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Since normed vector lattice was considered first by L. Kantoro-
vitch (the numbers in brackets refer to the list of References at
the end of this paper), the theory of Banach lattices has undergone
a considerable development, but very little effort seems to have been
made to extend this theory to more general topological lattices (see
Nakano [8] On a similar situation in the theory of topological
algebra, see Michagl [1]). On the other hand, the theory of Banach
spaces was considerably extended in its range of application by
introducing the notion of locally convex spaces (Mackey [1], ;
Dieudonné et Schwartz [I]; Bourbaki [1], [2], [B])-

The purpose of this paper is to generalize the theory of normed
vector lattices in an analogous fashion, by introducing the concept
of locally convex lattices.

A locally convex lattice (for see §1) is a locally
convex Hausdorff space over the reals as well as a vector lattice
such that whenever a net (a directed system) {x;} converges to O
and |x;]=|y;| for each 2, then {y,;} converges to 0. If a locally
convex lattice is an &£F-space, it will be called an £F-lattice. An
&-lattice is a metrizable and topologically complete locally convex
lattice. ,

This paper is divided into six sections, the first of which is
concerned with the definition and fundamental properties of locally
convex lattices. Every locally convex lattice £ is generated, in a
certain sense, by normed vector lattices {FE,} (Theorem 1.3, 1.4) and
then most of problems about locally convex lattices can be reduced
to similar ones about normed vector lattices. Thus, in § 3, we shall
study the relations between £ and {E,}.

§ 2 is concerned with the conjugate spaces and duals of locally
convex lattices.

The completion £ (as a locally convex space) of any locally
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convex lattice E is also a locally convex lattice. §4 is devoted to

the study of the relation between E and E.

In §b6, we give miscellaneous theorems about locally convex
lattices. Most of propositions in § 2, §5 are generalization of known
results in the case where E' is normed.

§ 6 is devoted to discussions about {F-lattices. We give various
results about ¥F-lattices closely related to the general theory of
locally convex lattices here and there in §1—§5, but in this section,
it is intended to establish the propositions whose range of applica-
tion seems not to go beyond ¥F- (and ¥-) lattices. We shall see
first that an R{F-lattice £ can be defined by an ascending sequence
(E)} of ¥-spaces which are ideals of E (Theorem 6.1). This fact is
the corner stone of our whole theory of {F-lattices and it will
enable us to reduce most of problems about &{-lattices to similar
ones about @F-lattices. Next, we shall give an example of the LF-
lattice which is a lattice of continuous functions and about which
we know much. We shall consider in detail this function lattice
and conclude this section with its characterization.

Let E be a locally convex lattice with the topology T (in cases
where precision is necessary, we write E(T) instead of E), then the
semi-norm associated with the convex, circled neighborhood V of the
origin is the function p(x)=inf {|2]:(1/)x in V} and the topology T
can be described by specifying its semi-norms.

Topological terms used in this paper such as bounded; closed,
continuous, complete, convergent with respect to the topology T are
qualified as 7-bounded, 7-closed and so on. If a net {a,} converges
to @ in the topology 7, we write a,—a(7).

Topological terms in the weak (weak-star) topology on E (on the
dual E’ of E) are qualified as weakly (weak-star) bounded, weakly
(weak-star) convergent and so on.

Unqualified terms such as complete, s-complete and terms such
as o-éonvergent, o-continuous refer to the order topology in E (in E').
If a net {@;} converges to ¢ in the order-topology, we write @,— a(0).

The author will conclude this introduction by offering his thanks
to Prof. T. Ogasawara and Dr. I. Amemiya for many valuable sug-
gestions.
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§ 1. Definition and fundamental properties of locally convex
lattices.

DEFINITION. A vector lattice £ is called locally convex if it is a
locally convex Hausdorff space over the reals (with the topology T).
and it satisfies the following condition (A): Whenever a net (a
directed system, Kelley [1] p. 277) x,—0 (T') and |x;|=|y,] for each
2, then y,—0 (7).

If a locally convex lattice is an LF-space, it will be called an
L¥-lattice.

The next assertions are immediate from the definition.

(1) FE is archimedean.

(2) x+y, xUy, xNy are T-continuous functions of x and y.

(8) For nets {x;}, {y;} such that x,—x(T), y,—y (T) and x>y,

for each i, we have x>y.

The significance of condition (A) can be illustrated by the cor-
responding properties of semi-norms as follows:

THEOREM 1.1. Let E be a locally convex lattice with the topology T.
Then there exists a family {p,} of semi-novms on E describing the topology
T and satisfying the condition: |y|<|x| implies p (v) <p.(x) for each «.
In the sequel, such a family {p,} of semi-norms as given in our
present theorem will be said briefly to satisfy the condition (A).

PrROOF. Let {p} be a family of semi-norms describing the topo-

logy T of E. Put p(x)=sup p(y) for every x E, then p is a semi-

osy=|x|
norm on £ such that 2p(x)=p(x) for each x& E and |x]>|y| implies
p(x) 2p(y) Now, we shall show: p is 7-continuous.

Suppose x,—0 (T), but p(x)=7 for some real >0. Take y,
with |x;]>9,=>0, p(3,) =n/2. By the condition (A), we have y,—0 (T),
which implies p(y;,)—0, but this is impossible.

Now {p—} have the required properties.

_ COROLLARY 1.1.1. Let E be a bornographic (bornologique in French,
Bourbaki p. 18) space over the reals as well as a vector lattice and
suppose whenever a sequence x,—0 (T') and |x,|=|y.|, then v,—0 (T).
Then E is a locally convex lattice (which will be called a bornographic
lattice).

PROOF. Let 1; have the meaning indicated in the proof of Theo-
rem 1.1. We can see easily p is bounded on each 7-bounded set and
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thus p is T-continuous.

The family {p} of all T-continuous semi-norms satisfying the
condition (A) is directed by agreeing that p>gq if and only if p(x)
=>q(x) for each x& E and whence £={p} becomes a net.  Throughout
‘this paper, £ will be used always in this sense.

A linear subspace N of E will be called an ideal of E if N con-
tains with y all x satisfying |x|<|y| (normal subspace in the
terminology of Birkhoff [1]). Given a subset M of E, the totality
of all x& E orthogonal to M is denoted by M‘. A subset M of E
such that M=M" will be called a normal subspace and in alidition,
if E=M+M"- (the direct sum decomposition), M will be culled a
complemented normal subspace. Interval means closed interval (Birkhoff
p. 1) throughout this paper.

A locally convex spaces E is said to be boundedly closed if every
T-bounded linear functional on FE is 7-continuous (Donoghue and
Smith p. 325). Every bornographic space is boundedly closed.

It is known to Grothendieck (Bourbaki p. 11) that the closed
subspace of the bornographic space may fail to be bornographic.
Concerning an ideal of the bornographic lattice, we have:

THEOREM 1.2. An ideal H of any boundedly closed locally convex
lattice E is boundedly closed in the velative topology.

An ideal H of any bornographic lattice E is bornographic in the
relative topology. :

PROOF. We shall see the first part. Let f be a linear functional
defined on H which is bounded on every 7-bounded set of H, then

fE[;' (the totality of all o-bounded linear functionals on H; see
Birkhoff [1] p. 244) and we shall assume f>0. Define f on E by
flay=sup {f(x):a=x=0, x H} for every 0=<qcE. Then we can
see if @,b=>0 and real 10, then fla+b)=f(a)+f(b), f(2a)=4if(a)
Now putting fl@)=Ff(a*)—fla") for any aE E, then f becomes a linear
functional on F.

Let B be any T-bounded set of E. Without loss of generality,
we may assume whenever |x|=>|y|, x& B, then y& B. Put C=BNH,
then C is a T-bounded set of H and since f is bounded on C, f is
bounded on B clearly. By hypothesis, we have f& E’ (the dual of
E) which implies f& H' (the dual of H).

To prove the second part, let us remark that a locally convex
space is bornographic if and only if every semi-norm which is
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bounded on every bounded set is continuous (Bourbaki [3] p. 13).
Let p be a semi-norm defined on H which is bounded on every

T-bounded set of H. Define p on E by pla)=sup {p(x):|a|=x=0,
xC H), then p is a semi-norm on E and 2p(x)=p(x) for each x& H.

Since p is bounded on every 7-bounded set of £, p is 7-continuous
and then p is T-continuous.

REMARK. A locally convex space E is called “infratonnelé” if
it satisfies the following condition: if N is a closed, convex, circled
set such that, for any 7-bounded set B of E, there exists a real
A>0 with uBc N (Ju|< 1), then N is a neighborhood of 0 (Bourbaki
[3] p. 13). Following the same line as the proof of Theorem 1.2, we
can see an ideal of the “infratonnelé” lattice is ¢infratonnelé” too.

The topology T of E is said to be o-continuous if a, ] 0 (i.e.,
a,=a,=a,=-- and Na,=0) implies a,—0 (T') and o-continuous in the
sense of Moore-Smith (Abbreviation: M. S. o-continuous) if a net a, |0
(i.e., A= u implies ¢,=@a, and Ng,;=0) implies ¢;—0 (T'). The topo-
logy T of E is said to be (M. S.) semi-o-continuous if 0<a,ta (0=
a; 1 @) implies p(a,) 1 pl@) (p(a,) 1 p(a)) for every p contained in some
family {p} of semi-norms describing T and satisfying the condition
(A).

In the sequel, if we are considering (M. S.) semi-o-continuity, a
family of semi-norms describing 7 shall be chosen to be such a
family {p} as above.

When no confusion seems possible, we shall say briefly £ to be
(M. 8.) (semi-) o-continuous.

The vector lattice of all o-bounded linear functionals on £ is

called the comjugate space E of E. (This terminology is due to Birk-
hoff p. 246 and different from Nakano [I] p. 63.)

E* denotes all M.S. ¢-continuous linear functionals {f} (i.e.,
@;—0 (0) implies f(e;)—0) on E (Nakano [1I] p. 81). The totality of
all o-continuous linear functionals on E will be denoted by E.

E is a complete vector lattice (Nakano [I] p. 64) and we have
EDESE*.

We would now give some examples of locally convex lattices
and methods for constructing new ones out of old.

(1): Every normed vector lattice is a locally convex lattice.
(2): A vector sublattice of a locally convex lattice is a locally
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convex lattice in the relative topology.

(3): The cartesian product of locally convex lattices is a locally
convex lattice in the product topology.

4): Let E be a locally convex lattice and if N is a T-closed ideal,
then E/N is a locally convex lattice in the quotient topology.

(5): Let E be a locally convex lattice, then the 7-completion E of
FE is a locally convex lattice.

This assertion follows from which will be given
later on.

(6): Let E be a vector lattice and suppose whenever f(x)=0 for
each f& E*, then x=0. Define the semi-norm p, by p(x)=f(|x|)
for each 0 <f= E*, then the collection of all such p, defines
the locally convex lattice topology on £ and £ becomes M. S.
o-continuous.

It is known to Amemiya and Mori that all M. S. o-continuous
locally convex lattice topologies on the vector lattice E are equivalent
on any interval of E (see Remark after Theorem 6.3). Now, if we
are considering the M. S. o-continuous lattice topology, the properties
of the interval of E owe exclusively to E considered as the vector
lattice merely. Thus, the important significance of (6) can be seen.
(7): If E be a lattice of continuous real-valued functions on a

topological space S in the topology of uniform convergence on
some collection of compact subsets {K,} of S whose union is S,
then E is locally convex.

We now proceed to show that every locally convex lattice is
generated in a certain sense, by normed vector lattices. This fact
will enable us to reduce most of problems about locally convex
lattices to similar ones about normed vector lattices.

Let 2={p,}, then, for each «, the null-space N,=p;(0) of p, is
a T-closed ideal of E. If we define j)w on E/N, by ﬁw(erNw) =Du(%),

then p, is a norm on E/N,, which makes E/N, into a normed vector
lattice. Denote by FE,, the normed vector lattice which we get by
equipping E/N, with the norm p, above and let E, be the p,-com-
pletion of FE,. Denoting the natural homomorphism E onto E, by
T, T, is evidently continuous. Let [x], denote = (x).

THEOREM 1.8. A topological vector lattice E is locally convex if and

only if it is isomovphic to a wvector sublattice of a cartesian product of
normed vector lattices (Banach lattices).
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In this paper, “Isomorphism?” and ¢isomorphic” imply that
topological structure is also preserved.

Proor. If E Dbe locally convex, then £ is naturally isomorphic
to a vector sublattice of the cartesian product of {Ew}({Ew}) (see
Bourbaki [2] p. 99). - Q.E.D.

Next, if p,=p, and if [x],=[y],, then clearly [x]=[y]s; We may
therefore define =g,: E,— Es by mg,([x],) =[xz and x,, is evidently a
continuous homomorphism onto E;. Consequently, =g, can be uniquely
extended to a continuous homomorphism #g, from E‘,, into Eﬁ. Con-
sider now the cartesian product []X) E, and let #, be the projection
from TIX EN onto E,,. Following to Weil, consider the set LP(E)=
eI E,: #ga(%4(%)) =24(x) Whenever p,=ps}, then LP(E) is a vector
sublattice of [I® E,. (We shall call this set the projective himit of
{Ew} with respect to {#4,}). Now we have

THEOREM 1.4. A locally convex lattice E is isomorphic to a vector
sublattice of the projective limit LP(E) of the Banach lattices and E is
dense in LP(E). Further, LP(E) is the T-completion of E and if E be
T-complete, then E coincides with LP(E).

(The similar assertions are found in Takenouchi p. 62, 65
for locally convex spaces and in Michael [I] p. 17 for algebras.)

E is said to satisfy the o-countability condition if for any system
@,=0 (A= 4) such that Na; exists, there exist countable a;,, (A(n)=
4, n=1,2,3,.-.) for which Na;= Na;u,. In addition, if E be complete,
E is said to be supercomplete (superuniversally continuous in Nakano
p. 41).

We assume £ be M. S. semi-g-continuous throughout the rest of
this section and denote by E the cut extension of E (Nakano 2] p.
140).

Then there exists a mapping of E into £ which assigns to
every element ¢ = E an element a< E such that
(1): 2a+ub=2a+pb for every a,b=E and real 1, .

(2): a=0 if and only if ¢=0.

(8): E is complete.

4): Na;=0 (¢;,&E) implies Na,=0 in E.

(6): To every element x E, there exists a system {g;} of elements
of E such that x=nNa,.

An archimedean vector lattice has a cut extension uniquely
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determined up to an isomorphism. Clearly, a=Ua; or a=Na; in E
implies @= Ud,; or @d= d, respectively and to every element x<E,
there exists two systems {@;}, {b,} of elements of E such that x= U4,
=Nb,.

To every x<E, take @, 1 |x| (0<e, & E) and put p,(x) =5sup,p.(a,)-
Then p,(x) can be defined uniquely and we can verify {p,} becomes
a family of semi-norms on £ and p(a@)=p,a) for each ¢ <= E. Fur-
ther, if |x|>=|y] in E, then p,(x)=p.(») and if 0=<x,1 x in E, then
Du(x;) 1 Dul)-

Now we have the following theorem:

THEOREM 1.5. Let E be a locally comvex lattice with the M. S. semi-
o-continuous topology. Then the cut extension E of E is a complete locally
convex lattice with the M. S. semi-o-continuous topology which induces on
E the original topology of E. Further, (F), is isomorphic to a cut ex-
tension of E, for each «.

This theorem will enable us to reduce some problems about
M. S. semi-p-continuous locally convex lattices to similar ones about
complete, M. S. semi-g-continuous 1Aoca11y convex lattices. Moreover,
if we consider the 7-completion E of E, E i§ T-complete, complete,
M. S. semi-o-continuous and £ is an ideal of £ by Theorem 4.2 which
will be given later on.

To put to use later on, we shall go to work on £ moreover.

If F be M. S. ¢g-continuous, then E is M. S. o-continuous too.

If E satisfies the o-countability condition, then FE is supercom-
plete and in addition, if a sequence @, E—0(0) in E, then a,—0(0)
in E.

Let A(A) be a normal subspace of E (E), then we have A*NE=A
(L-operation shall be considered in E), (A*NE)=A*" and ANE is
a normal subspace of E. Now, we may set up a one to one corres-
pondence between the totality of all normal subspaces of E and
those of E. :

Let 0<fcE* and if we put flx)=sup{fla):0=a<ux, acE}
for each 0=<x< E and flx)=Ff(x")—f(x") for each x E, then f= (E)*
and f coincides with f on E. Now, if we put f=f"—f" for each
fEE*, we can identify E* with (E)* as a vector lattice by the
correspondence f<f.

Assume E be M.S. o-continuous throughout the rest of this
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section. Then, E'((E)) is contained in E*((E)*) and since f&(E)
for each f& E’, we can identify E’ with (F)Y as a vector lattice by
the correspondence f<f.

Let A(Y) be a normal subspace of E (E’) and put A=A (L-

operation shall be considered in E), ﬁ:{f: fEA, then we have
seen ANE=A, (ANE)-=(A)*. TFurther, denoting by A4°, (4), A,
()°, the polar set of A, A, U, A into E’ (EY, E, E respectively
(Dieudonné et Schwartz [1] p. 63; Bourbaki [3] p. 51), then we have

(Ay =A°, Ay =A°.

§2. The conjugate spaces and duals.

In this section, we shall consider the conjugate space E and the
dual E' of a locally convex lattice £ with the topology 7.

Let E'*, E have the significances indicated in §1, then we have
EDSESE* and EDE'.
Eis a complete vector lattice and for any f, g fw€E~, we have
fH(x)=sup {f(y): 0=y=<2x for any x=0
Fl®=sup (f(»): |y]=x for any x=0
FUg(x)=sup {f(y)+g(2): x=y+2z and y,2=0} for any x=0
fNg(x)=inf {f(y)+g(z): x=y+2z and y,2>0} for any x>0,
and if 07, <g (a=T),

C UA@=sup | B 2= 5, 520, a@) €T
for any x=0. Z
It is well known that £* is a complemented normal subspace
of £ (Nakano p. 81).
THEOREM 2.1. Let E be a locally convex lattice. Then
(1) E’ is an ideal of E.
(2) If E be sequentially T-complete and boundedly closed, we have E' =E.
PROOF. To prove (1), suppose |f|=|g| where fEE’,gEE and
let a net x;—0 (7). Then we can find {y,} such that |y,|<|x,| and
|F1( %)) = f(y2) +¢ for given ¢>0. Since y,—0(7) and fFC E’, we

have |f(lx,[)—0. Now, by |f|(|x]) =g*(x;) =0, we have g*(x;)—0
which implies g*, g~ & E".
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To see (2), if the contrary were true, we could find fEE~ such
that fE’. Then we could find a 7-bounded set B and a sequence

(x) of elements of B such that #'<|f(x). Now, 3)(1/n)|s.| is
n=1

T-convergent to some ¢ FE and we can see easily [f|(a¢)=c which
is absurd. Q. E. D.

Now, since E’ is an ideal of a complete vector lattice E, E' is
itself complete. For any T-bounded set B of E, put I(B)={x:|x|<
|al, a=B). Then I(B) is T-bounded and the strong topology 77 of
E’ (Bourbaki p. 85) can be described by polars of all I(B). Define
7, by =,(f)=|f|(x) for each 0 <<x& E and denote by 7T} the topology
on E’ defined by all {r,: 0<<x& E} throughout the rest of this sec-
‘tion.

Now we can obtain easily the following theorem:

THEOREM 2.2. E’ with the strong topology T’ (the topology T}) is a
complete locally convex lattice and M. S. semi-o-continuous (M. S. o-continu-
ous). .
A locally convex lattice with the topology 7 is called to be
(M. S.) monotone complete if it satisfies the following condition: when-
ever a sequence 0=¢,?1 (a net 0=<¢;1) is T-bounded, then Uaga,
(Ua,) exists (Nakano p. 129).

Now we can see if £ be a boundedly closed (tonnelé) locally
convex lattice, then £’ with 7" is (both E’ with 7V and E’ with T
are) M. S. monotone complete and it follows in view of Nakano [3]
Theorem 4.2 (p. 96) that if E be tonnelé, then E’ is T%- and 7T'-
complete. (Compare with Bourbaki Proposition 8 of p. 87).

Next, we shall be concerned with the polar sets in E, E’.

THEOREM 2.8. Let E be a locally convex lattice. Then:

(1): For each ideal A of E, the polar set A° of A is a novmal subspace
of E' and every f < E’ can be represented as a sum f=g-+h where
gE A° h&=(ALY)° (not necessarily unique).

Furthermore, we have A++-DA”DA.

(2): Suppose E be M.S. o-continuous. Then for any ideal U of E', the
polar set A° of W is a normal subspace of E.

For every ideal A, A of E, E', we have:

AT = AR, A=A, (A) =AY, Q) =)

Now we may set up a one to one correspondence between the i‘otality
of all normal subspaces of E and those of E' by A—(A%):, A— (A
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Further, we have a direct sum decomposition: E'=A"+(A+)° for
any ideal A of E.

(8): Suppose E be complete and let A be a normal subspace of E. Then
we have a dirvect sum decomposition: E'=A°+(AY) and (A’):=
(A1)°.

To prove our theorem, we need the following [Lemmal which will
be used frequently later on.

LEMMA. 2.8.1. Let E be an archimedean vector lattice and A be an
ideal of E. Then, for each positive element x = E, we have :

2=\U{y+z: 0<y<x, y& A4, 0241, 2z& A"}.

Similarly, let A be a subset of E such that if x< A, then nx& A
(n=1,2,8,---) and if x= A, |y|=|x|, then y&=A. Then, for every 0=
xS A we have x=\_{y: 0<y<zx, y& A}.

PROOF. We can see easily that S={y+z: y&c A, z& A*} is an
ideal of E. Suppose 0<<xES. Putting M=u: 0<u<x, u<=S}, we
shall prove x=\/{u: u<=M}. If this were untrue, we could find y
such that x>y>=u for every uc=M. Since S+={0}, there exists an
element ¢ <= S such that b=(x—y)Ne>0 and we have b&S, x=y+0.
For any u < M, it is clear that b+u &M, from which nb+u<x for
every integer n. Since FE is archimedean, we have =0, which is
absurd. '

PrROOF OF THEOREM 2.3. First, we shall see (1).

A° coincides with the set {f& E’:|f](@)=0 for each 0<ac A}
and then we can see easily A° is a normal subspace of E’. Thus
we have a direct sum decomposition: E/=A°+(A4°)t. To see (AY)’D
(A°)*, suppose 0<<fc=(A°)* and f(a)>0 for some 0<<g& A'. Define
gon S={x+y: x& A,y A} by g(2)=f(y) if z=x+y xEA, yS A",
then g& 8. Extending g to 2 E’ (Hahn-Banach extension theorem),
we have 2& A° and % coincides with f on AL. Now, fN|Z|(a)=f(a)
>0 which contradicts to f&(A°)*

Next we shall see A°°=A in the case where A is a normal
subspace of E. By Bourbaki [8] Prop. 4 (p. 58), it is enough to see
A is weakly closed. If the contrary were true, we could take a& A*
which is the cluster point of A in the weak topology. Indeed, take
0<<xc=A”—A and then take ¢ with 0<<a=<x, e AL. Take f&E’
with f(@)==0 and in the same way as above, take A E’ such that
A coincides with f on A and 2=0 on A. Since ¢ is a cluster point
of A in the weak topology, we have %(¢)=0 which is absurd
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To see (2), let us remark A°=(A4+%)°, A =A+)°. Now we may
assume A(A) to be a normal subspace of E(E’). A°=A has been
seen in (1).

Let 0=f= A" 0<g=(A4)°, then fNg=0 on S={x+y:x= A,
y& At} Since S is T-dense in £ by Lemma 2.8.1 and M.S. o-con-
tinuity of E, we have fNg=0. Therefore we have (A41)°c(A4°)*
from which it follows (A+)°=(A°)*- by (1).

The other properties: U =AU and (A°) =(AL)° can be verified
directly, but we shall give the proof by use of the cut extension E
of E. By the discussion about £ in the last part of §1, we may
assume FE to be complete and M.S. o-continuous without loss of
generality. Every interval of E is weakly compact by
which will be given later on and whence the dual of E/(TY%) is E
itself (Bourbaki Theorem 2 (p. 68)). Now, applying to 2 the pro-
positions established for A just above, we have A=, (A°)L=(AL)".

THEOREM 2.4. Let E be a locally convex lattice with the topology T.

Then E'CE if and only if T is o-continuous and E'C E* if and only if
T is M. S. o-continuous.

PrROOF. By the following lemma, we can easily complete the
proof.

LEMMA 2.4.1. Let E be a locally convex lattice. If a net a,—a,
weakly and a, | or a;1, then ay—a, (T).

PrOOF. Let {V} be a family of convex, circled, 7T-closed neigh-
borhoods of 0 in K satisfying the condition (4). Then f& V° implies
fH eV, Now put H(V)={f: f=0}N V", then H(V) is weak-star
compact as well-known.

Suppose a, | and @,—a, weakly, then ¢;>a, for every 1 and
(@,—a,)(f) | 0 for every f&H(V). Now a;—a, can be regarded as a
continuous function defined on the compact H(V) and therefore,
(@,—ay)(f) | 0 uniformly on H(V) which implies f(a;—a,)—0 uniformly
for all f& V°. Hence for sufficiently large 2, we have ¢;—a,&V*°
=V.

REMARK. In view of the above lemma, we can see the following
assertion: Let E be a locally convex lattice and semi-reflexive.
Then the strong topology 7V of E’ is M. 5. o-continuous.

COROLLARY 2.4.2. Let E be a sequentially T-complete and boundedly

closed locally comvex lattice. Then E=FE' =E—FE* if and only if T is
M. S. o-continuous and E=E'=E if and only if T is o-continuous.
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A locally convex lattice is an f£fF-lattice if it is an LF-space as
said before. An L¥-space E is a locally convex space whose topology
is defined by an ascending sequence of F-spaces £,. It is supposed
that {E,} have compatible topologies and their set union is £. A
neighborhood of the origin in E is any convex, circled set whose
intersection with each E, is a neighborhood of the origin in E, In
the sequel, such an ascending sequence {FE,} will be called an ascend-
ing sequence of subspaces which defines E (Dieudonné et Schwarts [1];
Bourbaki p. 64). We shall see later (Theorem 6.1) every E, can
be taken to be an ideal of E.

COROLLARY 24.3. Let E be an LF- or an F-lattice and suppose it
is o-complete. Then E=E'=E=E* if and only if T is o-continuous.

PROOF. Evidently it is enough to see that if E is a o-complete
LF- or F-lattice with the o-continuous topology, then we can see the
supercompleteness of E. In view of Theorem 6.1 noted above, our
problem will be reduced to the case where £ be an -lattice and
this is known to Ogasawara [1] p. 50.

COROLLARY 2.4.4. Let E be a o-complete M. S. semi-o-continuous
locally comvex lattice, then E' C E* if and only if T is o-continuous.

PROOF. It is enough to see that if £ be o-complete and M. S.
semi-g-continuous, then o-continuity of 7 implies M. S. o-continuity.
By MTheorem 3.2, 8.8 in the following section, we can complete the
proof easily.

We now conclude this section with the lemma which will be
used frequently in §5. '

LEMMA 2.5. Suppose whenever f(x)=0 for each f&E NE*, then
x=0. If an o-bounded net a,— b weakly, then f(a;,)— f(b) for each f& E*.

PROOF. First we shall see E*=(FE' N E*)* in E*.

Suppose 0 <<f E* and fNng=0 for each 0<g&FE NE* Let
fl@)>0 (0<<a=E) and without loss of generality, we may assume
that f(x)=0 (0<x<q) implies x=0. From fNga)=0(0<gC E'NE*)
we can see there exists a sequence {x,} with 0<x,<a, f(x,)<1/27,
gla—x,)=1/2". Evidently we have N\{x,: n=N}=0 for each integer
N. Then it follows:

&la) =g(”§JN (a —xn)) = ngvg(a—xn) <1/2v-1,

Now we have g(e@)=0 for every g& E' N E* and thus ¢=0, which
is absurd.
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Next, we shall assume 0<a,;, b<c¢ without loss of generality.
For every 0<<f& E*, we can take a net {g, such that 0<g,1f,
g, EENE* {a}&r) by Lemma 2.8.1. For each ¢>0, take g&r
with (f—gp)(c)<<e, then we have easily |f(a;—b)|<<2¢+|gy(a;—b)]
which implies f(a,)— f(b).

§ 3. Miscellaneous relations- between E and {E,).

Let E, N, E,, Em,[ 1., and the net 2={p,} have the significances

indicated in § 1.

"~ The following statements are immediate:

(1): If E be M.S. semi-o-continuous, then N, is a normal subspace
of £ and a net @;—a (o) implies [a,],— [a], (0)-

(2): If E be semi-o-continuous, then a sequence a,—a (o) implies
[@,].— [al. (0).

THEOREM 38.1.

1): If E be M. S. semi-o-continuous, then E, is M. S. semi-o-continuous.
(2): If E be M.S. o-continuous, then E, is M. S. o-continuous.

PROOF. To see (1), suppose 0<[a,] 1 [@] (for brevity, we shall
omit a« of p, N, and [ ],). Without loss of generality, we may
assume 0=qa;<«a for each A In view of Lemma 2.3.1, we can take
a net bg+cpta (0=b& N, 0=cy;N). Clearly we have p(b,) 1 p(a)
For each g, we have [bgNa;]11 [bg] and since by, byNa; = N+, we have
bgNa; 1 bg. Therefore, p(bgNa,;) 1 p(by) which implies lim p(a,) = p(by)
for each . Now we can complete easily the proof. |

THEOREM 3.2.

(1): If E be complete and M. S. semi-o-continuous, then both E, and EA‘w

are complete, M. S. semi-o-continuous and E, is an ideal of EM.
(2): If E be o-complete and o-continuous (semi-o-continuous), then both
E, and Em are supercomplete (c-complete), M. S. o-continuous (semi-
o-continuous) and E, is an ideal of E,.
3): If E be supercomplete and semi-o-continuous, then E, is supercomplete.
PROOF. The only part which requires the proof is the relations
between FE, and Ew. These are known to Ogasawara [1] p. 50, Kawai
[1] Theorem 5, 11.
THEOREM 3.8. .
(1): If E be M. S. semi-o-continuous and every E, is M. S. o-continuous,
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then E is M. S. o-continuous.

(2): If E be semi-o-continuous and every E, is o-continuous, then E is
0-COntinuous.

(8): Let E be T-complete and M. S. semi-o-continuous.
If every E, is [0-] complete, then E is [o-] complete.
If every E, is M.S. o-continuous, then E is complete and M. S.
0-continuous.

(4): Let E be T-complete.
If every E, is o-complete and o-continuous, then E is complete and
M. S. o-continuous.

PROOF. To see the first part of (8), suppose ;1 and 0<¢,<a.
Then we have [a;],1[b,], for each a. Now we can see if p;=>p,,
then [a;],1 [bgl, which implies p,(bg—0b,)=0. Let b,—b,(T), then
Du(b,—b,)=0 and we have [a;],1 [0,], for each a. Thus a;1 b,

To see the last part of (3), let us remark 7-completeness and
M. S. o-continuity implies completeness.

To see (4), observe that every E, is complete and M. S. ¢o-con-
tinuous. Suppose @;1, 0=<¢,<a. Then we have [a,], 1 [0.], for each
a and p,(b,—a;)—0. Therefore we can see easily p,(b;—b,)=0 if
bs=p,- In the same way as the proof of (3), we can complete the
proof. Q. E. D.

Let E be M. S. semi-o-continuous. Then we can see easily e is
a weak unit of F if and only if [e], is a weak unit of E, for each
a and {e;} is a complete system of orthogonal elements of E if and
only if {[¢;],} is a complete system of orthogonal elements of E, for
each a.

Next, we shall consider the dual E'. If f& FE, then we can find
b, and real 2> 0 such that | f(x)| < kp,(x) for every x& E (Bourbaki [3]
p. 100) and it follows f defines p = E,’. Conversely, to each 9o & E/,
put f(x)=¢([x],), then f& F'

By this observation, we have: ‘

THEOREM 8.4. A net a;,—a weakly in E if and only if [a,],—[a],
weakly in E, for each a. _

Let us turn to the study of maximal ideals.

An ideal M of a vector lattice E is maximal if and only if for
any a &M, every element x of £ can be expressed as a sum x=2a+m
where 2 is real and m& M. Now, taking ¢ with ¢>0 and setting
hy(x)=2a, (choose any real a,>0), then M defines a homomorphism
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h, of E onto the vector lattice R of all real numbers. If x>0,

then #%,(x)=0. Hence hy,—E. Further, if M is T-closed, then we
can see A, F'.

Let M be T-closed. Since we can take p, with |Au(x)]<kp (%)
for each x& E, it follows that M>DN, and [M], becomes a p,-closed
maximal ideal of E,. Conversely, if 9 is a maximal ideal of E,,
then M==;'(M) is a maximal ideal of E and further, if M is p,-
closed, then M is T-closed.

We shall say a locally convex lattice E to be semi-simple if the
intersection of its 7-closed maximal ideals is 0 and semi-simple in
the wide sense if the intersection of its maximal ideals is 0.

Then, the following assertions are immediate:

(1): Let E be M.S. semi-o-continuous. If E be semi-simple in the
wide sense, then every FE, is semi-simple in the wide sense.

(2): If the set {pg} such that £, is semi-simple (in the wide sense)
is cofinal in the net 2={p,}, then E is semi-simple (in the wide
sense).

Every maximal ideal (if any exists) of Ew is p,-closed. More
generally, in view of Theorem 2.1, we have:

THEOREM 3.5. If E be sequentially T-complete and boundedly closed,
then every maximal ideal (if any exists) of E is T-closed.

One to one correspondence between the family of all p,-closed
maximal ideals of E, and those of E, can be established. Then if

A

E, is semi-simple (in the wide sense), £, is also semi-simple.

§ 4. T-Completion.

Let E be a locally convex lattice with the topology 7, then the
T-completion £ of E is a locally convex lattice too as seen in Theo-
rem 1.4 and the topology of E is described by {p} where b is an
extension of p= @ to £ (Bourbaki p. 98).

It is known that @,—0 (0) in £ may fail to be ¢,—0(0) in E.
Concerning this fact, we have:
THEOREM 4.1. Let E be a locally comvex lattice. In order that

whenever a mnet a,—0(0) in E, then a;—0 (0) in F:‘, it is mecessary and

sufficient that for each Cauchy net {b,} such that 0=<b,&= E and b,— 0 (0)
in E, we have b,—0(T).
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PROOF. To establish the sufficiency, suppose ;|0 in E and

a,=x=0 (xEE). For each p& &, take b, , & E such that 0<5p, , < a;,
pla,—x—b,,)=1. We order the cartesian product {1} X £ by agreeing
that {2, ¢} = {u, p} if and only if A>=pu, g=p, then {2} x£ is directed
by >=. Now {@;,—b,,} is a Cauchy net and ¢;—b,,—0(0). By hypo-
thesis, @,—b,;,—0(7T) which implies x=0.

To prove the necessity, suppose {#;} be a Cauchy net such that
0<a,€F, a;—0(0) in E. There exists a net {§;} such that ¢,<bh,=F

and b, | 0 in E. By hypothesis, we have b, |0 in E.  Let a,—x(T),
then 0<<x<b, for each .. Now we have x=0. Q. E. D.

Moreover, @,—0 (0) (¢, E) in E may fail to be a,—0 (o) in E.

However, we can see if a net @¢,—b(0) in E and a;—c (0) in E where
cc E, then b=c.

Next, we shall give the following theorem which has been
refered to before.

THEOREM 4.2. Let E be a locally convex lattice.

(1): E is complete, M. S. semi-o-continuous and E becomes an ideal of E,
if and only if E is complete and M. S. semi-o-continuous.

2): E is (complete and) M.S. o-continwous and E becomes an ideal of
E, if and only if E is complete and M. S. o-continuous.

(3): E is supercomplete, o-continuous and E becomes an ideal of E, if
and only if E is supercomplete, o-continuous and every monotone
increasing Cauchy wnet {a;} of positive elements of E includes a
Cauchy subsequence equivalent to {a,).

PrRoOF. We shall prove the sufficiency of (1). By Theorem 3.3

of Nakano [3] (p. 98), we can see E is an ideal of E.

Let x; yEE, 0=x1,x=y. We can see easily there exists a
net @, («&T') of elements of E such that 0<a,<y,,1 and a,—y
(7). Put e,Nx;=b,,<F and b,=\,b,,, then {5} is a Cauchy net.
Indeed, if f=a (a, f<=T"), we have:

0<by—b,=0—1imy(bg;—bs;) = Ag— Q4 -

Let b,—2(T). Since b,1, we have b,12 Now, we can verify
easily z=\Ux;,.

Next, for each p 8 and any ¢>0, take a with p(z—b,)<<e and
then take 2 with 0=<p(b,)—p(b.)=<e Then 0=p(z)—p(b,,;)<2¢ and
since b, ,<x;=<2, we have 0=<"p(2)—p(x;) < 2,
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Now we have seen E is M.S. semi-o-continuous.
COROLLARY 4.2.1. Let E be a supercomplete locally convex lattice
with the semi-o-continuous topology. Then, if E has a complete orthogonal

sequence, every orthogonal system of E consists of at most countable ele-
ments.

ProOF. Let {e,} be a complete orthogonal sequence of £ and
{h} (A&=T) be any orthogonal system of E. Put e n=h;Ne,, then
e, E by our Theorem 4.2 and ¢,,Ne,.=0 if i59=x or n=m. TFor
every u, in view of supercompleteness of £, we can take a sequence

Aiim) (=1,2,8,-) with Ulel,ﬁfjl eyi:n (AG; m)&T) which implies
e,.=0 if 25205 n) ((=1,2,3,--.). % Now we have seen ¢;, are 0 for
all but at most countable pairs {i,#}. Since {e,} becomes to be a
complete orthogonal sequence of E, {h;} with h,;7=0 consists of at
most countable elements. Q. E. D.

From this Corollary, we can see if £ be supercomplete, semi-
o-continuous and has a complete orthogonal sequence, then E is
supercomplete (Nakano [1] p. 42).

THEOREM 4.8. Let E be a locally convex lattice. Then E is s-com-
Dlete and o-continuous if and only if every monotone decreasing sequence
{a.} of positive elements of E is a Cauchy sequence.

PROOF. To establish the sufficiency, we shall show if ngnEE
and x, |, then {x,} is a Cauchy sequence. For p= 2, take 0, & F
with p(x,—a,)<<1/2"** and put b,=N {a.:k=1,2,8,---,n}. Then b, |
and we can see easily p(x,—b,)<<1/4. By hypothesis, {§,} is a Cauchy
sequence and it follows:

for sufficiently large n,m. Now we can see {x,} is a Cauchy sequ-
ence and the proof can be completed immediately. Q. E. D.

Finally we shall be concerned with the normal subspaces. Let
E be M. S. semi-go-continuous. We shall establish a one to one cor-
respondence between the totality of all normal subspaces of E and

those of E.

Since the cut extension £ of E is complete and M. S. semi-o-
continuous, E is an ideal of Z:—J by Theorem 4.2 and it follows that
whenever 0<x<=E, then x=sup {a:0<a<x,a=E}. Now, every
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0<xc E can be represented as x=sup{g:0<a<x, a=E.

Let A(X) be a normal subspace of E(E), then we can see easily
W =@ANE)- and it follows A'*NE=A (L-operation shall be con-

sidered in E) and ANE is a normal subspace of E. Thus, we may
set up a one to one correspondence between the totality of all normal

subspaces of E and those of E.

§ 5. Miscellaneous theorems.

In this section, we give miscellaneous theorems, most of which
are generalization of known results in the case where E' is normed.

Let 2={p.}, N,, E,, Em, [ 1. have the significances indicated in
§1 and §38. If we are considering different topologies for the same
E, we shall write E equipping with the topology T by E(T') precisely
as said in Introduction.

THEOREM b.1. Let E be a locally convex lattice with the topology T.
Then the following assertions are equivalent :

(1): E is complete and M. S. o-continuous.

(2): E is complete, M. S. semi-o-continuous and o-continuous.

3): E is complete and E'C E*.

(4): E is an ideal of E’.

4"): E is an ideal of (E')*. In this case, no element =0 of (E')* can
be orthogonal to all elements of E.

(®):  Every interval of E is weakly compact.

If E be an £F- or an F-lattice, then (1)—(B) and the following as-

sertions are equivalent :

(6): E is o-complete and o-continuous.

(7): E is supercomplete and M. S. o-continuous.

(8): Every interval of E is sequentially weakly compact.

PrOOF. In view of Theorem 2.4 and the proof of Corollary 2.4.4,
we can see easily (1), (2), (3) are equivalent.

To see (3)—(4), suppose 0<x<a (@<= E, x&E'"). Then x& (E")*.
Since E’ is an ideal of E* by our hypothesis and Theorem 2.1, we
can take X< E** such that 0< X<« and X(f)=x(f) for all fFE L’
(Nakano [1] Theorem 23.5). Since E is an ideal of E** (Nakano [1]
Theorem 24.3), we can see easgily x& E.

The proof of (8)—(4’) proceeds just as above.

To see (4) ((4'))—(5), we must prove the interval I={x:a<<x<b}
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is weakly closed but this is an immediate consequence of (4) ((4')).
Now by the well-known argument (Loomis 9.B. p. 22), we can
complete the proof.

(5)—(1) is immediate and (6)—(7) has been noted in Corollary
2.4.8.

(7)—(8) follows from the following Lemma 5.1.1.

LEMMA 5.1.1. Let E be a supercomplete, o-continuous locally convex
lattice. Then every interval of E is sequentially weakly compact.

PROOF. By Lemma 2.5 and Nakano [1] Theorem 27.6, we can
complete the proof immediately, but here we shall inform an another
proof to put to use later on.

We shall show the interval I={x:0<x<e} be sequentially
weakly compact. By Grothendieck [1] Prop. 6, it is enough to see
there exist countable {p,u} (Pum E L) such that p,.,(x)=0 (=1, 2, 8,---),
0<x<e implies x=0.

Corresponding to the direct sum decomposition: E=N,+ Ni, we
have e=b,+c¢, 0<b,&N,, 0=c,&N%). By Nb,=0 and supercom-
pleteness of E, we can take a sequence {a(xn)} with N, =0. Now
{Pnm>; 18 the required system.

REMARK 1. If we would give a condition for the prescribed
interval I={x:a<x<b} to be (sequentially) weakly compact, apply
our Theorem (Lemma) to F={x: x&E, |x]<2(b—a) for some real .
This remark is also available for Theorem 5.4.

REMARK 2. Since every interval of E’ is equi-continuous, we
have the following assertion:

Let E be a locally convex lattice. Then every interval of E’ is
weak-star compact.

THEOREM 5.2. Let E be an M. S. semi-o-continuous locally convex
lattice satisfying the o-countability condition. Then, for any o-bounded
sequence {a,} such that a,—c (T), we can find a subsequence {ay.,} such
that ayuy—c (0).

PROOF. By considering the cut extension of £, we may assume
E is supercomplete, M. S. semi-o-continuous and 0<¢q,<e¢, c=0 with-
out loss of generality (by the discussion after Theorem 1.5).

Put F={x:|x|<2e for some real 1, x&FE}. Let {p,,} have the
same significance as in the proof of Lemma 5.1.1 and put

4(0)= 3 Date(B)/2Pai(©)
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for every x&F. Now F equipping with the norm ¢ is a complete,
M. S. semi-o-continuous normed vector lattice and by

F is an ideal of the g-completion F. In any Banach lattice, metric
convergence is equivalent to relative uniform star-o-convergence®

and thus we can take {g;,} and {x,} such that 0="a;u < ., x,,EF,

%, 0. Now we have @, <x,Ne&F which completes the proof.

COROLLARY 5.2.1. Let E be a locally convex lattice satisfying the
o-countability condition and suppose whenever f(x)=0 for each f S E'N E¥,
then x=0.

If {a.} be an o-bounded sequence such that |a,|—0 weakly, then we
can find a subsequence {@yu,} such that ay.y—0 (0).

PROOF. TFor each 0 <<fC E'NE* put p(x)=f(x]). E equipping
with the topology defined by {p,: 0<<f=E’'NE*} satisfies the condi-
tion in the statements of Theorem 5.2.

REMARK. In view of Lemma 2.5, this corollary is an immediate
consequence of Nakano [1] Theorem 27.10.

THEOREM 5.8.

(1): Let E be a s-complete, o-continuous locally convex lattice with the
topology T. Then, if T be any locally convex lattice topology on E
such that the dual of E(X) coincides with the dual of E(T), then
T- and T-comvergence of an o-bounded sequence are equivalent.

(2): Let E be a locally convex lattice with the topology T such that every
monotone decreasing sequence of positive elements of E is a Cauchy
sequence. Then for an o-bounded sequence {a.,}, a,—0(T) if and
only if |a,|—0 weakly.

PROOF. To see (1), we shall show if 0<¢q,<e and a,—0 weakly,
then @,—0(T). Theorem 3.2, 3.4 enable us to reduce our problem
to similar one about E, (for each a) and this is evident from Corol-
lary 5.2.1. Now, we can complete the proof immediately.

To see (2), consider the T-completion of £ and apply Theorem 4.3.

REMARK. We shall here refer to the Theorem due to I. Ame-
miya and T. Mori.

*) A sequence g, of elements of a vector lattice E is said to be relatively
uniformly o-convergent to ecE, if there exist 0<beE and a sequence of real
numbers ¢,—0 such that |a,—a| < b for n=1,2,--.. A sequence a, is said to be
relatively uniformly star-o-convergent, if we can take a relatively uniformly o-
convergent subsequence from every subsequence of a,.
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Let E be M. S. o-continuous, then, in the similar way to the
above (by considering the cut extension of E, E may be assumed to
be complete and M.S. ¢-continuous), we can prove the following
assertion:

Let {@} be an o-bounded net, then @,—0(7T) if and only if
|a;|—0 weakly.

Now, by T is equivalent on every interval of E to
the topology (which will be denoted by T, in the rest of this sec-
tion) defined by all semi-norms {p,} where 0<<f< E* and p(x)=/(|x])
for each x& E.

Thus we have seen all M. S. o-continuous locally convex lattice
topologies are equivalent on every interval of E. This significant
assertion is due to I. Amemiya and T. Mori Further we can
say as follows: Let E be a locally convex lattice with the topology
T and suppose whenever f(x)=0 for each f=E'NE*, then x=0.
Then on every interval of E, T is finer than any M.S. o-continu-
ous locally convex lattice topology on E.

Consequently, we can say, if we are considering the M. S. o-
continuous lattice topology, the properties of the interval of E owe
exclusively to E' considered as the vector lattice merely.

An element ¢ & F is said to be discrete if for every element
x<E such that |x]< ||, there exists a real A for which x=la. E
is said to be discrete if E is complete and has a complete orthogonal
system consisting of discrete elements (Halperin and Nakano [I]).

We shall denote by T/ the topology of E’ defined by all semi-
norms {z,: 0<<a & E} where z,(f)=|f|(a) for each f&E".

The following theorem was first dealt with by Nakamura [2]
for the separable Banach lattices.

THEOREM 5.4. Let E be a locally convex lattice with the topology T.
Then the following assertions are equivalent :

(1):  Every interval of E is T-compact.

(2): Every interval of E is T,-compact and T is M. S. o-continuous.

(8): E is complete, M. S. semi-o-continuwous and for each «, any interval
of E, is p,-(sequentially) compact.

(4): E is complete, M. S. o-continuous and T-topology and weak topology
(T-convergence and weak convergence of a sequence) are equivalent
on every interval of E. :

(®): E'is complete, M. S. o-continuous and for each o-bounded net {a,}
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(0-bounded sequence {a,}) of elements of E, a,—0 (a,—0) weakly
implies |a;]—0 (|a,|—0) weakly.

(6): E is complete, M. S. o-continuous and for each o-bounded net {f,}
(0-bounded sequence {f,}) of elements of E', f;—0 (f,—0) in weak-
star topology implies |f;|—0 (|f.|—0) in weak-star topology.

(7): E is complete, M. S. o-continuous and every interval of E' is T,-
compact.

(8): E is discrete and T is M. S. o-continuous.

PROOF. (1)&(2) is immediate by the remark after Theorem 5.8
and (1)—(3) is obvious.

To see (8)—(1), let {a;} be a universal net in E (Kelley [1] p.
281) such that 0<g;<e. By hypothesis, we can see easily {g;} is
a Cauchy net and thus, ¢, converges to an element of E by Theorem
4.2. (1).

(1)—(4) is immediate from

(4)—(b) is obvious in the case of nets.

Next, we shall see (5) in case of sequences implies (8). Suppose
0<[a,],<[e]l,, Without loss of generality, we may assume 0<gq,<e,
e <= N where N,=p,;'(0). By E, is supercomplete and
hence N is supercomplete. Now, by Lemma 5.1.1, we can take a
subsequence {a,} such that a;.,—c weakly in E and, by hypothesis
and Theorem 5.3, we have a,,,—c (7). Thus, every interval of E,
is sequentially p,-compact.

Now, we have seen (1), (2), (3), (4), (6) are equivalent.

To see (6)5(7), observe E to be the dual of E/(T) (see the proof
of Theorem 2.8) and apply (1)%5(5) to E’, then in view of
2.2, we can complete the proof.

(1)—(6) for nets follows from Prop. 56 of Bourbaki p. 23,
since the interval {g: —f<g<f} of E’ is an equi-continuous subset
of E'.

Similarly, the proof of (6)—(b) now proceeds just as above,
since the interval {x¥: —e<x<a} is an equi-continuous subset of E
(considering as the continuous functionals on” E'(TY)).

(6)(8) follows immediately from Lemmas 1, 2 of Halperin-Nakano
(p. 406, 407) and our

REMARK. If £ be a ZT-complete bornographic lattice, then we
can omit the word ¢“o-bounded ” in the statements of (5), (6) for the
case of sequences.
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We have seen if E be M. S. o-continuous, we may set up a one
to one correspondence between the totality of all normal subspaces
of F and those of E’ by Theorem 2.3.

The least normal subspace containing the prescribed element of
the vector lattice will be called a principal normal subspace.

THEOREM b5.5. Let E be an M. S. o-continuous locally convex lattice
satisfying the o-countability condition. Then, by the corvespondence between
the totality of all normal subspaces of E and those of E' stated in Theo-
rem 2.8, the principal normal subspace of E corresponds to the principal
normal subspace of E'.

In particular, if E has a weak unit, then E' also has a weak unit.

PROOF. Considering the cut extension of E, we may assume £
to be supercomplete and M. S. o-continuous (refer to the discussion
in the last part of §1).

We shall prove that for any 0<<e & E, (et+)°t=(e')® is a principal
normal subspace of E'.

Because of the direct sum decomposition: E’=(e)°+(et*)” and
by considering elt instead of E, it is enough to see if E has a weak
unit e, then E’ has a weak unit too. '

By the supercompleteness of E, we can take a sequence {D,m}
of semi-norms &2 such that 0<{x<e, py(x)=0 (#=1,2,3,.--) implies
x=0 as shown in the prooi‘ of Lemma 5.1.1. Put F={x:|x|< % for
some real 2} and ¢(x) —pr(m(x)/Z"pa(n)(e) for every x&F. Since F
equipping with the norm q is complete, o-continuous, the g-completion

F of F is complete and g¢-continuous. Hence the dual of F has a
weak unit g>0 (Ogasawara [1] p. 81, Theorem 3).

Put flx)=sup {g(@): 0<a<x, a=F} foreach0<x=FE and f(x)=
f(x")—f(x") for each x&E. Then we can see easily f&EE’. f coin-
cides with g on F and it follows that whenever f(x)=0 and 0<x< ¢,
then x=0.

Suppose fNA=0 (0<ACE’), then fNhle)=0 and we can see
h(e)=0 in the same way as in the proof of Lemma 2.5. For each
0<xc E, we can take a mnet {@;} such that 0=¢q, 1 %, ¢, &F by Lemma
2.3.1. Since X(e;)=0, we have A(x)=0. Therefore 2=0 and f is a
weak unit of E'.

COROLLARY b6.6.1. Let E be a T-separable LF- (F-) laitice and
suppose it is o-continuous or it is o-complete, semi-o-continuous. Then E'
has a complete orthogonal sequence.
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PrOOF. This follows from Theorem 6.4 and Corollary 6.4.1 given
later on.

We have given a necessary and sufficient condition for E to be
an ideal of E’. Now we gshall conclude this section with giving
the condition for E to be a normal subspace of E’.

THEOREM 5.6. Let E be a locally convex lattice, then the following
assertions arve equivalent :

(1): E is a normal subspace of E'.

(2): E=(E"*

(8): Every monotone increasing T-bounded mnet of positive elements of E
is T-convergent to some element of E.

4): E is M. . o-continuous and M. S. monotone complete.

Let E be an LF- or F-lattice, then (1)—(4) and the following asser-
tions are equivalent :

(5): E is o-continuous and for any sequence {@,} of elements of E such
that lim f(a,) exists for every f<E’, we can find a = E with a,—a
‘weakly.

(6): E is o-continuous and monotone complete.

(71)y: E is o-complete, o-continuous and satisfies the following condition :
whenever {a,} be a monotone increasing sequence of positive elements
of E such that 2,a,—0 (0) always for any sequence 2,10 of real
numbers, then {a,} is o-bounded.

PROOF. To see (1)—(3), suppose 0=¢;1 and {e;} be T-bounded.
Putting x(f)=1im f(@,;) for each f& E’, then we can see easily x& E".
Now ,1 x in E"” and by (1) we have x< E. Thus, by Lemma 2.4.1,
we can complete the proof.

To see (8)—(1), suppose 0=¢q,=F, ;1 x in E”. Now {a; is
weakly bounded and thus 7-bounded (Corollary of Bourbaki [3] p. 70).
Then, it follows a¢;—a (T') for some ¢ E which implies x=a.

To see (8)—(2), follow the same line as (8)— (1) and see the
remark given in the statement (4’) of Theorem 5.1.

(2)—(1) is immediate from (E’)* being a normal subspace of
(E"). Next, we shall consider E to be an LF- (F-) lattice.

(2)— () follows from Theorem 8 of Ogasawara [1] p. 44 or
Theorem 2 of Nakamura [1] (by some modification).

(5)— (6)—(7) are immediate.

To see (7)—(6), suppose 0=<ea,t and {a, be T-bounded. We
shall show 2,¢,—0 (0) for every 2,1 0. Take {1,4} such that (k)1 oo
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and 2,4, <1/F% then, by T-completeness of FE, we can define the

element: uzg (@)’ @ugsn» Now, if nk)<e<<m(k+1), we have
el = 2y @i 1y = A3 which implies 1,a,~—0 (0).

To see (6)—(4), suppose 0=q¢;1 and {¢;} be T-bounded. We
shall show \ g, exists. Let {E,} be an ascending sequence of sub-
spaces which defines E and we may assume every E, is an ideal of
E by which will be given later on.

Bince the set {g,} is contained in some E,, our problem can be
reduced to the case where E be an F-lattice and the proof now
proceeds just as the proof of Nakano Theorem 30.20.

§ 6. ¥F-Lattices.

We have given already various theorems about £¥-lattices which
are immediate consequences of general theory. In this section, it
is intended to supplement the discussions about LF-lattices until
now.

The following theorem is the corner stone of our whole theory
of LF-lattices, for it will enable us to reduce most of our problems
about LF-lattices to similar ones about F-lattices.

THEOREM 6.1. Let E be an LF-lattice. Then, we can find an
ascending sequence {E.} of subspaces which defines E such that every E,
is an ideal of E.

In the sequel, unless otherwise stated, we shall take always {£,}
in such a way that each £, is an ideal of E.

ProOF, Let F, be the set of all elements xcFE, such that
|x|=]|y| implies y& E,. Then, F, is a T-closed ideal of E such that
for each FE,, we can find some F,,, with F,,DFE,. In fact, suppose
this is false. Then, we could find a sequence {a,} of elements of E,
such that e, F,. Take x, such that |a,|=|x.] and x, & E,.

Let {p,} be a monotone increasing sequence of semi-norms de-
scribing the topology of E, and set A,=1/kp.(a.) (if pi(a,)=0, then
2, may be taken arbitarily). Then A.a,—0(7T) and whence A,4,— 0 (7).
Now {2,x;} is T-bounded and it follows {ix,CE, for some m, but
this is impossible. Therefore, we have seen {F,} is a required
ascending sequence of subspaces which defines E.

COROLLARY 6.1.1. Let E be an £F-lattice and {E,} be an ascending
sequence of subspaces (not mecessarvily to be an ideal of E) which defines
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E. Then an ideal H of E is T-closed if and only if HNE, is a T-closed
subset of E, for each n.

PROOF. To prove the sufficiency, let {F,} have the significance
indicated in the proof of Theorem 6.1. Then we can see easily
HNF, is T-closed for each s Suppose a net x,& H—x(T), then we
have |x|N|x|—|x|(T). If x&F,, then |x|N|x|&HNF, and it
follows lx| e HNF,. Now we have x& H. Q. E. D.

Corollary 6.1.1 and the following assertion will give answers
under certain additional assumptions to the problems (1), (2) of
Dieudonné et Schwartz [1] (p. 97).

Let E be an {F-lattice with the topology T and H be a T-closed ideal
of E. Then H is an F-lattice or LF-lattice in the rvelative topology.

PrROOF. Let HJ E, for all n. Put H,=E,NH, then H, is a
T-closed subspace of H. Denote by T,, T' the topology of H,, H
induced by T respectively. We shall prove T is an inductive limit
of {T,} (Bourbaki [2] p. 63, 65).

Let V be a convex, circled subset of H such that VNH, is a
T,-neighborhood of 0 in H,. To see V is a T-neighborhood of 0 in
H, it is enough to see V can swallow any T-bounded set of H by
Theorem 1.2 and this is immediate.

Now, we can see {H,} is an ascending sequence of subspaces
which defines H.

THEOREM 6.2. Let E be an M. S. semi-o-continuous L3%-lattice or an
LF-lattice such that T-bounded implies o-bounded. Then, we can find an
ascending sequence {E,} of subspaces which defines E such that every E,
is @ normal subspace of E.

PROOF. We need only prove EXCFE, for some m. If this is
false, we could find a sequence {g@,} of positive elements of E}-* such
that ¢, E;. By Lemma 2.38.1, we can find a net {x{} such that
2P 1 a, and 0P = F, (A&Ty). Since {4} is T-bounded in E, for
each k, we can take a;,>0 such that B={au{: 1Ty, k=1,2,38,--}
is 7T-bounded. Now, from our assumptions we can see that {a.a,}
is T-bounded which implies {a,@,} is contained in some £E,. This
is impossible.

REMARK. If there exists a sequence {e,} of positive elements
of E such that for each x&FE, we can find ¢, and real >0 with
|x| < Ze,, then T-bounded implies o-bounded. In fact, for each E,,
we can take e, such that whenever x<FE,, then |x|<Ze, for some
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real 2>0. Put ||x]]=inf {1:|x]|<2e,} for each x&FE,, then in view

of the following [Theorem 6.8, we can see || ||-topology is equivalent

to T on E,. Q. E. D.
Evidently, the £{F-lattice £ has no archimedean unit.

If E satisfies the conditions in the statements of [Theorem 6.2,
then no weak unit can exist in FE.

We now turn to the study of order topology in an L{-lattice E.
If we are considering an o-convergent net {e,}, then {@,} is contained
in some £, and hence, problems about o-convergence in LF-lattices
are reduced to ones in F-lattices.

Now, the following theorem and some of its corollaries are well
known in substance (Birkhoff [I] p. 247, Nakano [I] Theorem 33.4,
83.5, Ogasawara [1] p. 48, 50).

THEOREM 6.38. Let E be an LF-lattice [F-lattice] with the topology
T. Then, T-convergence of a sequence is equivalent to relative uniform
star o-convergence.

A T-bounded net [A net] ay—a (T) (AST) if and only if there exists
a monotone increasing sequence {r,} (r,<=1I') such that for every f(n) with
B(n) =1, @gmy)} IS rvelatively uniformly o-convergent to a.

COROLLARY 6.3.1. Let E be an LF-lattice with the topology T, then
T is finest in the collection of all locally convex lattice topologies for E.

PROOF. Let ¥ be any locally convex lattice topology for £ and
p be any T-continuous semi-norm on £ satisfying the condition (A).

To see p is T-continuous, it is enough to see p is T-continuous
on each FE, and this follows immediately from our Theorem 6.3.

COROLLARY 6.3.2. Let E be an LF- or §-lattice with the o-continuous
topology. Then,

(1):  o-convergence of @ sequence is equivalent to relative uniform o-con-
vergence.
(2): for each sequence {a,} such that a,—0 (0), we can find a sequence
{2, of reals such that 0<<2,1 = and 2,a,—0 (0).
By Theorem 5.3 and Corollary 6.3.2, we have
COROLLARY 6.8.8. Let E be an LX- or F-lattice and suppose it is o-
complete and o-continuous. Then, the following assertions arve equivalent :
1): A sequence a,—a (T).
(2): A sequence {a,} is star-o-convergent to a.
(8): A sequence {a,} is relatively uniformly stav-o-convergent to a.
4): l|a.—al—0 weakly and for every subsequence of {a.},, we can find
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an o-bounded subsubsequence.

Next, we shall consider a T-separable £F-lattice E. Let {E,} be
an ascending sequence of subspaces which defines E, then E is 7T-
separable if and only if every FE, is 7-separable.

THEOREM 6.4. Let E be an ¥F- or F-lattice and suppose it is T-
separable. Then :

(1):  No (strictly) monotone increasing well-ordeved set of positive elements
defined for all ordinals of the first and the second classes can exist
in E.

(2):  Ewery orthogonal system of E consists of at most countable elements.

PROOF. First, we shall show (1). Our assertion is known to
Ogasawara [1] p. 61 for the case where E is an {-lattice. Therefore,
our proof is completed if we show that an ascending set defined
for all ordinals of the first and the second classes: 0 <<x, <<x,<T--
el X, <<l X, <<++- is T-bounded.

Suppose this is false, then we can take a semi-norm p— £ and
a subsequence {x,,} such that p(x,.)>n. Let g be the ordinal of
the second class such that g =a(n) (=1, 2, 3,--+), then p(xz) =co which
is absurd.

To see (2), suppose there exists a non-countable orthogonal sys-
tem. Then, there exists £, which contains a non-countable orthogonal
system, but since £, is T-separable we can verify this is impossible.

COROLLARY 6.4.1. Let E be a T-separable IF- or F-lattice and
suppose (1) : it is o-continuous ov (2) : it is o-complete and semi-o-continuous,
then E is supercomplete and M. S. o-continuous.

PrROOF. We shall prove our assertion in the case (1).

By Theorem 6.4, £ satisfies the ¢g-countability condition and thus
o-continuity implies M. S. ¢-continuity. By the 7-completeness of E,
M. S. o-continuity implies completeness.

Next, to prove the case (2), we shall show the following asser-
tion: Let E be a o-complete, T-separable locally convex lattice with-
the M. S. semi-p-continuous topology. Then E is M. S. o-continuous.

By Theorem 3.2, 8.3 and every E, being T-separable, our problem
can be reduced to similar one about E, which is known to Nakano
([1] Theorem 80.27).

Finally, we shall give an example of the ¥F-lattice and discuss
about it.

EXAMPLE. Let G be a locally compact, o-compact Hausdorff
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space (espaces localement compacts dénombrables a I’infini) (Bourbaki
chap. 1, §10, n°11). Then there exists a sequence {G,} of open

sets such that every G, is relatively compact and Gn (the closure of
G,) is included in G,,,; and further, G=\UG,. Denote by KG) the
totality of all real-valued continuous functions with compact carriers
defined on G. TFor each continuous function A(#) on G such that
h(t)>0 always, denote by V(%) the totality of all f(#)&=&(G) such
that |f(#)| < A(#) for all t&G. If we take all V(h) as neighborhoods
of the origin, &(G) becomes an LF-lattice (Bourbaki chap. 3,
p. 64; Dieudonné et Schwartz [I]).

Let X be a locally compact Hausdorff space and denote by €,(X)
the totality of all real-valued continuous functions on X with compact
carriers. A function lattice £ defined on X will be called completely
separating if to every (ordered) pair (s,#) of points of X, we can
find an f&FE such that f(s)=1, f(#)=0. If E be a completely
separating vector sublattice of € (X), then every maximal ideal of
E coincides with the set N;={f<E': f(s)=0} for some s&= X

In fact, if this is false, we could find a completely separating
maximal ideal M of E and we can see M is uniformly dense in
C.(X) (Loomis [I] p. 8, Lemma 4.C). Thus, for every compact subset
K of X, we can find f&M such that f(#)==1 on K and it follows
every g& FE' is contained in M, which is absurd.

Now, a one to one correspondence between the totality of all
maximal ideals of £ and the totality of all points of X is established
and we can identify s& X with the maximal ideal N,.

The kernel of a set of maximal ideals is the ideal which is their
intersection. The Aull of an ideal I is the set of all maximal ideals
which include I.

Then, for each subset S of X, the closure S coincides with the
hull (kernel (S)).

Indeed, let I; be the kernel of S, thatis Iy={f<=FE: f=0 on S},
then Iy=1I;.

If p is not in S, take f&F with carrier K such that f(p)=1

and f>0. For every ¢g=KnS @f not void), we can find g,&FE such
that g(p)=1, g(¢)=0 and g,>0. Choose a neighborhood ¥{(g) of ¢

such that g,<1/4 on V(g). Since KNS is compact, there exists a
finite set of V(g) such that KNS is included in \J V(g@®). Set
i=1
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m

h=N\ g 0f, then 0<hCE, h(p)=1, h=<1/4 on KNS and %2=0 on
i=1

the complement of K. Similarly, we can take 0<<#'<E such that
B(p)=0 and #'=1/2 on KNS.

Now, (A—#)* &FE vanishes on S but not at p. Thus, Izl if
and only if pES and we get hull (I§)=§.

By this observation, E determines X up to a homeomorphism.

In particular, &G) as @ vector lattice determines G up to a homeo-
morphism.

Next we shall be concerned with the approximation theorem.

THEOREM 6.5. Let A be a linear subspace of K(G) which is closed
under the lattice operations: fUg and fNg. Then A is dense in &G)
if and only if A is completely separating.

When this is the case, for given Z& K(G), take any open rela-
tively compact set U which contains the carrier of 4. Then, for
any ¢>0, we can take g, A such that |A(f)—g.(¢)|<<e uniformly on
G and the carrier of g, is contained in U (the closure of U).

PROOF. We shall see the sufficiency.

Let 4, U, U have the significances indicated in the statements
of our present theorem. Let A’ be the totality of all elements of
A vanishing on the complement of U.

We shall show A’ is completely separating on U. Let s,¢t&U.
Now, by following the same line as the argument in the proof
which will be found just before the present theorem, we can see
there exists 0<<f<A such that f(s)=1 and f(u)=0 if »c£U. Take
0<gcA with g(s)=1, g(t)=0, then fNgec A’ and fNgs)=1, fNgt)
=0. Now, we have seen A’ is completely separating on U.

Considering on 17, we can see easily 2 can be approximated
uniformly by functions of A’ (Loomis [1] p. 8, Lemma 4.C). Q. E. D.
We would conclude this section with the characterization of K(G).

THEOREM 6.6. An LF-lattice E is isomorphic to some K(G) if and
only if there exists a sequence le,} of positive elements of E such that
whenever x C E, then we can find an e, and real 2> 0 with |x|< le,.

PROOF. We shall show the sufficiency.

Let {E,} be an ascending sequence of subspaces which defines E.

(1): In view of and Remark after this theorem,
we may assume
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(@): every E, is a normal subspace of E,

(8): whenever x<& E,, then we can find real 2>0 with |x| < Ze,,

(1): 0=e.t, ,CE,, and ¢ E,.

Further we shall show we can assume the following (6) without
loss of generality:

(6): enﬂ‘_enEE{l_'

We define a sequence {¢,} by induction in such a way that {&,}
have all required properties (B), (), (0).

Put ¢,=e, and suppose é, &, &,:-+, €, have been defined.

Set K={x=FE,:0<=x=<¢,Ue,,,}. Define ||x]] and |||x]|| for each
xEE, by |lx|]|=inf {1:|x|=<2é,} and [||x]|]|=inf {2: x| =< A(é,Ueni )}
In view of we can see the topology T of E coincides
with |} || (|} ||l) on E, and thus || || and ||| ||| are equivalent on F,.
Now {||#]|: =K} is bounded and then we put i,=sup {||x]: xEK}.
Clearly x& K implies x< 2,6, and 2,>=1.

Set e,.,Ué,=(e,.,Ue,)N2eé,+h, then h>0. We shall show zZ&
E-NE,,,. If the contrary were true, we could take y with 0 <<y <4,
y&FE,. For every x& K, we have 0<x=<(¢,Ue,.,)N1,€, and thus
o U8 =x+y>0, x+y=E, which implies x+y=K Now we can
see x+kycK for each positive integer k, which implies y=0, but
this is absurd.

Next, put é,,,=é,+#h, then by e,,,<216,.,, we can see easily
€,., is the desired one.

(2): We shall consider the quotient vector lattice E/EL. Denote
by [a], the coset containing a. Then [e,].=[€n:1]n= " =[Crirln="""
and [e,], is an archimedean unit of E/E‘.

(8): Since E/E}- has an archimedean unit, then FE/E; is semi-
simple in the wide sense. From this, we can see £ is semi-simple
(in the wide sense).

(4): Let G={M} be the totality of all maximal ideals of E and
put 2,={M: MDE}}, then 2,1G. For each M&G, take any » with
Mc 82, then we have e, & M. Let x&FE be expressed as a sum
x=JXe,+m where 2 is real and mc& M, then put x(M)=21 The func-
tion x(-) is now defined uniquely on G and we have e, (M)=1 if
M&=2,, e (M)=0 if Md&2,,,. E is thus isomorphic (as a vector
lattice) to a completely separating lattice E(G) of functions defined
on G and G is locally compact in the weak topology defined by the
functions of E(G). “
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In fact, suppose a net x(M,) is convergent for each s E. Put
lim »(M,) =f(x), then fCF such that f(xZy)=7(x) 2 f(y) and if f=£0,
there exists e, such that e,(M})>0 for 2=21, e,FM; implies
Elr ce-cM,. Hence e,, (M)=1 and it follows f(e,,,)=1. From
this, we can see easily there exists an M &G such that f(x)=x(M)
for each x=E. Now, by the well-known reasoning (Loomis [1] p.
63) and by the fact that if we take M,=2,,.,—£2, (2., 2, will be
seen by the following (5)), x(M,)—0 for each x&FE, we can see G
is locally compact and non-compact.

Compactness of 2, can be proved in the same way as above.
Then G is o-compact.

(5): E, coincides with the totality of all elements of E having
carriers contained in £,.

We shall show ¥ E, if and only if x(M)=0 for each McEL,.
Let M@, and x=E,. If xéEM, then we have MDOxtDE;- which
is absurd. Hence we have x(M)=0.

Conversely let x(M)=0 for each M2, and x=0. If 0<a<x,
a=E};, then a(M)=0 for each M&£, and thus @(M)=0 for each
Mc&G. In view of Lemma 2.8.1, we have x=\U{y: 0<y<x, y&E,}
and since £, is a normal subspace, we have x& F,.

(6): The topology on E, is equivalent to the uniform conver-
gence on £,. Indeed, if we put ||x|l,=inf {2:]|x|<2e, for every
x—F,, the topology on £, is equivalent to || ||, -topology.

(7): We shall consider &G). Let fE&(G) and K be its carrier.
Since e¢,=1 on £, and e¢,=0 on the complement of £2,.,, we can see
the interior £°,, of £2,., contains £2,. Hence we can take » with
Kc2).

In view of the uniform closure of E, contains f
and by (6) and 7-completeness of E,, E, contains f. Now we have
E=8(G).

Liberal Arts Faculty, Shizuoka University.
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