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When an z(>3)-dimensional Riemann space C, with a metric defined
by a positive-definite quadratic differential form is conformal to a flat space
and is of class one, at least (#—1) principal normal curvatures are equal.
If all of them are equal, C, is of constant curvature.

This theorem was proved by J. A. Schouten,”” only when (#+1)-
dimensional flat Z,,, enclosing C, is euclidean. But, even if £,,, is not
euclidean, we can prove it similarly as follows.

Since C, is conformally flat, the curvature tensor is written in the from
(O . 1) Rmu- sghjlﬂc +g'ilc ri 8 ke [Lj_’gij s

where we put

©-2)
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If C, is of class one, the Gauss equation
(0‘3) Rhtﬂc:e(thf[fk—'l_[thrj) (6’= :1:1)

is satisfied ; where ¢e=+1 if enclosing £,,, is euclidean. Referring to the

coordinate system (C) such that coordinate lines are lines of curvature,
we have from (0-1) and (0-3),

0-4) lutly=elaHy (=) .

Making use of (0.4), we can prove easily the above theorem.

In this paper we look for the condition that C,{77>3) not of constant
curvature be of class one. It is very difficult to express the resultant
system® explicitly as in the paper of T. Y. Thomas for general Riemann
spaces of class one. C. B. Allendoerfer could avoid this difficulty for the

Einstein spaces.”> We shall obtain an analogous result for conformally
flat spaces as follows.

I. We have from (0-3)
( 1. 1) Hn Rhljk —Hy, Rhij:u - f{jh R+ Hji R = 0.®
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Contracting (1-1) by g’"g# and making use of (0-1) give
(1‘2) H;zlja—H-aJlia:—_o (ljd=gab[jc) .

Next, contracting (1-1) by g* and taking account of (0-1) and (1.2),
we have
(1-3) GisH il — g Hial{ + 1 (H g u—Hugey)
+ (n—3) ([ﬂjlkt—Eclzfj) =0 (=4Y.
Moreover, contracting by ¢* gives nHl = (Hl—Hl) g+ 2n—3)IH;—

(n—3)Hly;, (Hy=g"Hy, H=HS) . Substituting from this expression in
(1-3) and putting Kj;=nl;—lg:;;, we have finally

(1 -4) n ([ﬁ:ijt—Ku H;rj‘)"'*'H(;'g'-ij]Ql—g;u [(ij) =0.
We see immediately that (, is of constant curvature if, and only if,
K;=0.
L. Referring to the coordinate system (C), we have g,,=H=/;=
sz=0 (24:].)’ gti=1v (Z.=l,-“, 72), H22="'=H;m’ 122="'=l7m' K22="'=K7m'

Evidently C, is flat for H,=0. If AH,,=0, we have A= (n—1)H, and
from (1-4) K,,—K,=0; and we see easily from (1-4) that H=H,=
+=H,, ; so that C, is of constant curvature. Consequently C,, being not of
constant curvature, is of type 7, since H,;%0, Hyp="+=H,,>=0, H;;=0."
(¢2x5). (C, of constant curvature, of course, is of type #).

If Ky=0, we have /,;=/,, and therefore C, is of constant curvature.
If K,;=0, we have similarly /,,+/,=0 and from (0.4) H, H,»=0; so
that C, is also of constant curvature.

Consequently we have the

Lemma :—/f conformally flat C,(n=3), whick is not of constant curva-
ture, is of class one, C, is of type n and the detevminant |K;;| does not vanish.

From det. |K};] we make conjugate K% of Kj; and contracting (1:4)
by K* we have

(2-1) H;'j=agij+&lij >

where @ and & are scalars. Substituting (2-1) in (0-3) and making use
of (0-1) we have

(2 -2) N (¢e—ad) Rmyc=nz(gi,jgm——g;.,kgﬂ;_,-) +&2(me ll'lc_lhlc[ij) .
If the matrix [l/]| is of rank one, the last term of (2-2) vanishes and
hence (¢—ab) is equal to zero; since otherwise C, would be of constant
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curvaturc. Therefore we have @=0 ; so that we meet with contradiction, 7. e.,
e=0. Thus we have the necessary condition (A) that ||/l s of rank =2.

III. Now, from (2-2), consider a system of linear homogeneous
equations

G tRuj=A Cé’njé’kk—ghkgfj) + B (& lik_lhklij) )

where 7, A and B are unknowns. The system has non-trivial solutions ¢,
A and B if, and only if,

Rivci  Lac&si—8aa&sc  Lacloi—lails
3-2) R Erg&ik—E 8 i3 lhililc——lhklij =0.

Rmrs pr&os— 8 ps8 or lprlqs—lpslqr

Consequently it is necessary for C, of class one that (3:2) are satisfied.
Conversely, we can prove that this condition and (A) are sufficient. In fact,

suppose that we have a system of solutions #, 4 and £ ; where 7z=0.
Making use of the equation A(gu;gu—2gmgs;) + B(ajlin—Iuli;) =0 and refer
ring to the coordinate system (C); where g,=/;=0 (=), gu=1; we
see easily that C, is of constant curvature, in contradiction to hypothesis.
Consequently #==0 and hence we have

(3 . 3) Rhijlc= C'(gz.,gik—gnkgﬁ) +D (!hj la— lhk[fj) .

Referring to the coordinate system (C) we know CD=1. Now we put

3.4 =~/£C’é= )\/eD;
B-4) a=+,/ 5 +a 5

where /=41 or —1, according as C (D) is positive or negative. We -
define H;; by (2-1) and making use of (0-1) we see immediately that those
I satisfy the Gauss equation (0-3).

From the lemma and the theorems in Thomas’s paper,® it follows
that above /A, satisfying the Gauss equation is unique to within algebraic
sign and that satisfies the Codazzi equation

H;?j,lc—H;‘lc,jzo .

because of type n(>3). As the result we have the

Theorem : —If n(=4)—dimeonsional Riemann space C, with a metric
defined by a positive definite quadratic differential form is conformal to a flat
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space and not of constant curvature, C, is of class one ify and only if, the matrix
andition (A) and the equation (3-2) arve satisfied. Then the type number of Cy
is equal to n. »

IV. Now we give another proof of the theorem of Brinkmann that
class number of conformally flat space is at most two.” Let us define
HE (P1, II) as follows : ‘

1 1,
(4-1) fff§=7§»(gtg+ lig) ¢§I=_ﬁ(£'fj—lij) y

then we have from (0.1) the Gauss equation

" (4-2) Ruye=lp(HG HE—HLHE)  (h=+1, Iy=—1),

and according to (0-2)
/
4.3 P _ P — ‘P p .
( ) H;J,lc Hilc,j ‘\/2 (”—2) szlc?
where we put
' 1
(4-4) Rijp=Rijp— Rury ”‘m (g5 Ri—gu R ;)

We know well that R, vanishes for conformally flat space C,(2>>3).
Hence, if we define A4;=0, then we have the Codazzi equation A}, — H.f ,=

lo(HYG H 2 — HE HE) jand also the Ricci equation
Hyiy— Hyye=g " (H{ Hyy— HIH)

so that C,(#=>3) is imbedded always in flat Z,,,.
It will be interesting to compare (2-1) with (4-1).
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