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It is known that the commutatorgroup of the general linear group
over a division algebra is simple (modulo its center)?, but little is
known on the multiplicative group of a division algebra itself. In this
paper we shall consider this group as a group of substitutions of a
system of isomorphic subfields. We shall prove that this representa-
tion is always faithful. This fact constitutes a stronger result than a
generalization of a theorem of H. Cartan®, which we have proved in
our previous note®. Geometrically expressed, the group of inner auto-
morphisms of a central simple algebra becomes thus a group of linear
transformations which operates transitively on an algebraic variety.
Since a simple algebra is a symmetric algebra, this group is consisting
of rotations with respect to some metric.

Next, we shall treat generalized quaternion algebras as the sim-
plest case, and shall prove that their groups of inner automorphisms
are isomorphic to rotation groups of three dimensions and that all
rotation groups are found in this way. This is a generalization of
the wellknown parametrization of the real rotation group by real
quaternions on the one hand, and of the isomorphism of some rotation
groups with the projective general groups of dimension two* on the
other hand. This result, combined with an idea of J. Dieudonné by
which he has given some examples of rotation groups having an
infinite series of normal subgroups®, permits us to determine completely
the structure of rotation groups of three dimensions over the rational
number field.

It is also the case for an arbitrary symmetric algebra that the
multiplicative group of the algebra is represented into a rotation
group. Then, what subgroup of the rotation group will be the image
of this representation? In §3, we shall prove that, if the image is the
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whole rotation group then the algebra is, essentially, a generalized
quaternion algebra. This fact was found first in the real scalar case
by Mr. N. Iwahori, who gave us many advices on the whole of this
paper, and to whom the author wishes to say many thanks.

§1. A class of representations of the multiplicative group
of simple algebras.

Let F be a field, A a central simple algebra (of a finite dimen-
sion) over F. F will be assumed to contain an infinite number of
elements, since our main interest lies in the case where A is a divi-
sion algebra. If B is a simple subalgebra® of A other than A and F,
we shall denote by V(B) the commuter algebra of B in A. If an-
other simple subalgebra B’ is isomorphic to B over F, then the
isomorphism of B with B’ can be extended to an inner automorphism
of A. Thus, denoting by [B] the totality of subalgebras of A iso-
morphic to B, the group I(A) of all inner automorphisms of A has
a representation as a transitive group of substitutions on [B]. I(A)
is isomorphic to A*/F*, the asterisk being used as usual to denote the
multiplicative group of a ring. If aBe'=B' for a in A*, we say
simply @ maps B onto B’.

Now, the non-existence of invariant subrings (A, &€ F) in A
(IS» Theorem 1) implies the non-triviality of such a representation
of I(A) with respect to every simple B. We shall prove here more-
over

PrROPOSITION 1. The representation of I(A) as a group of substi-
tutions on [B] is faithful.

When B is a commutative field K, we have a more precise result.

Namely
PROPOSITION 2. Let K be a subfield of A of degree »r > 1 over F.
!
i) If K;e[K], i=1, ...... , I, are such that '01 V (K;)=F, the group

of all inner automorphisms of A which map every K; onto K; itself
(z=1,...... , 1) is a finite group of order al most r'. :
ii) There are a finite number of subfields K;e[K ], i=1, ..., m,
=K, such that the only inner automorphism mapping every K;
onto K; is the identity automorphism.




Multiplicative group of simple algebras and orthogonal groups 207

PrROOF ofF ProrosiTION 2. By means of the non-existence of
invariant subrings we can find actually a finite number of fields
K; i=1, ...... , J, such that K;e[ K], K=K andnV(K;)=F, since

Kn [TI?](Kw) is an invariant subring other than A. Let H be the totality of

inner automorphisms which map every K; onto K; i=1,...... , 4, and
assume that H contains #'+1 distinct automorphisms. Since every
one of these automorphisms induces an automorphism of K; over F,
and since K; has at most » automorphisms over F, at least »/"'+1
automorphisms in H induce on K; one and the same automorphism.
These #»'"'+1 automorphisms map every K; onto K, i=2,...... , L.
Thus, in repeating this argument, we obtain finally two distinct
automorphisms o and = which have the same effect on K;, i=1,...... ,
l. Let @ and b in A™ give rise to o and =, respectively, then @15
commutes with every elements in any one of X, i=1,...... , L. Thus
we have a6 e N V(K;)=F, which implies that o and r are identical;
but this is a contradiction, and the first half i) of Proposition 2 is
proved.

Therefore, the kernel of the homomorphic mapping of I(A) into
the group of substitutions on [ K] is of course a finite group. Now
we have

LEMMA 1. The only normal subgroup of I(A) of finite order is
the identity group. ‘

PrOOF. We know that, if N(Z=(1)) is a normal subgroup of
I(A) then I(A) can be considered as a group of automorphisms of N.
(The last proposition in IS.) Since I(A)2< A*/F* is not a finite
group by our assumption on F, N can, of course, not be a finite
group.

By means of this Lemma, Proposition 1 is proved for the case
where B is a commutative field.

This fact, together with i), yvields immediately the second half ii)
of Proposition 2.

PROOF OF THE GENERAL CASE OF ProOPOSITION 1. Let N(B) be
the totality of elements of A mapping every B’ in [B] onto B’ itself,
then N (B) is a normal subgroup of A*. If the center K of B has a
degree™>1 over F then N(B) < N(K)=F* since K is a com-
mutative field. Hence we shall confine ourselves to B whose center
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coincides with F. A is then a Kronecker product of B with its com-
muter C, and N(B) is contained in B*C*. We shall show N(B)=F®*.

a) First, we consider the case where A is not a division algebra.
Then, A is a matrix algebra of a degree >1 over a division algebra
D, and the commutator group S of A* is simple mod. F*. Thus, if
N(B)==F*, N(B) > S. Let ¢;; denote the matrix units of A. Then
14+x ¢;;, A ¢ D, i, are all contained in S”. If &e B then

(1) (1+ne;)0(1—nre;;)—beB.

Thus, it is easy to see that B contains an element 5=3] 8¢, such
that one of its coefficients not on the diagonal, say B8=28;;, 7=, is not
zero. Applying (1) to this & with A=x;, A== 0 in F, and subtracting
the one result from the other, we have

(M—2Ny) Be; ;e B.
Take A; = A2, then we have

Be;;eB.
Repeating the operation of the form (1) on this element we obtain
Bey e B, k1.
In the same way we see that
vep e C, k1.

with v+ 0 in D. Since v e;; commutes with every element of B, we
should have

Yer-Ber=RBey ve,
but this implies

yBey=PRyey.

This is not the case, since e, and e;; are linearly independent over D.
Thus it remains only the case N(B)=F*.

b) Next, let A be a division algebra.

LEMMA 2. Let B be a central simple algebra over F. Any nor-
mal subgroup B, of B*, containing F* and not identical with F*, con-

tains an F-basis (u;), i=1,...... , 7, of B such that none of u; is con-
tained in F*.
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Proor. We can find in B; an F-basis (v;) of B by Corollary 1 to
Theorem 1 in IS. Then (67! ;) is also a basis for any 4 in B;,. Thus,
if every F-basis contained in B; has an element of F, every element &
of B, is expressible in the form b=v,f, 1< p <7, fe F*, Then B/F*
should be a finite group, but this is not the case by the preceding
Lemma.

We shall assume that N(B)== F*. Let B, be the totality of & in
B* for which we can find a ¢ in C* such that bc is in N(B); B, is
a normal subgroup of B*. By the above Lemma, we can take an F-
basis (%;), i=1,...... , 7, of Bsuch that ;¢ B, u; ¢ F, i=1, ...... , 7.
For each #;, take c¢; in C* such that «;c; e N(B). We shall fix for a
moment two suffixes s and ¢ for which wu,=Fuu,., Let C, be a
commutative subfield =2 F of C, containing the element ¢;. If ¢ e C; and
c¢F, we can find «; in F, j=1,...... , 7, and ¢ in C* such that

(2) s C(2ts+ ) =(us+c) (g u; aj)c.
Since (#;) are linearly independent over C, (2) implies » equalities on
¢, ¢, ¢/ with coefficients in F, i.e.
(3%) Vres €= asi @ity €) k=t
J

(3s) (Vers+€) €= (E] Yisj Qi+ ) c,

where o’s are determined by u;u;=>uyy;;. If every g, k==t is
zero, we may suppose «;=1, and (3) are reduced to

(3k), Yrts Ct= Vst C,, k :l: t’
(3 (viss+€) ci=(vie+c) C.

¢; (c)!is in F by (3.), and then we have ¢;=¢ by (3;), as we have
assumed ¢ ¢ F. But this should lead to w#,u,=u u;, against our as-

sumption.
Thus one of «, say ar, T'==¢, is not zero; by (3;) we have
Yrts
ap= or,
k YTts r } k :l: t.
(4%) Yrts ZJ} YTsj Xj = VYTis ; Yrsi Xj -

Since «; =0 is equivalent to v, 0, ar == 0 is always the case for
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ceC, ¢ F. We may suppose ar=1, then (4,) are linear equations in
«, with constant coefficients. On the other hand, in combining (37)
with (3;) we have a non-trivial quadratic equation in ¢ whose coef-
ficients are linear functions of «,; since this equation is satisfied by
many values for ¢ in the commutative field C,, «; can not be unique.
Hence the coefficients of «; in (4,) must be zero, and we have

(5k) VetsYTst = VistV Tts» k=t

If we change the role of », and #%,, we find that there is a suffix
S == s, such that

(61) YhrtYSts = YV hesVSsts h=s.
If S5=1¢, then (6,) together with (55) gives

(5t) YeesVY Tst = VestV Tes »

If S=t, but T==s, (61) is the same as (5;). Finally, is S=¢, and T=s
then one of v, h=s, t, is not zero (for otherwise we should have
uus=pit,+ v, p, ve F, whence 1=p 2, 14+» %,”1, which would imply
uus=usu,), and (5,) follows from (5;) and (6,).

We have therefore obtained for any i, j=1, ...... , 7,

uju,-=u,-uj8,-_,-, Sij’ e F*,
But, from these formulas follows that one of #; must be in F* by the
argument used in IS n°6. This contradicts our choice of (#;), and Pro-
position 1 is completely proved.

COROLLARY. [B] contains an infinite number of simple subalgebras,
except for the cases B=A and B=F.

We shall assume in the following that tke characteristic of F is
not two. Let F* be a vector space of dimension » over F, and f be
a non-degenerate quadratic form on F”. f determines a metric of F'7,
and the orthogonal group O,(F, f) is defined as the set of all linear
transformations conserving this metric. The subgroup of O,(F, f) of
index 2 consisting of the transformations with the determinant 1 is
called the rotation group O, (F, f). The matrix M of f with respect
to a basis of F'* is a non-singular symmetric matrix; conversely any
non-singular symmetric matrix M defines a non-degenerate quadratic
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form f. The condition for a non-singular T to be in O}(F, f) is
that

(7) I'TMT=M, and det T=1.

Now, let A be a symmetric algebra of dimension z over F, then
the underlying vector space of A is F». An inner automorphism
t—sts™! of A induces on F» a linear transformation I, whose matrix
is

I(s)=S(s)*R(s)™,

where S and R denote the left and the right regular representations
of A, respectively. Since we have a non-singular symmetric matrix
M intertwining S with R, and since S(s) commutes with ‘R(s)7!, the
matrix I(s) satisfies the condition (7) with this M. Hence the group
I(A) is represented in some rotation group.

Now, let A be a central simple algebra, and let an irreducible
equation '

(8) ' G(t)=0

of a degree > 1 in F have a solution in A. (8) is equivalent to a
system of » equations

(9) : G; (¢, ...... J1)=0, i=1, ...... 7,

in » coordinates t, ...... ,1, of t. Let V; be the variety in F» deter-
mined by (9). Then I, maps Vi onto Vi itself; and for any two
points ¢ and ¢ of Vg, there exists a rotation I; mapping ¢ onto 7,
since ¢ and ¢ determine in A isomorphic subfields®. Thus we have
by [Proposition 1l

PROPOSITION 3. The group I(A) is represented faithfully as a
group of wrotations of F*, which operates transitively on V.

§2. Orthogonal groups of three dimensions.

We shall consider the case of generalized quaternion algebras in
detail. Let ¢3=0 and 50 be in F, and A=(a, b) be a generalized
quaternion algebra over F whose basis elements are u, #;, #,, #; and
whose table of multiplication is determined by
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uy=1, uz=uu,=—uu, ,

ui=a, ui=>b.

Any inner automorphism I, of A leaves fixed the straight line {#,},
and I, is a rotation of the space F3={wu;, u,, u;} orthogonal to {u,}.
The restriction of the metric of A to F3 has the form

(10) f(t)=t=at}+ bt;—abi?,

where t=u, i+ u,t,+us;t;. If we denote by I, the restriction of I, on
F3, then the mapping I, — I is an isomorphism of I(A) into O;(F,
f). We then prove _

ProrosiTioN 4. I(A) is isomorphic with O;(F, f).

ProofF. Let V be the variety in F'3 determined by #=a; V is
mapped onto itself by every rotation of F3. We shall show that the
group I(A) is transitive on V. If ##—a is irreducible in F, this fol-
lows from Proposition 3. If it is reducible, A is a matrix algebra of
degree two over F'; it is easy to see that the elementary divisors of
x—1 (where x is an indeterminate) are independent of the choice of ¢
e V, and the elements of V are conjugate with each other under inner
automorphisms. Hence we have only to prove that any transforma-
tion leaving fixed the point (1,0,0) on V is of the form I.. In I(A)
such transformations are induced by elements of the form s=u+a,
a e F, and corresponding matrices I’(s) have the form

1 0 0
(11 0 («*+a)/d 2aald
0 2«/d (c®+a)/d

where d=a?-a. On the other hand, let T"=(«;;) be a rotation which
leaves fixed the point (1,0,0). If «agp=0, then 7 is the identity. If
azx =+ 0, put

a=(1+ax)/as,
then T has the form (11) in view of the condition (7), as desired.

Next, let an arbitrary non-degenerate ternary quadratic form

f=pti+qti+rit
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be given, multiply the form f by —#/pgq, and denote a=—7/q, b=—r/p,
then we have the form (9), and O3 (F, f)=0;(F, f). Hence by Pro-
position 4 we have

PrROPOSITION 5. The rotation group O;(F, f) is isomorphic to
I(A), where A=(a, b)=(—qr,—pr).

CORCLLARY. In O;3(F, f), every mnormal subgroup == (1) has the
centralizer (1).

This follows from the Theorem 4 of IS.

If £ is a null form, i.e. if f represents zero non-trivially, then the
algebra A has an element # such that 2=0, and A is a matrix algebra
of degree two over F, and hence O;(F, f) is isomorphic to the pro-
jective general linear group PGL(F, 2)”, and it is known that the
commutator group of O3 (F, f) is simple in this case.

If fis not a null form, A is a division algebra. In this case the
structure of O3F(F, f) is not known in general. Let the ground field
F be an algebraic number field, then the form f remains definite on
some p-adic extensions F, of F'© and the group O;(F,, f) for such
p is isomorphic to Ay / Fy, where A, =(a, b), is a division algebra
over F, If F has furthermore at most one real infinite prime, this is
the case for a finite prime b, since there are at least two primes where
A does not split!’, Then, let = be a prime element of F,, I that of
A, such that I72=+x, and R a complete system of representatives of

the residue class field of A,; then every element ¢ of A, is expanded
in_the form

t=zwh'r,- i, r;e R, 7, % 0 (mod. =).

Let E, be the group of all units, i.e. elements for which 2=0 and E,
be the subgroup of FE, consisting of units congruent to 1 mod. /7%,
k=1, 2,...... 1 Let N, be the subgroup of Oi(F,, f) corresponding
to E, - F§/ F} under the isomorphism mentioned above; N}, k=0, 1,
2 s are normal subgroups of O;(F,, f) such thati) N2 Ni=>......
ii) factor groups O*/Ng; and N,/ N,., k=0,1,2,...... are abelian and
iii) N N=(1).

Now, O3 (F, f) may be considered as a subgroup of O;(F,, f),
and N,=N; N O;(F, f) is a normal subgroup of O;:(F, f). Since
O3(F, f) is not solvable by Corollary to [Proposition 5, we have
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actually an infinite number of distinct N, on account of the condition
i), ii), iii) above. Thus we have proved

PROPOSITION 6°. Let F be an algebraic number field having at
most one real infinite prime, and f a ternary quadratic form on F.
If f is not a null form, then the rotation group OF (F, f) has an in-
JSinite sequence of normal subgroups N;, i=1, 2 ,...... , Such that 1)
O D NDN,D-+- , 1) O/ Ny, M\//N,, ...... , are all abelian and
iii) ™ N;=(1).

Remark. J. Dieudonné proposed an interesting problem: whether
the principle of ((passage from local to global)) of H. Hasse is also
true for orthogonal groups ?® Since we have seen that the commutator
group of OF(F, f) is simple if and only if the algebra A=(—gqr,—pr)
is a matrix algebra, this problem is answered in affirmative in the
three dimensional case for the field having the above property; for
example, the rational number field @, the field Q(e?/7), and the
imaginary Galois extensions of @ in general, etc.

§ 3. Impossibility of finding another rotation groups.

Let A be a non-commutative algebra over F with the identity 1,
and let the center Z of A be non-isotropic’® with respect to a non-
degenerate quadratic form f. We shall denote by B the orthogonal
complement of Z in A. Our aim is to determine the structure - of
algebras satisfying the following condition :

(R) Every rotation of B with respect to f is induced by an inner
automorphism of A; that is, if # is a rotation of B there exists a
regular element ¢ of A such that u#(x)=¢xt"! for every x in B.

Let A satisfy this condition. If B is of an even dimension, then
the symmetry of A with respect to Z induces a rotation on B; by the
condition (R) we have a regular element ¢ of A such that (bt 1=-—5,
be B. Since ttt"1=t, we have t e Z, but this is evidently not the case.
Hence B has an odd dimension; in particular B has at least three
dimensions.

First, we shall assume that A satisfies the following condition :

(r) B contains a regular element.
Let 4 be such a regular element, U be a non-isotropic subspace of
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B of dimension two containing the vector &%, and V its orthogonal
complement. There exists a regular element @ ¢ A which induces the
symmetry of B with respect to V'; then, since the elements vb of Vb
are transformed into —vb by a, we have Vb < U, hence it holds that

dim V=dim Vb6 < dim U=2.

Since, on the other hand, V contains Z and a where a ¢ Z, it follows
that dim V=2, V={(1, a}, and U=Vb={b, ab}. . We have moreover
i) ab=—ba, by the definition of a, ‘

i) @*=a =0 is in F, since @ commutes with every element of A, and
ili) #=B=F0 is in F, since 5 commutes with both @ and b.

Hence it is proved that A is a generalized quaternion algebra.

Next, we assume that B contains no regular element. Let b be a
non-isotropic vector of B, and let a regular element ¢ induce the sym-
metry of B with respect to the straight line {4}; then Z+{&} is the
ring consisting of elements of A which commute with £. Put #=2z,+
Bb, zyeZ BeF; there is a rotation # such that «(b)=—5b, and u«
leaves fixed the vector &—z,, hence we must have &=z, e Z. Since
t is in Z+{b}, we may suppose that t=z,+¥b, z, € Z; from the fact ¢
e Z, we see immediately z;6=0, whence we have z,=tb=0 and zif=
z2e Z. Let U be the orthogonal complement of {4} in B, and = be
any vector of U, then we have by the definition of ¢ that

qtu=—zyut=—uzt

It follows that # z,£=0; since ¢ is regular we have wuz=0. Thus,
combining with z; 5=0, we see that

(12) ZlBZO.

Now, let b;, 1=1,2,...... be an orthogonal basis of B, then 5?=0
isin Z, and b;b;, i==7, is in B. Let A, be the left annihilator of B

in A, which is not the zero ideal by [(12), and s=z+ 3. 3;8;, ze Z be
an element of A;; then we have

ij‘l‘z B; bi b,=0 ’ =1, 2

which implies that the element B; 4% of Z is written an the sum of
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the elements of B, hence we have 8; b% =0, so that 8,;=0, j=1,2, .......
Thus we have seen that s=z is in Z, and A, (= Z) is a two-sided
ideal of A.

Let A, be the annihilator of 4; in A. Since the regular element
¢t has the decomposition {=z,+b, z,e A;, be B < A,, we see that
i) A, " A,=(0), since xe A; ™ A, annihilates ¢,

ii) A is the direct sum of A; and A,, since every ye A is written as
y=z1tYWw+btYy, 2t lye A, bt"lye A,, and
iii) & is regular in A,, since & is the A,-component of .

It is evident that the center Z, of A,, being the intersection ZMA,,
is the orthogonal complement of B in A,. Thus, the algebra A, satis-
fies the condition (r), and is therefore a generalized quaternion
algebra.

Conversely, let A; be an arbitrary commutative algebra with an
identity and A, be a generalized quaternion algebra, then A=A,+ A,
satisfies the condition (R) by [Proposition 4 Thus, we have proved

PROPOSITION 7. An algebra A satisfies the condition (R) if and
only if A is a direct sum of a generalized quaternion algebra and a
commutative algebra with an identity.
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