}}^{i}$ $00)\in k^{2}$ , so by (1) of lemma 20,

$(_{0}^{0}$ $00$ $-2\delta_{0^{j}}^{i}\delta_{k)}^{i}\in k^{2}$, for each fixed $i$, a contradiction.

Hence $k^{2}$ must be

$\left(\begin{array}{lll}ke_{i} & & 0\\ & \Sigma\lambda_{k} & kt_{j_{1}j_{2}}\eta\end{array}\right)$

in the notation of lemma 23.

We must determine when this subspace is invariant. Consider first the
condition that the representation preserve the relation between $e_{i}$ and $d^{i_{jk}}$ ;
but in case III we saw that this can occur only if we have
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$\left(\begin{array}{lllll} & & 0 & \lambda d^{(2)f_{jj}} & 0\\ & & 0 & 0 & T^{2}\end{array}\right)$ or $\left(\begin{array}{lllll} & & 0 & \lambda d^{f_{jj}} & 0\\ & & 0 & 0 & \Omega(T^{2})\end{array}\right)$ .

In order that these be invariant it suffices, by lemma 20, if

$-a_{j_{1}}e_{j_{2}}-a_{j_{2}}e_{j_{1}}+\sum a_{k}d_{j_{1}j_{2}}^{k}=0$ .
Thus if $d^{\ell_{j_{1}j_{2}}}\in T^{2}$ , we require

$-\lambda a_{j_{1}}d^{(2)j_{2_{j_{2}f_{2}}}}-\lambda a_{f_{2}}d^{(2)Ji_{J_{1}J_{1}}}+\sum a_{k}d^{k_{j_{1}f_{2}}}=0$ .
Say first $N=2$ . Then this condition says

$-\lambda ad-\lambda ad+ad=0$

or $\lambda=\frac{1}{2}$ . This is (18a) on the list.

If $N>2$, let $d^{2_{22}}=1$ , $d^{s_{32}}=d_{23}^{3}=-1$ , all other $d_{jk}^{i}=0$ . Then $d^{i_{j_{1}f}}$ ,
$\in(1-\Omega)(T^{2})$ , so $d^{(2)f_{jj}}=0$, and if $a_{k}=\delta_{k}^{2}$ , we get a non-zero term above.
Hence $T^{2}$ does not occur.

Finally, let $d^{i_{j_{1}j_{2}}}\in\Omega(T^{2})$ , so $d^{i_{j_{1}j_{2}}}=\frac{1}{2}(\delta_{j_{1}}^{i}d_{j_{2}j_{2}}^{f_{2}}+\delta_{j_{2}}^{i}d_{j_{1}j_{1}}^{j_{1}})$ . Then

$0=-\lambda a_{j_{1}}d_{j_{2}j_{2}}^{j_{2}}-\lambda a_{j_{2}}d_{J_{1}J_{1}}^{j_{1}}+\frac{1}{2}a_{j_{1}}d_{j_{2}j_{2}}^{j_{2}}+\frac{1}{2}a_{j_{2}}d_{j_{1}j_{1}}^{f_{1}}$

or $\lambda=\frac{1}{2}$ ; this is (18b) on the list.

3. $k^{n}$

The first step in the computation of $k^{n}$ is to find $\Lambda^{3}k^{2}$ , $\cdot$ .. for the $k^{2}’ s$

produced in the last section. The results can be seen in the list of kernels;
if $k^{2}$ gives rise to several sequences, it is the last which takes the form
$\Lambda^{3}k^{2},$ $\cdots$ By lemma 11, each such sequence is admissible.

LEMMA 31. Let $(_{0\cdots 0}^{0\cdots 0}0^{j_{1}\cdots j_{n)}}e\in k^{n},$
$e_{j_{1}\cdots j_{n}}\not\equiv 0$ . Then all possible symmetric

$e_{j_{1}\cdots f_{n}}$ occur.
PROOF. Let the above element be $B_{J_{1}\cdots J_{n}}^{i}$ . Then

$[d\rho(A_{j}^{i})B]_{j_{1}\cdots j_{n}}^{1}=\sum A_{k}^{\ell}B_{j_{1}\cdots j_{n}}^{k}-\Sigma B_{j_{1}\cdots k\cdots j_{n}}^{1}A_{J_{\lambda}}^{k}$ .

Let $A=\left(\begin{array}{llll} & & 0 & 0\\ & & 0 & b^{i_{j}}\end{array}\right)$ ; we obtain $-\sum e_{j_{1}\cdots k\cdots j_{n}}b_{j_{\lambda}}^{k}$. This representation on sym-

metric tensors is irreducible, so the result follows.

LEMMA 32. Let $A=(_{00}^{0\cdot..\cdot.\cdot 0}0^{j_{1}\cdots j_{n)}}e\in k^{n},$ $B=(000\cdot.\cdot.\cdot.00^{j_{1}\cdots j_{m)}}e\in k^{m},$ $m\geqq 2,$ $n\geqq 2$ .
Then $[A, B]=0$.

PROOF. Look at $\Lambda^{n}\cdots\Lambda^{S}k^{2}$ for (2) on the list of kernels. Applying lemma
11 of chapter I, we conclude that $[A, B]_{JrJ_{n}}^{1}(j_{i}\geqq 2)$ is the only non-zero
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component of $[A, B]$ .
But if $n$ and $m$ are $\geqq 2$ ,

$[A, B]^{i_{j_{1}\cdots j_{n+m-1}}}=S\sum A_{kj_{1}\cdots j_{n-1}}^{i}B_{j_{n}\cdots j_{n+m-1}}^{k}-S\sum B_{kj_{1}\cdots j_{m-1}}^{i}A_{j_{m}\cdots j_{n+m-1}}^{k}$ .
Since $A_{j_{1}\cdots j_{n}}^{i}\neq 0$ only if $i=1,$ $j_{i}\geqq 2$ (and similarly for $B$) the lemma is obvious.

We shall organize our discussion of $k^{n}$ by examining each case of the
list of kernels in turn, breaking our discussion into a series of lemmas. (1)
is done, and (2) is clear by the two lemmas above.

For (3), the top is an admissible sequence by lemma 11 and the fact that
$[k^{2}, k^{2}]\subseteqq k^{s}$ , since

$[A, B]^{2_{2\cdots 2}}=S\Sigma A_{kj_{1}}^{2}B_{j_{2}j_{S}}^{k}-S\Sigma B_{kj_{1}}^{2}A_{j_{2}j_{3}}^{k}$

$=3(A_{22}^{2}B_{22}^{2}-B_{22}^{2}A_{22}^{2})=0$ .
To complete (3), we prove that the requirement $[k^{2}, k^{n-1}]\subseteqq k^{n}$ forces us to
adopt one of the two sequences listed in (3) of the kernel list.

Look first at the top sequence; let

$A=\left(\begin{array}{l}0\\1\end{array}\right),$$B=\left(\begin{array}{l}01\\00\end{array}\right)$

; then

$[A, B]=\left(\begin{array}{l}0*\\00\end{array}\right)and*=[A, B]^{1_{2\cdots 2}}=S\sum A_{k2}^{1}B_{2\cdots 2}^{k}-S\sum B_{k2\cdots 2}^{1}A_{22}^{k}=-SB_{2\cdots 2}^{1}A_{22}^{2}$

$=-$ (non-zero constant).
This calculation works for the bottom sequence also, and shows that $a$

cannot be zero. Now let

$A=\left(\begin{array}{l}0\\1\end{array}\right),$$B=\left(\begin{array}{l}00\\01\end{array}\right),$

$A\in k^{2},$ $B\in k^{n-1}$ . Say

$n-1\geqq 3$ . We prove $[A, B]^{2_{2\cdots 2}}\neq 0$, completing the calculation. Indeed

$[A, B]_{2\cdots 2}^{2}=S\sum A_{k2}^{2}B_{2\cdots 2}^{k}-S\sum B_{k22\cdots 2}^{2}A_{22}^{k}$

$=nA_{22}^{2}B^{2_{2\cdots 2}}\frac{n(n-1)}{2}A_{22}^{2}B_{2\cdots 2}^{2}$ .

But $n-\frac{n(n-1)}{2}=0\Leftrightarrow n=0$ or $n=3$ , whereas we have assumed $n\geqq 4$ .
LEMMA 33. Let

$A=\left(\begin{array}{lll}0 & 0 & \\0 & d_{j_{1}}^{t}. & J_{n}\end{array}\right)\in k^{n},$$B=\left(\begin{array}{lll}0 & 0 & \\0 & f_{j_{1}}^{i}.. & J_{m}\end{array}\right)\in k^{m}n,$

$m\geqq 2$ .

Then

$[A, B]=\left(\begin{array}{l}00\\0*\end{array}\right)$

where $*is$ simply $[d, f]$ in $R^{N-1}$ .
PROOF.

$[A, B]^{\iota_{j_{1}\cdots j_{n+m-1}}}=S\Sigma A_{kj_{1}\cdots j_{n-1}}^{i}B_{j_{n}\cdots j_{n+m-1}}^{k}$

$-S\sum B_{kj_{1}\cdots j_{m-1}}^{i}A_{j_{m}\cdots j_{n+m-1}}^{k}$

but $A_{j_{1}\cdots j_{n}}^{1}=B_{j_{1}\cdots j_{m}}^{1}=0$ , so the result is obvious.
Because of these lemmas and theorem 10, (4), (5), and (6) are finished

if we only prove:
LEMMA 34. $d_{j_{1}j_{2}}^{\ell}$ and $e_{j_{1}\cdots f_{n-1}}$ can be chosen so that
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$[\left(\begin{array}{lll}0 & 0 & 0\\0 & 0 & d^{i_{jk}}\end{array}\right),$
$\left(\begin{array}{lllll}0 & \cdots & 0 & e_{j_{1}}.. & j_{n-1}\\0 & \cdots & 0 & 0 & \end{array}\right)]=\left(\begin{array}{llll}0 & \cdots & 0 & \star\\ 0 & \cdots & 0 & +\end{array}\right)$

with $*\neq 0,$ $d^{i_{jk}}$ in $\Omega(T^{2}),$ $(1-\Omega)(T^{2})$ , or $T^{2}$ (provided $N\geqq 3$ in the case $d_{jk}^{\ell}$

$\in(1-\Omega)(T^{2}))$ .
PROOF.

$[A, B]_{j_{\Gamma}\cdot\cdot j_{n}}^{1}=S\sum_{k}A_{kj_{1}}^{1}B_{f_{2}\cdots j_{n}}^{k}-S\sum_{k}B_{kj_{1}\cdots j_{n-2}}^{1}A_{j_{n}-1^{j_{n}}}^{k}$

$=-S\sum_{k\geqq 2}B_{kj\cdot\cdot f_{n-2}}^{1}A_{j_{n-1}j_{n}}^{k}r$

Let $e_{j_{1}\cdots j_{n}}=1,$ $A_{jk}^{i}=\delta_{j}^{i}\eta_{k}+\delta_{k}^{i}\eta_{j},$ $\eta_{\epsilon}=1$ . Then the above expression is clearly
non-zero, so we are done in the cases $\Omega(T^{2})$ and $T^{2}$ .

Let $d^{2_{S3}}=1,$ $d^{i_{jk}}=0$ otherwise. This is in $(1-\Omega)(T^{2})$ , and clearly gives a
non-zero result.

LEMMA 35. Let $A=(0\cdot.\cdot.\cdot.0000^{j_{1}\cdots j_{n-1}}0^{f_{1}\cdots j_{n)}}ee\in k^{n},$ $B=(0\cdot.\cdot.\cdot.000ee0^{J_{1}\cdots Jm-1}0^{j_{1}\cdots j_{m)}}\in k^{m}$,

$n\geqq 2,$ $m\geqq 2$ . Then $[A, B]=\left(\begin{array}{lll}0 & \cdots & 0*\\0 & \cdots & 00\end{array}\right)$ .
PROOF. By (7) and lemma 11, we know $[A, B]=\left(\begin{array}{llll}0 & \cdots & \cdots & 0+*\\0 & \cdots & 0 & 00\end{array}\right)$ . We are

to prove $+=0$ .
$[A, B]_{j_{1}\cdots j_{n+m-1}}^{1}=S\sum_{k}A_{kj_{1}\cdots j_{n-1}}^{1}B_{j_{n}\cdots j_{n+m-1}}^{k}-S\sum_{k}B_{kj_{1}\cdots j_{m-1}}^{1}A_{j_{m}\cdots j_{n+m-1}}^{k}$ .

Then $k$ must be 1. Suppose $j_{1}=1$ , all other $j_{i}\geqq 2$ . Since $A_{11j_{2}\cdots j_{n}}^{1}=0$, this is

$SA_{1j_{2}\cdots j_{n}}^{1}B_{1j_{n+1}\cdots J_{n+m-1}}^{1}-SB_{1j_{2}\cdots J_{m}}^{1}A_{1j_{m+1}\cdots j_{n+m-1}}^{1}$

(here $S$ means symmetrization of $j_{2},$ $\cdots,j_{n+m-1}$). These two are clearly equal,
so the result is zero.

LEMMA 36. It is possible to pick $e_{j}$ and $e_{j_{1}\cdots j_{n-1}}$ so that if

$A=\left(\begin{array}{lll}0 & e_{j} & 0\\0 & 0 & 0\end{array}\right)$ , $B=\left(\begin{array}{lllll}0 & \cdots & 0 & e_{j_{1}}.. & j_{n-1}\\0 & \cdots & 0 & 0 & \end{array}\right)$ , $[A, B]=\left(\begin{array}{lllll}0 & \cdots & 0 & e_{j_{1}}.. & J_{n}\\0 & \cdots & 0 & 0 & \end{array}\right)$

with $e_{j_{1}\cdots j_{n}}\not\equiv 0$ .
PROOF. We use the formula above for $[A, B]$ . Clearly if $j_{i}\geqq 2$,

$[A, B]_{j_{1}\cdots j_{n}}^{1}=SA_{1j_{1}}^{1}B_{j_{2}\cdots j_{n}}^{1}$ .
The result is then obvious.

LEMMA 37. Let $k^{n}$ contain all $(_{0\cdots 0}^{0\cdots 0}0^{j_{1}\cdots j_{n)}}e$ and in addition some
$B=(_{00}^{0\cdot.\cdot.\cdot.0}0^{Jr\cdot\cdot J_{n-1}}0^{j_{1}\cdots j_{n)}}eee_{Jr\cdot\cdot J_{n-1}}\not\equiv 0$ . Then it $con$tains all elements of this form.

PROOF. Again we look at $[d\rho(A_{j}^{\iota})B]_{1j_{1}\cdots j_{n-1}}^{1},$ $j_{i}\geqq 2$, for $A=\left(\begin{array}{ll}0 & 0\\0 & b_{j}^{t}\end{array}\right)$ . It is
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$-\sum_{k\geqq 2}B_{1j_{1}\cdots k\cdots j_{n-1}}^{1}A_{J_{\lambda}}^{k}-\sum B_{kj_{1}\cdots j_{n-1}}^{1}A_{1}^{k}=-\sum e_{j_{1}\cdots k\cdots j_{n-1}}B_{J_{\lambda}}^{k}$ . This is again the

symmetric representation which is irreducible, and the result follows.
Clearly, lemmas 31, 35, 36, 37 complete (7).

Now turn to (8). To show that the top occurs, we must prove $[k^{2}, k^{2}]$

$\subseteqq k^{3}$ ; but $[A, B]_{222}^{2}=S\sum_{k}A_{k2}^{2}B_{22}^{k}-S\sum_{k}B_{k2}^{2}A_{22}^{k}=3(A_{12}^{2}B_{22}^{1}+A^{2_{22}}B_{22}^{2}-B^{2_{22}}A_{22}^{2}$

$-B_{12}^{2}A_{22}^{1})=0$ .
To complete (8), notice that lemma 33 and theorem 10 show that $a$ occurs

in all $k^{n},$ $n\geqq 4$ , and lemma 36 shows that $b$ always occurs. It suffices if

$[\left(\begin{array}{lll}0 & 0 & 0\\0 & 0 & 1\end{array}\right),$ $\left(\begin{array}{lllll}0 & \cdots & 0 & 1 & 0\\0 & \cdots & 0 & 0 & 0\end{array}\right)]=(_{00}^{0\cdot.\cdot..0}+00*)$

with $+\neq 0$ . This is a special case of:
LEMMA 38. It is possible to pick $d_{jk}^{i}\in\Omega(T^{2}),$ $(1-\Omega)(T^{2})$ , or $T^{2}$ and $e_{j_{1}\cdots j_{n-1}}$

so that if

$A=\left(\begin{array}{llll}0 & \cdots & 0 & 0\\0 & \cdots & 0 & d_{jk}^{i}\end{array}\right)$ , $B=\left(\begin{array}{llllll}0 & \cdots & 0 & e_{j_{1}}.. & J_{n-1} & 0\\0 & \cdots & 0 & 0 & & 0\end{array}\right)$ , $[A, B]=\left(\begin{array}{llllll}0 & \cdots & 0 & f_{j_{1}}.. & J_{n}g_{j_{1}}. & J_{n+1}\\0 & \cdots & 0 & 0 & 0 & \end{array}\right)$

with $f_{j_{1}\cdots j_{n}}\not\equiv 0$ , provided $n\geqq 2$ and, if $d^{i_{jk}}\in(1-\Omega)(T^{2}),$ $N\geqq 3$ .
PROOF. If $j_{2},$ $\cdots$ $j_{n+1}\geqq 2,$ $j_{1}=1$ ,

$[A, B]_{j_{1}j_{2}\cdots j_{n+1}}^{1}=S\sum_{k}A_{kj_{1}}^{1}B_{J_{2}\cdots J_{n+1}}^{k}-S\sum B_{kj_{1}\cdots j_{n-1}}^{1}A_{J_{n}J_{n+1}}^{k}$

$=SA_{1j_{1}}^{1}B_{J_{2}\cdots J_{n+1}}^{1}-S\sum_{k\geqq 2}B_{kj_{1}\cdots j_{n-1}}^{1}A_{J_{n}J_{n+1}}^{k}$ .

Now $A_{j_{1}j_{2}}^{1}=0$ , so this is $-S\sum_{k\geqq 2}B_{k1j_{2}\cdots j_{n-1}}^{1}A_{j_{n}j_{n+1}}^{k}$ , where $S$ is symmetrization

of $j_{2},$ $j_{n+1}$ ; letting $e_{j_{1}\cdots j_{n-1}}=1$ and $A_{j_{1}j_{2}}^{k}=\delta_{j_{1}}^{k}\eta_{j_{2}}+\delta_{j_{2}}^{k}\eta_{j_{1}}$ where $\eta_{j}=1$ , the
result is true for $\Omega(T^{2})$ and $T^{2}$ .

Letting $d_{33}^{2}=1,$ $d_{jj}^{i}=0$ otherwise, the result is also true for $(1-\Omega)(T^{2})$ .
Clearly lemmas 31, 33, 36, 37, and 38 complete (9), (10), and (11).

LEMMA 39. If $A=(_{0}^{e}$ $0^{i}e$ $e_{ij}e_{jk}^{i)}$ , $B=\left(\begin{array}{lll}f & f_{i} & f_{ij}\\0 & 0 & f_{jk}^{i}\end{array}\right),$ $[A, B]=(_{0}^{0}$ $0*$ $**)$ .
PROOF. By (16), $itsufficesif[A, B]_{1\cdots 1}^{1}=0$ . $But[A, B]_{j_{1}j_{2}j_{3}}^{1}=S\sum_{k}A_{kj_{1}}^{1}B_{j_{2}j_{S}}^{k}$

$-S\sum_{k}B_{kj_{1}}^{1}A_{j_{2}j_{3}}^{k}=SA_{1j_{1}}^{1}B_{j_{2}j_{3}}^{1}+S\sum_{k\geqq 2}A_{kj_{1}}^{1}B_{j_{2}j_{3}}^{k}-SB_{1j_{1}}^{1}A_{j_{2}j_{3}}^{1}-S\sum_{k\geqq 2}B_{kj_{1}}^{1}A^{k_{j_{2}j_{3}}}$ .
Hence $[A, B]_{111}^{1}=3(A_{11}^{1}B_{11}^{1}-B_{11}^{1}A_{11}^{1})=0$ .

Clearly lemmas 33 and 39 prove that all kernel sequences in (12), (13),
(14), (15), and (16) are allowed, since $[k^{2}, k^{2}]\subseteqq k^{3}$ .

LEMMA 40. Let $k^{n}$ contain all $(_{00}^{0\cdot..\cdot.0}$ $0^{j_{1}\cdots j_{l}}0^{J_{1}\cdots J_{n)}}e\cdots e$ and some

$B=(_{0\cdot\cdot 0}^{0\cdot\cdot.\cdot 0}$ $0^{j_{1}\cdots j_{l}-1}0^{j_{1}\cdots J_{n)}}e\cdots e$ for which $e_{j_{1}\cdots j_{l-1}}\not\equiv 0$ . Then it contains all such
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elements.
PROOF. Let $A=\left(\begin{array}{ll}0 & 0\\0 & b_{j}^{i}\end{array}\right)$ , and consider $[d\rho(A)B]_{j_{1}\cdots J_{n}}^{1}=-\sum B_{j_{1}\cdots k\cdots j_{n}}^{1}A_{j_{\lambda}}^{k}$ .

But $[d\rho(A)B]_{11\cdots 1j_{1}\cdots j_{\iota-1}}^{1}=-\sum_{k\geqq 2}e_{j_{1}\cdots k\cdots j_{l^{-1}}}b_{J_{\lambda}}^{k}$ since $A_{1}^{k}=0$ ; this representation is

irreducible, so we are done.
LEMMA 41. If $1\neq(n-1)-2$ , it is possible to pick $e_{j_{1}\cdots j_{l}}$ so that if

$A=\left(\begin{array}{lll}1 & 0 & 0\\0 & 0 & 0\end{array}\right),$ $B=(_{0\cdots 0}^{0\cdots 0}0^{j_{1}\cdots j_{l}}e0\cdot.\cdot..\cdot 000),$ $[A, B]=(_{0\cdot 0}^{0\cdot\cdot.\cdot.f_{j_{1}\cdots j_{l}}}0\cdot\cdot 0*\cdot\cdot*)$ with $f_{j_{1}\cdots j_{l}}\not\equiv 0$ .
PROOF.

$[A, B]_{j_{1}\cdots j_{n}}^{1}=S\sum_{k}A_{kj_{1}}^{1}B_{j_{2}\cdots j_{n}}^{k}-S\sum_{k}B_{kj_{1}\cdots j_{n-2}}^{1}A_{j_{n}-1^{j_{n}}}^{k}$

$=SA_{1j_{1}}^{1}B_{j_{2}\cdots j_{n}}^{1}-SB_{1j_{1}\cdots j_{n-2}}^{1}A_{J_{n}-1^{j_{n}}}^{1}$ .
Now $B_{j_{1}\cdots J_{n}-1}^{1}\neq 0$ only if precisely 1 of the $j_{i}$ are $\geqq 2$ . If less than $l$ of $j_{1}\cdots j_{n}$

are $\geqq 2,$ $[A, B]_{J_{1}\cdots J_{n}}^{1}$ is zero, since for the first term $j_{i}=1$ , so all $j_{i}\geqq 2$ are in
$B$ and there are less than 1 such, while in the second term $j_{n-1}$ and $j_{n}$ must
be 1, so there are less than $l$ terms $\geqq 2$ in $B$ .

If exactly $l$ terms are $\geqq 2$ , we have

$(n-l)e-e_{j_{1}\cdots j}\frac{(n-l)(n-l-1)}{2}$ .

This is zero just if $(n-l)(1-\frac{n-l-1}{2})=0$ , i. e., either $l=n$ or $n-l=3$ . But
$l\leqq n-1$ , so the only bad case is $n=3+l$ .

Lemmas 33, 40, and 41 clearly complete the top sequences of (12), (14),

(15), and (16), and the first and third sequences of (13).
LEMMA 42. If $l\neq n-2$ , it is possible to pick $e_{i}$ and $e_{j_{1}\cdots j_{l}}$ so if

$A=\left(\begin{array}{lll}0 & e_{i} & 0\\0 & 0 & 0\end{array}\right)$ and $B=(_{00^{j_{1}\cdots j_{l}}\cdots 0}^{0\cdot.\cdot.\cdot.e\cdots 0}),$ $[A, B]=(_{0\cdots 0000}^{0\cdots 0f_{j_{1}\cdots j_{l+1}}*\cdot.\cdot.\cdot.*})$ and $f_{j_{1}\cdots j_{l+1}}$

$\not\equiv 0$ .
PROOF. As before $[A, B]_{J_{1}\cdots J_{n}}^{1}=SA_{1j_{1}}^{1}B_{j_{2}\cdots j_{n}}^{1}-SB_{1j_{1}\cdots j_{n-2}}^{1}A_{J_{n}-1^{j_{n}}}^{1}$. If exactly

$l+1j’ s$ are $\geqq 2$ , this is

$Se_{j_{1}}e_{j_{2}\cdots j_{l+1}}-Se_{j_{1}}e_{j_{2}\cdots j_{l+1}}(n-(l+1))$ .
If $e_{i}=1,$ $e_{j_{1}\cdots j_{l}}=1$ , this can only be zero if $1-n+l+1=0$ , or $n=[+2$ .

When we put lemmas 41 and 42 together, we discover that if all

$(_{0}^{e}$ $e\cdot.\cdot.\cdot e0^{j_{1}}\cdot 0^{j_{1}\cdots j_{n-1)}}\in k^{n-1}$ , we get all $(_{0}^{e}$ $e\cdots.e0^{j_{1}}\cdot\cdot 0^{j_{1}\cdots j_{n)}}\in k^{n}$, provided $n>3$ , for

lemma 41 allows us to fill in all of $k^{n}$ except $e_{j_{1}\cdots j_{l}},$ $l=n-3$ , but lemma 42
allows us to fill in everything except $l=n-2$ and $l=0$ . Only if $n=3$ do we
have trouble, corresponding to the splitting observed.

It is now clear that the above lemmas, together with lemma 33, complete
\langle 12), (13), (14), (15), and (16). Let us next discuss (19) and (19b).

LEMMA 43. We can find $d^{i_{jk}}\in\Omega(T^{2})$ and $e_{j_{1}\cdots j_{n-1}}$ so that when



Pseudogroups associated with foliation group 179

$A=(_{0}^{0}$ $\lambda d0_{jk}0^{j_{jj}}d^{i)}$ and $B=(_{0\cdot 0}^{0\cdot.\cdot.\cdot 0}0^{J_{1}\cdots J_{n}-1)}e$ then $[A, B]=(_{0\cdots 0}^{0\cdots 0}0^{J_{1}\cdots J_{n)}}e$ with

$e_{j_{1}\cdots j_{n}}\not\equiv 0t\Rightarrow\lambda\neq\frac{n-1}{2}$ .
PROOF. We know $[A, B]$ has this form, and

$[A, B]_{J_{1}\cdots J_{n}}^{1}=SA_{1j_{1}}^{1}B_{J_{2}\cdots J_{n}}^{1}-S\sum_{k\geqq 2}B_{kj_{1}\cdots j_{n-2}}^{1}A_{j_{n-1}j_{n}}^{k}$ .
This is

$\Sigma e_{j_{1}\cdots j_{\alpha}^{\wedge}\cdots j_{n}\alpha\beta n}$

$=\lambda\sum d^{j_{\alpha_{j_{\alpha}j_{\alpha}}}}e_{j_{1}\cdots j_{\alpha}^{\wedge}\cdots j_{n}}-\sum\frac{\#(\beta<\alpha)+\#(\beta>\alpha)}{2}e_{j_{1}\cdots j_{\alpha}\cdots j_{n}}\wedge d^{j_{\alpha_{j_{\alpha}j_{\alpha}}}}$

$=(\lambda-\frac{n-1}{2})\sum d^{J\alpha_{j_{\alpha}j_{\alpha}}}e_{j_{1}\cdots j_{\alpha}\cdots j_{n}}\wedge$ . The lemma is now obvious.

LEMMA 44. If $\lambda=1,$ $d_{jk}^{i}$ and $f_{jk}^{i}\in\Omega(T^{2})$ , then

$[\left(\begin{array}{lll}0 & d^{j_{jj}} & 0\\0 & 0 & d_{jk}^{i}\end{array}\right)$ , $\left(\begin{array}{lll}0 & f^{j_{jj}} & 0\\0 & 0 & f_{jk}^{i}\end{array}\right)]=0$

PROOF. By (19) we need only look at $[A, B]_{j_{1}\cdots j_{n}}^{1}$. It is $S\sum_{k\geqq 2}A_{kj_{1}}^{1}B_{j_{2}j_{3}}^{k}$

$-S\sum_{k\geqq 2}B_{kj_{1}}^{1}A_{j_{2}j_{3}}^{k}=0$ since $A_{kj}^{1}=0$ if $k\geqq 2,$ $j\geqq 2$ .
But these two lemmas together clearly imply (19) and (19b). (18a) and

\langle $19a$) are complete as is. Next turn to (17). A calculation shows that
$\Lambda^{n}\cdots\Lambda^{3}k^{2}=(_{0\cdots 0}^{0\cdots 0}f(d^{i_{j_{1}\cdots j_{n}}})0de_{j_{i}\cdot j_{n_{n}}}:_{1^{j}}...)$ with $f$ some function we need not give

more explicitly.

LEMMA 45. If $A=(_{0}^{e}0^{j_{1}}\cdot\cdot d_{j_{1}\cdot j_{n}}^{j_{i^{1}}j_{n)}}e\cdot\cdot.\cdot e\ldots.$

.
and $B=(_{00k^{i^{1}}:_{j})}^{ff_{j_{1}}.\cdot.\cdot.\cdot f_{j_{j}\cdot j_{n_{n}}}}$ then $[A,B]=$

$(0*0\cdots[d, k]*\cdots*)$ .
PROOF. A variant of lemma 33.
To finish (17), we need only prove lemma 43 without assuming $\lambda\neq\frac{n-1}{2}$

provided $d_{jk}^{i}$ is allowed to vary through $T^{2}$ .
But $N\geqq 3$ , so pick $d_{33}^{2}=1,$ $d^{i_{jk}}=0$ otherwise. Then look at

$[\left(\begin{array}{lll}0 & 0 & 0\\0 & 0 & d_{jk}^{i}\end{array}\right)$ , $\left(\begin{array}{lllll}0 & \cdots & 0 & e_{j_{1}}.. & J_{n}\\0 & \cdots & 0 & 0 & \end{array}\right)]$ .
Using the formula of lemma 43, $[A, B]_{j_{1}\cdots j_{n}}^{1}=-S\sum e_{kj_{1}\cdots j_{n-2}}d_{J_{n-1}J_{n}}^{k}$ . This can
clearly be made non-zero and we are done.

Consider (18). The top of (18) is a sequence because $[k^{2}, k^{2}]\subseteqq k^{3}$ by
lemma 45 and theorem 10. Note that lemma 43 holds as $\Omega(T^{2})=T^{2}$ for
$N=2$ . The bottom of (18) is a sequence by lemma 45 and theorem 10.
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Similarly, the top of (18b) is a sequence.
To conclude the discussion of (18) we need:

LEMMA 46. $k^{n}=\left(\begin{array}{lllll}0 & \cdots & 0 & \lambda a & 0\\0 & \cdots & 0 & 0 & a\end{array}\right)$ is not invariant if $\lambda\neq\frac{1}{n}$ .
PROOF.

$[d\rho(A)B]_{22\cdots 2}^{1}=\sum A_{k}^{1}B_{22\cdots 2}^{k}-n\Sigma B_{k22\cdots 2}^{1}A_{2}^{k}$

$=A_{2}^{1}B_{22\cdots 2}^{2}-nB_{12\cdots 2}^{1}A_{2}^{1}$

$=A_{2}^{1}(a-n\lambda a)$ .

Since $\frac{1}{7}-l=\underline{n}-\underline{1}2$ implies $n=2,$ $(18b)$ is true.

University of Oregon
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