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Introduction.

Let % be an algebraic number field. It is well-known that the obstruction
to the validity of Hasse’s norm theorem for a finite Galois extension K/k is
described as a factor group of certain cohomology group (2], Th. 20.6). T.
Ono has noticed that there is a very close connection between the validity
of Hasse’s norm theorem and the Tamagawa number of the torus R{(G.)
([61, n°6).

In this paper, we extend slightly the problem to the case of an arbitrary
finite extension L/k. Thus the problem becomes the following one; If an
element x of & is “local norm” at every place p, that is, if xe NL§ for every
p, where NL¥ is the subgroup of k¥ generated by N,L#, then is x contained
in NL*? Note that q; runs all places of L above p, and that N; is the norm
map of L,, into k. This problem is affirmatively solved for any cubic exten-
sion of £ (n°3, Example). But we do not know for which type of extension
of £ this problem can be solved affirmatively.

In our paper, we denote by V the torus RP(G,), and by U the torus
whose character module is the dual of that of V. These tori can be defined
in general situation. It is comparatively easy to calculate the Tamagawa
number of U (n°3, Prop. 4). Following Ono’s method, we calculate the Tama-
gawa number of V (n°4, Th.).

It is probable that our results can be expressed in terms of cohomology
groups. But it seems to the author that our method in this paper is useful
in the theory of non-Galois extensions of flelds of dimension one.

1. Preliminaries.

Let G be a finite group and H be its subgroup of index n. One puts
G:n\_jlgiH with g,=1 (the identity of G). We consider the following left G-
=0

module :

ey A=Z[G/H],
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n—1

where Z[G/H]= ¥ Za,, and a;= g;H.

=0

Let A and B be (left) G-modules. Then Hom (A4, B)= Homz(A, B) and
tensor product AR B= A®zB are G-modules in natural way. We put A°
= Hom (A, Z) which will be called the dual G-module of A. For a G-module
M, we denote by M¢ the submodule of M which consists of all G-invariant
elements. We noticed in our previous paper (7], n°l) that the following
and hold :

LEMMA 1. Let M be a G-module. If we consider the Tate cohomology
groups of G, we have

2 HYG, AQM)= HYH, M), (ieZ)
) AQM)E = ME .
Now consider the following exact sequences;

c
3 0—sC—A—Z—0,

.
) 0—Zu—sA— R—>0,

where ¢ p,a)=Xp;,, and u=> a, and r is the canonical injection. So
Zu=Z as G-modules. It is easy to see that C= R® and R=C°. Clearly the
sequences (3) and (4) split over Z. Thus we have the following exact sequ-
ences for a G-module M :

c®1
® 0— CROM— AQM — M —0,
r®1
(6) 0— M —AQM —RQM—0.

LEMMA 2. The map ¢®1 in (5) induces the map of H{(H, M) into HXG, M).
Then this map is the corestriction map which we will denote by c. The map
r@1 in (6) induces the map of H(G, M) into H'(H, M). Then this map is the
restriction map which we will denote by r.

Considering the derived Tate cohomology sequences of (3) and (4), we
have

PROPOSITION 1. Let C and R be Z-free G-modules in (3) and (4), respec-
tively. We have

HYG, C)=G/H-G', HYG,C)=0, HYG,C)=Z,;
H'G, R =2, HG, R=0, HYG,R[G/H-G;

where Z, is the cyclic group of order n.
Note that A[]B means that A and B are in (Pontrjagin) duality. So if
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A and B are finite abelian groups, then A and B are isomorphic (but not
canonically).

Proor. If G is a Galois group of an extension of an algebraic number
field, one can use the class field theory and Tate-Nakayama’s theorem (4],
Cor. 3).

Or more directly, one can prove C¢=R%=0 (cf. n°4 Prop. 6 and 7), so
it follows that H°(G, C)= H%G, R)=0. The cohomology group H G, C) is
the cokernel of the corestriction map of H*H, Z) into H*G, Z). As
H?*H,Z)=H/H and H*G, Z)=G/G’, and the corestriction map is given
by h-H' —h-G’, it is clear that H (G, C) = G/H-G’. The rest is clear, because
HYG, R[(JH (G, C). (q.e.d)

Let M be a G-module such that HY(G, M)= H*(H, M)=0. Considering
the derived cohomology sequences (not Tate cohomology sequences) of (5)

and (6), we have

c
0—(CRME — ME — M¢— H' (G, CQM)—0,

c
0 — H¥G, CQM)— H*(H, M) — H*G, M),

¥

00— ME—— M" —— (RQM)E —0,
-

0— HYG, RQM)— H¥G, M) — H*(H, M).

PROPOSITION 2. Let M be a G-module satisfying the conditions HYG, M)
=0, H'(H, M)=0. Then we have the following isomorphisms:

@ (CO MY = ker (M¥ —— Mo);

® HI(G, CQ M) = M/ c(M™);

©) HYG, CQ M) = ker (H*(H, M) —— HG, M)
(10 (R M) = M#/r(M®);

(11 HYG, R&M) = ker (H¥G, M) —— H*(H, M)).

2. Ono’s theorem on the Tamagawa numbers of tori.

Let 2 be a field of dimension one, that is, either an algebraic number
field of finite degree over @, or an algebraic function field of one variable
over a finite constant field. Suppose that K is a finite Galois extension of k&
with the Galois group G. We denote by J, and Jx the idéle groups of %2 and
K, respectively. We also denote by €, and €, the idéle class groups of k
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and K, respectively. Then it is clear from the class field theory that J; and
€% are G-modules satisfying the conditions of Prop. 2, for any subgroup H.
Let T be a torus defined over k which splits over K. We denote by T,
the group of k-rational points of T, and by T,, the adéle group of T over k.
Putting €(T)=T4,/Tr we call €,(T) the adéle class group of T over £ We
denote by X(T') the character module of T which is a Z-free G-module.
There is an isomorphism between the category of tori defined over 2 and
split over K, and the dual of the category of finitely generated Z-free G-
modules, which is defined by T— X(T)°, where X(T)°is the dual G-module of
X(T). For a splitting field K of T, it is known that Ty = X°@K*, T, =X"'®
Jio Cx(T)= X°QECk, as G-modules, where X°=X(T)" [(6], (2.1.2)). It is easy
to see that T, =(Tx)? and T, =(T4,)% but € (T) S Cx(T)¢ and the equality
does not hold in general.
T. Ono has defined the numbers i(T"), K(T) and «(T") for a torus T([6],
n°3):
12 UT)=[Cx(T)?: C(T)],
13 WT)=[H G, X(T))],

and 7(T) is the Tamagawa number of 7" over k.. Note that [A: B] means
the index of B in A, and [A]=[A:1]. It is known that i(7") is finite 6],
n°2.3). Note also that [HXG, X(T))]1=[HYG, X(T))] because of the finite-
ness of H G, X(T)") and the duality between them.

He has proved the following fundamental formula (6], Main theorem):

14 (TyT)=n(T).

3. The tori V and U.

Let L be a separable extension of finite degree n over the field % of
dimension one, and K be a finite Galois extension of %k containing L. We
denote by G and H the Galois group of K/k and K/L, respectively.

To the Z-free G-modules C and R in (3) and (4), there correspond the
tori U and V such that X(U)=C and X(V)=R. So X(U)*=R and X(V)°=C.
From Prop. 1, it follows

15) WV)=LH (G, C)]=1a,
16) WU)=[H (G, R)]=n,

where n,=[L,; k] and L, is the maximal abelian extension of & contained
in L.
Now we consider the sequence
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(17) O VK VAK @K(V) — 0 .

As K*, Jx and @ satisfy the conditions of Prop. 2, the derived cohomology
sequence (not Tate cohomology sequence) of can be written

0 Vi VAk @K(V)G —— k*/NL* —’fk/NfL - @k/N(S/L
—— H*G, Vg) — H*G, V 1) — 0.

Note that the map ¢ in Prop. 2 is the norm map of L into %, and that

H*G, €x(V))=0 because this group is the kernel of the corestriction map of

H*(H, ) into H*G, €x) which is known to be zero from the class field theory.

Clearly the map J,/NJ,—€,/NG, is surjective. Taking inductive limit (with

respect to the inflation map) of the above sequence to the separable closure

£ of k, and denoting by g the Galois group of 2 over %k, we have
PROPOSITION 3. For the torus V, we have

18) 0— Q — k*/NL* — J;,/N], — €&,/NC€, — 0,
(19 0— H*g, Vo) — H*@g, Vag) —0

where Q = Cx(V)E/E (V).

From definition, we have i(V)=[Q]. The sequence means that the
validity of Hasse’s norm theorem is equivalent to Q=0 or i(V)=1. For the
exact structure of NJ;, see the formula of the next section. The sequence
(19) is the Hasse principle for the (central simple) algebra class of L whose
corestriction to k is zero. In particular, if L is a separable quadratic exten-
sion of k, we know that, to an element of H?*(g, V), there corresponds an
algebra class of L which has involutions of the second kind over 2 [(7], n°2,
Th.).

Next we consider the sequence

(20) 0 Ug — Uy — Cx(U) — 0.

The derived cohomology sequence (not Tate cohomology sequence) of [(20) is

A
0-—Ui—U4—Cx(U)—HY (G, RQK*)—H' (G, R Jx)— -

By Prop. 2 [II), we can consider H'(G, RQK*) as contained in H*G, K*),
and HYG, RQ Jx) as contained in H*G, Jg). It follows from the class field
theory that 2 is injection (2], Th. 20.3). Thus we have €x(U)? = U,,/U;
=@, (U). That is,

21) Ww)=1.
It follows from and [(16),

PROPOSITION 4. For the torus U, we have
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t(U)=hU)/1(U)=n,
where n=[L: k].
Now consider the derived Tate cohomology sequence of (5) in which we
put M=C.

r
— HG, €Cx) — H°(H, €x) — H(G, RQECx) — 0.
Ul Ul
Cr/NCg CL/NL6k
Though we do not need in the later, we summarize the above result.
PROPOSITION 5. Let R be the G-module defined in (4). Then

H*G,R)=6,/6;- N, Cg,

and H*G, R) is the cokernel of “ Verlagerung” of H*G, Z) into H*(H, Z).
Proor. By Tate-Nakayama’s theorem [4], we have H%G, RQGCx) =
H3G, R). Our proposition follows from the above exact sequence. (g.e.d.)
ExampLE. Let L be a separable cubic (cyclic or not) extension of k. It
is well-known that Hasse’s norm theorem is valid for cyclic extensions ([3],
p. 274-275). So we consider non-cyclic case. Let K be the minimal Galois
extension of k containing L. Then the Galois group of K over k is the sym-
metric group S, on three letters, and the Galois group H of K over L is the

subgroup of order 2 of S,. Consider the Tate cohomology sequence derived
from (17). We have

— H%G, CQCx) — k*/NL* — J/NJ, — .
Now consider the sequence
C
H3¥3G, Z2)— H*G,C)— H*H, Z)— H*G, Z).

It is clear that the map ¢ is an isomorphism and H 3G, Z)=0, because the
group G=3S,; has the period 4 (1], Chap. 12, n°11). By Tate-Nakayama’s
theorem, we have H°(G, CQ8%) =0. Thus we have

0 — k*/NL* — Ji/ NJ, — €4/ NCy,.

This shows that Hasse’s norm theorem is valid and z(V)=1 for a non-cyclic
cubic extension L of k, because n,=1 in our case.

4. Tamagawa number (V).

We investigate more precise structure of CQRQM and RQYM for a G-
module M.

n-1 n—1 n—
We put G="U g,H, with g,=1. By definition, =% Za,, Then C="3! Zc,
=0 =0 =1
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n—1
and R = 3} Zb;, where ¢;=a;,—a, and b, =g, (the class of a, mod Zu), 1 <:i<
=1

n—1

2 bs.
=1
For a G-module M, we define the map N of M# into M¢ by putting

n—1
n—1. Note that u= > a;. So we have g,= —
i=0

i

22) Nm="Sgm.
i=0

This map is well-defined. We denote by v(M¥) the kernel of N in MZ.
PROPOSITION 6. For any G-module M, we have

(CROM) = {Zc;Qgm; mev(M™)} =v(M™7).

Proor. If he H, then & induces a permutation on {c¢;}. That is, Ac,=cuu)»
where hg; € gL H.

If fe& H, then f induces a permutation on {a,} which will be considered
as a permutation on n letters {0, 1, ---, n—1} and will be denoted also by f.
Clearly one has f(0)0. So we have

Craxy—Cr » J@+0,
—Crcy J@=0.

Then it is easy to conclude the proposition. (q.e.d.).
ProprosiTION 7. If HYG, M)=0, we have

(RQM)F={2b;Q(gi—~Dm; me M"} = M*/M.

Jfe,=

PrOOF. It is clear that 370,Q(g,—Dm (m e M%) is contained in (RQM)E.
From the sequence (6), one has

00— MS — M¥ — (RQM) ——0.

Thus we have (RQM)¢ = M*/M¢. (q.e.d).

C®AQ is a self-dual G-space, in the sense that, for the representation p
of G defined over @ induced from G-module C, ‘p~' is equivalent to p over
Q. (For example, take a G-invariant positive definite quadratic form on
CRQ). So RRQ=CRQ as G-space, that is, the tori U and V defined by C
and R are isogeneous over k ([5], Prop. 1.3.2).

We will determine a canonical k-isogeny from V onto U. From now on,
we suppose that the characteristic of 2 does not divide n. Under this assump-
tion we can show that the isogeny defined below is separable.

n—1
The map e:¢;—d; =b;+ 3 b, is an injective G-homomorphism of C into
§=1

R. The elementary divisors of the matrix (149;; are (n,1, -, 1), and
[cok¢]=mn. Let M be a G-module such that HY(G, M)=0. Putting

e®1:CQM— RQM,
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where e@1(Zc;®gim) =2 3 b;@(1+0;)gm;, we call this map a canonical
isogeny. This map induces the following map «:
@3) a: (CRM) — (RQM),

where a(Xc;RQem)=>b;X(g;—1Dm. Thus we have
PROPOSITION 8. The canonical isogeny induces the following map which
will be denoted also by «:

o v(M¥)— MP/MF?,
where a(m)=the class of m mod M¢ (m € v(M*). Thus we have
kera =2 v(ME)\MF?,
coka = M7 /y(M™7)- M¢ = NM™7)/N(M®?),
where N is the map defined by [(22).

REMARK. If one can prove directly that (RQM)¢= M¥/M€E, then one
may apply Prop. 8 to the G-module M.

Hereafter, we denote the composition in M multiplicatively, because we
consider multiplicative G-modules in applications. So we have N(M&)=(M?¢)",
where (M%)"= {x"; x= M°%}.

For a homomorphism : A— B, we put

29 9(B)=L[cok g]/[ker 8].

T. Ono has proved the following theorem (5], Th. 3.10.1).
THEOREM (Ono). Let a be a separable k-isogeny of T onto T', where T and
T’ are tori defined over k. Then

(25) t(T)/=(T) = (@) - q(ax) »

where (o) = qlag)/q(ef), and S is a suitably large finite set of places of k.
In our case, U and V are anisotropic tori, so ¢(a,)=1. We calculate the
numbers g(ag) and g(af).

t

Let p be a place of k. Suppose that p= I q¢ is the decomposition of p

i=1
in L, and that, if p is a finite place, Nq,=p’i. Let P be a place of K above
p. We denote by G(B) the decomposition group of B. We put

(26> MP: HKE%’
g%

where g runs over the coset space G/G(B). Then M, is a G-module such
that HYG, My)=H'(H, M,)=0 (2], Th. 12.1). It is easy to see that (M,)¥

=TI L%, (M)¢ = k¥, and
i=1

@7 NMi) = NLY,
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where NL§ is the subgroup of k2§ generated by N,L¥%, 1 =:=1f) and N; is the
norm map of L, into k. In this case, we have

(28 qlay) =[NLF: (B9 1/ Lpta MRS
where g, is the group of n-th roots of unity in %, We put

(J(am) - H Q(al) ’

where A runs over the set S, of all infinite places of k. Then it is easy to
see that

(29) glax) =27 n")7,

where 7, is the number of complex places of %k, and d is the number of real
places which are totally ramified in L/k.

For a finite set S of places of % containing S., and for a torus 7 defined
over k, we put

TE=11Tk X I1 To,,
S bES

Ti=TvNTH.

We call T§ the S-unit group of T over k.

Let S be a finite set of places of k satisfying the following conditions
(i)~(iv), and S be the finite set of all places of L above p=S:

(i) S is a self-conjugate set with respect to the prime field Q which contains
all infinite places of k and all places of k ramifying in K/k (for an algebraic
number field).

(i) S is a non-empty set of places of k which contains all places of k
ramifying in K/k (for an algebraic function field).

(i) S contains a complete system of representatives by prime ideals of the
ideal classes in k.

(i) Jo=L*-J§.

(iv) NL*NEf=N(E$),
where [§= TI k¥x };E[Sup, and Ef="Fk* N J§ (the S-unit group of k*), etc. Note

peS
that u, denotes the unit group of k.

The existence of such S comes from the finiteness of [V ,: V- V §=] and
the fact that, under the condition (iii), one has [V,: V, - V§]=[NL*NE§:
N(ES)]. B

Let S be the set of all places of K above peS. We put

(30) Moy =TT Uys,

as in [26), where Wy is the unit group of K. If pe& S, then p is unramified
over K/k, so it follows that H'(G, M,,)=0 2], Th. 12.1), and we have



On Hasse's norm theorem 339

Uﬁzplgg(Mﬁ’/MS”) Xyle;%(Mﬁ/pr)%ﬁ/]E-
If we consider U$ and U, as contained in J./J., then
Us=J3- Jelle,

Ue=L*- Ji/Jk.
It follows that the S-unit group of U is

Ug=S- e L*- )/ -

LEMMA 3. If S is a finite set of places of k satisfying the conditions (i)~
(iv), then one has

L*'kajg']k:E;? T+
PROOF. Suppose that 7], is contained in J¥-J,, where np< L*. One can
choose an idéle a of J, such that nae J§. We denote by (z) the ideal of L
defined by an idéle », and by <a) the ideal of % defined by an idéle a. We
also denote by <a) the extension of <a) to the ideal of L. As S contains a
complete system of representatives by prime ideals of the ideal classes of &,
there exists an idéle b of J, whose component is 1 outside S such that {a)-<{b)

=(&) is a principal ideal in 2 Then it is easy to see that »& is an S-unit
of L. It follows

=08 EY - ]
The inverse inclusion is clear. (q.e.d.)

As ESNJ.=E$, one has US=E3S/E$=M¥/M¢ where M,=E%. It is
clear that V§=(CQM,’. From definition, one has

af: V§— US.

So we can apply Prop. 8 to this module M,, and we have

@3 qe) =[NEZ): (ED"1/Ten N E].

Note that [p, N Ef]=[p.N E;] is the number of n-th roots of unity contained
in k.

Because z(U)=mn, it follows from

THEOREM. Let L be a finite separable extension of k such that the charac-
teristic of k does not divide n=[L : k], and V be the torus defined over k whose
k-rational points consist of the element x of L* such that Nx=1, where N is
the norm map of L into k. Let S be a finite set of places of k satisfying the
conditions ()~(@1v), and put Sy=S—S.. Then

(32) o(V)=2%-n"2%" - q(ai)/ p(S)



340 T. TAsAKA

where v, is the number of complex places of k, and d is the number of real
places of k which are totally ramified in L/k, and

33 o(S) =pgf([N L (") Ten N RFD)

and q(ag) 1s the number given in (31).

It is known that E§ is a direct product of the group of the roots of unity
contained in % and the torsion free group of Z-rank s—1, where s is the
cardinality of the set S. From (iv), we have g(af)=n*"*'-[E{: ES\NL*]™%

For a finite place p, we put

ny = [k¥ : NL¥].

This number has a certain meaning from the local class field theory. It is
well-known that

LRy s (B 1/ Tt N EF] =1 wy(n)*.

(For example, Serre, Local class field theory. 1.7. Prop. 5. In the same volume
as [3). Note that wy(n) means the normalised valuation of » in k, in the
sense of (2], n°l). From the product formula, it follows

COROLLARY 1. Let k be an algebraic number field. We assume that S
satisfies the additional condition

(v) S contains all places dividing n.
Then we have

t(V)=2%- (Il ny)-[E¥: EENNL*¥]™,

YeSy

where d is the number of real places of k which are totally vamified in L/k.
COROLLARY 2. Let k be an algebraic function field of one variable over a
finite constant field. We have

T(V)Z(Hsn»)'[E‘;%’: EZNNL*]™.
re
Finally we remark that Hasse’s norm theorem is valid for the extension
L/k, if and only if
39 UV)=ng/t(V)

is equal to 1.
College of General Education
University of Tokyo
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