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On groups of automorphisms of algebraic varieties
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Let V be a complete, non-singular variety and let G(V) be the group
consisting of all the automorphisms of V. Then we can define two matrix
representations M@ and S™ of G(V). The representation M is defined by
means of the /-adic representation of the ring of endomorphisms of an Al-
banese variety attached to V (with a fixed rational prime / different from the
characteristic of the universal domain) (cf. and [4]). On the other hand,
the representation S is defined also by means of the matrix representation
of linear transformations of the space of the linear differential forms of the
first kind on V (with respect to a fixed basis of it) (cf. and [3]. While
the field of coefficients of M is always of characteristic zero, the field of
coefficients of S is contained in the universal domain under consideration
and so some difficulties occur for the study of S% in the case of positive
characteristics.

The purpose of this paper is to give some informations about these two
representations M and S (or, rather, the restrictions of them to a finite
subgroup of G(V')). Since our results are well-known when the characteristic
of the universal domain is equal to zero (cf. the remark in the section 2), we
shall restrict ourselves to the case of positive characteristics. First we con-
sider the case where V=A is an abelian variety, which is the case of im-
portance as seen later. In particular, it is shown that S gives a faithful
representation of a finite multiplicative group consisting of endomorphisms of
A, provided its order is prime to the characteristic of the universal domain.
Secondly, we show a relation between two representations M and S, which
is suggested by a classical result. In the last section, we apply these results
to the study of the representations M’ and S for an arbitrary (complete,
non-singular) variety V. When V is a curve of genus greater than one, our

results are already known in a more explicit form, by the theory of algebraic
functions of one variable.

1. Preliminaries.

First we explain the notations, which are used throughout this paper,
and give the definitions of the representations M and S. Let ¥ be an
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algebraic variety, defined over a field of positive characteristic p. Let G(V)
be the group consisting of all the automorphisms of ¥/, i.e. the everywhere
biholomorphic, birational transformations of 7 onto itself. Let A be an
Albanese variety attached to ¥V and a a canonical mapping of V into A.
Let _4(A) be the ring of endomorphisms of A. Moreover, when ¥ is complete
and non-singular, we denote by ®(V) the space consisting of all the linear
differential forms of the first kind on V.

For any element 7 of G(V), there exists, by the universal mapping
property of «, an element = of (4(A) such that we have a-7T()=r-a()tt,
where v is a generic point of V and ¢ is a constant point on A. Then it is
easily verified that the mapping ¢:T—@(T)=r is a (multiplicative group)
homomorphism of G(V') into the unit group JA(A) G(A) of JA(A). Let M, be
the /[-adic representation of _i(A) with a rational prime /#p. Then, with a
fixed /, associating 7" with the matrix M(z)= M(e(T)), we get the representa-
tion MV =M, > ¢® of G(V). The representation M is of degree=2 dim A
and has coefficients in the /-adic number field @,, which is of characteristic 0.
It is to be noted that, if we consider the restriction of MY to a finite sub-
group G of G(1), then we get a representation of G which is independent of
the choice of the prime /#p up to equivalence, because the trace of the
representation M (/+ p) is independent of / (cf. Weil [4].

On the other hand, when V is complete and non-singular, any element 7'
of G(V') defines a linear transformation 07 of the linear space ®(V') into itself
in a well-known manner. Then each linear transformation 67 is represented
by a matrix S(67) with respect to a fixed basis of D(V). Since we have,
clearly, 8(T, o T,)=06T,-67T, forall T, T, in G(V'), we get the representation S
of G(V') by associating 7" with the transposed matrix of S'(67"). The repre-
sentation S@ is of degree =dim®,(V) and has coefficients in the universal
domain, which is of characteristic p.

In the following, we shall mainly consider a finite subgroup G of G(V).
Restricting MY and S™ to G, we get two representations of G. We denote
these two representations also by the same symbols M and S respectively.
While M™ is always an ordinary representation of G, S™ is a so-called modu-
lar representation of G.

Next we list some results of the previous papers and [2], which we
shall need in the following sections. We consider the case where the quotient
algebraic variety V, of V with respect to G (a finite subgroup of G(V)) is
defined and we have a Galois covering f: V—V,. Denoting by 4, an Albanese

1) In general, let H and H’ be groups and ¢ a homomorphism of H into A’. If
F'/ is a representation of AH’, then H=>t— F'(¢(r)) is a representation of H. We denote
it by F’ogo.
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variety attached to V,, we have, by [1],

(1) dim A, = é‘- rank > MY(T),
G

where 3} means the sum ranged over all the elements T in G. On the other
G

hand, when V and V, are complete and non-singular® and the degree » of
the covering (=the order of G) is prime to p, we have, by [2],

2) dim D(V)—dim A = dim D(V,)—dim A,=0.
Moreover, if the adjoint mapping da of D(A) into D(V) is surjective, we
have, by [1],

3 dim D(V,) =rank Z‘, SY(T).

‘We prove, under the above assumptions on » and da, the following lemma,
whose special case was used in in proving (3).
LEMMA. Let w be an element of D(V). Then w belongs to the subspace
O (D(VY) if and only if we have 0T (w)=w for all T in the Galois group G.
PrOOF. The ‘only if’ part is trivial, because we have fo T'=f for all T
in G. Conversely, suppose that 6T (w)=w for all T in G. Then we have
(%} 0TYw)=nw. Denoting o =20a(f) with some 6 in D,(A), we have 6T (w)

=da - 8(p(T))0) and so, by the injectiveness of da and the assumption on #,
we have (9:6(ZG) go(T))(%;-ﬁ). We may take A, to be a quotient abelian

variety of A and then, denoting by x the canonical homomorphism of A onto
A, a canonical mapping «, of ¥, into A, may also be taken to satisfy the
relation a,of=p-a (cf. [1]). Then, by (13) of [2], the above expression of
0 implies that there exists an element 8, of D,(A4,) such that § =ou(h,). Hence
we have @ = da(0) =0a - 0u(f,) = 0f c dax,(@,) and so the ‘if’ part is proved.

2. The representation S“.

First we consider the case where V= A, i.e. V is an abelian variety. Let
+¢) be an element of G(A) A(A) (i.e. a unit of JA(A)) of finite order =.
We assume that #z is prime to p. Then we can easily find a point # on A such
that the order of ¢ (as an element of the additive group A) is exactly equal
to n. Putting A*=—A X A, we define an automorphism 7% of the abelian
variety A* by

T*(x: .y) = (T(x): y+t) - (Tr GA)(x: y)+(0’ t) ’
2) It is known that the completeness of V, always follows from that of V and,
if the covering is unramified, the non-singularity of V, also follows from that of V
3) For an abelian variety B, ep denotes the identity element of (B).
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where (7, ¢,) is an endomorphism of A* obtained as the product of 7 and e,.
Let G be a cyclic subgroup of G(A*) generated by T*. Then it is easily
verified that 7% is of order #» and has no fixed point on A*. Now we apply
the results listed in 1 to the complete, non-singular variety A* and the finite
subgroup G of G(A*) of order prime to p. Since A* may be regarded as em-
bedded in some projective space, we can define the quotient algebraic variety
V, of A* with respect to G and so we get a Galois covering f: A*— V,, which
is unramified over every point on ¥, and has the degree prime to p. Then
V, is complete and non-singular (cf. the footnote 2)). Clearly A* is an Albanese
variety attached to itself and, as ¢ #¢,, we have @(T%)=(r, e4) # €45. Since
the [-adic representation of A(A*) is faithful (cf. Weil [4]), the matrix M “4*(T*)
= M((z, e4)) is different from the unit matrix. Therefore the representation
M“* of G contains at least one representation different from the identity;
so we have, by (1) and the orthogonality relation of group-characters (cf.
Lemma 3 of [T]), the strict inequality

dim 4, < %—- deg M“* =dim A*,

where A, is an Albanese variety attached to V,. On the other hand, as
dim D(A*)=dim A*, we have, by (2),

dim Dy(V,) = dim A, = dim D,(A4,)

and so the strict inequality
dim ®(V,) < dim A* = dim D,(A*).

Therefore §f(®(V,)) is a proper subspace of ®,(A*) and so, by Lemmal in 1,
we can find an element 6% in ®,(A*) such that §T*Y0*) + 6* for some exponent
i and we have consequently 67*(6*) = 6*. By Koizumi [3], 6* is expressed as
0p.(0,)+0p,(0,) with some 4,60, in D(A), where p; (resp. p,) is the projection
of A* onto the first (resp. second) factor. Then we have, from the definition
of T%,

(4) 6T*(6*) =0T*o 6p1(01)+6T* ° 5172(02) =0p,° 67(61)+5p2(02> .

Since we have dT*(%) + 6%, dz(8,) must not be equal to 4, and so 0z is not the
identity transformation on ®,(A).

In the preceding arguments, we have assumed that the order » of 7 is
prime to p. But we can show, more generally, that if » is not equal to a
power of p, then 6z is also not the identity transformation on ®,A4). In fact,
then, with a suitable exponent s, ™ has the order greater than 1 and prime
to p and so, from the above arguments, it follows that (07)" = 0™ is not the
identity transformation on ®,(A); consequently dz is not the identity on ®©,(A).
Now we shall compute the order of 0z considered as a linear transformation
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of the linear space ®,(A). Let the order of r be equal to n=n"-p* with (»/,p)
=1 and let the order of dr on D,(A) be equal to m; then clearly m is a
divisor of #. Since dz™ =(07)™ is the identity transformation on ®,(A), it fol-
lows also from the above arguments that the order of ™ must be equal to
some power p° of p. (b may be equal to 0.) On the other hand, the order of
™ is clearly equal to n/m and so we have n=m-p°. Therefore the order m
of 0t on D(A) divides n and is divisible by n’. In particular, if » is prime to
p, then we have »’ =# and so m=u, i.e. the order of dz on D (A) is equal to
the order of . Summarizing the results just obtained, we have the following

THEOREM 1. Let V=A be an abelian variety and let © be a unit of J(A)
(G.e. an element of G(AYNAA)) of finite ovder n greater than 1. If n is not
equal to a power of p, then 0t is not the identity transformation on D,(A). More-
over, if n is prime to p, then 0t has the same ovder n on D(A) as .

COROLLARY. Let G be a finite subgroup of the unit group of A(A). If the
order of G is prime to p, then SP is a faithful representation of G.

REMARK. In the classical case, we know that S@ is a faithful representa-
tion of A(A) itself, i.e. the mapping A—d2 is injective (A € J(A)). This is a
consequence of the two well-known facts that A4, is a faithful representation
of J(A) and that, for any A in J(A), M(A) has the same characteristic roots
as the direct sum of S(1) and the complex conjugate of it, where S is the
representation of _4(A) defined similarly as S“.

As for the statement of Theorem 1, if the order of ¢ is a power of p, then
there occur the two possible cases actually, i.e. 1) oz is the identity trans-
formation on ®,(A) and 2) dz is not the identity transformation on ®,(A) (and,
moreover, has the same order as 7). We give some examples of these two
cases: Let p=2.

1) Let ¢ be —e,. Then ¢ has the order 2 and clearly 6z is the identity
on Dy(A).

2) Let A=B X B, where B is an abelian variety, and let ¢ be the endo-
morphism of A defined by z(x,y)=(y,x). Then the order of 7 is equal to 2.
Taking an element 6, # 0 of D(B), we put § =0dp,(0,), where p, is the pro-
jection of A onto the first factor B. Then 8 is an element =0 of ®,(A4) and
we can easily prove that dz(8) = 6.

Now let 7'(A) be the subgroup of G(A) consisting of all the translations
of A by points on A. Then it is easily verified that 7°(A4) is a normal sub-
group of G(A) and is the kernel of the homomorphism ¢ of G(A) into the
unit group of J(A). Moreover, since it is known that any element of T7(A)
induces the identity transformation on ©4(A), the linear transformation 67" of
D,(A) associated to an element T of G(A) is uniquely determined by the coset
T of G(A) modulo T(A) which contains 7. Hence the representation S of
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G(A) may be considered as the representation of the factor group é(A)
=G(A)/T(A). Then, by and its Corollary, we have the following
assertions: Let 7 be an element of G(A) and T the coset of G(4) modulo
T(A) containing 7. Suppose that 7" is of finite order » greater than 1 in the
factor group @(A):G(A)/ T(A). If nis not equal to a power of p, then 07 is
not the identity transformation on ¥ A). In particular, if # is prime to p,
then 67 has the same order z on ®,(A)as 7. Moreover, let G be a subgroup
of G(A) and suppose that the order of the factor group 5:G/Gm T(A) is
finite and prime to p. Then S gives a faithful representation of G.

3. A relation between M@ and S,

THEOREM 2. Let V=A be an abelian variety and let T be an element of
G(A) of finite order prime to p. We denote by m, and d; the numbers of the
primitive t-th roots of unity (counting multiplicities) among the charvacteristic roots
of M“(T) and S“(T) respectively. Then we have

my — Zdt .4)

PROOF. Let ¢=¢(T") be the unit of _(A) associated to 7. Then, from
the definition and 67=08¢(T) on ®,(A), we have

M(T)=M?(z) and SU(T)=S4(z);

moreover, as the order of r divides that of 7, it is also prime to p. Hence
we may assume, without any loss of generality, that =7 is a unit of J(A).
If the order n of ¢ is equal to 1, our assertion is trivial; so let » be greater
than 1 and prime to p. We use the same notations A¥, T*, V, and A, as in
the proof of Theorem 1. Then we have the equivalence of two matrices:

MAO(T*) = MA((z, ¢,)) ~ ( M (:(T) M(A())(E A)) ’

where M“(e,) is the unit matrix of degree =2dim A ; and so, by (1) and the
orthogonality relation of group-characters, we have

dim Ao = _é_' ml+dim A -

On the other hand, using the expression (4) of d7*(6*) (which is valid for
any element 6* in ®(A*¥)), we can easily show that there holds also the
equivalence of two matrices:

s~ (307 i)

4) In the classical case, this is a simple consequence of the remark stated in 2.
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where S“(¢,) is the unit matrix of degree =dim A. Since the order of the
cyclic group generated by z is prime to p, we can apply the ordinary theory
of group-characters to the representation S of this group and so, by (3), we
have similarly as above

dim D(V,)=d,;+dim A.
Hence we have, by (2), —%—-ml—l—dim A=d,+dim A and so the equality
) m, =2d, .

Now let ¢ be a divisor of the order » of z. Then the multiplicities of 1 as
the characteristic roots of M“(z") and S“(¢%) are equal to 3,1, and >,.,.d,
respectively, where the sums range over all the divisors # of . Applying
the relation (5) to z* instead of 7, we have

DMy =2 ey

Therefore, from the induction on ¢ with (5), it follows that we have m,=2d,.
If ¢ is not a divisor of #», then clearly we have m,=2d,=0.

REMARK. Let T be an element of G(A), which is of finite order n=#n’-p"
with (#/,p)=1. Then it is easily verified that there exist some powers T,
and 7, of T such that we have =T, Ty, = Ty T, and the orders of T,, T\
are equal to n’, p® respectively. Since we have SU(T)=S(T,)-S(T,) and
the characteristic roots of S“(T,) are all equal to the p“-th roots of unity,
i.e. all equal to 1, SY(T) and S“(T,) have the same characteristic roots.
Therefore, applying to T,, we can show that the number of the
primitive #-th roots of unity among the characteristic roots of S“(7") is equal
to the half of the corresponding number of M“(T,).

4. The representation S™.

Now we return to the general case where V is an arbitrary complete,
non-singular variety. From the definition, we have the relation, for the repre-
sentation M of G(V),

MP=M®P.q,

where we use the same prime /. First we intend to show an analogous rela-
tion for the representation S of G(V). For any element T of G(V), we
have, from the definition of ¢,

©) 0T da=0a-0(p(T)) on DA).

Hence the subspace da(D,(A)) of D(V) is invariant by 87T for all T in G(V).
Moreover, denoting by 6,,6,, -+, 0, a basis of ®,(A) (g=dim A), we can show,
by (6) and the injectiveness of da, that the relation
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5T 5c(f,) = i“l a,8a(6))
implies the relation
g
o(p(THX6 ) :Ei a0,

with the same coefficients «;; and conversely. Consequently we have the fol-
lowing

THEOREM 3. The representation SV’ of G(V') can be transformed equivalently
into the following form:

S@ 0
(820 1),
where F is a vepresentation of G(V') of degree = dim Dy(V)—dim D(A). In parti-
cular, if we have Sx(D(A)=D(V), i.e. dimD(V)=dim A, then the representa-
tion SV and S o ¢ are equivalent.

Then, combining with the results in 2 and 3, we get several results on
the representations MY and S™ of G(V). We shall state some of them as
theorems.

THEOREM 4. Let T be an element of G(V') of finite ovder prime to p. If
we have ¢(T) # ¢y, then 3T is not the identity transformation on DLV). Under
the assumption 0a(D(A) =Dy(V"), the converse is also true and 0T has the same
order on DV) as ¢(T).

THEOREM 5. Let T be an element of G(V) of finite order prime to p. We
denote by m, and d, the numbers of the primitive t-th roots of unity among the
characteristic voots of MY (T) and SV (T) respectively. Then we have

m, = 2d, .
In particular, if we have Sa(D(A)=D(V), then we have m,= 2d,.
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