Journal of the Mathematical Society of Japan Vol. 2, Nos. 3-4, March, 1951.

On Baire’s Theorem concerning a Function f(x, y), which
is Continuous with respect to Each Variable x and y.

Masatsugu Tsujt.

(Received Jun. 14, 1949)

The purpose of this paper is to give a simple proof of the following
Baire’s theorem®.

Theorem. ez f(x, y) be defined in a square 4: 0 <+ <1, 0=y <1
and be continuous with respect to eacl variable x and y. Then there exists a
set X on the x-axis, whickh is dense on |0,1], suck that for any x, € X,
A%, »), considered as a function of two varibles (x,p), is continuous at every point
of the segment x=ux, 0=y < 1. Similarly there exists a set' Y on the
y-axis, whick is dense on [0, 1], suck that for any y, € Y, f(x, y) is con-
tinuous on the segment y=y, 0 < xr <1

Proof. We will prove the existence of the set X, which satisfies the
conditions of the theorem. The existence of the set Y can be proved simi-
larly. '

We define f,(x, p) (=1, 2--.) in 4 as follows:

’v+1) f( 27.).

S )=o) + (= (1)
2’"4

for0<x<lﬁ—<—y§ "211, (v=0,1,2,--+-- 2" —1).

Then f,(x, ) is continuous in 4 and

Sz, y)=lim fi(2, »), (2)
iif; Oﬁl\fax f(x, y)—ful(x, ¥)|]=0, for a fixed x. (3)

From (2), it follows that f(x, ) is of the first class of Baire.
For a fixed e >0, we define a set £,(¢) on the x-axis by

E(e)=E [Max. | (5, ) ~fulw, 7| < &), )

1) R. Baire: Sur les fonctions de variables réelles. Annali di Matematica. (3) 3 (1899).
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then Z,(e) is a closed set and from (3) follows

I,=3) E.(e), where 7,=[0, 1]. (5)
=1 )

n

- Hence by Baire’s theorem, in any interval («, 8) C/,, there exists a certaimn
interval U(x,; »)): |#,—xy| <7, such that for a suitable #,,

1, U(x; ry) =E,,(¢) U(xy; 7,)- (6)

If we take e=i~ (v=1,2,---.) then there exists a neighbourhood U (x, ; #,)
14

and 7, such that

LU r) =B (1)U 7, ™
where we may assume that U(x,; 7)) CU(%y41; 7#y41), 7,—0, so that
U(x,,; r,) converges to a point x, such that

% € Uxy; 7,) (=12, ). (8)

We will prove that f(x, y) is contnuous at every point (x, ¢,) on the
segment : ¥x=ux, 0<y<1.

Since f, (x, y) is continuous at (x, 7,), there exists a neighbourhood

Uy: |lx—x,] <6, | y—yp,| <8, such that for any (x, »)eU,,
1 N
L5 o (o )| < ©

Since x, € U (x,, »,), we can take J so small that the interval |r— x| <§"
is contained in U(x,,; 7,).

Hence if (», ) €U, then x» ¢ U(x,,; 7)), so that by (7),
x € E, (~1—), hence by (4),
v Y .

| D—fo (5 DI 0=y =1, (10)
especially
|t ) o (o) | = (1

Hence for (x, y) € U,,
| A% 7)) =S D= |, 9)—=fa (0 D)+ Fa, (2, 9) =/, (#070) ]
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3
7

+ lfnv (%0 70) — (%0, 70)| <

Hence f(x, y) is continuous at (z, #,). Since x, € (2, B) and ¢, B are

arbitrary, the set X of x, is dense on [0, 1], which proves theorem.
Remark. Let K be a continuum contained in 4 and K,, K, be its
‘projection on the x-and y-axis respectively, then at least one of X,, K,
consists of a closed interval, so that K,-X==0, or K,-Y=£0, hence there
exists a point on K, where f(x, y) is continuous. From this it follows

that any continuum in B contains infinitely many points, where f(x, y) is
continuous.
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