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§1. Introduction.

Let P(t)=( pjk(t)), 0<¢#< o, be the matrix of transition pro-
babilities of a temporally homogeneous Markoff process with denumer-
able states. P(#) has the properties:

(1.1) Pit)=0,
(1.2) S oa®=1,
k=1
(1.3) pir(s+1)= 21 1 /(8) Dja8) .

It is also knownV that, under certain general conditions, p;.(¢) satisfy
the following Kolmogoroff’s differential equations :

(1.4) dpi()/dt= il P as,
dp;x(t)/dt = 121 a;; Dt ,
together with the initial condition
. B 1, j:'k ’
(1.5) ltlfl(;l Diut)=040)=8 4= {0’~ k.

Here a;z are constants satisfying the conditions

1) For example Feller Doob Hille
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—ajj=aj20; ajkz_O, e
(1.6) - .
Z}la,-kzo, that 1S, ’f::,; Qjr=2aj;.

Conversely let a;, be arbitrary constants subject only to the re-
striction (1.6). The integration of these differential equations in this
case was treated by Feller [5] some time ago.” In the present paper
we shall consider the same problem by means of the semi-group theory
developed by Hille [7, 8] and Yosida [9, 10]. It will be convenient,
however, to state here some of our results without referring to the
language of the semi-group theory.

I. There exists at least one solution P(t)=( pjk(t)) satisfying (1.1),

(1.3), (1.4), (1.4’) and [1.5). Among these solutions there is a “ mini-
mum” one in a sense to be specified later (Lemma 9), which is
uniquely determined and satisfies

(1.2) PWPOES

To express the condition that the equality sign holds in (1.2), it is
convenient to introduce the matrices ( b7(\)) defined successively by

J=k,

(1) b, {
PRI =0 = aj/(A+a;), jFk, r>0,

(1.7)
n+1)(7\‘) — b(;z’)(x) bis(0)

Each element 5%(\) is non-negative and the series appearing in this
definition are convergent. The limits

(1.8) lim kz“’l BR(A)=b,(\)

exist, b;() and A7*[1—5,(A)] are non-increasing functions of A.
II. With these notations, our minimum solution satisfies

(1.9) lim 3 pu@)=1—lim b;(0),
tree k=1 A0

2) Cf. further Doob [2, 3, 4] and Feller [6].
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(1.10) ("] =0 ,-k(t)] dt=lim A" [1—5,(0)].
o li71 A+0

In the last equality the value o is permitted. In particular, holds
for a particular ;7 if and only if &;(A)=0 for every A>>0, or what is
eduivalent, for some A >0.

IIl. In order that the minimum solution may satisfy for all
J, it is necessary and sufficient that one of the following equivalent
conditions is satisfied :

(i) For every >0, b;(A)=0 for all j.

(i) For every A >0, there is no vector (&, &, --) with 0<sup |¢;]
< oo satisfying the equations

(1.11) gdjké’k‘—‘lé'j, J=1,2,--.

In each of the statements (i), (ii), “every A>>0” may be replaced by
“some A>07”. If these conditions are satisfied, the solution (pjk(t))
is unique at least in a restricted sense® (Theorem 3).

In the following sections §§2, 3 we shall prove some theorems
concerning the semi-groups generated by the differential equations
(1.4), from which the above results are easily deduced. In the last
section §4, we shall treat some examples illustrating the use of these
results.

It should be remarked that our theorems and their proofs are given
in general terms of operator theory so that they are wvalid in any
abstract (L) space,” provided that Lemmas 1 and 2 are taken as as-
sumptions. The only exception is the last assertion G < A of Theorem
1 which is proved by direct reference to concrete matrix representation.
Thus our theorems may be applied to the integration of integro-
differential equations connected with Markoff processes with more than
denumerable states such as treated by Feller [5] by a different method.

3) The uniqueness of the solution is not proved in the usual sense, and it is not
clear if our minimum solution is identical with that obtained by Feller [5], though this
is quite plausible. Also it is not verified if the condition III is equivalent to the corres-
ponding condition of Feller [5].

4) Birkhoff [17, p. 254.
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§2. Main theorem.

Roughly speaking, our problem is equivalent to constructing a
semi-group of operators generated by the operator with the matrix
(ajz). For this purpose we take X=(/), the set of vectors x=(&, &, )
with the norm [|x||=>]1&:], as the basic Banach space® (cf. Hille
p. 426). In X the matrix (@) defines a linear operator A in a natural
way. The domain D[A] consists of all x=(&:)e¥ such that

’7k=]_§§jajk, k=1,2, -,

are absolutely convergent and > |ny|< o ; Ax is then defined to be
equal to y=(z).

The operator A thus defined is not necessarily an infinitesimal
generator of a semi-group. A complete solution to our problem from
the viewpoint of semi-group theory would require the determination of
all the contractions of A which generate semi-groups. However, we
can give here only a restricted solution to this problem.

Let {x;} be the canonical base of %, that is, x;=(0,--,0, 1,0,---),
only the s7-th component being equal to 1. Then it follows easily from
(1.6) that x;eD[A], 7=1,2,---. Let D, be the linear manifold spanned
by x, x3,--, DyeD[A]. We define the operator A, as the contraction
of A with D[A,]=2,.

We can now state our main theorem.

THEOREM 1. There is at least one positive semi-group® of operators
on X of which the infinitesimal generator is an extension of A,.
Among these semi-groups therve is a minimum one,” {P(t)}, 0t< o,
which is uniquely determined. {P(t)} is a contraction semi-group®
with the generator G such that A >G> A,.

5) (I) may be either real or complex. For definiteness’ sake we shall assume here-
after that it is real. It will be noted that the semi-group theory can be developed in a
real Banach space as well as in a complex one, at least so far as concerns those results
used in the present paper, although it appears to be customary in the literature to assume
complex Banach spaces.

6) In the present paper we mean by a “semi-group” always a one-parameter semi-
group of bounded linear operators U(Z) on % which is defined and strongly continuous for
0=<t< co with U(0)=1 (cf. Hille [8], Yosida[9]). It is positive if U(¢) =0, 0 << co.

7) In the sense of order relation. See Lemma 9.

8) {U()} is a contraction semi-group if [U()I<1, 0=2¢< 0. -
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Before giving the proof of this theorem, we shall show that it
implies the result I of §1. Let p;.(¢) be the k-th component of the
vector P(t)x;. Then (1.2), and follow from the fact
that {P(#)} is a positive, contraction semi-group. and (1.4") are
direct consequences of the relations (cf. Yosida [9])

dP(t)x;/dt=GP(t)x;=P({)Gx;

where d/dt means strong derivative, for x;e D, < D[G], PO)I[G]<I[G]
and A>G. (Note that the matrices are to be multiplied in the reverse
order to the corresponding operators!) It will be noted that the absolute
convergence of the series on the right side of is not directly clear,
but it is a consequence of general theory.

Proor oF THEOREM 1. We shall now give the proof of Theorem
1 in the form of several lemmas. First we make some preliminary
comments on the order relation in X. In X there are defined positive
vectors x>0, the totality of which will be denoted by X,. Consequently
there are also defined positive linear operators 70 which transform
positive vectors of D[T] into positive vectors. The sum and the pro-
duct of two positive, bounded linear operators® are positive, and

0<S<T implies ||S||<||T|l. Further we make frequent use of the
relation :

(2.1) lx+yll=Ilxll+]lx]l for x,yeX, .

In particular it follows from (2.1) that, whenever 0y <5 <--- with
sup ||¥»ll < o, there is a ye%X, such that y,—y strongly. And hence,
if there is a sequence S, of bounded linear operators such that
0585, <+ with sup|lS,||< e, then there is a bounded linear
operator S=>0 such that S, — S strongly.

We now introduce two auxiliary operators H and K. —H is defined
by the diagonal part of (a;;); more precisely, let ® be the totality of
x=(&,)€% such that >, |€,]< o, and define Hx=(a; &) with domain
D[H]=D. We note that x;eD and hence D,<D. Thus D is dense
in X, We write ©,=9N%, and Dy, =D, N%,. The following lemma is
now easily proved.

9) By a bounded linear operator we mean one with domain X unless otherwise stated.
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LEMMA 1. a) For every >0, WI+H)™ is a bounded,” linear,
positive operator with ||(AN+H)H|<\L. b) H is a closed, linear,
positive operator with domain O dense in X. ¢) H is the smallest
closed extension of H,, the contraction of H to domain D,. In other
words, for each ze®D there is a sequence z,e¢D, such that z,—z,
H,z,=Hz,— Hz, where we can take z,e>,, if 2D, (for instance set
Zy=(L1, &2y Eny 0, 0,-2) for 2=(&y, &, &3y +++)).

K is defined by the non-diagonal part of (a@;;). We note that by
(1.6)

%‘ J% [€; djklézf__} lfjlkgjdjk=12 a;l&;|=IHx||

for every x=(£:)e®. We can therefore define the operator K by
stipulating D[K]=D and Kx=y=(n,) with nkzzkéj a;p.
i

LemMA 2. K is a positive linear operator and ||Kx||<||Hx|| for
xeD, ||Kx||=||Hx|| for xeD,. ‘
This is obvious from the above inequality. Also we have

(2.2) A>—-H+K>A,,

and

LEMMA 3. BA)=KW\I+H)? is a bounded?® linear, positive
operator with || BO)|X1 and 0<B(u)<B(\) for 0<a<u.

ProoF. The first part is clear from Lemmas 1 and 2, for
KT+ H)''2|| < || HAM+H) 2| Z l|xl] by OZHMNI+H)'=I—
AMAI+H)<I. The second part follows from B(\)—B(u)=(u—2n)
BQ) (uI+H)1=>0.

We now construct the semi-group {P(¢)} by a limiting procedure.
For each » with 0<7<1 we define the operator G,=—H+7K with
D[G,]1=D. Then the resolvent R,(A)=AI—G,)! exists for A>>0 and
is a bounded® positive operator, for we have

(2.3) R,(A) =TI +H—rK) ' =(\I+H)[I—rB)]"
=T+ H)™! j) »* B0,

the series converging absolutely and every term being positive (Lemmas
1 and 3). Moreover, we have for every xe®,
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A I=G)xll=II(M+H—rK)xl| 2| (M [+ H) x|| —7]) Kx |}
=rxll+ | Hx || —7|| Kx || =X || x|

by Lemmas 1, 2 and (2.1). This implies || R,(A)y]|<A71||yl] for every
yeX, and hence for every ye¥X. Thus we have

(2.4) R,()=0, IR,()I<A, A>0.

G, is therefore the infinitesimal generator of a positive contraction
semi-group® {P,(¢)}, 0<t< o, according to Hille [8] and Yosida [9]. -
Furthermore, since R,(A) is for fixed A an increasing function (in the
sense of order relation) of » as is seen from (2.3), it follows from the
inversion formula (Hille [8]) P,(t)=£i£{1° [nt R, (nt™V)]* that P,(¢) is for

fixed ¢t an increasing function of ». But as ||P,()||X1 for 0=»<1,
there exists for each =0 a bounded linear operator P(#) such that
P,(t)—P(t), 1 1, strongly (see the remark above). Obviously we have
P =0, |IPM)IIL], P(H)X P(t). Actually we have

LEMMA 4. {P(t)}, 0=<t< oo, is a positive contraction semi-group.’

Proor. The relations P(s+¢)=P(s) P(t) and P(0)=1TI are the limits
of the corresponding relations for P,(t). Since P,(¢t) is strongly con-
tinuous in ¢, the limit P(¢) is at any rate strongly measurable, and
hence strongly continuous for 0<Ct< e (Hille [7], p. 183). It remains
only to be shown that P(¢) is strongly continuous at t=0. Let ¢ >0
and xeX,. Since Pyt) is strongly continuous at #£=0, there is a § >0
such that || Py(t)x—x|l<e/2 for 0<t<38. For such ¢t we have || P.(t)x
—P@®x =P, @Ox =l PB@Ox || x| =1l P x | x—Py(#) x [ <e/2,
where we have used (2.1) for Py($)x=0 and P,(t)x—P,t)x=0. Hence
| P,()x—x || Z||P,()x— Pyt)x ||+ || Pt)x— x| <e/2+¢/2=e. Since this is
true for every »<1 as long as #<§, we can let 11 and obtain
|P(#)x— x||<e for 0<t<(Ss. This shows that P()x—=x, ¢ 0, for every
xeX,, and hence for every xe¥X, thatis, P(¢) is strongly continuous at
t=0.

LemMmA 5. P,(&)—P(@®), 11, holds strongly and uniformly in each
Jfinite interval of t.

PrOOF. The proof is the same as in the classical theorem of Dini.
If the convergence P,(¢)x— P(t)x were not uniform in some finite interval
of ¢t and for some xeX., there would exist sequences 7, and ¢, such
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that 2,—>%, 7,11, ||P(t)x— P, (t:)¥| =, >>0. Since the vector in || ||
and P, (t,)x are both positive, we have by (2.1) | P(tn)x || =1l P, (t:)x]]
=||P(ts)x—P, (t:)x||=e,. On the other hand we have 0P, (t,)x
=P, (t)x for m<n, so that ||P, (t)x|| <11 P, (ta)x ]| SIIP(ta)x]|—eo.
Letting #n— o for fixed m and making use of the strong continuity
of P, (t) and P(f) already proved, we get ||P, (t)x||<"||P(t)x]|l—e,,
which contradicts the fact that P,m(to)xﬂP(to)x. Thus we have proved
that the convergence P,(¢#)x— P(t)x is uniform for each xeX,, and
hence also for each xeZX. ,

LEMMA 6. Let G be the infinitesimal generator of the semi-group
{P(t)} and let RA)=(AI—G)™! be its resolvent. R(\) exists for A>>0
and || RV)|IZA, 0ZR,AN<RMN), 0<r<1, and R,\)—RQ), 11,
strongly for each \">0.

PrROOF. That R(A) exists for A>>0 and ||R(M\)]|<A™! is a direct
consequence!® of Lemma 4. For every xeX we havel® R(A\)x—R,(\)x

=s:exp(—7\t) [P()x—P,()x]dt. Dividing the integral j: into two parts

'So+r with sufficiently large ¢ and making use of the uniform con-
a

vergence P,()x— P(t)x in 0<¢t<a (Lemma 5) and the uniform bound-
edness ||P,()]|L1, ||P@)||<1, it follows easily that R,(\)x— R(\)x
strongly for »1 1. That R,(A)<R(\) follows at once from the above
expression or, more directly, from the fact that R,(\) is an increasing
function of » as we have already noted.’

LEMMA 7. For every A2 >0, R?”\)=W\I+H)™ z’jIOB(x)M—+R(x),
n— co, strongly.
Proor. It follows from (2.3) and Lemma 6 that

25  R®O\)=(I+ H)™" éormB(x)ng,(x)gR(x).

10) Hille
11) Obviously we can prove directly the existence of R().):]irﬁ R, (3) and then define
r
P(t) through R(3). However, the proof of the fact that R()) thus defined is the re-
solvent of a closed linear operator G with dense domain is not very simple, For this
reason we have chosen the indirect way presented here.
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Letting 11 we get R”(\)<R(A). But as R™(\) is increasing with
n, strong lim R®(\)=R'(\) exists by the remark above and R'(A)
<R(\). On the other hand, we have R\ R®(\)<R'(A) and
hence R,(h)=1i£n R” (MR (M), R(x)zlirfr} R,<R'() by and

Lemma 6. Thus we have R(\)=R'(\).

LEMMA 8. G is a closed extension of —H+ K and, a fortiori, of
Ap.

PrOOF. Since B\)=KWI+H)! by definition, R™(A) can be

written as R(”>(x)=(xl+H)‘1+(7\I+H)‘1\[n§ B KT+ H) =0T

+H) '+ R*PA\KOWI+H)'. Hence we have, for any xe¢®, R®A\)(A 1
+H)x=x+ R”P(\)Kx. The limit n—c gives by Lemma 7 RQ)(A[
+H—K)x=x. This shows that T[G] (=the range of R(\)) contains
x and that A I—G)x=(AI+H—K)x. In other words G>—H+K. G
is closed since it is the infinitesimal generator of a semi-group.

LEMMA 9. If there is a semi-group® {P'(t)}, 0=<t< oo, such that
P'(t) =0 and its infinitesimal genervator G' is an extension of A, then
P(1)=P(t), 0<t< oo. |

Proor. First we note that G’ is also an extension of —H+ K.
In fact, for each ze® there is a sequence z,ed, such that z,—z,
Hz,—Hz (Lemma 1). It follows that [|K(z,—z)||<||H(z,—2)||—0,
Apzp=(—H+K)z,—~(—H+K)z. But as G’ is a closed extension of A,,
we have ze®D[G'] and G'z=(—H+ K)z, that is, G > —H+K. Now
the resolvent R'(A)=(AI—G’)"! exists for sufficiently large A and is a
bounded linear operator.” We have R'(A)—R,(A)=R'(\) (G'—G,)R,(0\),
for R,(A)X=D < D[G’] by what is just proved. But as G'—G,=—H
+K—(—H+7K)=(1—»K in ©, we have R'(A\)—R,(A\)=(1—»)R'(7A)
KR,(\) =0, for R'(A), K, and R,(\) are all positive. It follows that
R'(A\)=R,(A\) and hence, by letting » 11, R'“(A\)=R(A). This in turn
implies that P'({)=P(t) by the inversion formula used above.

LeMMA 10. G is a contraction of A.

Proor. It follows from the definition of R®(x) and B(A) (Lemmas
3 and 7) that

(2.6) AW+ H)y*KR?”A\)=R"*P\)—W\I+H)™".

Letting #— o and noting Lemma 7, we get A\ I+ H)1KR®(\)— R()\)
—(WI+H)™ strongly. Let yeX, and set R(\)y=x, R™®A)y=x".
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Then we have WI+H) ' Kx®—»x—(\I+H)Yy. Also we have 0<x®
<a2®<.-- and ¥ —>x. In terms of components, these imply

(A +ap) -11%2 EP aj—E—0+ap)

or

%E(j")djk—*(l'*'ak) Er—me, k=12, ,
J

and 0EPLEP < <EP—¢E;  Since a;,=>0 for j5=k, we obtain

,%; ¢jap=\+ap)tr—m  oOr g E; WSp—ajr)=m ,

the series being absolutely convergent. This shows that xe®[A] and
(MI—A)x=y. Thus we have shown that RA)yedD[A] and (A T—A)
R(\)y=y for yeX,, and hence, for all yeX. Since R(\)=AI—G)7,
this proves that A>G.

Summing up the results of these lemmas, the proof of Theorem 1
is complete.

§3. Conditions for norm-preservation.

In this section we shall obtain some conditions that || P(¢)x]||=]|x]|
hold for a particular xeX,, or for all x€X,.
THEOREM 2. For every xeX, and A>0, the lmit b(\; x)=lim

7->00
|BA)*x|| exists. For fixed N, b(\; x) is a positive-linear function of
x. For fixed x, it is either identically zero or a strictly positive, non-
increasing function of . ||P{t)x|| is also a non-increasing function of
t, and

(3.1 ym lll’(t)xll=|lxll—lj§r.g b(n; x), xeX, .

x‘l[llx|l¥b(x;x)] is also a strictly positive, decreasing function of A
for 0F=xe¥%,, and

(3.2) §;’HP<t)xndt=135r3 Al —b(h; )], xek.,

where the value of both sides may be .

COROLLARY. Let xeX,. In order that ||Pt)x||=I|lxll for 0t
< co, it is necessary that B(AY*x—0, n— oo, for every »>0, and it is
sufficient that this is true for some \>0.
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PrOOF. We base our proof on the formulas

(3.3) IRxl= | exp (—ABIIPOxlldt, e,

which follows from the fundamental formulal® R(x)x=jexp(——xt)
P(t)xdt by making use of (2.1), and

34)  I+KRP(M)=(I+H)R®()+BoOy" (= "ZjoB(x)M)

which is a direct consequence of the definitions of R™(A) and B(A).
Since each term of (3.4) is positive, we have for xeX,

L]+ | KR?MN)x || =2 | R (V)% ||+ | HRP (W) x| + 1 BV 2]

Since xeX, implies R”\)xeD,, we have |[|[KR”A\)x||=|HR™(\)x||
by Lemma 2, and these terms cancel out. On letting #— « and
noting that R®»(A\)x— R(A\)x (Lemma 7), we thus obtain

B5)  lxlI=2IRM)x I+ lim | By x[[=r | RMx]+b(0; x),, - xeX,.
Also it follows from and (3.5) that

(3.6) 1211 =80; H)=x| exp (—r0)l| KO)x 11t
. xeX, .
@n Bn; )= exp (—x8) (12l =1 P .

That b(n; x) is positive-linear in x is clear from [3.7). If &5(n; x)=0
for some A>>0, then shows that || P(#)x||=]/ x| must hold for all
t, for ||P@)x||<||x]] in any case and || P(¢#)x|| is a continuous function
of . Then implies in turn that &(\; x) =0 for all A>>0. Thus
b(\; x) is either identically zero or strictly positive for every A >0.
Since 0 B(u)< B(A) for A< p by Lemma 3, it follows that 0 B(u)"x
<B(M\)yx for xeX, and hence ||B(u)x||<||B\)*x|l, b(u; x)=b(\; x),
that is, &(A; x) is a non-increasing function of A. Since 0 b(\; x)
<llxll, lgrol b(\; x) exists and lies between 0 and || x|].

now follows immediately from if we note that || P(t)x]|
is a non-increasing function of ¢ by || Pt +s)x||=]|] P(s) P{)x|| < || P(H)x]].
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also shows that A7![[|x]|—&(n; x)] is a decreasing function of A
for x=+0, and on letting A | 0 we get (3.2). This completes the proof
of Theorem 2.

We note that the assertions of II of §1 follow immediately from
Theorem 2 and its Corollary; we have only to note that b(x;x;)
=b;(\).

THEOREM 3. In order that {P(t)} be a transition semi-group'® it
is necessary and sufficient that one of the following equivalent condi-
tions be satisfied :

(i) For every x>0, B(A)*—0, n— o, strongly.

(i1) For every >0, the characteristic equation AFx*=nrx* has
no solution x*=F0, where A§ is the adjoint of A, defined in X*, the
conjugate space of X.

(iii) For every n >0, the range of A I— A, is dense in X.

In each of these statements, ““ every A»>0" may be replaced by * some
A>>07". When these conditions ave satisfied, {P(t)} is the only semi-
group of which the infinitesimal generator is an extension of A,.

Proor. That (i) is a necessary and sufficient condition and that
“every ” may be replaced by ‘“some” in (i) follow immediately from
the Corollary to Theorem 2. Also it is clear that (ii) and (iii) are
equivalent for any fixed A, since (A I— Ay, is dense in X if and only
if there is no x*3=0 of X* which is orthogonal to (A I—A4y)D,.

We next show that (i) and (iii) are equivalent for any fixed A.
(3.4) shows that B(A)*—0 is equivalent to (A 1+ H—K)R™(\)x— x for
each xeX. Since R”(\)xe®, this implies that (\ I+ H—K)D is dense
in X. But WI[—A)Dy=AI+H—K)D, is dense in W[+ H—K)D as is
easily seen by taking the sequence z,-—z used in the proof of Lemma
9. Hence (W\I—A4,))D, is dense in X if B(A)*—0.

Conversely let WI—A,)D, be dense in X. Then (I —B(h))?& is
dense a fortiori, for [I—BA\)[X=[I—B\)](AT+H)D=AI+H—K)D
S>AI—A)D, Set B,(A)=(n+1)"[I+BX7)+---+B(X)*]. Then we have
B, [I—BX\)]x=n+1)"[I—-BX\)*"'1]x—0, n— ~, for each xeX by
IB(A)|I=<1. Since [I—B(Q)]X is dense in ¥ and B,(A) are uniformly
bounded by ||B,(A\)||<1, we see that B,(A)—0 strongly. But as all
B\ =0 and [IBQ)xij=|BQAY"”B\mx|i < ||[B(A\)"x|l, we have

12) That is, 1 P()x|l=lx| for all xeZ+ and 0 =< < oo,
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HB(Mx|l=(2+1)" IZ Il BQ)™x|| =1 B(\)*x|| provided xe¥,. Hence we

have B(\)"x—0 for every xeX, and this implies that B(?»)"—-»O strongly.
Thus we have shown that (i) and (iii) are equivalent.

The last assertion of Theorem 3 follows from (iii). (iii) implies
that the domain of WI—A,)"! is dense in X. If G> A, is an infini-
tesimal generator of a semi-group,” the resolvent (AW /—G)™! must be a
bounded® extension of (AI— A,)! at least for sufficiently large A. Hence
it is uniquely determined and the same is true for G and the semi-
group itself. This completes the proof of Theorem 3.

The proposition III of §1 is only a translation of Theorem 3 into
matrix language. In fact, since B(\A)* are uniformly bounded and {x;}
form a fundamental set of X, B(A)*—0 holds strongly if and only if
B\yrx;—0, j=1, 2,---. [1.11) is the expression of x*[(A]—Ay)x;]=0 if
we set £ =({y, &, --) with ||x™||=sup|¢;].

§$4. Examples.

We here discuss some simple examples to illustrate the results
stated in §1. For brevity we shall speak of a regular problem if the
conditions of IIT (or those of Theorem 3) are satisfied and a singular
problem otherwise.

EXAMPLE 1. Let supaj=a< . Then it follows easily that

20N Z[a/(x+a)]", that is, [|B\)[|<a/(x+a) and || B[ <[a/(A
+a)]" Hence 6;(0\)=0, j=1,2,---, and the problem is regular.

EXAMPLE 2. Let a;:=0 for k>j (triangular matrix with zeros
above the main diagonal. The ‘ death process ”’®® belongs to this case).
Then we have 6, (1\)=0 for £=j and hence 6% (N\)=0 for k=>j—n+1.
For fixed j, we have therefore 67Y(\)=0 for all % if » is sufficiently
large. Thus b;(A)=0 and the problem is regular.

ExaAmMPLE 3. Let aj, ja=a;=—a;;, all other aj;=0 (the *Dbirth
process ”).”¥ Then we have &; ;. (A)=a,;/(A+a;), all other b&;,(\)=0.

It follows that bg”’j“,(x):’ﬁla semlOn +@5.m), 2ll other 52(1) being zero.

Thus 6;(2)=0 and (1.2) holds for a particular j if and only if Za,m

=oo (where we have to set a,!= « whenever @,,=0). Thus the pro-

13) Cf. Feller Chap. 17.
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blem is regular if and only if either a,=0 for infinitely many k or
the series %a,}l diverges for such N that a,>0 for n=>N.?
o

Let us consider the case Zoa,;,1+ ;<0 in more detail. In this case
=

we have b,(r)=lim b;7>,-+,,(x)'=[m1°;io(1 +aag L) =12 ﬁo a;l.+ 002 for

small A. It follows from and that
: - . — RS . = S -1
lim 33pu0=0,  |[Spad |@t=3 .

ExAMPLE 4. Let a;;,=0 for k=>j+1 (this example includes Ex-
amples 2 and 3 and also the “ birth and death process”’® as special
cases). The explicit calculation of &;(A) seems to be difficult. But we
can apply the criterion (1.11), which can be solved in this case succes-

sively as
- -1
§j+1=d},1j+1[ —f_v_l. ﬂjkfk+(7\+aj)§j]

(for simplicity we assume that a;, ;.;>0 for all j, though the contrary
case offers no difficulty). Making use of (1.6) this can be written as

i-1
(4.2) Eja—&i=najlin §j+a;‘.lj+1§ ap(Ci—8r) .

Thus all ¢; are determined up to the factor ¢, which may be assumed
tobe =>0. If & >0, we see from (4.2) by induction that 0<{& <& <l---.
On adding (4.2) from j=1 to j=n, we get

n n~11 n -

b= =A@t 31| 3 a7 ants =80 |-

i=1 k=1Lj=k+1
If the problem is to be singular, we must have sup ¢,< o and hence
_Enof,la},l,-+1<oo and _éla;}j+1a,~k<w for each fixed k. Again, (4.2)
J= i=k+

-1

implies ¢ j+1—§jga;}j+1<:zllajk> (¢;—¢;-1) so that it is necessary for
sup &, < o that a@jl;.; i‘la_,-k<1 for infinite number of 5. Thus we see

k=1

that the problem is regular if at least one of the following conditions
is satisfied :
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,21“}.11'+1= o 28551 =® 5 28 nap= >,
- = 7=

(4.3) e .

i~1
a;}m; aj,=>1 for all sufficiently large 7.

On the other hand, we have from gmg[l +aa@;hatazlia

L
;Z-:'lajkj ¢j. It follows that sup {»<eo and hence that the problem is
singular if both of the following conditions are satisfied :

oo F—1 -
4.4) Sa;lia< and j2=1 a}}jﬂlg aij < o,

i=1

Of course there is a gap between the conditions (4.3) and [4.4) so that
we have not obtained a necessary and sufficient condition for regularity,
even in the case of simple birth and death process where a;, j-i;, @;;
and a;j, ;+1 are the only non-zero elements.

Department of Physics, University of Tokyo.
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