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§1. Introduction.

In a former paper [4] the author defined the system of ordinal diagrams
and proved that the system is well-ordered. By using ordinal diagrams he
proved in the consistency of a fairly impredicative theory. The theory
developed in was generalized in [6] In this paper we shall generalize
the result of by using [6] and show the consistency of a theory which
has inductive definitions with quantifiers of second order.

Let (@) and ¢ <*b be two primitive recursive predicates. Let us assume
that the following condition is satisfied :

<* is a well-ordering of I, where [ is {a|I(a)}.

Now we shall consider the formal system obtained as follows from G'LC.
(G'LC is a simple type theory of second order as defined in [2], [3])

1. Every beginning sequence is of the form D— D or of the form ¢ =2,
A(a)— A(b) or the ‘ mathematische Grundsequenz’ in Gentzen or the fol-
lowing form

@), Ada, b)—Gla, b {x yHAx D N x<*a))

[((Z), Gi(ay by{xry}(Ai(x) y) Nx <*a))’-’A1;(d, b) 1= O: 17 2; ttt.

Here {x,y} is used instead of usual notations £9, dxy and A, A,, A4,, --- are new
symbols for predicates. Moreover, G; (=0,1,2, ---) are arbitrary formulas sat-
isfying the following conditions:

a) Gya,b,«) does not contain A;, Assi, Aiss, -+ -

b) If Gya,b, @) contains the figures of the form VeA(p) or dpA(p), then
A(B) does not contain any bound f-variable. (The bound f-variable means the
quantifier of second order.)

2. The following inference-schema called ‘induction’ is added.

Ala), I'> 4, Ala”)
A0), I'— 4, A@)
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where ¢ is an arbitary term and « is contained in none of A(0), I', 4.
3. The inference V left and 3 right on an f-variable of the form

FV), I'—>4 q I'— 4, F(V)
VoF(g), —4 2" I'— 4, 3pF(p)

are restricted by the condition that F(a) does not contain any bound f-variable.
It should be remarked that F(a) may contain A,, A, A, --- and V may contain
bound f-variables and A, A4,, A4,, - .

Then the following theorem holds.

THEOREM. The consistency of our system can be proved by using the well-
ordering of the system of the ovdinal diagrvams of

@2 1) 0+1)*XN2+2
and @ -1 o+1)*XN2.
Here N denotes the set of integers. The symbols w, X etc. have the ordinary
meanings, the exact definitions of which will be given in 2.
REMARK. The transfinite induction over [ is provable in our system. Let
J(a) and D(a,«) be the abbreviations of Vo(Vx(I(x) A Vy(y <*x+— @[y +— @[ x])

—ola]) and Vx(x <*a+— a[x])— J(@) respectively. The following sequences are
beginning sequence of our system:

1), CG)— D3, {x}(C(x) N x <*1));
1), DG, {x}(C(x) A\ x <*i))—C@).
‘We see easily that the following sequences are provable in our system:
Va(x <*im—=C@)), § <*i—C() A Vy(y <*j—C();
7 <*i, (DN Vy(y <*j—CyN—J(7) -
From above two sequences we have
Va(x <*i—COx), j <*i—=J(7).

On the other hand, we see easily that the following sequence is provable in
our system:

IG), Va(x <*i—J(x)—JG@).
‘Thus we have
IG), Vx(x <*i—Cx)—J(7).
From this and our beginning sequence we have
I)—C6),
and then
1~ J6)

which states the transfinite induction over /.
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§2. Consistency proof of our system.

1. First we define a system of ordinal diagrams on which our proof is based.
1.1. T is defined to be {j|je I or j is of the form 7 where iell. <4 is a
well ordering of 7 which is defined as follows :
1.1.1. If i, then i <4i.
1.1.2. Tf i <*j, then i <sJ.
1.1.3. If i <*j, then i <s7.
1.2. Let n be an integer. I, is defined to be {(;,#)|i=I}. <, isa well-order-
ing of I, which is defined as follows:
1.2.1. U i<4j, then (G, »n) <., n).
1.3. I. is defined to be {co} \J[,\J ], ---.
<. is a well-ordering of I.. defined as follows :
131, Ifiel,, then i <o 0o =0,1,2, ),
132, Ifiel,, j= I, and n <m, then i <. j.
1.3.3. If i <,j, then i <wj.
14. [ is defined to be a set consisting of elements of the form

Liosip = s in; B Rol,
where i,,i;, =+, i, are elements of ., i) =wi; = =+ =i, and #, k;, k, are in-
tegers. <isa lexicographical well-ording of I
15. To prove the theorem, we assume that there are proof-figures to the
sequence — in our system, and we assign an o.d. (ordinal diagram) of
O({co,, 00,} U I, I), where oo, and oo, are the maximal elements of {co,} U and
{o0,, 00,} U7 respectively, to each of these proof-figures and define the reduc-
tion similarly as in [I] and in [5]

2. Let P be a proof-figure in our system.
2.1. The degree of A, contained in P is defined as follows:
2.1.1. If A, is contained in 8 and is of the form A,(j,b), where j< 1, then
the degree of A, is (7, n).
212. If A, is contained in P and is of the form A,(x, b) A x <*i, where x is
a variable or else ‘* /I(x) or i =*x’ is probable, then the degree is A, is (i, ).
21.3. If A, is contained in ¥ and is of the form A,(x, ») with x& 7 and not
of the form A,(x, b) A x <*i{, then the degree of A, is oco.
2.2. We define the degree of a formula F in § to be

Lior 1y =" s in; K1y Bol,
where i,,1;, --* , i, are the non-increasing series consisting of all the degrees of
A, contained in F m=0,1,2, ---), &, is the number of ¥’s on f-variable in ¥
and k%, is the number of logical symbols except V on an f-variable in F.
2.3. We add the inference ‘substitution’ with the following restriction in our
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system (cf. [5).
2.3.1. To every substitution is attached an element of f, which is called the
degree of the substitution, satisfying the following condition: The degree of
every implicit formula in the upper sequence of a substitution is less than
that of the substitution.
2.3.3. The eigenvariable of a substitution is not tied by any V on an f-variable
in the upper sequence of the substitution.
2.34. If an implicit formula in the upper sequence of a substitution contains
VY on an f-variable which ties a free f-variable, then it is V right in the con-
cerned proof-figure and the degree of the substitution is co,.
24. Let iel, P be a proof-figure and & be a sequence in ®. The i-loader of
& is the upper sequence of the uppermost substitution under &, whose degree
is not greater than i in {co,, co,} U7, if such exsists; otherwise the i-loader
of & is the end-sequence.
2.5. Now we assign an 0.d. of O({co,, c0,} \U I, I) to every sequence of a proof-
figure recursively as follows:
2.5.1. The o.d. of a beginning sequence of the form D— D is the degree of D.
2.5.2. The o.d. of a beginning sequence of the form « =10, A(a)— A() is the
degree of A(a).
2.5.3. The o.d. of a beginnnig sequence of the form

1), A, @)= Gui, a, {x, y}(Au(% 9) A % <*D)
or (), G, a, {x, y}(A(x, ¥) \ x <*D)— A, @)
is the degree of A,(, ).
2.54. If &, and &, are the upper sequence and the lower sequence of an in-
ference on structure, then the o.d. of &, is equal to that of &,.
255. If &, and &, are the upper sequence and the lower sequence of an in-
ference /7, A left, V on a f-variable or VY right on an f-variable respectively,
then the o.d. of &, is (00,,0,0) where 0 denotes the first element of [ and o
is the o.d. of &,.
25.6. If &, and &, are the upper sequences and & is the lower sequence of
an inference A right, then the o.d. of & is (c0,,0,0,%#0,), where o, and g, are
the o.d.’s of &, and &, respectively.
25.7. If &, and &, are the upper sequence and the lower sequence of an V
left 3 on an f-variable respectively, then the o.d. of &, is

(004, Ligy =+ s im; By ks t2], 0),
where [ig, ***,im; By, ksl is the degree of the subformula of J and ¢ is the o.d.
of &,.
258. If &, and &, are the upper sequences and & is the lower sequence of
a cut J, then the o.d. of & is (oo, [ig, ==+ 5 im; ki, ke t1], 0,40,), where o, and
o, are the o.d’s of &, and &, respectively and [i,, -, in; &, -] is the degree
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of the cut-formula of J.
259. If &, and &, are the upper sequence and the lower sequence of a sub-
stitution with the degree i respectively, then the o.d. of &, is (;,0,0) where o
is the o.d. of &,,
2.5.10. If &, and &, are the upper sequence and the lower sequence of an in-
duction, then the o.d. of &, is (coy, [ig, *** , im; k1, ka2, 06), Where ¢ is the o.d.
of &, and [, -, im; ki, ko] is the degree of A(e) in the schema.

The ordinal diagram of the end-sequence of a proof-figure is called the
ordinal diagram of the proof-figure.

3. Suppose that the sequence — is provable in our system. In the following,
we shall reduce a proof-figure P to — to a proof-figure with the o.d. less than
that of 8. Without loss of generality, we may assume that every free vari-
able used as an eigenvariable in a proof-figure is different from each other.
Let P be a proof-figure to —.
3.1. First we substitute 0 for every free variable in P except in case it is
used as an eigenvariable. In this alteration the proof-figure is still correct
and the end-sequence of P and the o.d. of P are invariable.
3.2. We may assume that 8 contains no free variable other than those used
as an eigenvariable in . If the end-place of P contains an induction, apply
the ¢ V/-Reduktion’ in Gentzen [1], where every substitution in the reduced
proof-figure has the same degree as the corresponding one in .
3.3. In the following we may assume besides the condition assumed in 3.2,
that the end-place of 5 contains no induction. Let the end-place of P contain
a beginning sequence of the form m =mn, A(m)— A(n), where m and »n are of
the form 0’’. Then either m=n— or —-m —=nx is a ‘mathematische Grund-
sequenz.’
33.1. If m=n— is a ‘mathematische Grundsequenz,’ replace the beginning
sequence to the proof-figure
m=n—
 Weakenings and an exchange
7 m=mn, Alm)— An) .
3.3.2. If »m=mn is a ‘mathematische Grundsequenz,’ then m is n. Replace
the beginning sequence by the proof-figure
_ Am)— A(n)
m=mn, Alm)— An).
3.4. We may assume besides the conditions assumed in 3.3, that the end-place
of P contains no beginning sequence of the form m=n, A(m)— A(n). We can
reduce P to a proof-figure which contains no beginning sequence of the form
D—D in the end-place in the same way as in [5]
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3.5. Then we can remove a weakening cut-formula in the end-place in the
same way as in [3, 6.4].

3.6. We may assume that the end-place of P contains no free variable, in-
duction, beginning sequence of the form m=n, A(m)— A(n), or D—D, or
weakening cut-formula. Suppose that P contains a beginning sequence of the
form

() IG), A, @)= GG, a, {%, yHALx, y) N\ x <*1))

or 1), GGy @, {%, y}( A, ¥) N\ x <*D)— A4, @),

where ¢ and @ are of the form 0/, and # is an integer. Since each case is
treated similarly, we treat here only the case that B contains a beginnig se-
quence (x). By our assumption, either I(z)— or — I(i) is provable without an
induction, or a substition or an V on an f-variable.

3.6.1. In case that I(z)— is provable, replace the beginning sequence by the
following proof-figure :

)~
Weakenings and an exchange
1G), AuG, @)= Guli, a, {%, y}(Aux, ¥) A x <*0)).

The ordinal diagram of the above proof-figure is less than that of (x). In the
same way as in [5], we see that the ordinal diagram of the proof-figure to —
decreases by this alteration.

3.6.2. The case that — I(;) is provable: Since every formula in P is implicit,
there exists a cut I where one of the cut-formulas of J is a descendant of
AyG, @) in (x). Let P be of the following form :

A, @)— Ay, @) 1@), A, )R GG, a, Ad')

red, Afi,a)  Adia), T oA N
rim—a4,4

) : K
7
—

where A, is the abbreviation of {x,y}(A.(x,y) A x<*7), and AU, a)— AG, @)
in the figure may not appear.
Consider the following proof-figure P’ :
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IG), AG,a)— GG, a, A
A,G, a), IG)— GG, a, ALY G, @, AD)EG,G, a, ALY

I, I6) %4, Guliya, Ad)  Guliya, AD), T A,
rIG, -4, 4 ~
Some exchanges
\¥.0) 1G), T, 1— 4, A
I, I%4, A

Every substitution in P’ has the same degree as the corresponding one in P.
0=(005,[(7);0,0], 0,%0,) and ¢’ =(00,,[0; 0, k], 7#(00s, [, 1), -+ ; ks, k], 01 £057)
where [0;0,%] and [, »n), -+ ; ki, k.| denote the degrees of I(}) and G,(, a, A%}
respectively. By an analogous method as in [5], we see that ¢/ <,0. Then
the ordinal diagram of P’ is less than that of .

4. Now we may assume that the end-place of P contains no free variable, in-
duction, weakening cut-formula or beginning sequence except a ‘mathematische:
Grundsequenz.” If all the sequences in P are in the end-place, we treat in
the same way asin[1] Then we may assume that %} contains an inference on
logical symbols and that the end-place contains a suitable cut in the same way
as in [3, §6]. To define the essencial reduction, we treat separately several
cases according to the form of the outermost logical symbol of the cut-formulas.
of the suitable cut of . Since other cases are treated in the same way as
in we treat here only the case that the outermost logical symbol of the
suitable cut 3 of P is ¥V on an f-variable.

Thus let P be of the following form :

-4, F@) RO, T4,
Fl—.—)Ab VgoF(gn) VgoFl(go), Hl"‘_)Al

Ty 4y, Y9F () VpF(p), M.~ 4,
r, l,—4, 4,

M
I';— 4,
ot

3
v
—_

Let [ig, -+ , i ; k1, k5] be the degree of F(«). Let i mean oo, or [ig, =+, in; by, kot 13
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according as V¢F~(g0) contains a free f-variable or not. Let I';— 4, be the i-
loader of I',, II,— 4, A,. We can prove easily that YoF(¢) is Vo F(o).
A reduction P’ of P is given in the following form:

I, 4, F@)
Some exchanges and a weakening
I'—F(a), 4, YoF(9)

Vo o
I';—4,, Fla) 5 N w
Iy—d, FOOH™  F), I,- 4,

ry, II,— 4, 4, .
Some exchanges and a weakening
V¢F(¢)» 1, Fs_l’Aay 4,

H
H

H
)

v, . .
T',— 4y, Y9F(9) Vol(¢), 1T, T'y— 4y, 4,
r, 11, r,—4, 4, A4,
Some exchanges
r, Hz: Pa_’As, 4,, Az

b

\“i‘l
Fsy F3_>A3: Aa
Some exchanges and contractions

I's—4,

—
where 3, is a substitution whose eigenvariable is @ and whose degree is de-
fined to be ;. Every substitution in P’ except J; has the same degree as the
corresponding one in . Following 4.2 in [5], we can show that substitutions
in g satisfy 1.3.1-2.34. and that the ordinal diagram of P’ is less than that

of .
Tokyo University of Education
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