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§0. Introduction and notation.

In this paper, we are interested in re-examining, under more general
assumptions, some of the recent work of Satake, Tits and Borel concerning
restricted roots of semi-simple algebraic groups, and the Weyl group associated
to these roots ((1J, [4]). Their work concentrates on the study of the system
of k-roots of a connected semi-simple (or reductive) algebraic group G defined
over a ground field £, and hence the Galois group G(K/k), where K is a split-
ting field for a maximal torus of G defined over k, plays an important role.
The initial question which led to this paper was “ what is the importance of
the maximal k-trivial torus and the Galois group in this study?” That is, are
there more general assumptions on a subtorus of G under which much of the
theory holds true, and can the Galois group be replaced by a more general
automorphism group of the root system of G?

We will show that both of these questions have affirmative answers, and
obtain necessary and sufficient conditions for a large class of tori (called ad-
missible tori) to induce sets of restricted roots which possess many of the
properties of k-roots. Since maximal k-trivial tori are a special case of all
the admissible tori we consider, many of our theorems yield properties of
maximal k-trivial tori. Only a few of these properties are not proved in [1],
[4]; however, it is hoped that our method of proof indicates that many of
these properties are equivalent, and depend on a minimum set of assumptions.

Throughout the paper, we will use the following standard notation (pat-
terned after that in [4]).

G: a connected reductive algebraic group, (assumed semi-simple in §2-§5)

T: a fixed maximal torus of G

X=X(T): the group of rational characters of T

t: the root system of G with respect to T

W: the Weyl group of t

w,: the element of W which is the reflection with respect to « 1.

- We will denote by G, and G,, the one-dimensional additive and multiplicative
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algebraic groups, respectively, of the universal domain, and denote by Z, Z,,
Q, the integers, non-negative integers, and rationals, respectively. Finally, for
subsets M and N of r, we denote by M—N the set-theoretic complement of
N in M.

In the first section, we restate, in more general terms, the definitions and
some of the results on the set of restricted roots t and group W which are
given in [4] In §2, we define an admissible torus of G, and for such a torus,
obtain necessary and sufficient conditions for the group W to be generated by
a set of reflections {r;, y =1}. These conditions are equivalent to the fact
that the set of “reduced” restricted roots is a root system, having Weyl
group . They also imply a structure theorem for 7. The “opposition
automorphism ” of segments of the Dynkin diagram of G is of key importance.
In § 3, a special class of admissible tori which are an obvious generalization
of maximal k-trivial tori is studied. These are the maximal subtori of T
which are pointwise fixed under the action of a subgroup I' of Aut(G,T)
(the group of rational automorphisms of G leaving T invariant). In §4, two
actions of I" on W are defined, and we show that ¥ is isomorphic to a sub-
group of W which is pointwise fixed by I'. Finally, in § 5, we mention some
applications of our results to the special case of a maximal k-trivial torus of
G, where G is defined over a field k.

§1. Restricted roots and the group .

Most proofs are omitted in this section since Satake’s arguments in
can be used in the more general setting, almost without change. For complete
proofs and a more detailed discussion of the objects defined in this section,
see [6], [5]

Throughout the section, S is a fixed subtorus of T, and we denote by X,
the annihilator of S in X. It is well-known that X, is a co-torsion free sub-
module of X, and that X/X, is isomorphic to the group of rational characters
of S, which we denote by Y. We will identify X/X, and Y, and denote by
7 the canonical homomorphism of X onto Y; that is, for each y & X, =n(y) is
the restriction of y to S. Let r,=t X, and put i=n(t—1,). The subset 1
of Y will be called the set of restricted roots of v relative to X, (or relative
to S).

In order to talk of fundamental roots of ¥, we need to define a linear order
on X which is compatible with z. Thus we say that a linear order > on X
(which is compatible with addition) is an X,-linear order if and only if the
following condition is satisfied:

(1) if v,yeX, yeX, x>0, and y=y' (mod X,), then y'>0.
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From the definition, it is clear that an X -linear order on X induces linear
orders on X, and Y, and conversely, it is easily shown that given linear orders
on X, and Y, there is a unique X,-linear order on X which induces these
given orders (the order on Y satisfies the condition: for ye& X, n(y) >0 if and
only if y>0). An alternate characterization of an X -linear order is given
in the following lemma.

LEMMA 1.1. A linear order > (compatible with addition) on X 1is an X,-
linear order if and only if the following condition is satisfied:

@) if xu Y2 Xo and xy, x>0, then y,+y, & X, -

PROOF. Suppose a linear order > on X satisfies (1), and suppose y;, x. & Xo
and y,, ., >0. If y,+y, € X, then y,=—y, (mod X;), which contradicts (1);
thus (1)=>(2). Conversely, suppose > satisfies (2), and suppose y,, ¥, € X, 11 X
x: >0, and y; =7y, (mod X,). Clearly y, & X, and 3, #0; if 3, <0, then —y,>0
and —y, & X,, and y;,—y, < X,, which contradicts (2). Thus y, >0, and (2)=>(D).

We will call the set of simple roots of t with respect to an X,linear order
on X an X,-fundamental system of r. If 4 is any X,-fundamental system of
t, and we put 4,= 4 X,, then we call the set 4=n(4—4,) a restricted funda-
mental system of t (corresponding to 4). The next proposition follows easily
from Lemma 1.1 and the definitions of 1, 4, T and 4.

PROPOSITION 1.2. Let 4 be an X,-fundamental system of t.

(@) 1, is a root system with fundamental system 4. ,

(b) If d=A{yy, -, 1.}, the y, assumed mutually distinct, then every ye&t

can be written in the form

v
7:'4_-217%1 19 miEZ.,..
i=

() If 4’ is another X,-fundamental system of t, and dy=4" N\ X, 4’ =
7(A4’—A4Y), then 4=4" if and only if d,=4} and 4=4".

Let W, denote the subgroup of W generated by {w,, a« €1,}; then W, can
be identified with the Weyl group of tr,. Define

©)) o ={we Ww(X,) = X} .

Clearly W7} is a subgroup of W in addition, W, is a normal subgroup of Wj,
for if acst, and we W), then ww w'=w,, with waet, Each we Wj

induces an automorphism @ of Y which is defined by the following equation:

4) rwy)=w(x(y)), for all ye X.

We denote by W the group {w|w e W{}; it is clear from (4) that ¥ leaves t
invariant. Also, if we W,, then wy—y < (t,)z, for all y = X, so (4) implies
w=1.
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PROPOSITION 1.3. Let 4 be an Xy-fundamental system of v. For any we Wy,
w(d) is an X,-fundamental system of r, and @W(d) is the corresponding restricted
fundamental system. One has wW(d)=4 if and only if we W,

COROLLARY 1.4. W= W}/ W,. (Specifically, the homomorphism of W} onto
W given by w—iw has kernel W,)

For any subset M of G, we denote by N(M) and Z(M) the normalizer and
centralizer, respectively, of M in G.

ProrosITION 1.5.

@ NS)=WNS)NNTY) - Z(S)

(b) If w, is the element of W determined by s = N(T), then

A w,e W, if and only if s N(S)
(i) w,e W, if and only if s<= Z(S).

Using the second isomorphism theorem, and [Proposition 1.5,
one obtains

COROLLARY 1.6. W= N(S)/Z(S).

The canonical homomorphism of N(S) into Aut(Y) having kernel Z(S) is
¢:s—1I;|S)!, where s = N(S) and I, is the inner automorphism of G defined
by s. Thus it follows from (4) that for s e N(S)\N(T), one has ;= ¢(s).
By Proposition 1.5(a), for each s & N(S), there is an element s’ € N(S)N(T)
such that ¢(s)=¢(s’)=1,. To simplify our notation, we make the following
convention: for any se N(S) (not necessarily belonging to N(S)\N(T), we
put @, = ¢(s).

Let Y§ denote the dual space of Ygq, and for each » & Y, define
® H,={w* € Y*|o*())=0} .

Thus H, is the hyperplane in Y § defined by 7. The elements w < W are ex-
tended to linear transformations of Yq in a natural manner, and then W be-

comes a group of linear transformations in Y § in defining wo* for @& W,
w* € Y§ by the following equation :

(6) Ww*(ion) = w*(n) for all e Yyq.

PROPOSITION 1.7. Let y =%, and let S; be the identity component of the
annihilator of y in S. For each s e N(S), one has s < Z(Sy) if and only if i,
leaves H, elementwise fixed.

For each 5 €Y, we will denote by 7, the reflection in Y§ with respect to
n. Thus r, is a linear transformation in Yy which is characterized by the
properties: r,+1, v4=1, and 7, leaves pointwise fixed the hyperplane H,.

PROPOSITION 1.8. Let s N(S). The element W, W is the reflection in
Y'§ with respect to y €t if and only if s Z(Sy), s & Z(S).

Proor. By Propositions 1.5 and 1.7, we see that w,+1 and &, leaves H,
elementwise fixed if and only if s & Z(S) and s e Z(S;). Moreover, if that is
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so, one has clearly @2=1, since 5, is of finite order.

REMARK. Although at the beginning of this paper we fixed T (and hence
X and t), the definition of restricted roots t with respect to S depends only
on S. That is, if T’ is another maximal torus of G containing S, and we
define the corresponding objects X/, X4, v/, t, Y/, ¥/, then the fact that T and
T’ are conjugate by an element of Z(S) implies that t =1’ in the identification
of X/X, and X’/X/ induced by this conjugation.

§ 2. Admissible tori.

We now assume that G is a connected semi-simple algebraic group; all
other notations remain the same.

Under the assumptions in §1, if 4 is an X,-fundamental system of r, the
distinct elements of 4 are not always linearly independent over Q. In fact,
an easy example shows that for one X,-fundamental system 4 of t, 4 can be
a linearly independent set, while for another X,-fundamental system 4’ of t,
4’ can be a linearly dependent set. Take G a simple group of type A,
with fundamental system of roots 4= {a;, @,, a;}, and let S be the subtorus
of T whose annihilator X, is generated by a,—a,;. Clearly 4 is an X,-funda-
mental system of r, and if we let z(a,) =7, n(@,)=7n(as) =7, then d={r,, 7.}
is a linearly independent set over Q. However, 4’ ={—a,, a,+a,, a;} is also
an X,-fundamental system of r, and 4’ = {—7,, 7;-+7» 7.} is a linearly depend-
ent set over Q. (One can verify directly that 4’ is an X,-fundamental system,
or see the remark after later in this section.)

We are only interested in studying the case where S is a subtorus of T
such that every restricted fundamental system of r with respect to S consists
of linearly independent elements.

DEFINITION. A subtorus S of T whose annihilator in X is X, is called
admissible if, for each X,-fundamental system 4 of r, the distinct elements of
4 are linearly independent over Q.

If S is an admissible subtorus of 7, then part (b) of Proposition 1.2 can
be strengthened:

PROPOSITION 1.2 (b"). If d={yy, -, 1.}, the 7, assumed mutually distinct,
then each y €t can be written uniquely in the form

v
y= Zlmiri’ m, e Z, .
=

An alternate criterion for a subtorus of T to be admissible is given in the
next proposition.

PROPOSITION 2.1. A subtorus S of T is admissible if and only if for each
X,-fundamental system A4 of t, the module X, is generated over @ by 4, and
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elements of the form a—a’, where a, a’ € 4—4,, and a = «’ (mod X,).

ProOF. Let G have rank [ (i.e., dim Xg=1), and let 4= {y,, ---, 1.}, the
elements assumed mutually distinct. Clearly dim Yo <yv. By reordering sub-
scripts if necessary, we may assume that «, -+, a, € 4—4, satisfy n(a;)=7
1<:<vy. Then the elements of 4, together with the non-zero elements of
the form a;—a, where a4 and a=a; (mod X;) are all in X,, and are
linearly independent over Q. Thus dim X, = [,+(/—1,—v)=[—y, where [,=|4,],
and [—[,—v is the number of differences a¢—a;. Since [=dim Xe=dim Yq-+
dim X,q, we see that dim Yg=v (i.e., 7, ---, 7, are linearly independent) if
and only if dim X,q=1[—v (i.e., X, is generated over Q by 4, and the differ-
rences a—a’ with a = a’ (mod X,)).

For the rest of this section, we will assume that S is an admissible sub-
torus of T.

Fix 4={ay, -+, a;}, an X,-fundamental system of r with corresponding
restricted fundamental system 4= {7, ---, 77} (the 7, assumed mutually dis-
tinct). For each i, 1<i<], denote 4*=Ad\x (y;); then 4=4*"\J --- U 42U 4,,
a disjoint union. Denote 4,=4°U 4,; then the set v;=t "\ (4,)z is a closed
subsystem of t, having 4, as fundamental system. In fact, r; is the root
system of the connected reductive group Z(S;,). For, Z(S;,) is generated by
T and the one-dimensional unipotent subgroups P a =t) which are contained
in it, and P,C Z(S;,) if and only if n(a)=cy; for some ¢ = Q. (This last asser-
tion follows from the well-known condition on roots: fx (&)t™!= x,(a()&) for
all teT, £ =G, where x, is the isomorphism of G, onto P,) Now the root
system of Z(S;,) is, by definition, the set {a er|P,C Z(S;,)}, which we have
just shown coincides with the set {a et|n(a)=cy;, c=Q}. But by Proposi-
tion 1.2(b"), this last set coincides with r,.

For each i,1<i<I, let W, be the subgroup of W generated by {w,, act;};
W, can be identified with the Weyl group of r;,. Since r,Ct;, W, is a sub-
group of W,. It is clear from our definitions and discussion above that all
of the results in §1 hold when G is replaced by Z(S;), v by v, 4 by 4, W
by W,, etc., since Z(Sy,) is a connected reductive algebraic group containing
‘T and S, and 4, is an X,-fundamental system of rt,.

For each i,1<1i</, there is a unique involution w; € W, which satisfies

) wdy)=—4;.

The involution w, induces a natural automorphism ¢; of 4,, where ¢; is defined
by the following equation:

(8) ([1; < wl)(a{) = - fOI‘ aﬂ a <= Ai .
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The automorphism ¢, of 4, will be called the opposition automorphism® of 4.
Equation (8) is equivalent to w,a = —¢,(a) for all a € 4;, thus w,(4,)= —4, if
and only if the opposition automorphism of 4, leaves 4, invariant.

LEMMA 2.2. Let S be an admissible subtorus of T, and 4 an X,-fundamental
system of r. If the opposition automorphism of 4, leaves A, invariant, then
wi(d) is an X,-fundamental system of 1.

Proor. Since w;, e W,, it follows that w,y—y e (ry)z for all y € X ([2]-
exposé 16), and in particular, if a € 4—4;, then
® wa=a-t+ X mia;, myeZ.

a;sd;
Since w;a 1, equation (9) implies m;=0 for all a; = 4;. Thus if a € 4%, k+1,
we have

a0 r(w,) =7+my, meZ,.
For each k1, 1<Sk<i, let m,= max {m|r(w,a)=yr+my;}, and let B, be an
a<d

element of 4* such that z(w;8;)=ri+mir;. Let B; be any element of 47%;
then n(w;8;)= —y,;. Since S is admissible, the set (3, -+, 77) is a basis for
Yq over @, and hence the set (z(w,8:), 1< k=<1[) is also a basis for Y4 over
Q. Let Y be ordered lexicographically with respect to this latter basis, and
let X, be given a linear order such that the elements of —4, are positive.
Finally, denote by > the unique X,linear order on X inducing these orders
on Y and X, respectively, and denote by t, the positive elements of t with
respect to >. It is clear that w;(4d,)=—4,Ct,, and w,(49)=—4*Cr, (since
w(wy(dD))=—r). 1f k+#i, and a4 then implies w(w;a)=7y,+my;=
(retmer)+(me—m)—r,;) and my—m e Z, ; hence w;a >0. Thus w, (4 1y, so
w;(4) is an X,-fundamental system of 1.

REMARK. Only the fact that the distinct elements of 4 are linearly inde-
pendent over @ was used in the proof, hence the argument applies to the
example at the beginning of this section.

The following theorem indicates the importance of the opposition auto-
morphism of 4;.

THEOREM 2.3. Let G be a connected semi-simple algebraic group, S an ad-
missible subtorus of T, and y, < 4, a restricted fundamental system of v corre-
sponding to the X,-fundamental system 4. The following conditions are equi-
valent :

1) The definition is due to J. Tits, who saw the importance of this involution in
connection with the classification of connected semi-simple algebraic groups over k.
Condition (i) of our was shown to be necessary in the case of k-roots, as
well as other conditions on the opposition automorphism. See [1] and [8], and also
items 38, 40, 42 in the bibliography of [8]. I am indebted to Professor Tits for sug-
gesting this involution should be looked at in the general case studied here.
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(i) W contains the reflection Trye

(i1) Z(S) is a proper subgroup of N(S)N Z(Sr).

(iii) w; e Wy, (and @, =ry,).

(iv) the opposition automorphism of A; leaves A, invariant.

Proor. We have shown (i) & (ii) in Proposition 1.8. Clearly (iii)=> (i).
Suppose (i) holds; then there is an element s; € N(T') \ N(S) such that @,,=r,.
Since w,,(4,) and —4, are both fundamental systems of t, (Proposition 1.3, 1.2),
there exists w € W, such that ww;(4,)=—4,. Since s; & N(T)N\NS)NZ(Sy,)
(Proposition 1.8), it follows that ww,, € W; N W, and hence ww,,(4;) is an X,-
fundamental system of r; (Proposition 1.3). Since ww,,(4,)= —4, and ww,(d;)
={—7;}, and —4; is also an X,-fundamental system of t; satisfying (—4,),
= —4, and —4;={—7y,}, Proposition 1.2(c) implies that wwg,(4;)=—4;. Thus
wwg; =w;, and w; € W} and @, =ww,,=r;, which proves (iii). If (iii) holds,
then w;(4,) C Xy (—4)=—4, so w;(d,)=—4, which implies (iv). Finally,
we show (iv) = (iii). Condition (iv) implies w,(4,)= —4, so that to show
wy(X,) = X,, it suffices to show that if a, a’ € 4%, then w,a—w,a’ € X, (Proposi-
tion 2.1). By equation (10), we have n(w,a)=yy+my;, #(w;a’)= 7 +ny,, with
m, n € Z,. Since w(w,(4))={—7r;}, we see that {—7y,, rrt+myy, retny}Cw,(d).
If waa—w;a’ & X,, then m = n, and this implies w;(4) contains a linearly de-
pendent set. But since S is admissible, and w,(4) is an X,-fundamental system
of t (Lemma 2.2), this cannot occur. Thus w,a—w,a’ € X,, which completes
the proof.

As a result of Theorem 2.3, we can determine necessary and sufficient
conditions for the group W to be the Weyl group of an (abstract) root system.
We recall the definition in [4].

Given a vector space M over @ with a non-degenerate symmetric bilinear
form (,), a finite subset @ C M which generates M over @ is called a root
system in M if the following four conditions hold:

R(1) 0e& @, and x = @ implies —x & @.

R(2) x——z((;’;))z»y c @ for all x,ye@.

R(3) ;2(%’7;))_ e Z for all x,ye .

R4) If x=@® and cxe @ with ¢ @, then ¢= +1.
If only conditions R(1), R(2), R(3) are satisfied, then @ is called a root system
in a wider sense. The elements of @ are called roots, and the set of positive
simple roots of @ with respect to a linear order on M is called a fundamental
system of @ (a positive root is simple if it is not the sum of two positive

roots). The group generated by the automorphisms of M of the form
_ A )
€D

X—X y for xe M, y= @ is called the Weyl group of @. It is easily
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shown that condition R(3) implies that if xe@® and cxe @ for c=Q, then
lc] :%—, 1, 2.

Now denote by { the set of “reduced ” restricted roots, that is, the subset
of elements of t which cannot be written in the form ¢y with y €%, ceQ, c>1.
In we will give necessary and sufficient conditions for  to be a
root system in Vg with Weyl group W. It is clear from our definitions that
both © and T satisfy condition R(1), and f satisfies condition R(4); thus condi-
tions which guarantee conditions R(2) and R(3) are needed.

Some properties of ¥ and the reflections 7y, (y, € 4) which are needed in
the proof of are collected in the next lemma.

LEMMA 24. Let S be an admissible subtorus of T, 4=1{y,, -, 17} a re-
stricted fundamental system of v, and ¥, the set of positive roots in t with
respect to 4. If wye W} for all i,1<i<], then

(@) If <,> is any W-invariant non-degenerate symmetric bilinear form on

Yo, then
Wen :7]—%2‘?77’?5‘ 7. JforallpeYq, 1=2il.
(b) If yety, and y+ 1y, then Wy e1,.
() For each y €%, there exists an index j 1 <j=<I) and a subset {i(1),
e i)Y AL, 2, -, 1} such that p=Wigy - Wil s

d) If rer, then y=my’ for some y' ¥, me Z.

We omit the proof of the lemma since the arguments are standard ones.
We note that (a) follows since [Theorem 23 implies that i7; is the reflection in
Yo with respect to the hyperplane H;, = {y € Y¢q[{7, »>=0}; that (b) follows
from (a) and proposition 1.2(b"), and the fact that 7 leaves ¢ invariant, that
(¢) follows from (b), and (d) follows from (c) and [Proposition 1.2 (see, e. g. [2],
exposé 14, or [6].

In the course of the proof of we use some standard argu-
ments and hence need the following notion of “ Weyl chamber.” TFor each
restricted fundamental system 4= {y,, -+, y7} of 1, define

(1D Ci={o*eYolo ) >0, 1=i<i}.

Since S is admissible, 4 is a basis for Yq over @, and so C; # ¢. It is easily

seen from Proposition 1.2(b") that Cz is a Wey! chamber of Y § in the usual

sense, that is, if we choose wf e Cz and define 1. = {y = 1|w§() >0}, then

Ci= N Hf, where Hf = {w* € Y §|w*(y)>0}. From (11) and (6) we see that
7Ty

for each w = W and restricted fundamental system J of r, one has
(12) w(C3)=Csa »
thus W acts on the set of all C3.
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The following lemma is easily proved (see and states that the usual
“useful ” properties of Weyl chambers hold for the Cz.
LEMMA 2.5. Let S be an admissible torus of G.
(@) There is a one-to-one correspondence between restricted fundamental
systems 4 of t and Weyl chambers C3.

(b) U Ci=Y¥&— \UH, (the union on the left is taken over all restricted
r.f.8. (S
quniiamental sysi‘ems of 1).

THEOREM 2.6. Let G be a connected semi-simple algebraic group, S an ad-
missible subtorus of T, and d={y, -+, 7i} a restricted fundamental system of
v. The following conditions are equivalent:

(i) The opposition automorphism of A, leaves A, invariant for all i, 1<i<.

(ii) W contains r; for all y &t

(ili) W is generated by {r;, 1=i=<1}

(iv) T is a root system in Yq (with respect to a W-invariant metric), with

Fundamental system 4, and Weyl group W.

PrOOF. Suppose (i) holds; then by Theorem 2.3, w; € W{ and 7, =w,; & w
for all ;,1<i<[. If yet, then Lemma 2.4(c) implies there is an index j and
an element i = W satisfying y=wr; 1f we define w,=ww,w ', then @, +#1,
@2 =1, and i, leaves H, pointwise fixed, so W, =71y, and ry € W. If retis of
the form my’ for some y’ €%, m = Z, (Lemma 2.4(d)) then r,=r;, so that the
subgroup W’ of W generated by {r;,, 1<i=<I} contains 7, for all y 1. Now
Lemma 2.5(b) implies that Y§=( \U Cz)V(\U H,), hence given any two Weyl

d:r.f.s. ret
chambers C5 and Cjz, there is an element i’ & W’ such that 7 (C3) = Cs 3 = C3-

By Lemma 2.5(a), @w/(d)=4’, so W’ is transitive on the set {J:r.f.s.}. But
the action of IV is simple on this set (Proposition 1.3), so W’ = W. Thus
()= (iii), and in the course of the argument, we’ve shown (iii)= (ii). Since
(i)=>(@{) (Theorem 2.3), and (iv) clearly implies (ii), we only need to show
(il)=> (iv). From the construction of @, =r; above, and from Lemma 2.4(a), it

follows that @7 :77——*2<<T?Lr7;>ﬂ7’ for all € Yq, y=1. Since W leaves f invari-

ant, condition R(2) holds for . For each y t, define 1, = {a e t|n(a)=cy, c=Q}.
Condition (ii) implies that y =y; for some @ < W and some j (Theorem 2.3,
Lemma 2.4(c)), so that y €w(4), which is a restricted fundamental system of ¢
(Proposition 1.3). Thus by the argument following Proposition 2.1, we see
that 1, is the root system of the connected reductive group Z(S;), and by
Lemma 2.4(d), ry,={act|n(a)=my, me Z}. Condition (ii) also implies that
there is an element s & N(T)N\NS)NZ(Sy), s Z(S) such that @,=r, (Pro-
position 1.8). Since w; is in the Weyl group of Z(S,), we have wyy—y € (t)z
for all ye= X, hence wy—ye<(i)z for all pe Y. In particular, @;y’'—y’
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= KT 4 ety for all 1 e+, and since (5)z = )z, it follows that 2372 77>

1 ) 12
€ Z. Thus R(3) holds for #; since R(l) and R(4) also hold and 4C t generates

Yq over @, t is a root system in Yq. Proposition 1.2(b") shows 4 is a funda-
mental system of #, and (iii) shows W is the Weyl group of f.

DEFINITION. A subtorus S of T will be said to be “ of root system type”
if S is admissible and one of the equivalent conditions (i)-(iv) of Theorem 2.6
is satisfied.

COROLLARY 2.7. Let S be of root system type.

(a) W acts simply transitively on the set {d:r.f.s.}, and W} acts simply

transitively on the set {4: X,-fundamental system}.

(b) N(S)=Z(S) if and only if SCcenter G.

(¢) Let 4 be any X,-fundamental system of t, and t, the positive roots of

t with respect to 4. If Uz is the group generated by {P, a € t.—1,},
then G is generated by Uz and N(S) N\ N(T).

PROOF. (a) The first part of this statement was proved in showing
(1)=>(ii) in Theorem 2.6; the second part then follows easily using Proposition
1.2(c).

(b) If Sa center G, then T+ ¢ (if t=¢, then r,=1 implies Z(S)=G), so
that there are at least two restricted fundamental systems, 4, —4 of . By
(a), there is an element W, < W, s = N(S) such that @,(d)=—4; since w,+1,
we see s & Z(S) (Proposition 1.5).

(¢) G is generated by T and {P, a =t} ([2], exposé 13), and N(S)DT,
N(S)DP, for all a =r,. By definition, U3 > P, for all a er,—1,. By (),
there is an element s & N(T') "\ N(S) such that wy(d)=—4; then w,P,=5 1P,
= Py 80 SUzs'DP_, for all a e1,—r1,.

COROLLARY 2.8. Let the assumptions be as in Theorem 2.6. The set T is a
root system in a wider sense in Yq with fundamental system 4 and Weyl group

— . P K1 . ot s
W if and only if t is also, and G eZ for all yei—i, y et

Corollary 2.8 follows immediately from our proof of (ii)=>(iv) in Theorem 2.6.

REMARK. There are numerous examples to illustrate that ¥ can be a root
system and © not a root system in a wider sense. A simple case is: let G be
a simple group of type A,, with fundamental system 4= {«a,, a,, @;}, and let
S be the admissible torus whose annihilator is generated by a,—a,, a;—a,.
Since 4,= ¢, condition (i) of Theorem 2.6 is trivially satisfied, so ¢ is a root
system. However, t={+y, +2r, =3y} where y=n=(a;), i=1,2,3, so that %
cannot satisfy condition R(3) of root system.

The condition on the opposition automorphisms in (i) of Theorem 2.6 also
guarantees that W) has a nice structure, and that i¥ is isomorphic to the

subgroup of W generated by the w,, 1 <i</.
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THEOREM 2.9. Let the assumptions be as in Theorem 2.6, and let V be the
subgroup of W generated by the set {w;,,1<i<l}. Then S is of root system
lype if and only if W=V -W,, a semidirect product. (Hence if S is of root
system type, then V is isomorphic to W under the vestriction to V of the can-
onical homomorphism Wi— W, defined by (4).)

Proor. If W)=V -W,, then VC W), so w;e W, forall i,1<i<[. Thus
by Theorem 2.3, S is of root system type. Conversely, if S is of root system
type, then w; € W for all i, 1 <i=<[ (Theorem 2.3), and @,=r,,. Since W is
generated by {i,, 1<i<]} (Theorem 2.6, (iii), it follows that V= i, where
V is the canonical image of V in W. This implies, by Corollary 1.4, that

o=V-W, Thus we only need to show V' W,={1}. If we put w,=1, then
any element we VW, can be written w=w,g, - Wiy, where {i(l), ---, (P}
c{0,1,---,1}. We use induction on p; clearly if p=1, we must have w=w,=1.
Assume for all k < p that if w=w,q, - Wy, € Wy, then w=1. Suppose w=w;,
Wiy € Wy clearly we may assume wyg,#+ 1. NOW @744y = Tias - WinT in
=7ip >0, and since @;7ip = —7iwy there exists an index k such that ;e
“ WipyTiy <0 for all m satisfying k<m=p, and W;u, -+ WipyVicwy >0 (n0te
Wiy #+=1). 1f we put @' =Wy -+ Wicp_1y then @'y, e¥, and @'7up >0, and
Do Ticpy <0 hence @'y =7iay, (Lemma 2.4(b)). This implies @i’ "
= Wycky SO W'Wyepy=Wiy@’. Multiplying this equation by @, -+ Wiy, We have
1= =W ** Wick>Wickss> *** Wicp_1» SO DY Proposition 1.3 and the induction
hypothesis, w;q, *** Wigk_Wicksn *** Wip_p=1. Thus we can write w=W;q,
Wik 1)WicyWicry *** Wick-1y) Wicpy Since w,(dy) = —4, for all 10 (Theorem 2.6
1), w(dy) = 4,, and i(k), i(p) + 0, it follows that w(d,)=4,. But since we W,
this implies w=1. Corollary 1.4 implies the second assertion in the theorem.

Given any abstract group H which is generated by a set of involutions
R={r,},iel (I an index set), the length of any element h & H is denoted
[(h), and defined as the least positive integer m such that k& can be written
as a product of m of the r,. A product r;y, - 7,4, is called reduced if I(r;q,
~";ay)=k. The set R is called a “ good system of involutive generators ”?®
of H if the following condition is satisfied for any choice of indices i(0), i(1),
-+, 1(m), and any positive integer m: (c¢) If 7y, -+ 7iomy IS reduced, and 7;,7:q,
- Tymy 1S mot reduced, then there exists an integer j (1 <j=<m) such that
Tioicw = Yig-u="ia " Ticar

A classic example of such a group and set of generators is the Weyl
group of a semi-simple algebraic group, and the set of fundamental reflections.
1t is also known that the Weyl group of an abstract root system @ has a good
system of involutive generators, namely, the reflections corresponding to a

2) The definition is due to H. Matsumoto, C.R. Acad. Sci. Paris, 258, p. 3419. Such
systems have also been studied by J. Tits, N. Iwahori, and H. Hijikata.



106 D.J. SCHATTSCHNEIDER

fundamental system of @. (See, e.g. N. Iwahori, “ Discrete Reflection Groups
in Euclidean Spaces,” Berkeley, 1965.) Thus, when S is of root system type,
W has a good system of involutive generators, {ry;, r; € 4}. then
implies :

COROLLARY 2.10. Let the assumptions be as in Theorem 2.6. If S is of
root system type, then the set {w;, 1<i<I} is a good system of involutive gen-
erators for V.

§ 3. The admissible torus 7'7.

In this section, we examine a class of admissible tori which are a natural
generalization of maximal k-trivial tori. We continue to assume G is a con-
nected, semi-simple algebraic group.

Denote by Aut(G,T) the group of rational automorphisms of G which
leave T invariant, and flx [”, a non-trivial subgroup of Aut (G, T). We denote
by TT the identity component of the closed subgroup of T left pointwise fixed
by I'. We are going to show that 77 is an admissible subtorus of T.

Each element of I' can be considered as an element of Aut(X,t) (the
Cartan group of T) in a natural manner, namely, for each ye X, o', y° is
defined by the equation:

(13) (@) =y@"H foralteT.

We will also use the symbol " to denote the subgroup of Aut (X, r) formed
by the automorphisms y —y°, for ¢ € I'. Since Aut (X, 1) is finite, the subgroup
I' of Aut(X,t) is also: let d=[1":1]. We define submodules X, and X7 of
X as follows:

14 Xo:{XEXlggx””—‘O}

X'={yeX|y’=y forallecl}.
Since X,o and X{) are the kernel and image, respectively, of the homomor-
phism of Xqo— Xq given by y— %x”, it follows that Xqo= X, +X§, a direct

sum. If ye X and o[, then y—y”< X,, and y is written with respect to
this direct sum as follows:

as (=4 U S

In particular, shows that elements of the form y—yx° where y € X and
o<1’ generate X, over Q. In fact, since any fundamental system 4 of t
generates X over @, the set {a—a’: a4, o =1’} generates X, over Q.

It is clear from that X, and X7 are both ['-invariant co-torsion free
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submodules of X, hence the annihilators of X, and X7 in T are [ -invariant
subtori of T. We show that the annihilator of X, in T is just T7. If yeX,
then 2 y°=0, so for each teT?, we have 1= H ()= H MOESCIO)S

Since X(TT ) is a connected subgroup of G, it follows that x(t)— for all
teTT. Conversely, if { =T annihilates X,, then (y—y¢° () =1 for all y € X,
cel’, so y®) =) for ye X, o=, which implies t=1¢° for all s, so
teTr.

Since y°=y (mod X,) for all ye X, o[, it follows that a linear order
> on X is an X linear order if and only if the following condition holds:

(16) If y < X,, then x>0 implies * >0 for all o= ".

A linear order on X satisfying (16) will be called a I'-linear order on X, and
a fundamental system of tr with respect to such an order will be called a ['-
fundamental system of .

Since the action of I' on X leaves r and X, invariant, it follows that if 4
is a I'-fundamental system of v, and o € I', then 4° is another I'-fundamental
system of v (of course, 4°=1). The following lemma makes explicit how an
element o € 4—4, is related to «’ e 47— 45.

LEMMA 3.1. Let d={ay, -+, a;} be a I'-fundamental system of 1. Each
o< defines a permutation of d—4, (we write a;— a;q) which satisfies: if

a, € d—4,, then af = a;n+ 2 mja;, where m; e Z,, and a, = d;, (mod X,).
(xj:'Ao

Proor. For any a;=4 and o', (16) implies that we may write
{

af = X c;(0)a;, where ¢ (0)e Z, if a; & 4, and ¢;;(0)=0 if a; =4, and a;&4,
i=1

(Proposition 1.2). We may assume (by reordering if necessary) that 4—4,=
{ay, -+, an}, dy={&nsy, -+, a;}. Then the integral matrices (c;;(0)), (c;;(c™))

are both of the form (~Z—8}—2—*0—> and their product is the identity matrix.

Thus the upper left submatrix is an m X m permutation matrix. For each i,
1<i1<m, denote i(o)=~F if the ¢, k** entry is 1. Then if a« € 4—4,, we have
al = ay+ 2 ci(0)a;, and since af =a; (mod X)), it follows that ;= a;,,
(mod X, %

Using this lemma, it is now easy to show that 7T is an admissible sub-
torus of T%.

PrOPOSITION 3.2. TTI is an admissible subtorus of T.

ProorF. Let 4 be a I'-fundamental system of t; then the set {af—a;,;
a,€4, o'} generates X, over Q. If a,= 4, then a?<t, so a?<(d)z
(Proposition 1.2). 1f a; & 4,, then af—a; =(a;@—a)+ E m;a;, m;< Z, and

]‘0

3) (An alternate proof which can be used without change is given in [4], Pro-
position 5(b). The proof using is also due to Satake.)
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iy =a; (mod X,) Cemma 3.). Thus X, is generated over @ by 4, and ele-
ments of the form a,—a;, where a;=a; (mod X,), so TT is admissible (Pro-
position 2.1).

REMARK. Although every subtorus of 7 of the form T7 for some
I’ C Aut (G, T) is admissible, the strong condition (i) of shows
that many (in fact, most) of these are not of root system type. For instance,
if I' is a subgroup of W generated by a subset {waqy *+*» Way,,} Of reflections,
where a;q,, -+, @;, belong to a fundamental system 4 of t, then it is easily
shown that X, is generated over Q by a;uy, -, @y, and hence 4 is an X,
fundamental system, and 4,= {a;.y -, @s}. In this case, for each 7,4,
ANnw X (y;)=4’ consists of just one root, and so unless the set 4, is “ well
chosen ”, the opposition automorphism of 4;={a}\J4, will not leave 4, invariant.

For the remainder of this section, we fix a I'-fundamental system 4 of t.

LEMMA 3.3. For each o €I, there exists a unique element w, = W, satisfy-
ing w,d=4°.

ProoOF. Since 4° is a ['-fundamental system of v, 4 =4z, is a funda-
mental system of r, (Proposition 1.2), hence there is a unique element w,c W,
satisfying w,4,= 4g. Since w,d=4=4°, it follows that w,4 = 4° (Proposition
1.2).

This lemma enables us to define another action of /" on X as follows:

an rP=w;x foreach ye X, oel.

Since ¢ =" and w, € W, are automorphisms of X which leave » and X, in-
variant, [¢] is also such an automorphism. But the definition of w, in Lemma
3.3 implies that [¢] also leaves 4 invariant, thus [¢]< Aut(X, 1, 4, 4,). We
will denote by [I'] the subgroup of Aut(X,t, 4, 4,) defined by the set {[o],
gel'}.

It is clear from (17) that y'? =y (mod X,) for all y € X, o =I', and hence
the restriction of each [¢]=[["] to 4—4, is a permutation satisfying a''=«
(mod X,) for all « € 4—4,. In fact, this permutation coincides with the one
defined in Lemma 3.1.

LEMMA 3.4. For each a;€ 4—4,, and o I, one has af? = a; .

ProOF. Since w;'e W,, we have w;'af=af+7y, where y,=(4y)z. Thus
air=wtaf = af 4y, = ainFxo Where yi € (4y)z (Lemma 3.1). Since al?e4—4,,
it follows that alf? = ;.

We can reformulate the condition a"?=a (mod X,) for a« € 4—4, in the
following manner: if ae4—4, and n(a)=y, then a4 \z"(y) for all
oeI'. The following proposition states that, in fact, every element of 4~\x"*()
is of the form ' for some o ='. For each y = X, we call the set {3?: [¢]
e[I']} the [I'] -orbit of y.
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PROPOSITION 3.5. For ye 4, An=n () is a [ J-orbit.

PrROOF. Let a;, aje 47 '(y). By Lemma 34, it suffices to show that
there exists a ¢ = I" such that a;,,=a; Since a;—a;< X,, we have by (14),
agr(ai—a »)? =0, which implies

2 Ayt Y= 20 Ayt Xo»
o=T GCF

where y,, yj<(4,)z, (Lemma 3.1). Since these are equal linear combinations
of fundamental roots (with non-negative coefficients), every term on the right
also appears on the left. But a; is a term on the right (note: j(id)=j), and
a; e 4, hence a; = a;,, for some o= [,

Using our notation in §2, Proposition 3.5 shows that when S=T7, the
disjoint union A—Ad,= A"\ ---\U 4 (where 4*= Az ¥yy) is just the decom-
position of 4—4, into orbits under the action of [I'].

COROLLARY 3.6. X, (defined in (14)) is generated over Q by 4, and the set
{af"—a:acs d—4, c=T'}.

Proor. This is an immediate consequence of Proposition 2.1, Proposition
3.2, and Proposition 3.5.

REMARK. The group Aut (X, 4) is well known for G a simple group, so
the fact that 4% is a [/ ]-orbit, where [[']C Aut (X, t, 4) means that we can
determine for this case the maximum number of elements in 4—4, which
have the same restriction 7, € 4. Except for D,, 4* can have at most two
elements, and for G =D,, 4° can have at most three elements. This observa-
tion shows that there are admissible tori (even of root system type) which are
not of the form T'T'. The subtorus of G, where G is of type A, noted in the
remark after Corollary 2.8 provides a simple example. (The example is easily
generalized to G of type A;,, 4= {«,, ---, a;}, and S the subtorus of 7 whose
annihilator is generated by (a;—a;, t #J).)

§4. [’ as an automorphism group of W and subgroups of fixed points.

We continue to assume that [ is a fixed subgroup of Aut(G, T), and ex-
amine two distinct actions of I” on the Weyl group W which correspond in
a natural manner to the actions of I" on (X, t) defined by and [I7). Our
notations and assumptions in § 3 continue.

For each we W and o ', the element w’ W is defined by the following
equation :

13 woy’=wy)®  for all y e X.

Using [I8), each element ¢ = I" determines an element (w —w?) in Aut (W); we
will also denote by I" the subgroup of Aut(W) formed by these elements.
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It is clear that I' leaves W/ invariant. Let s N(T), and o €[ ; then for
any y € X and t= T, we have (W,y)°(t) = wsx(t*™) = x(s~t°7's), and also w,x°(®)
= x°(s7ts®) = x(s~'t°"*s). This proves

a9 W =W, for all se N(T), cc I'.

Since Aut (X, ) is finite there is a non-degenerate symmetric bilinear form {,)
on Xq which is invariant under Aut (X,1). Thus for any act, o', and

x < X, we have (w,y)’ = (X 2& > a> =2 —%f{—’% a’ =w,y°. This im-

plies:
20) W, = W 4o for all asr, o1,

Since I' leaves r, invariant, implies that I leaves W, invariant.

In the case S=T7T which we are now considering, we will denote W/ by
Wpr; thus by definition, W= {w & W|w(X,)= X,}, where X, is defined in [(14),
Then I' leaves W, invariant.

If 4 is a I'-fundamental system of 1, then the set {w,, 0 = I'} defined in
satisfies the relation :

2D WiW, = Wer , for all o, =1".

Using one can also show:

22 w’ =w (mod W,) for all we Wp,oel.

More precisely, if we Wy, and o <[, then implies that w’=w,ww;?,
where w,4 = 4%, and w,(wd)= w4)’. Since W, is normal in W, results.
Now denote by W the subgroup of W left pointwise fixed by I'. Equa-
tion implies that WT is just the centralizer of I' in W (where I" and W
are both considered as subgroups of Aut(X,t)). WT is a subgroup of W,
since if we WT and y € X,, we have Z} (wy)’ = Z wy'=w Z x°=0. Equa-

tion implies that WT also leaves X & 1nvar1ant

It would be interesting to know the structure of the group W7 ; so far,
'we have not been able to solve this in general. We can, however, observe
several facts. It is clear from that WT contains the subgroup of W
generated by the reflections w,, where a°=+a« for all ¢ /', and these are
the only reflections in W71 (with respect to roots a« 1t). If W,= {1}, then
implies that W= W7 ; however, W,={1} is not a necessary condition for
Wr=WT to occur, as the example at the end of this section illustrates.

Questions of structure can be answered with respect to a different action
of I' on W, which corresponds to the action of [I'] on X in [I7]. We fix a
I'-fundamental system 4 of t for the remainder of this section. For each
oge I and we W, the element w“ < W is defined by the following equation :
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(23) Wy = (wy)- for all y € X.

The set {[¢]: 0"} forms a subgroup of Aut (W) which we denote by [I'].
It is clear from that [I"] leaves W invariant. An alternate way of stating
(23) is that the automorphism w™? of (X, t) is just a composition of automor-
phisms of (X, r), namely:

24 wl=[glowo[o]?! foral we W, cel.

Since Wiy = wtw;y?, and (wy)“? =w,(wy)’ =w,;w’y? for all y € X, it follows
that wtlw;! = w;w’, or

(25) wIr=www, forallweW,ocecl.
In particular, if we apply [25) to w,, @« €1, then implies :
(26) WH =W, 1 for all act, ol

From (26), we see that not only does [/'] leave W, invariant, but also the sets
of reflections {w,, a =t}, {w,, a €4}, {w,, a = 4,}. Since W, is normal in W,

(22) and imply

27 wl=w (mod W), forallweW, occl'.
In addition, using and [25), one can show:

(28) WA = ww,, for all ¢, =1

Now denote by W the subgroup of W left pointwise fixed by [I']. In
general, W1 is not a subgroup of Wy, but when T7 is of root system type,
Wl contains the subgroup V (Theorem 2.9), as we shall prove. We first
generalize some results of R. Steinberg [7].

If 4’ is any subset of 4, we call the subgroup of W generated by the
reflections w,, a = 4’ the Weyl group of 4.

LEmMMA 41. If 4’ is a [I'J-invariant subset of 4, and W' is the Weyl
group of 4’, then

(@) W’ is invariant under [I'] and W’ is a normal subgroup of the group
generated by W’ and [I'] in Aut (X, 1).

(®) If w’ is the unique element of W’ satisfying w'(4")= —4’, then w’ & W'T3,

Proor. (a) The first statement follows from (26), and then the second
follows from (24).

(b) Since 4’ is [[']-invariant, we have w'“Y(4")= (w'(4’*"N)I1=—4" for
all o= '. Since w'™le W’ (by (a)), we must have w'“ =w’ for all c = I".

We have shown (Proposition 3.5) that if 4={y,, ---, 77}, then the subset
A=A =yy) is a [['J-orbit; since 4, is also left fixed by [I'], 4,=4*\J 4,
is a [[']-invariant subset of 4. Since w; is the unique element of the Weyl
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group W, of 4; which satisfies w,(4;,)= —4,, we have:

COROLLARY 4.2. If A={y, -, 17}, then w, e W for 1<i<l.

If we combine Corollary 4.2 with [Theorem 2.9, we obtain:

THEOREM 4.3. If TT is of root system type, then there exists a subgroup
VC WU having a ““ good system of involutive generators” such that Wp=V W,
is a semi-direct product, and W is isomorphic to V under the canonical homo-
morphism Wp— W.

When T7 is of root system type, we can combine with
Theorem 4.3 (and use the second isomorphism theorem), to obtain the following

lattice of subgroups of W, where each of the “ vertical ” quotients is isomor-
phic to W.

Wr

WE!‘:I
\V
WO\ ) W
W[EI—']
{1}

If we apply to the set of [I'J-orbits 4’ of 4, part (b) yields a
corresponding set of elements w’ & W, This set is, in fact, a good system
of involutive generators for the group W3, This result is obtained by apply-
ing to our case Theorems 2 and 3 of (and is true whether or not TT is
of root system type).

ProOPOSITION 4.4 (Hijikata). Let 4 be a I'-fundamental system of t, and let
Ad=4\J -\ Jdy, be the decomposition of 4 into [I'J-orbits. If v, is the in-
volution in the Weyl group of A, satisfying vdy)=—4d;, then the set
{v;, L<j< k} is a good system of involutive generators of WA,

Note that if 4=/{y,, ---, r7}, then [ of the orbits 4 in Corollary 4.5 are
of the form 479, and the rest are [[']-orbits of elements in 4,. If 4.,=4,
then the involution w; is a product of the involution v; with some of the in-
volutions v,, where 4., 4,. Thus [Proposition 4.4 also implies

We close this section with an example which illustrates some applications
of our theorems, and shows that even if W, is a non-trivial proper subgroup
of Wp, that one can have Wy=WT.

ExaAMPLE. We first remark that if ¢ € Aut (X, 1), then there is an element
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¢, € Aut (G, T) such that ‘p;!= ¢ (and moreover, ¢, is unique up to inner auto-
morphism by an element of T), (2], exposé 23). Thus by choosing such a
¢, = Aut (G, T), we can identify the group generated by ¢ in Aut (X, t) with
the group generated by ¢, in Aut (G, T'), and this identification agrees with [13).

Now let G be a simple group of type A, with fundamental system
4d={a, a,, a;}, and let ' = {1, 0} where o= Aut (X, 1) satisfies:

ai’:a3+a2’ ag:"'azy ag:a1+a2'

(Since 47 =w,,(4), o is an automorphism, and it is clear that ¢*=1.) Since X,
is generated over Q by {af—a,, i=1, 2, 3}, we see that X, is generated over Q
by {a,, a;—a,}. By (16), we see that 4 is an X,-fundamental system, and
dy={a,}, 4={r}. implies w,,=w,, so by [17), we have a{’= a,,
af?=a,, af’=a,, thus [o] is the opposition automorphism of 4. Since
A= {a,, a;}, we have 4,=4, and so (i) implies T'T is of root
system type. If we W,=W is the involution satisfying w(4)=—4, then
V={1, w} and since W,= {1, w,,}, implies that W=V . W, con-
tains four elements. Clearly implies w,, = WT, and it is easily verified
that we WT, and hence ww,, & WI. Since WI'C Wy, we must have Wp=
W= {1, w,,, Ww,,, w}.

§5. Fk-roots and maximal k-trivial tori.

We wish to make a few comments about how our results relate to the
case where G is a connected semi-simple (or reductive) algebraic group defined
over a field k. In this case, we take T a maximal torus defined over %, and
splitting over K, where K/k is finite Galois, and determine the group I' by
Gal (K/k) as follows. Each ¢ < Gal (K/k) determines an automorphism y-—y°
of (X, r) and the transposed inverse ¢, defined by y°(f)= (7 ?)), for t=T,
x< X, is a rational automorphism of 7. Thus [' is taken as the group
{¢0s: 0 =Gal (K/k)}. (I" is a subgroup of Aut(7T) rather than Aut(G, T), but
with the exception of (19), we have only used the fact that I Aut (T'). Even
(19) holds true if ¢, is extended to a rational automorphism of (G, T') since by
[2], exposé 23, an element ¥, = Aut (G, T) satisfying ¥,|T =¢, is unique up
to inner automorphism by elements of T).

It is known for an arbitrary field %, that the module X, defined in
is the annihilator of a maximal k-trivial torus of 7. If T is chosen so as
to contain a maximal k-trivial torus of G, we see that a maximal k-trivial torus
of G is just TT.

shows that to prove that the set 1 (called k-roots) is a root
system in a wider sense with Weyl group 7, it suffices to verify one of the
conditions of [Theorem 2.6] (or [Theorem 2.3, for 1 <i<1), since R(3) can then
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be shown for % using a reduction to the case of a simple reduced root (see
[4], p. 225-226). The important fact that can be used to prove any of these
conditions is the conjugacy (by k-rational elements of G) of maximal k-trivial
tori of G, and (for % perfect) k-Borel subgroups of G.

The main interest, of course, in the study of k-roots of G is a result of
the classification problem; that is, to describe (relative to k) the structure of
G, and make a complete classification in terms of certain invariants, of all
possible G defined over a given field k (up to k-isogeny). One of the invari-
ants that can be used to describe G is the [I']-diagram (or k-index) of G; that
is, the Dynkin diagram of a I'-fundamental system, indicating which vertices
are in 4, and which are in the same [I J-orbit.

Condition (i) of makes it possible to list, for each simple
group, all possible [["]-diagrams which can occur. Although this hardly solves
the classification problem (the existence of groups G defined over %k that “fit”
the diagrams must be proved), it helps cut it down to size. By a reduction
to the case of a [[']-diagram of a single restricted fundamental root (i.e., the
4; of §2), the problem can be attacked in its simplest form.

For an excellent overall view of the classification problem and techniques
used in its solution, see [8] A general exposition of the problem for %2 a
perfect field, and the solution to the problem for 2 a p-adic field appears in
[5] (M. Kneser’s work is of key importance in the p-adic case; see “ Galois-
Kohomologie halbeinfacher algebraisher Gruppen {iiber p-adischen Korpern,” I,
I, Math. Zeit., 88 (1965), 40-47, 89 (1965) 250-272). For details of the solution
when k£ is the field of real numbers, see S. Araki, “On root systems and an
infinitesimal classification of irreducible symmetric spaces”, J. Math. Osaka
City U, Vol. 13, 1-34.

Finally, a special case should be mentioned. When 4,= ¢, the group G is
said to be of “ Steinberg type ”, that is, G contains a Borel group defined over
k. (If k is a finite field, for instance, this is the case.) In this case, since
W,= {1}, the automorphisms ¢ € I' and [o¢] = [['] in Aut (X, t) (and in Aut (W))
coincide, and Wp=WI= W71 (by [22)). The set {w; 1<i<I[} is just a set
of fundamental reflections relative to the k-roots, and is a good system of
involutive generators for the Weyl group W= W, of 1 (Theorem 4.3). (Also,
see [7])
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