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Note on Betti numbers of Riemannian
manifolds 1.

By Yasuro TOMONAGA.

(Received Nov. 25, 1932)

In this paper, we give some applications of a theorem of Bochner—
Lichnerowicz on the Betti numbers of a Riemannian manifold., We
consider a Riemannian manifold R, whose fundamental tensor gi; is
positive definite and assume that R, is compact and orientable.

THEOREM I. (BOCHNER-LICHNEROWICZ)

In R,, if the quadratic form

(1) (B Risu+ Ria930) Fi9 fau - (Fi9=—F3)

is everywhere positive semi-definite, then, for any harmonic tensor
Xiar-icpy Of degree p, it holds that

X:’(l)-"i(ﬁ);r:O ’
and hence we have

n=(})

where B, denotes the p-th Betli number and p = 2.
When p=1, the quadratic form (1) can be replaced by

(2) Ri;fif7,

and if this form is evevywhere positive semi-definite, then the covariant
derivative of any harmonic vector vanishes, and hence we have

Blgn.

If the quadratic form (1) or (2) is everywhere positive definite, then
the harmonic vector or temsor should be identically zero, and hence we
have

Bﬁ=0 or Bl=0 .
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We put

3) R;,;=" Ry ;+S;;.
n

If S;; is zero, our manifold is an Einstein space.
The quadratic form (2) becomes

(4) Q=Ri;fifI= | RffI+S,fifs.
Let ¢ be any real number, then we have

(5) (Sii+tfify) (SV+tf1f7) =0,

that is

(6) E(f fP+2tS;; [ f7+85;; 857 =0.

Hence we have

(7) (Sii fif7P<(faS?PS;; S .
From (4) and (7) we have ‘

®) Q= - Rfifi—V5,; 57 S

:(.51‘__.'/5:;'5‘&'5)]} fi___(_gv,_x/Rab Rab — §2>fifi ]

Hence we have the
THEOREM 2. Let

R D Rz
_ Ri‘R"”"'-rﬁ .
Q n ‘/ 7 n

If Q is everywhere wnon-ncgative, the covaria.t derivative of any
harmonic vector should vanish and hence, By < n. If Qis everywhere
positive, the first Betti number By is zcro.

Next we consider the case where p >1. We put

9 R;jm= 1;(75_1) (Y 90— 971 9ix) + Si jrr -

If S;jr is zero, our manifold becomes the space of constant
curvature.
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It follows from (9) that
R

(10) Rjkz“n“ 9irt+Sik,
where
(11) Sjk———S"_,-k,-.

The quadratic form (1) becomes

(12) Q'= p;l { n(;il) (Gsr Yi1— 9 1 ﬂik)+5ij1ez}X‘j X

R ii YR
+<77 Jir+ Sik)‘(/jl XXk

= Rn—p) Xij Xij_*‘( I)gl Sijri+ Sin ﬂjl)Xij X4

n(n—1)
= Rn—0) 5
n(n—1) Xis X

+|:‘b;l Sijkl+‘£]i (Sit 91— Sz 9i1 +Si1 Yi—Sis !ij)_ X7 Xk

= Rn=D) ¥, Xis 4 M,y x09 X00,
w(n—1)

where

(13) Mijklzpz;lsijkl + ;_11— (Sit 951—Sjr 9i1+Sj1 9ie—Si1 951)

b1

2 it i*(Rik 951—Rjr 9+ Ry 91— R;1 9 51)

R(n—p)

Yir9i1—9; il1) -
2n(n—1) (/_71 1— 9k 951)

On the other hand, we have, for an arbitrary real number ¢,

(14) (Mjpi+t X5 Xpg) (MRt X379 XRE)

61
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=12(X; 5 Xi9 P42t M4 X63 XM+ M, 3 Midet >0 .

Hence we have

(15) (M X XEY <M MR (X5 X0,

that is

(16) | Mo X7 X8| <0V M gy MR X g X a0,
From and we have

(17) Q= D)X, X133/ gy M Xy X
Since

(18) M; M:'J'kl=_(£___1_)2_Rijkl Ra‘ikt.,.,.’iié?i?, R;; Ri/

! 4 4
1_ (=p)
+( 4 2n(n—1) >R2

we h_ave

THEOREM 3. Let

— _n—=p .
T n(n—1) R

_ S D=1 p  pimg B—4P+2 p iy (1 (m—DY \po >
v g T RS R R +<4 Zn(n—-l))R (p=2).

If T is everywhere non-negative, the covariant derivative of any
harmonic tensor of degree p should vanish, and hence

Bﬁg(l’;).

If T is everywhere positive, then
Bp=0 .

Next we have
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(19) Q,=Rik 941 XiJ Xkl+~%-lR;jkl Xil Xr

>Ry 951 XiJ Xk~ 1’;1 ,/R,jkl Rijr X, Xab

o Oy X 87 XK ——
=( Rakgéalb)‘(X:bX b 1 1/1? o R‘JM)Xab Xab
Hence we have
THEOREM 4. If
Rix 951 X7 XM -1

Xab X ab ;Z ’*Tj/W (Xij= _Xj,‘)

holds everywhere, we have the same result as in Theorem 3. If the
inequality sign holds everywhere, then B, is zero.

Moreover we have

Q= p—1 Rijm X Xkl+%(Rikgjl"Rjkgil'_Rilgjk+legik)Xink’

=>£ = p 1 R;jm Xi7 Xkl_l/Qijkl QiIH X, X,
where

(21) Qi jr1= % (Rir 951— Rjr 9i1— Ri1 9 jr+ R j1 9iz)

Since

(20) Q,ju Q= n"2) R, RV+ R
' 4

we have

THEOREM 5. If the curvature tensor satisfies the inequality

R X7 XM > 1/(7’2 2) R;y R'j'-l-Rz
Xap X® p—1
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then we have the same result as in [Theorem 3. If the inequality sign
holds everywhere, then B, is zero.

Utunomiya University.
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