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On the singular point of integral equations of
Volterra type

By Tositaka TAKESADA
(Received Feb. 18, 1953, revised Feb. 14, 1955)

I. Introduction.

1. The fundamental solutions of a system of ordinary linear
differential equations are obtained, in the vicinity of its regular singular
point, by a well-known method due to Frobenius. The purpose of the
present paper is to give an analogous method for a system of linear

integral equations of Volterra type.
Throughout this papar, we shall consider the following equations:

(1) -y (x):i”glj:Kﬁ(x, Dut)dt (G=1,2, -, n),

where Kj;;(x,t) are regular with respect to x, ¢ in a domain | x| <7,
[t|<# (r,,7v2 >0). It is readily seen that the origin (x=0) is a
singular point of the system (1). We shall merely pay attention to the

vicinity of this singular point.
2. The equations (1) are homogeneous, but non-homogeneous

equatious such as
@ ru@=fi+ | (5 Auls ) u®)+ Bz ) at (=12, n)
can be reduced to the present case, if fj(x), A;i(x,t) and Bj(x,?) are
regular for |x| <7 and |¢]|<#7. In fact, substituting x=0 in (2), we
see f;(0)=0. Then, (2) can be reduced to

% 0y(0)= | (3 i, ) s (O+ By, )+ F30) at.

Therefore, we may consider, in place of (2), the following homogeneous
equations :
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xuy(n) =" (53 A%, 8) w8+ By, )+HFHE) wnr(®) dt (=12, -, m),
% thy1 (0= 0010) .
3. Let

K, )=} a3f 2

be expansions of Kj;(x,?), where a3’ are all constants and «, 8 run

over all non-negative integers. We consider the characteristic equation
of the matrix (a%):

00 00 00 —
(3) an—»xa ay; ay, =0.
ay ag—xn - a%,
00 00 __
nol ay2 Tt Qun— N\

Let Ay, As -+, Ay be 2 roots of (3). These roots are classified into two
categories, according to the following conditions :

(i) Ag s a simple root of (3) and there exists no integer m, such
that \p+m=x;, for any index j (=£k);

(11) A is a multiple root of (3), or, there exists at least an integer
m, such that  n,+m=\; for some index j (5=k).

In accordance with the classification of A, our results will be also
stated in two parts, each dealing with the case (i) and the case (ii)

which we call briefly the case of simple roots and the case of multiple
roots.

II. The case of simple roots.

We shall treat, in this section, the case of simple roots.
to have a quick start, we will demonstrate following lemmas.

LEMMA 1. Suppose \, be a simple root of the equation (3), then
there exists a formal solution of (1),

In order
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(4) uj(x)zcxxk_l(bj\)_*—bjlx+"') (j:l, 2; ) n))
where ¢ is an arbitrary constant, bj, are constants uniquely determined
by a?? (a+B 1) and at least one of bj is not zero.
PrROOF. Let

(5) uj(x)=x"%"1 (ciop+cjnx+ ") (7=12,--,m)

be a formal solution of (1). A, must be a root of (3) because, substi-
tuting (5) in (1), we obtain

7 .
A= 21, a% cio (i=12,---,n).
P

By a suitable linear transformation, we can take the matrix (a%})
in a Jordan’s canonical form

(6) /M 0 0 0\
5, Az 0 0 ]
\ 0 0 8,1 - )

which satisfies the following conditions :

(iii) The multiple roots of (3) appear consecutively in the arrange-
ment g Ao, oty A

(iv) 8;=0 or 1. If §;=1, then A;,;=2r;.

Substituting (5) in (1) and equating the coefficients of x*¢ we
obtain

Ag cj0=8,-_1 Cj_10+7\.j Cjo.

If 8,.,=8,=0,cy=c is an arbitrary constant and c;=0 for j=k.
Equating the coefficients of x*:*” (m > () we obtain

(7\.k+m) ij=3j_1 Ci-1m+Aj; ij-l-Cdjm »
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where dj, are constants uniquely determined by a% (a¢+8 < m).
Therefore b;,=c;./c are uniquely determined by a%’ (a+B8 < m).

LEMMA 2. Let S: te"1 dt be convergent, then the series > b;s x°

which appear in (4), have a radius of convergency which is not zero.
PrROOF. Put

Pin(0)=3bj, 2",

ui(x)=cx* 1 (P 5 (x)+wi(x))

and substitute (4) in (1). Then we have
Xk (%) =f,(x)+§}§:K,,- (x, ) 571 aw; (2)dt,
where

F1@)=— 2% Py () + 33 | Ko, ) 24 Pyn () .
Therefore f;(x) are bounded for | x|<7»;<7. Since x*w;(x) and

rK 5i(x, ) t*2 1 w;(t )dt have no term whose order is lower than A+ N,
0

fi(x) have no such term. Therefore, there exists a constant By such
that

|x e fi(x) | < Bylx |V for | x| <.
Let
T={(w(x), wax), ---, wa(x))} ,

where wj{x) are regular functions for |x|<#»’ such that |w;(x)| <
K|x|¥. Then & has following properties :

(i) F=F0.

(ii) % is normal.
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(iii) Let 9%, €T, wmu >0, p, >0, and w+p=1, then p @,
+ popr e F. '
(iv) lirr% @; e ¥ if it exists.
(01' €
Transform
X
0

@ wm=an @+ S K )t
Taking a suitable path of integration’”’, we have

i) | < (By + PARILHGD) |0V for 121 <,

where AQIK,;(J&, t)|. Taking the value of K and N sufficiently
large so that

p—vat N>|1+ia | nA, K< By+ "PAKI1+ia]

we see |w;(x) < K|x |V and regular for |[x|<# . Therefore
(wl(x): wZ(x)y Ty wn(x)) € % .

The transformation (7) implies that the mapping is continuous. Hence
the lemma is proved by a theorem of fixed points.”’
Now we can state the following theorem.

THEOREM 1. Suppose A\, be a simple root of (3) and j: Prldt be

convergent, then (4) is a solution of (1).
This follows immediately from lemmas 1, 2.
REMARK. Let N\, be neither negative real number nor zero.

Then X:tAk“l dt converges for a suitable path of integration.™

PrOOF. Put

xXx=ce", np=p+iv

(1) See the remark.
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and let

(8) t=se*, 0=w+alog (s/o) (0<SSO)

be the equations of path of integration. Then we have
| £2 | = st~ vagve g-ve

In the first case that x >0, we take as «a=0. In the second case that
# <0 and » =0, we take as va < u. Then we see

[t*¢|— 0 as || — 0.

ITII. The case of multiple roots.

In this section, we shall treat the case of multiple roots in the
same manner as in the preceding section.

LeEMMA 3. Suppose n be an l-ple root of (3) and the matrix (6)
satisfy the following conditions :

(1) A== A= =N=A
(ii) 8M_l+1=..-=8Mi-l+ml_1=1, SM‘=O’

where M,-=ii mj;, My=0 and My=1.
=

Under these assumptions there is a formal solution of (1),

k m; m‘-—ﬁ .
(9) #y(x)=2""1 Z; ;‘jlcp; Z(‘] (log )" 31 bjpirs x° (7=1,2,---,m),

wherve cy; are arbitrary constants and bjp.s arve constant uniquely
determined by a3 (a+RB=<3s).
PRrROOF. Substituting

ux)=x"1 Z‘.l (log x) 31 Cjps x8

r=0 s
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in (1), where m=Max. (m,, m,, ---,m;), and equating the coefficients of
x* (log x)”!, we obtain

ACim-10=8;-1Cj-1 m-10t A7 Cj pm-10-
Thence we see Cj,,.10=0 for j9=M; while C;,,,, are undetermined

for j=M; (=1, 2, ---, k). Equating the coefficients of x* (log x)27!
(m >q>1), we obtain

AMCjs-10=8;-1(Cjy q—10"‘% Cj1q0t

+(_1)m-qQ(¢]+1) -(m— 1)C 110

xmq

+7tj(ch—10——%cho+“'+( 1)~ qq(q+173m gm 1) Cjm-10-

Therefore Cj,-10 are undetermined for 7\_, A whlle Cjqa-10=0 for

A=A and Cjg40=0 for &;;=0 while C,-qo-l A;__, C,,“obj,,q for
1=0; 1t

M, ;+1<j< M;, where b;,, are constants uniquely determined by
A. Thence we see that:

6)) Cjo (7=1,2,---,1) are arbitrary constants.
(ii) Cv;_yrdro= ZJICM,-_Imoo bapi yo for 0 r<ld=m;.
(i) Car,_yraro=0 for r=d.
(iv) Cj,0=0 for 7\,‘;#7\,.
k m;~r
(V) CJ' rs Z Z CM _1*$00 bj Dirs for Sg 1.

where b; 4, are constants uniquely determined by ¥ (a+8 <s). Put
Cu,_,+400=Csi, and we obtain (9).
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LEMMA 4. Let r 1dt be convergent, then the series > bjpiys X5
0 s

which appear in (9), have a radius of convergency which is not zero.
PrOOF. Put

PYir ()= bjpirs x°
s<N
§s:} bjﬁirs xSZP%ir (x) + W jipir (x)
and substitute (9) in (1). Then we obtain

my b m;

e 4
>:.‘0xA (log x)" w i, (%)= ;_Jofjp:, (x) (log x)

r=

n (% mj-ﬁ
+ 3] Koulw,t) 5 007 log t) wyi, (1)t
where

m‘---.ﬂ n x m;—p
gofm, (%) log x)'=h‘2jo in (%, 1) rz:()t*“l (log t)r P%, (¢) dt

-1
m;—p
— 2 x* (log x)” P, (x)

because c,; are arbitrary constants. Since P%,;, (x) are polynomials
and K, (x,t) are analytic for |x|<» and |¢|<#,, there exists a con-
stant M such that

| K5 (%, t) PYy, () |[<<M  for | x| <ri<m, [t <2 7.

Moreover j: |[t*1(log t)"| |dt| are convergent and there exists a constant
B, such that

[x* (log x)7| B, for |x|<#,larg x|<o,
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because Sxtv‘ldt is convergent. Therefore there exists a constant M’
0
such that

| fiir(x)|<<M'" for |x]<r;<Min(r, 1).

Since fj;,(x) have no term whose order is lower than A+ N, there
exists a constant By such that

|27 fjpir (%) | <By | 2|V for |x]|<#.
Let
F={(wjsi(x); 7=1,2,---,m; r=0,1, ---, m;— D)}
where w;,;, (x) are regular functions for |x|<#] such that
W s () | S K| x| V.

Then % has same properties as lemma 2. Transform

(10) x}\;';j.ﬂir (%)=F jpir (%) +;§1§ Kjp (%, ) "1 w,zs (8)dt

0

——ﬁ,’(r+1)rdt/tstK (2, Y0 ;01 (E)dE+ -
= 0 0 Jh\As Joir+l
»” x ¢

F 3 (=1 (1) e (m,.—1)j dt/t§ dt/t---
h=1 0 0

S: K%, 1) 7 w5 pimy-1 (D)dt

where the path of integration is (8). Then we have

m;~ D m;= D
>3 x* (log x) w iy (%) ==§0fj.pir (x) (log x)”

r=0
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n rx m;=d
+ hzljo th (x, t) Z:) t)‘—l (IOg t)r W;pir (t)df

and
[Wjpy (%) | < (By+nAK | 1+ia )/ (u—va+ N)
+(7r+1)nAK | 1+ia P/ (p—va+ N3+
+(r+1)---(m; —1D)nAK | 1+ia | 777 [ (u—pa+ N)" 7)) | x|V,

Take the value of K and N sufficiently large, and we see
| w;isr (x) | < K and regular for | x| <#;, Therefore & s (w;s;, (x)) and
the mapping is continuous.

THEOREM 2. Suppose the equation (3) have roots whose differences
be integer. Let the class (A, N, -+, Ag) salisfy the following conditions :

(1) AL, M 1=AL, _j+2= 0 AL, 4, = g
n
where Ly=53;, L,=0 and Ly=K.
=
(ii) OLy My 1=""" =8, anty gemy, =1

8[,,_1+Mhi=0 where Mh‘.=]z_}lm,,,-, M, ,=0 and th,,:lh-

(iii) pre1=pn+ qn where q, are positive integers.
(iv) rt“l‘l dt is convergent.
0
(v) If there exists a root N; of (3) and a positive integer q

such that a+q=x;, then nje {A, Ny -, Ag].
Under these assumptions

K Ry
(11) ui(x) =ﬁZ‘_1 cpxtr71 rgo (log )" 37 bjp,s x°



On the singular point of integral equations of Volierra type 133
is a solution of (1), where c, are arbitrary constants, b;,. are constants
uniquely determined by a%f (a+8 < s+rp,—N\y), and

h
R,=M,—M,+my;—d for p=L, 1+M, 1 +d, where M,= .Zlm,- and
=

mp=Max (mp, Muz, -, Myz,).

Proor. We shall show is a formal solution of (1). The
convergency of the series > &;,,, x° can be proved by the same idea as

lemma 4. Substitute

g my -1
u; (x) :hzi xn~1 > (log x) Mr-1"7 37 Cjp,p X
- r=0 ) s
in (1). implies :

(i) Cr,_+M, ;y+dhoo =Cnido  (1=1,2, -, ky; d=1,2, -+, my;)

are undetermined.

.. d~r
(ii) CLh~1+Mh‘-_1+dhro=ﬁZ_‘1 Chivebnizo TOr 0 <7< d = my;.
(iil) CLh—1+Mh z,_14_‘17;”,0—-_'--0 for » 2 d.
(iv) Cinro=0 for n; == u,.
kh mki—r
(v) thrs':iz;_l; 291 CrivoDniss Tor 0 < s <gp.

where b,,,, are constants uniquely determined by a%f(a+8<5s).
Equating the coefficients of x*»+1 (log x) Mz-1*” we obtain

kh mhi—r
Mn+1 thrqhzgl ;3_1 Chito bhmqh

2

nl (114 h—1+P) !
+3S. — 1\~ C.
5]_1 (Z_Jr( 1) r (Mh_l ’,) ! f:{ 7-1 hpqh
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Mhi1” (M1 +D)!
+ 2 ( D7 a a1, 1+k,,;y p'?wp 7 Ci-1h+120)

-r __Mhh_l__l__p_)_'
+x1(ﬁ§(—1)1’ (M,,_1+r) ! #;{;{ thpqh
mh+1'1 it per Mh+p)'
* ,;Zo (=1ymrs (My_1+7) ! ik ?- =+ C j h+1 p0).-

Therefore we see:

(vi) Cinrq, are undetermined for Xj=p,.;, while Cj;,q, are uniquely
determined by c¢iizo and a3f (a+8 < qs) for ;== pp.

(vii) CLh+Mh+1 i—1*d h+lco™— 2 C}nzo Bhita,,

d-1
+ pz_chh+Mh+l ’-_1+thh“l q’l bh+1 i mh-l o0 -

kh mhi—r
(viii)  Cir,, My, rdnrn =25 ;25 Chivo Onisa,

d-1
1
+z§1 CryiMyoyiytp hr ageiiron

Thence
(ix) CLh+Mh"ll—1+dhoqh=Chidqh (i=1’ 2, Ty kh"’l; d=1’ 2’ .'.’mh"’li)
are undetermined.
kh mhl—r+d
(x) CLh+Mh+1i—1+dh'qh 2 2 Chtﬁo bhlﬁqh for dé r

i=1 p=1
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ky m
k. ""hi
CLh+Mh+ll 1+dhrl1h Z Z chlﬁo bhlpqh+ 2! chlpqh bhlpo

for d >7r.
k, d
(xi) Chilido™ 2. DZ_] Chito bnisa, fOr d < my,.

Ch+1idozzl‘ gjlcmo bhipqh‘*"ﬁzlchipah brivo for d>my.
=13= =

SucceSsively, equating the coefficients of x*a(log x)Mr-1(a=h+1,

we see :

(xii) Cino xj-up are undetermined for A ;= uy.

(xiii) CLa_1+M im1t ARl g g

8=1 F, my;

J— Bl 1 C b .

- +M, +bhow, eipo u ~
E=h =151 ei~1 759 e A tate
ks x

+21 _pZICLS—1+M6 l'_1+.ph0 #s*ﬂh bBiPO Hg=ks .
i=1 9=

where M5._1 Mh 1> Ma -1 Mh+d*7’< M‘g"‘Mh_]_ and
k=M, ,—M;s_+d—m,—r. Put C;,, x ;=2 = C and we obtain :

(xiv) ¢, (p=1,2,---,K) are arbitrary constants.

Ly

(xv) C

jhr Ma~uh+s=j’2=16p bjhr ug=Apts

l’5+1 Ma‘Mh—I—Mﬁ—r

+2>1 >
i=1 p=1

CLy Myo1jm1 210 gy Ditr wgmryyyvs

135

) g)’
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where M, < M,—M,_,—r < M;,,, for 0 <s<gq, and a = h.
This shows that is a formal solution of (1).

Mathematical Institute, Kobe University.
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