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A metrical theorem on the singular set of
a linear group of Schottky type.

By Masatsugu Tsujl
(Received Nov. 4, 1953)

Let G be a linear group of Schottky type on the ¢&-plane, whose
fundamental domain D, is bounded by p (=2) pairs of disjoint analytic
Jordan curves C;, C; (i=1,2,---,p), where C;, C; are equivalent by G.
The equivalents D, of D, cluster to a non-dense perfect set £, which
is called the singular set of G. Myrberg? proved that

cap. £>0,

where cap. £ denotes the logarithmic capacity of E, while, in another
paper,? 1 have proved that every point of £ is a regular point for
Dirichlet problem. Since cap. E>0, if we map the outside of E on
lw|< 1 conformally, then £ is mapped on a set of mesure 27 on
|lwl=1. We shall prove ,
THEOREM. Let E, be the sub-set of E, which lies in C, and every
Dpoint of which is contained in infinitely many equivalents of C.. Then

cap. E; >0,

and E, is mapped on a set of positive measure on |\wl=1.

PROOF. Since the proof is the same, we assume that p=2.

First we shall prove that cap. £,>>0. Let S;, S; be two generators
of G, such that C,=S,(C)). C=S,(C;). If we apply S; to D, then
D, becomes D,, which lies in C;=K; and is bounded by K, and three
other closed curves Cy, C, C;;, which are equivalent to C, or C,. Let
Cy be equivalent to C; and we write C;=K;.. Cp, Ci3 are equivalent to
C,. We choose one of them, C,, say. Let D), be the equivalent of -

1) P.J. Myrberg: Die Kapazitiat der singuliren Menge der linearen Gruppe. Ann.
Fenn. Ser. A 10 (1941).

2). M. Tsuji: On the capacity of general Cantor sets. Journ. of Math. Soc. Japan
5 (1953).



116 M. Tsuji

D,, which lies in C;; and is bounded by C,, and three other closed
curves Cjy, Ci», C23, which are equivalent to C, or C,. Let Cy be
equivalent to C, and we write Ciy=K;;. Hence, inside of K, we
have two equivalents K, K;, of C,.

Similarly we define Kj;,.;, (i1, -, is=1, 2), which are equivalent to C,
such that if we denote the inside of Ky;,.;, by 4y,.i, then

Alt'r"l'n < Ah'l...,'”_l (in:I, 2) .

We put
M=T1( ﬁ Byiseiy ) - (1)
By Koebe’s distortion theorem, we can prove easily®
8(dijymiy) =@ 8(dyjyi,_ ) (2)
and the mutual distance of
iyeiy_p1 AN My, 2 8 20 8(duiyei, ), (3)

where 8(4) is the diameter of 4 and ¢>0, $>>0 are constants, which
are independent of #. Hence cap. M >0 by a theorem proved by the
author?. Since M < E,, we have

cap. E1>0 . (4)

Next we shall prove that E; is mapped on a set of positive measure
on Jw|=1. '

If we identify the equivalent points on C;, C;, then D, becomes a
closed Riemann surface F, whose genus is p=2. We consider F
spread over the z-plane. C;, C; correspond to the both shores v},
of a ring cut v; (=1,2) of F. If we cut F by v, 7v;, then F becomes
a surface F,, whose boundary consists of «&;, v, vs, v5. We write

yP=vi, ¥P=vi, ¥®=v{, ¥®P=r:. (5)

In the following, F;, Fj,,-- are the same samples as F,. Along
v (7=1,2, 3, 4), we connect F; to F,. Along three remaining boundary

3), 4) M. Tsuji. 1. c. 2).
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closed curves of F;, we connect Fy;, (3,=1,2,3) to F;. Similarly we
define Fy;..; (/=1,2,3,4; i, -i,=1,2,3) and put

F~=F+ ZF,+ S Fy+-+ > F,a., iyt (6)

Jri1 J, i1

then F™ is of planar character and is mapped on the outside of E.
If v (k=1,2,3,4) belongs to the boundary of Fj;,.;, but does not

belong to the boundary of Fj;.;,_, then we denote it by ¥§ ...
Let @ be a sub-surface of F*, such that

¢=F1+Z F1i1+”'+ . 2 F]il"'£”+“' ’ (7)
and put | |
¢”=Fl+2 F];1+“'+ . 2 F]il"'in' (8)

Let y¥+1I", be the boundary of &,, then [I', consists of 3” closed
curves, each of which is v or «, Let I, be the sum of those,
which are v, and 71"} be that of those, which are v,, then I',=1",+1").
Let #,(2) be the harmonic measure of 17, with respect to @,, such
that #,(z) is harmonic in @,,

u,=1on I",, u,=0 on ¥ and on I7,. (9)

We shall prove that #,(z) does not tend to zero with #— oo,
Let v,(2) be the conjugate harmonic function of u,(z) and put

dy=| ., d0>0. (10)

We remark that at least one of the boundary curves i®.; of Fiy;.;,
belongs to I, : ,
Let Fy;,.in connect to Fy;,.; _ along v= vi®.; . We draw a ring

1ir 1n

cut v in Fy..i - which lies in a small rieighbourhood of v, such that
v,v' bound a ring domain 4 in Fl,-l...,-”_l. We add 4 to Fy;,.;, and put

Flir"i,, =4+ Flir"t'n .

Let (2) be harmonic in .., such that
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(11)

0 on ¢ and on vif.; eI,
o]

1 on vif.; eI,
then
w(z)>a>0 on v,

where >0 is a constant. Since u,(z2)”>0 on 4/, we have by the
maximum principle,

Un(2) = w(z)>a>0 on v. (12)

Hence the connected part @,(+) of @,, for which #,(z)<+ (Z«) and
contains ‘Y on its boundary does not contain vy, so that if we denote
the niveau curve: #,(z2)=7 (0<+=<1) by C,, then if r<a,

o don={ pdva=ds =<a). (13)

Let L(7) be the length of C, measured on the z-sphere and A(r) be the
spherical area of @,(+):

!’
Loy= | A21®n oy By i,

& 1+|zf’ ax
' — " E4RY —
A= | ({5 ) ar dva, s=a@nF,
| F'| being the spherical area of F, then
2 EANRY dA(r)
Lep< | do| (72 an<a, 4 a<a). (14)

Now C, consists of a finite number »(r) of disjoint closed curves, each
of which is not homotop null, so that each curve has a length >a>0,
where a is a constant, which depends on F' only, hence

L(mY=av(7). (15)

Let p(+) be the Euler’s characteristic of @,(7), then since @,(r) (1< r< )

is of planar character and the boundary of @,(+) consists of C, and

,),(1)’

p(r) <v(r) < L(7)/a. (16)

Now @,(+) is a covering surface of F and 2(p—1)=2 is the Euler’s
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characteristic of F, so that by Ahlfors’ fundamental theorem on cover-
ing surfaces® : :

pr () =2 S(v)—h L(7), (17)
where 2>0 is a constant, which depends on F only.
Hence from we have
A ZEk L(+), (18)
where 2>>0 is a constant, so that from

Awr=kd, A0 <a),

hence

a * dA(r) a’ :
& <wd,|” A0 <pga(e),
9= dﬁ_;- Ay =7 <2) or

2 A (%)gkm,,.

If #,(z)—0, then d,—0, so that A(—S‘—)——»O, which is absurd. Hence

#,(z) does not tend to zero with n— oo,

Let v be a ring cut of @, which lies in ®—F;,. If we cut @
along v, then @ breaks up into two parts. We denote that part,
which does not contain F,, by @[y].

With this notation, we put

Gu=0u+ 3 O [vifl.i,]. (19)

Yiyiyy € T

Let A, be the compact boundary of 5,, and #,(z) be the harmonic
measure of the ideal boundary of 5,, with respect to (5,,, such that
22,(z) is harmonic in (5,,, 2,=0 on A,, u,=1 on the ideal boundary of
(3,5,, then since cap. E; >0, we see easily that #%,(2)%0, so that

0<<it,(2)<<1 in @,
We shall prove that #,(z) does not tend to zero with #— . Let

fy=ry§f;’...,-”e I',. We draw aring cut v’ in Fy;,.;, which lies in a small

5) L. Ahlfors: Zur Theorie der Uberlagerungsflichen. Acta Math. 65 (1935).
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neighbourhood of v, such that v, bound a ring domain 4 in Fy,.; .

Let »(z) be the harmonic measure of the ideal boundary of @[v']
with respect to @[y'], such that «(z) is harmonic in @[y'], «=0 on
v/, =1 on the ideal boundary of @[v'], then

w(z2)>a>0 on v,

where «>>0 is a constant. Since #,(z)>>0 on ¢/, we have by the
maximum principle,
Uy(2) Z 0(2) >a>0 on v,
so that
U,(2) = 0t 1x(2) on v,
hence by the maximum principle,

U (2) = un(2) in @,. | (20)

Since #,(z) does not tend to zero, #,(z) does not tend to zero with
n— oo, so that

U (2)=n>0 (n=1,2,-), (21)
where z, is a fixed point of Fj.
We map @, on |7|<1 conformally, such that z, becomes =0 and
put U,(+)=un,(z), then :
U.(0)=n>(n=1,2,-). (22)

Since the compact boundary of (5,, is mapped on a set of arcs on |r|=1,
on which U,(7)=0, if we denote the complement of this set by e,, then

men = 27U, (0) =27 >0 (n=1,2,---). (23)

We map F™ on |w|<1 conformally, such that 2z, becomes w=0.
Then |7|<1 is mapped on a domains 4, in {w|<{1. Let M, be the
image of ¢, on |w|=1, then by an extension of Lowner’s theorem®, we
have mM, = me,, so that

mM,>2m>0  (n=1,2,-).

6) Y. Kawakami: On an extension of Lowner’s lemma. Jap. Journ. Math. 17 (1941).
M. Tsuji:  On an extension of Lowner’s theorem. Proc. Imp. Acad. 18 (1942).
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Hence if we put M=1im M,, then

mM227ﬂ7>0 . (24)

We see easily that M is a sub-set of the image of E;on |w|=1, hence
E, is mapped on a set of positive measure on |w|=1.
Hence our theorem is proved.
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