
Journal of the Mathematical Society of Japan Vol. 3, No. 1, May, 1951.

On a System of Differential Equations

Masao SUGAWARA

1. Establishment of Problem.

Notation: A great roman letter means a matrix of the type $(m, n)$ .
Problem: Let $D$ be $a$ domain with the boundary $\Gamma$ in the space $R$ of
variable point $(x_{1}, x_{2}, \ldots)$ . We want to find a real continuous function-
matrix $U$ satisfying the following conditions;

$\Delta U+KU=0$ in $D$

$\frac{dU}{dn}+UH=0$ on $I^{\prime}$

where $\Delta=\sum_{i}\frac{\partial^{\underline{o}}}{\partial x_{i}^{2}}$ and $\frac{d}{dn}$ normal derivation, each applying to every element

of $U,$ $K^{(m)}$ is a constant symmetric matrix and $H^{(n)}$ is a constant positive
definite symmetric matrix.*)

Such a $f_{t1}nction$ -matrix is called a harmonic function-matrix in $D$ .
By two matrices $U,$ $V$ holds Green’s formula,

(1) $\int_{\Gamma}U\frac{dV^{\prime}}{dn}dw=\int_{D}U\Delta V^{\prime}dv+\int\sum_{Di}\frac{\partial U}{\partial x_{i}}\frac{\partial V^{\prime}}{\partial x_{i}}dv$ ,

(2) $\int_{\Gamma}(U\frac{dV^{t}}{dn}-\frac{dU}{dn}V^{\prime})dw=\int_{D}(U\Delta V^{\prime}-\Delta U\cdot V^{\prime})dv$ ,

where t means transposition of a matrix.
When $U$ is harmonic, from (1) follows

$\int_{\Gamma}U\frac{dU^{\prime}}{dn}dw=\int_{D}U\Delta U^{\prime}dv+\int\sum_{Di}\frac{\partial U}{\partial x_{i}}\frac{\partial U^{t}}{\partial x_{l}}dv$ ,

$(\int_{D}UU^{\prime}dv)K=\int_{\Gamma}$ UllU ${}^{t}dw+\int\sum_{1Ji}\frac{\partial U}{\partial x_{i}}\frac{\partial U^{\prime}}{\partial x_{i}}dv$ .

Now put for arbitrary two matrices $U,$ $V$,

$*)$ As the content of the present problem is of rather formal interest, we may make, suit-
able assumptions about $dom_{t}^{r}\iota ins$, existence of derivatives and continuity as it needs.
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$[U, V]=\int_{D}UV^{\prime}dv$ , $[U, U]=[U]$ ,

$\{U, V\}=\int_{\Gamma}UBV^{\prime}dw+\int\sum\frac{\partial U}{\partial x_{i}}\frac{\partial V^{\prime}}{\partial x_{t}}dv$ , $\{U, U\}=\{U\}$ .

When $U$ is harmonic,

$K=[U]^{-1}\{U\}$ .
Minimal problem:

Under the contition $[U]=E$ we make $Sp\{U\}$ minimum.*)

As $[U]\neq 0,$ $U\neq 0$ , it follows that $Sp\{U\}>0$ . For if $\{U\}=0$ , each integral
of $\{U\}$ must be zero. Let $u_{1},$ $u_{2},$ $u_{m}$ be rows of $U$, then $Sp\int_{r}UHU^{\prime}dw$ .

$=\sum_{k}\int_{\Gamma}u_{k}Hu_{k}^{\prime}dzv=0,$ so that $\int_{\Gamma}u_{k}Hu_{k}^{\prime}dw=0,$ $u_{k}Hu_{k}^{\prime}=0,$ $u_{k}=0$ , that is,

$U=0$ on $\Gamma$. On ther other $hand$. $fromSp\int\sum_{1li}\frac{\partial U}{\partial x_{i}}\frac{\partial U^{\prime}}{\partial x_{i}}dv=\sum_{k}\int\sum_{Di}\frac{\partial u_{k}}{\partial x_{i}}$

$x\frac{\partial u_{k}^{\prime}}{\partial x_{i}}dv=0$ , follows $\int_{D}\Sigma\frac{\partial u_{\iota}}{\partial x_{i}}\frac{\partial u_{k}^{\prime}}{\partial_{X:}}dv=0$ , $\frac{\partial u_{k}}{\partial x_{i}}\frac{\partial u_{k}^{\prime}}{\partial x_{i}}=0$ , $\frac{\partial:l_{k}}{\partial x_{i}}=0$ .
Hence $n_{k}$ is a constant row, that is, $U$ is a constant matrix. As $U$ is
continuous, $U=0$ in $D$.

We will reduce the existence of minimum to the ordinary case of one
function in the next article. So we assume here existence and will find
its minimum and the extreme function-matrix $U$ by calculous of variation.

We make $Sp(\{U\}-L[U])$ minimum, where $L^{(m)}$ means an unknown

constant matrix. The condition $[U]=E$ implies $\frac{m(m+1)}{2}$ conditions.

Let $[U]=(u_{k^{j}}),$ $L=(l_{k}^{j})$ , then $SpL[U]=\sum_{k,p}l_{k^{p}}u_{p}^{k}$, and as $u_{k}^{p}=u_{p}^{k}$, we
must take $l_{k^{p}}=l_{p}^{k}$ , that is $L$ symmetric.

Now
$\delta Sp\{U\}=Sp(\int_{\Gamma}(\delta UHU^{\prime}+UH\delta U^{\prime})dw+$

$\int\sum_{Di}(\frac{\partial\delta U}{\partial x_{i}}\frac{\partial U^{\prime}}{\partial x_{i}}+\frac{\partial U}{\partial x_{i}}\frac{\partial\delta U^{\prime}}{\partial x_{i}})dv)$

$=2Sp(\int_{\Gamma}UH\delta U^{\prime}dw+\int\sum_{Di}\frac{\partial U}{\partial x_{i}}\frac{\partial\delta U^{\prime}}{\partial x_{i}}dv)$ .

$*)$ $E$ means unit matrix and $S_{p}T$ means the trace of a matrix $T$.
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By Green’s formula (1)

$\int_{\Gamma}\frac{dU}{dn}\delta U^{\prime}dw=\int_{D}\Delta U\delta U^{\prime}dv+\int\sum_{Di}\frac{\partial U}{\partial x}\frac{\partial\delta U^{\prime}}{\partial x_{i}}dv$ ,

$\delta Sp\{U\}=2Sp(\int_{\Gamma}(\frac{dU}{dn}+UH)\delta U^{\prime}dw-\int_{\Gamma}\Delta U\delta U^{\prime}dv)$ .

$\delta SpL[U]=SpL\delta[U\rfloor=Sp(L(\int_{D}(\delta UU^{\prime}+U\delta U^{\prime})dv))$

$=2Sp(\int_{D}LU\delta U^{\prime}dv)$ .

$\delta Sp(\{U\}-L[U])=2Sp(\int_{\Gamma}(\frac{dU}{dn}+UH)\delta U^{\prime}d_{l}^{r}v$

$-\int_{D}(\Delta U+LU)\delta U^{\prime}dv)=0$ .

Hence we get

$\Delta U+LU=0$ in $D$ ,

$\frac{dU}{dn}+UH=0$ on $\Gamma$.

In this extreme case, by Green’s formula

$\{U\}=\int_{r}U(\frac{dU^{\prime}}{dn}+HU^{\prime})dw-\int_{D}U\Delta U^{\prime}dv=-\int_{D}U\Delta U^{\prime}dv$

$=\int_{D}UU^{\prime}Ldv=[U]L=L$.
Hence $L$ is the extreme value of $\{U\}$ .
We denote it by $K_{1}$ and call the 1st $P^{lO}per$ value and the extreme

function-matrix by $U_{1}$ called a proper function-matrix to $K_{1}$ .
We proceed to get the next proper value.
Under the conditions

$[U_{1}, U]=0$ , $[U]=E$,

we make $Sp\{U\}$ minimum.
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Let $L^{(m)},$ $M^{(m)}$ be constant unknown matrices, moreover $L$ is symmetric.
$F_{1}$ om

$\delta(Sp(\{U\}-L[U]-2M[U_{1}, U])$

$=2Sp(\int_{\Gamma}(\frac{dU}{dn}+UH)\delta U^{\prime}d\iota v-\int_{D}(\Delta U+LU+MU_{1})\delta U^{\prime}dv)=0$ ,

follows

$\Delta U+LU+MU_{1}=0$ in $D$ ,

$\frac{dU}{dn}+UH=0$ on $\Gamma$ .

Here $M=0$ , because from Green’s formula (2)

$\int_{\Gamma}(U_{1}\frac{dU^{\prime}}{dn}-\frac{dU_{1}}{dn}$ Il $)dw=\int_{D}(U_{1}\Delta U‘-\Delta U_{1}U^{\prime})dv$

$\int_{\Gamma}(U_{1}HU^{\prime}-- U_{1}HU^{t})dw=\int_{D}(K_{1}U_{1}U^{\prime}-- U_{1}(U^{\prime}L+U_{1}^{\prime}M^{\prime}))dv$

$0=-[U_{1}]M^{\prime}$ .
As $[U_{1}]=E$, $M=0$ .
Hence the conditions become

$\Delta U+LU=0$ in $D$ ,

$\frac{dU}{d_{ll}}+UH=0$ on $\Gamma$ .

$L$ is the value of $\{U\}$ in this extreme case and is denoted by $K_{2}$ called
the second proper value to which corresponds th $e$ prope $r$ function $U_{2}$ . $e$tc.

In this way $we^{Y}$ have the sequence of proper values $K_{1},$ $K_{2},$ $\cdots$ and the
sequence of the corresponding proper function-matrices $U_{1},$ $U_{2},$ $\ldots$ .
Remark: In the minimul problem we can take $H$ as a diagonal matrix,
because by a suitable orthgonal transfoimation $0$ we make $H$ diagonal

$0^{\prime}H0=\Lambda=\lfloor h_{1}0h_{2}$ . $\gamma_{l}^{0}]$ , where $0<h_{1}\leqq h_{2}\leqq\cdots\leqq\prime_{l_{n}}$ .
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’ Put $U0=U^{*},$ then $[U]=E^{v}\rightarrow[U^{*}]=E$, [V, $U$] $=0\rightarrow[V^{*}, U^{*}]=0$ ,

where $V^{*}=VO$ .

$\{U\}_{H}=\int_{\Gamma}U0\Lambda 0^{\prime}U^{\prime}dw+\int\sum_{Di}\frac{\partial^{\prime}J0}{\partial x_{i}}\frac{\partial 0^{\prime}U^{\prime}}{\partial x_{i}}dv=\{U^{*}\}_{A}$ .

Hereafter we asumme

$H=\left\{\begin{array}{lll}h_{1} & & 0\\ & h_{2}. & \\0 & & h_{n}\end{array}\right\}$ , $0<1_{l_{1}}\leqq 1\iota_{2}\leqq\cdots\leqq h_{n}$ .

2. Construction, Existence of Minimum and Expansion-Theorem.
Construction of proper values and proper function-matrices. $\backslash $

Let $u=(u^{1}, u^{2}, \ldots, u^{n})$ be a row.
We make $\{u\}$ minimum under the condition $[u]=1$ . The solution $u_{1}$

satisfies the equations

$\Delta u_{1}+k_{1}u_{1}=0$ in $D$

$k_{1}=|u_{1}\}$ .
$\frac{du_{1}}{dn}+u_{1}H=0$ on $\Gamma$

$k_{1}$ is the 1st proper value and $u_{1}$ the 1st proper function-row. Next we
make $\{u\}$ minimum under the conditions $[u]=1,$ $[u_{1}, u]=0$ . The solution
$u_{2}$ satisfies the equations

$\Delta u_{2}+k_{2}u_{2}=0$ in $D$

$\chi_{z_{2^{=}}}\{u_{2}\}$ . etc.
$\frac{du_{2}}{d\prime l}+u_{2}H=0$ on $\Gamma$

Thus we have successive proper values $k_{1},$ $k_{2},$ $\cdots$ and the corresponding
$P^{lO}\dot{P}$\’er function-rows $u_{1},$ $u_{2},$

$\cdots$ .
’We proceed to determine these quantities and functions.
Now

$[u]=\sum_{i--1}^{n}[u^{j}\rfloor$

$\{u\}=\sum_{j=1}^{n}\{u^{j}\}$ , where {zt$j$ } $=h_{j}\int_{1^{\tau}}(u^{j})^{\underline{o}}dw+\int\sum_{Di}(\frac{\partial u^{j}}{\partial x_{i}})^{2}dv$ .
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Hence the problem to make $\{u\}$ minimum under the condition $[u]=1$

is reduced that to make $|t\ell$ } minimum under the conditions

$[u^{j}]=\gamma_{j}$ , $\sum_{j\approx 1}\gamma_{j}=1n$ , $\gamma_{j}\geqq 0$ , $i=1,2,$ $\ldots,$ $n$ .

Let $k_{1^{j}}$ be the minimum of $|u^{j}$ } under the conditIon $[u^{i}]=1$ and $u_{1^{j}}$ the
proper function, then the minimum of $\{u^{i}\}$ under the condition $[u^{j}]=\gamma_{j}$ is
$k_{1^{j}}\gamma_{j}$ with the proper function $u_{1j}^{j\sqrt{\gamma}}$ . Hence the problem is reduced to
that to mak $ek_{1}^{1}\gamma_{1}+k_{1}^{\sigma}\gamma_{2}+\cdots+k_{1}^{n}\gamma_{n}$ minimum under the conditions $\sum_{j-1}^{n}\gamma_{j}=1$ ,
$\gamma_{j}\geqq 0_{J^{\prime}}=1,2,$ $\cdots,$ $n$ .

As $0<h_{1}\leqq h_{2}\leqq\cdots\leqq h,.$ , we have $k_{1}^{1}\leqq k_{1^{0}}\cdot\leqq\cdots\leqq k_{1}^{n}$. Hence the
minimum is $k_{1}^{1}$ and the proper function-row is $u_{1}=(u_{1}^{1},0,0, 0)$ .

Let $k_{1^{j}},$ $k_{2}^{j},$ $\cdots$ be the successive proper values and $u_{1^{j}},$ $u_{2^{j}},$ $\ldots$ be the
corresponding proper functions of the minimum-problem of $!u^{j}$ } under the
condition $[u^{j}]=1$ .

Now the 2nd minimum-problem is that to make $\Sigma^{n}\{u^{j}\}$ minimum
under the conditions $[u_{1}^{1}, u^{1}]=0,$ $\sum_{j\Leftrightarrow 1}^{n}[u^{j}]=1$ . $j\rightarrow 1$

That is to make $k_{2}^{1}\gamma_{1}+k_{1}^{2}\gamma_{2}+\cdots+k_{1}^{n}\gamma_{n}$ minimum under the conditions

$\sum_{j\rightarrow 1}\gamma_{i}=1n$ $\gamma_{j}\geqq 0$ .

The $minim\dagger 1m$ is therefore the least value of $k_{2}^{1},$ $k_{1^{2}},$
$\ldots,$

$k_{1}^{n}$ and the proper
function-row $u_{2}$ has $0$ components except the l-th, where 1 is the upper
index of the minimum value. The l-th component is the corresponding
proper function, etc.

The above process can be stated in the following form. Let

(1) $k_{1},..k_{2}k_{1}^{2}.’ k_{2^{2}}^{2}k_{1^{1}}^{n},k^{n^{1}},$

$\cdots$

be the successIve prop$er$ values corresponding to $\left\{\begin{array}{l}k_{\tau}\\h_{2}\\.\\.\\i_{l_{n}}\end{array}\right.$

$u_{1}^{1},$ $u_{2}^{1},$ $\cdots$

and
$u_{1}^{2},$ $u_{2}^{2}$ ,......... be the corresponding proper functions.
$u_{1}^{l1},$ $u_{2}^{n},$ $\ldots$

The 1st proper value is the least value in the table (1), that is $k_{1}^{1}$ , and
the 1st proper function-row is $u_{1}=(u_{1},0,0, \ldots, 0)$ . The 2nd proper value
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is the least value $k^{j}$ in (1) except $k_{1}^{1}$ , and the 2nd proper function-row $u_{2}$

has $0$ components except jth component which is the corresponding
proper function $u^{j}$ to $\mathscr{E}$ .

We omit $k_{1}^{1}$ and this $k^{j}$ in (1) and continue the same process. We
get th $e$ next proper value and its proper function-row. etc.

Put $U_{1}=\left\{\begin{array}{lll} & & li_{1}\\ & & u_{2}\\ & & |\\ & & u_{m}\end{array}\right\}$ and $K_{1}=\{U_{1}\}$ ; $U_{2}=\left\{\begin{array}{lll} & & ll_{m+1}\\ & & u_{m+}.,\\ & & \vdots\\ & & u_{2m}\end{array}\right\}$ and $K_{2}=\{U_{2}\}$ . etc.

. Then $K_{1}=\{U_{1}\}=(\{u_{k}, u_{j}\})$ , where

$\{u_{k}, u_{j}\}=\int_{\Gamma}u_{k}Hu_{j^{\prime}}dw+\int_{p}\sum_{i}\frac{\partial u_{k}}{\partial x_{i}}\frac{\partial u_{j^{\prime}}}{\partial x_{i}}dv$

$=\int_{\Gamma}(\frac{du_{k}}{dn}+u_{k}H)u/dw-\int_{D}\Delta u_{k}u_{i^{t}}dv$

$=k_{k}[u_{k}, u_{j}]$ .
As $[U_{1}]=E$ means $[u_{k}, u_{j}]=\delta_{jk}$ , we have

$K_{1}=(k_{k}\delta_{kj})=\left\{\begin{array}{lllll} & & k_{1} & & 0\\ & & & k_{2}. & \\ & & 0 & & k_{7\prime l}\end{array}\right\}$ .

Likewise we have

$K_{2}=\lfloor 0^{m+1}kk_{m}\ddagger_{\dot{k}_{2m}^{0}}^{2}]$ . etc.

$U_{i}$ has such a structure that each row has $0$ components except one
and if the proper value to the qth row is $k^{j}$ the corresponding proper
function $u^{j}$ occupies the position $(q,j)$ .

Now let $F=(f_{kj}),$ $U=(u_{kj})$ , then $(k,j)$ component of the matrix
$[F, U]U$ is $\sum_{p,l}[f_{kp}, u_{lp}]u_{lj}$ .

When $U$ is any one of $U_{i}$ , then its l-th low has only one non-
zero component. Let $u_{lj}\neq 0$ , then $p=j$ Hence $(k,.j)$ component is
$\sum_{l}[f_{kj}, n_{lj}]n_{lj}$ . Therefore the $(k,)$ component of the matrix $\sum_{i=1}[F, U_{i}]U_{i}$
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is $\sum_{i=1}^{\infty}[f_{kj}, u_{i^{j}}]u_{i^{j}}$ . This is the $expansIo:1$ of $f_{\lambda}^{j}$ by the functions $u_{1^{j}},$ $u_{2^{j}},$ $\cdots$ .

When we know that a function $f$, satisfying the equation $\frac{df}{dn}+fh_{j}=0$

on $\Gamma$, can be expand$ed$ in the $f$orm $f=\sum_{i\Rightarrow 1}^{\infty}[f, u_{i^{j}}]u_{i^{j}}$, so far we have the

Expansion-theorem: A function-matrix $F$, which satisfies the con-

dition $\frac{dF}{dn}+FH=0$ on $\Gamma$, can be expanded in the form

(1) $F=\sum_{i-1}^{\infty}[F, U_{i}]U_{i}$ .

Remark: The formula is also holds when $F$ is a row.
Now we return to the original problem and prove that $K_{1},$ $K_{2},$ $\cdots$ and

the corresponding matrices $U_{1},$ $U_{2},$ $\cdots$ constructed by us are really a syste $m$

of successive proper values and the corresponding prop$er$ matrices of the
original problem.

For this purpose we prove th $e$

Theorem: The minimnm of $Sp\{V\}$ under the condition $[V]=E$ is
$k_{1}+k_{2}+\cdots+k_{m}$ . $K_{1}$ is one of the 1st proper values and $U_{1}$ is the 1st pro-
per function-matrix

Proof: Let $\iota\nearrow=\left\{\begin{array}{l}v_{1}\\v_{2}\\\vdots\\\nu_{m}\end{array}\right\}$ . then $[V]=([v_{i}, v_{k}])$ , {V $|=(\{v_{i}, v_{k} ])$

and $Sp\{V\}=\sum_{i=1}^{m}\{v_{i}\}$ .

A matrix $V$ which make $Sp\{V\}$ minimum must satis$fy$ the condition

$\frac{dV}{dn}+VH=0$ on $I^{\prime}$, so we can expand $v_{i}$ by $n_{j}$

$v_{i}=\sum_{j=1}^{\infty}x_{i^{j}}u_{j}$

Then the condition $[V]=E$ becomes $\sum_{j=1}^{\infty}x_{l^{j}}x_{k^{j}}=\delta_{ik}$ and

$ Sp\{V\}=\sum_{i=1}^{\prime}\sum_{j*1}k_{j}(x^{j})^{2}\infty$.
Put

$F=\sum_{j=1}^{\infty}k_{j}(\sum_{i=1}^{m}(x_{i^{j}})^{2})+\sum_{i,k}l_{lk}(\sum_{j=1}^{\infty}x_{i}{}^{t}t_{k^{j}})$ , where $l_{ik}=l_{ki}$ .
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Then

(1) $\frac{1}{2}\frac{\partial F}{\partial x_{l}^{j}}=k_{j}x_{i^{j}}+\sum_{k}l_{ik}x_{k^{j}}=0$ .

Multiplying $x_{i}^{j}$ and summing with $j$, we have

$l_{ii}+\sum_{j=1}^{\infty}k_{j}(x_{i^{j}})^{o}=0$ .
Hence we have

$Sp\{V\}=\sum_{i=1}^{m}\{v_{i}\}=-\sum_{i=1}^{m}l_{ii}$ .

As the coefficient-matrix of $e$xpansion

$ X=[\cdot m^{12}1212\ldots$

has orthonormalized rows, the rank of the matrix $X$ is $m$ . Hence there
are at least $m$ linearly independent columns; the number of these columns
is $\dot{f}_{1}f_{2},$ $\cdots,j_{rn}$ . They are non-zero columns. For such.$i$ the coefficient-
determinant of the $\cdot$ system of equatIons (1) is zero

(2) $\left|\begin{array}{lllll}k_{j}+l_{1},l_{l2}l_{21},k_{j}^{1}+l_{22}, & \cdots & \cdots & l_{1m} & \\ & & \ldots, & l_{2m} & \\J_{m1}, & l_{m2}, ’ & \cdots & k_{j}+J_{m} & m\end{array}\right|=0$ .

$-k_{j_{1}},$ $-k_{ja},$ $\cdots,$ $-k_{j_{m}}$ form the system of proper values of the matrix
$L=(l_{ik})$ . Hence we have

$k_{j_{1}}+k_{j_{2}}+\cdots+k_{j_{m}}=-SpL$

As $Sp\{V\}=-SpL$ is minimum and $ k_{1}\leqq k_{2}\leqq-\cdots$ , we must have

$Sp\{V\}=k_{1}+k_{2}+\cdots+k_{m}$ .
Remark: (2) can not hold for $k_{j}>k_{m}$ ; hence the jth column is zero,

namely

$X=[m^{1\ldots 2}1_{12}..$ $0$ , where $k_{p}=k_{m}$ , $/k_{p+1}>k_{m}$ .
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Theorem 2. The minimum of $Sp\{V\}$ under the conditions $[U_{1}, V]$

$=0,$ $[V]=E$ is $k_{m+1}+k_{m+2}+\cdots+k_{2m}$ . $K_{2}$ is one of the 2nd proper values
and $U_{2}$ is the corresponding proper function-matrix.

Proof: The condition $[U_{1}, V]=0$ means $[u_{i}, v_{k}]=0$ , that is, $x_{k}^{i}=0$

for $i,$ $k=1,2,$ $\cdots,$ $m$ Hence the coefficient-matrix of expansion of $V$ is

$ X=[0.00\ldots x^{m+1}.x000x_{m}^{1}x_{m}^{2}m+1m^{\prime}+2\ldots$

In this case we make

$F=\Sigma^{\infty}k_{j}(\sum_{ij=m+1=1}^{m}(\dot{x}^{j})^{o}\sim)+\sum_{i,k}l_{ik}(\sum_{=jm+1}^{\infty}x_{i^{j}}x_{k^{j}})$

minimum under the conditio 1 $\sum_{j=m+1}x_{i^{j}}x_{k}^{j}=\delta_{ik}\infty$ . In the same way as in the
proof of the theorem 1, we have

$Sp\{V\}=\sum_{i=1}^{m}\{v_{l}\}=k_{m+1}+k_{m+2}+\cdots+k_{2m}$ .

Remavk: The coefficient-matrix of $e$ xpansion becomes

$X=[0x_{1}\ldots.x_{2}\ldots.\cdot\cdot.\cdot.\cdot.x_{1}^{q}x_{2}^{m+1}.x_{m}^{m+2}.\cdot.\cdot\cdot.x_{2}^{q}xx^{1}x_{l}m^{m+1m+2}m+1m+2q0$ , where $l_{q}=l_{2m}^{J},$ $k_{q+1}>k_{2m}$ . etc.

Thus $K_{1},$ $K_{2},$ $\cdots$ ; $U_{1},$ $U_{2},$ $\cdots$ is one system of successive $pro$per values
and the corresponding proper function-matrices.

We call $K_{1},$ $K_{2},$ $\cdots$ normal $p_{1}$ oper values and $U_{1},$ $U_{2},$ $\cdots$ normal proper
function-matrices.

The above analysis shows that when we know the existence of mini-
mum in the ordinary case of one function, so $f$ar we have the

Existence-theorem; The minimums of the problem in the general case
really exist.

The expansion-theorem in the general case essentially $0;11y$ holds for
the normal proper function-matrices.

3. Orthogonal Relation and its Completeness.

Definition. Two matrices $F,$ $G$ are said to be orthogo ial if $[F, G]=0$ .
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When $[F, G]=0,$ $[F, G]^{\prime}=[G, F]=0$ . Therefore the orthogonal relation
is mutual.
Definition. A system of matrices $W_{1},$ $W_{2},$ $\cdots,$

$W_{p}$ is said to $f$orm a normal-
ized orthogonal system when $[W_{i}, W_{k}]=\delta_{u}E$.

$C_{i}=[F, W_{i}]$ is called $W_{i}$-component of $F$.
Put $F_{l}=F-\sum_{i=1}^{l}C_{i}W_{i}$ , then $[F_{l}, W_{k}]=[F, W_{k}]-\sum_{i=1}^{\iota}C_{i}[W_{i}, W_{k}]$ . Hence

we have

$[F_{l}, W_{k}]=0$ for $k=1,2,$ $\cdots,$
$l$.

Now

$\{F_{l}\}=\{F-\sum_{i=1}^{l}C_{i}W_{i}, F-\sum_{k=1}^{l}C_{k}W_{k}\}$

$=\{F\}+\sum_{i,k}C_{i}\{W_{i}, W_{k}\}C_{k}^{\prime}-\sum_{i=1}^{l}C_{i}\{W_{i}, F\}-\sum_{k\underline{-}1}^{l}\{F, W_{k}\}C_{k}^{\prime}$ .

Now for a proper function-matrix $U_{k}$

$\int_{\Gamma}F\frac{dU_{k}^{\prime}}{dn}dw=\int\sum_{Dl}\frac{\partial F}{\partial x_{i}}\frac{\partial U_{k}^{t}}{\partial x_{i}}dv+\int_{D}F\Delta U_{k}^{\prime}dv$ ,

$-\int_{1},FHU_{k}^{\prime}dw=\int\sum_{Di}\frac{\partial F}{\partial x_{i}}\frac{\partial U_{k}^{\prime}}{\partial x_{i}}dv-\int_{B}FU_{k}^{\prime}K_{k}dv$ .

Hence we get

$\{F, U_{k}\}=C_{k}K_{k}$ , $\{U_{i}, U_{k}\}=\delta_{tk}K_{k}$ .
If we take $U_{k}$ for $W_{k}$ we have

$\{F_{l}\}=\{F\}+\sum_{i=1}^{l}7C_{i}K_{i}C_{i^{\prime}}-\sum_{i=1}^{l}C_{i}KC_{i^{\prime}}-\sum_{i=1}^{l}C_{i}K_{i}C^{\prime}$

and get the relation

$\{F_{l}\}=|F\}-\sum_{i\Leftrightarrow 1}^{l}C_{i}K_{i}C_{i}^{\prime}$ .
Completeness.

Put $[F_{l}]=M_{l}TM_{l}^{\prime}$ , where $T=\left( & & E_{r} & 0\right)$ .
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If $r=0$ , then $[F_{l}]=0$ , so that $F_{l}=0$ . We assume that-r $>.0^{r}$. Let $m_{1}$ be
the first row of $M_{l^{-1}}$ and put $\varphi=m_{1}F_{l}$ , then we have

$[\varphi]=\int_{D}m_{1}F_{l}F_{l}^{\prime}m_{1}{}^{t}dv=m_{1}[F_{l}]m_{1}^{\prime}=1$ ,

$[\varphi, U_{k}]=m_{1}[F_{l}, U_{k}]=0$ for. $k=1,2,\cdots,$ $l$.

Hence we have for the propcr value $k_{7},d*1$ in the case of type (1, n)

(1) $\{\varphi|\geqq k_{ml+1}$

$\{\varphi\}=\{m_{1}F\}-\sum_{i}m_{1}^{-1}C_{i}K_{i}C_{i}^{\prime}m_{1}$‘.

As $K_{i}>0$ , we have

(2) $\{\varphi\}<\{m_{1}F\}$

As [$F_{l}\rfloor\geqq 0$ , by an orthogonal transformation $0$ , we can make $O^{t}\lfloor F_{l}$] $O$

diagonal.

$O^{t}[F_{l}]O[p_{1}^{z_{0}}]$ , where $P=|p_{1}0p_{2}$. $O_{r}p]$ , $p_{i}>0$ .

We can also range $p_{1},p_{2},$ $\cdots,$ $p_{r}$ in any order by suitable choice of $O$.
We choose $O$ such $that_{i=1.2}{\rm Max}_{m}p_{i}=p_{1}$ .
Put

$M_{l}=O_{\backslash \iota}$
, so that

$M_{l^{-1}}=0^{\prime}$ .

Let the first row of $O^{\prime}$ be $v_{1},$ then $\cdot$ we have

$m_{1}=p_{1}^{-1}v_{1}$ ,

and (2) becomes

$p_{1}^{-2}v_{1}\{F\}v_{1}^{\prime}>\{\varphi\}$ .
When $1\rightarrow\infty,$ $ l_{ml+1}^{\prime}\rightarrow\infty$ . Therefole $\{\varphi\}\rightarrow\infty$ by (1), so that

$p_{1}\rightarrow 0$ , that is, $N[\dot{f}_{l}^{\prime^{\neg}}]=p_{1^{A}}^{9}\rightarrow 0$ .
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Hence we have the
Theorem: $|F_{l}$] $\rightarrow 0$ , when $ l\rightarrow\infty$ .

4. Maximum-Minimum Property of the Proper Values.

Let $F_{1},$ $F_{2},$
$\cdots,$

$F_{r}$ be a sequence of function-matrices and $A_{1}^{(m)},$ $A_{2^{(}}$
)

..., $A_{r}^{(m)}$ be constant matrices.
Put $F=\sum_{i=1}^{r}A_{i}F_{i}$ , then

$[F]=\sum_{k,j}A_{k}[F_{k}, F_{j}]A_{j^{\prime}}$ and

$\{F\}=\int_{\Gamma}(y_{k^{\lrcorner kb}}AF\ovalbox{\tt\small REJECT})H(\sum_{j}A_{!}F_{j})^{\prime}dw+\int\sum_{Di}(\sum_{k=1}^{r}A_{k}\frac{\partial F_{k}}{\partial x_{i}})(\sum_{j=1}^{r}\frac{\partial F_{j^{\prime}}}{\partial x_{i}}A_{j^{\prime}})dv$

$=\sum_{k,j}A_{k}(\int_{\Gamma}F_{k}HF_{j^{\prime}}d^{\ovalbox{\tt\small REJECT}}zv)A_{j^{\prime}}+\sum_{k,j}A_{k}(\int\sum_{Di}\frac{\partial F_{k}}{\partial x_{i}}\frac{\partial F_{j^{\prime}}}{\partial x_{i}}dv)A/$ ,

$\{F\}=\sum_{k,j}A_{k}\{F_{k}, F_{j}\}A_{j^{\prime}}$ .

Let $U_{1},$ $U_{2},$
$\ldots,$

$U_{r}$ be proper function-matrices each corresponding to
the successive proper values $K_{1},$ $K_{2},$ $K_{r}$ respectively, and put $F_{i}=U_{i}(i=$

$1,2,$ $\cdots,$ $r$).
Then we have

$[F]=\sum_{j\Rightarrow 1}^{r}A_{j}A_{j^{\prime}}$ ,

$\{F\}=\sum_{j=1}^{r}A_{j}K_{j}A_{j^{\prime}}$ .

Let $V_{1},$ $V_{2},$
$\ldots,$ $V_{r-1}$ be arbitary gIven function-matrices and determine

the coefficient-matrices $A_{1},$ $A_{2},$
$\cdots,$

$A_{r}$ fiom the conditions

[V, $F$ ] $=0$ $i=1,2,$ $\cdots,$ $r-1$

(1)
$[F]=E$ .

As the number of conditions in (1) is $(r-1)m^{2}+\frac{m(m+1)}{2},$ $\frac{m(m-1)}{2}$

others determine $A_{1},$ $A_{2},$
$\cdots,$

$A_{r}$ completely. We add the condition,
(2) A. is symmetric.
As
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$K_{j}=\left\{\begin{array}{lllll} & & k_{(J^{-1})m+1,k_{(j-l)m+2}} & 0 & \\ & & & \ddots & \\ & & 0 & & k_{jm}\end{array}\right\}$ , it follows that

$Sp\{F\}=Sp(\acute{\sum_{j=1}}A_{j}K_{j}A_{j}^{t})\leqq Sp(\sum_{j=1}^{r-1}A_{j}A_{j^{\prime}}k_{(r-1\rangle n+1}+A_{r}K_{r}A_{r})$

$\leqq Sp((\sum_{j\approx 1}A_{j}A_{j^{\prime}})K_{r})r=Sp([F]K_{r})$ ,

$Sp\{F\}\leqq SpK_{r}$ .
The minimum of $Sp\{F\}$ with the condition (2) is not smaller than

that without the condition (2), so we have the
Theorem: The minimum value of $Sp\{F\}$ under the condition (1) is

not greater than $SpK_{r}$ .
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