Journal of the Mathematical Society of Japan Vol. 10, No. 4, October, 1958

Harmonic and Killing tensor fields in Riemannian
spaces with boundary.

By Kentaro YANO

(Received May 31, 1958)

In a previous paper [6], we have generalized some of the results on
harmonic and Killing vector fields stated in Yano and Bochner [6] to the
case of Riemannian spaces with boundary.

The purpose of the present paper is to do exactly the same thing for
harmonic and Killing tensor fields. The study of harmonic tensor fields in
such Riemannian spaces has been already started by Duff and Spencer [3],

Conner and Nakae [4]

§1. Fundamental formulas.

We consider a compact manifold M which is the closure of an open
submanifold of an n-dimensional orientable Riemannian manifold V, of class
C” (r=2) with a positive definite metric ds?*=g,(E)dE"dEA (k, A,+--=1, 2,---, ) and
which is represented, in a neighborhood of each point on the boundary B of
class C" by é"=0. It follows that B is an (#—1)-dimensional compact orien-
table submanifold (see, Chern [1]). The boundary B is represented locally
also by ;

(1> EE:EE(WIL) (/Z) ir .7) :17 2)"'7 n——l)
in UP)N M, UP) being a coordinate neighborhood in V, of a point P on B.

We put Bi*=0,6"=0E%/07", 'g=Bj"Bi*g,, and denote by N* the unit normal
to B such that N* and Bi", By, B,_," form the positive sense of M and by
g and ‘g the determinants formed by g,, and ‘g;; repectively.

Denoting by ‘p; the covariant differentiation of van der Waerden-Bortolloti
with respect to ‘g along B, equations of Gauss and those of Weingarten can
be written respectively in the form

2 7iBif=H;N*,
€y 'piN*=—H}B;",
where Hj; is the second fundamental tensor of B with respect to the normal
N*.

Now, Stokes’ theorem states: We have, for an arbitrary vector field #*
in M,
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“4) IM v xu"daszu‘Nxd’ g,
where p, denotes covariant differentiation with respect to the Christoffel
symbols {,} formed by g,; and
do=Ng dENAEEN - NdE™,  d'a=N"g AP NdpP /N Ndn"h.
Consider a skew-symmetric tensor field p#44» (1< p=n) and form
Y lLo a7 "% 40) — 0"y, 0, (P 0235 A0) ]

cap . P—1 ,
:[{/Mvu/hmlpvmz Ap’]l*'—éﬁ KVIIXEDV/IAs"‘AvaKAs Ap

-+ (V/JU/M,---/IP)(VaUM,...Ap) — (V/lv/ll,n}p)(VlleT..l{p)
= F (0, 0) - 0P 10 p2iy)— (7 02 )7 01 40)

where K,; is the Ricci tensor, K, the curvature tensor and
/] Adad p‘—]- 173 ABAsA
F@, v)=Ku0" 10 p-f"—‘z"* vkl Qg apl ?.
Thus applying Stokes’ theorem, we find

© J LF@ 00+ 0 2)F 10 ay)—(F 0" 0y 7 04 32) 1o

= LAy 2) = (0P 9 IN, 5

§2. Non-existence of harmonic or Killing tensors.

We now assume that the skew-symmetric tensor field p*4» is tangential
to B, that is,

(T) v’“""""ﬂ’rB’}‘,ﬁ;:::ig/zﬂ‘f’z""ﬂl’ or pMN,;=0 on B,

where
Bilzip=Bi*Bil By,
and ‘p™ir is a skew-symmetric tensor field defined over B.
Differentiating v,,,.,,N*=0 along B, we obtain

B}H(Vﬂvm,...gp)Nl—*Z)“, ..Ap[‘[}iB{’l ={()
by virtue of the equations of Weingarten. Multiplying this by Bhjiz vf»,
we get
(7)1’ (V/zv/llh---llp)vﬂhmleA—_—Hji /U‘fi,...ip /1)“""?;1’ ’

where the subscript 7" (V) indicates that the formula or theorem concerns a
vector or a tensor field tangential (normal) to B.
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From (6), (T") and (7)p, we find
(8)T j‘M[F(v’ v)+(V'uv“a"%p)(V/lv/Mn-v-/lp)—(V/ﬂ)llh"-/]p)(V/Ivur..lp)]do
B

for a tensor field p*44r tangential to B.
This formula can be written in the following two forms:

O)r § [F@ )+ (om0 i)
—_pigl; (V[/}.vlll.'%p])(V[livlﬂz"'lp:])—_(V/Avﬂlr"/lp)(Vﬂvl}\r'}p):ldo

:J‘BH-JL /Ujiaw:p wtird'o,
(10)7 jM[F (0, 0)— (P VA2 0)(P 0200
1 73 e
I—‘Z (pHpihe-dp |- pAphhs ‘p)(V,uUua---prrVﬂ)mze.-/lp) ;

- (V/xvﬂzl,n-/lp)(VAU““"'AP)]G’U=J‘3Hji Va0 0d 0

where
(p+-1)pWrphasap) = ppdde-dp — pAasAp — paphis-dp — ... — Apylds-dp-i”
Harmonic and Killing tensor fields being respectively defined by
Viare2p1=05 7" 302p=0

and
v V i0asdytV 0 paniy=0,
we have, from (9), and [10),

Tuaeorem lp: If, in an M with boundary B, the quadratic form F,v) is
positive (negative) definite and the second fundamental form is megative (positive)
semi-definite, then there does not exist a harmonic (Killing) tensor field of order
p A= p=n—1) tangential to B other than the zero tensor.

We next assume that the skew-symmetric tensor field "p is normal
to B, that is, the tensor field p444» gsatisfies

(N) Visaeap BYRS D
Multiplying this by B,ﬁj,ﬁ: » and taking account of
BizB?Iu:A;}_N Np:

=0.

ip

we find
1Dy Vasteedy= N2, 02201, N+ Ny @ pa200-2p NO -+ Na@a,20-2p- AN
where

tila D _ Dy i3 i — th -
B Aikadp — ?AIB- a”'B?plp and B}ﬂ—‘ g’[l g,ulBhl'
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If we put
Aaeed
(12)1\/ Z)M,...,szABL-R..‘i;:/Ui,...ip ’
"v4,-, being skew-symmetric, we find
— gt 1P
(13)1\’ U,{/l,...xpNK—/U“...,;pB ’;...Xp f

Differentiating (N) along B, we find

AdyeAp g Az Ap Ay Ap— —
(V,{UA,M"'AIJ)Biilwip[ R Z)AxAz"‘lz‘)[‘[ilﬁ:N}‘XBixn‘"ip '1""+UA,A:~~/1pBi1~-~ip_ll Iiilep”“O

or
(Vﬂ)a,A,--.Ap)BmT::igp%-ffm WVigeipt o (=D Hyy), 0400y, =0
Multiplying this by ‘g** and taking account of
| /gii,Bgifn:gux_NANA. ,
we find

1 g 1 A!"'l . . . —
(7 020202, — NN )Biz'--ipp+Haa Wigiy—H? Vaigiy——H% "Viga=0.
p P P P

Multiplying again this by ‘»*» and taking account of

BL;{:LILQD /vi,...ip :Z)"M"”'APNA ,
we obtain
(14)1\7 (VAUA/IT--Ap)UII’I""’IZ’N,l“NAN'{ll)"M’"'ApN/z(V/IU/hAzmlp)
= iy VP (D~ D Hjy 0y 07
Substituting

vallh“'/leﬂ—_—_—vlh"‘lp__N)m(vl/"}\a“'le/l)__. e _,Nrip(vlui"'/lp—lﬂN/l)
obtained from [(II)y, we find
(15)y Lo 1ty (7 04 20) 0", 2y (P 04 22) N,
=H;""vs,..4, e —(p—1)Hy, ,vjig.,.ip lptivip

Thus, from (6), we have
(16)x j M[F @, V)P 420N 0 e 2p) — 7 0" 4y 7 0% 40) Tdlo
:jB[]Iaa /Uir--ip /Ui“"'ip — (p— l)l{ﬂ /Uji,,.“ip ’v““"ip]d/o

for a skew-symmetric tensor field p4:4=-d» normal to B.
This formula can be written in the following two forms:

R | rro, vH—%— (P09 a0e,)
- A}!)‘l (VMUM’m&p)(V[,usz-nlpJ)—(V/Avﬂ/lz-"/lp)(Vﬂ)“r"Ap)]da

= JLHG iy V(D= DIy 0y 0 0] d

433



434 K. Yano

A8)x § TF@ 0= o405 sa0.2)

1 i .
+“2‘ (P oMo p At R d0) (7 0200y T 20 anap)
— (7 10" 10p) (P 024 40) ]do |
:j‘BI:H,;“ Vi, Ap "t —(p—1)Hy, ,vj‘ia"-ip et ldo

From [I7)y and [I8)y, we have
Tueorem 2y: If, in an M with boundary B, the quadratic form F,v) is
positive (negative) definite and the quadratic form

(19) f[(l), U) = []aa /l)i,,..ip /Z)i""ip— (p— 1)H:71 /Ujia.,.ip /Uiia“'ip

is negative (positive) semi-definite, then theve does not exist a harmonic (Killing)
tensor field of order p (1=p=n—1) normal to B other than the zero tensor.

§ 3. Necessary and sufficient conditions for a tensor field to be harmonic
or Killing tensor.

We apply Stokes’ theorem to p (™" "»p,,,.,,) and obtain
(20) j‘MI:(g/’MV/lVvilxan&p)”lﬂﬂfr“ﬁp_|—(V/JUAEK".MP)(Vﬂvlﬁg"'xp)]da

:LW W pdyap)V0" 22 NAG 6

We now assume (7). Then from (7),, we obtain

2D, T 10 paa-ap)0" 4 2 NA=pH; ’t)ji,..ip rptte-ip

—(PFDW e ane-a 0" A2 NA
and
(22)r (V0 paae a0 4 NA= — H '0%;,. ) 0P 0

(O Wiyt V a0 g™ 22 NA

Thus from 21}, and [22),, we obtain
(23)z § @7 a0 00 iy (P PO 0 103) 10
= [ [PH;u 10ty 02— (DA DT tioaaeay 0+ 2N
(24)z § L7 a7 0™ )0yt (P2 20)F 0120210
=L’|:Hji "V ity V(T i 2202 HV 0 it a0 N ]d 0

Forming [23),—(9),xp, we find
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(25)s J a0 1)y (DA DT 0 ) P00
D7 0" a) (7 019 Jdo
=—(p+ 1)IB(V[,lv,l4,...;p3)v/11,...ApNAd/(, ,
where
26), N S —
B —

Forming next [24),+(10)7, we obtain

@0)r ‘[ [( Elv""“*"'xp)vm---xp—l—ﬁ]z— (p " pihs-ap - pagHan-in)
M
(320025 F 7 40 pene) — <V/£Uuh~-~/1p)(VAU“""’IP)]do'
:fB(V,lU“,...Ap—{— V}-D/Mr--Ap)U’M""’IPNAd/G ,
where

@)y L N E sy P S

1 .
+”pﬁ 2‘17<€ l{x]xiplvm,...y...}‘...xp .

Since, for a harmonic tensor field »****r, we can easily derive Ap"™" =0
from pp4,..2,1=0 and pwh,..,=0, we have, from [25)y,

TuroreMm 37: A necessary and sufficient condition for a skew-symmetyic
tensor field v¥* " (1=p=n—1) tangential to B to be harmonic is that

Avmlrg-..lcp:o ”/l M,

(29 .
Vi aageapit’ 2 AP NA=0 on B.

Since, for a Killing tensor field »"**», we can easily derive p™**»=0
and p =0 from pwi,.4,+Fi0u.-1,=0, we have, from [27)y,
Turorem 4,1 A necessary and sufficient condition for a skew-symmelvic
tensor field v™ " (1=p<n—1) to be a Killing tensor field is that
Dv"‘”"""Pz(), Vﬂ)““...xp:() in M,
(30)z l
¢ (V10 030-2p VW0 a0 242 NA=0  on B.
We next assume (N). Then from [1I)y and , we find
By (7 30 e a0 AP NA= (7 0%;,..2,)0" %22 N,
FDPH s,y 0P —p(p—1)Hy "0y, 08
Substituting this into [20), we find

(32)x jM[(gm‘V#VAU'C"C""K")U;:.x,-..xp (P oM A0 0 2,ap) 1dO
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=L[P(V FULFI it A
FPH Vs iy VP —p(p—DHyy 0,0, 0" Jd 0
Forming [(32)y—(17)y X p, we find
(33w fM[(AUK‘K""”p)vmx,...x,,+ (DD AN a2,-2p2)
+DP 10" 40y (7 014 42) Jdo
:LZ'J(V W a0 N,

Forming next [32)y+(18)y, we find

K Kg K, 1 7) vee 1y P
By fM[(Dv Wk sy (PO AP PR A A0 00002y T a0 e a)
— (7 0" 1ap) (7 0220 Tdo
= [ L2t 1" 42N,
F (PHDH Dty v 2 — (=D Hyy sy, 0V ] 0
From [33)y, we have

Turorem by: A mecessary and sufficient condition for a Sskew-Symmetric
tensor field v™"*» (1=p=n—1) normal to B to be harmonic is that

AV =0 in M,
240022 N,=0  on B.

*p is a Killing tensor field normal to B:

G

KyKge

Suppose that »
Vil areeaptV a0 ety =0
On taking account of [(1I)y, from (N) and
Bfﬁ,’iifﬁ(Vﬂ?)ua---zp-l- Vi useap) =0,
we find
—Hyi"viyiy+ Hys, ity Hjiy Wity
—Hy; /vir“ip+H;:’lz "Wjigiptee +Hiip Wigeip-15=0,
from which, contracting by ‘g’ /p»,
(36)2\’ H;a, /l)i,...ip ,Di""ip-— (p—‘ 1)H:71, /Z)ji
Thus from [(34)y, we have

TuroreEM 6y: A necessary and sufficient condition for a skew-symmetyic
tensor field v™"* (1=p=n—1) normal to B to b¢ a Killing tensor field is that

Ov™ =0,  pwh.1,=0 in M,

Hda /vin"'ip /vir“ip_(p_l)PIji ,vjia---ip /viis-..ip:() on B .

ety V=0

CH)"
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