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Change of variables in the multiple Lebesgue integrals.

Masatsugu Tsujr.

(Received April 4, 1948)

Rademacher’s theorem” on the change of variables in the multiple
Lebesgue integrals, though very imgportant, is not found in any book on
the theory of functions of real variables, so that I will give a simple proof
of it in the following lines.

Let D be a domain in the (x,,...... »¥,) -space and 4 be one in the (#,...... Jn)
-space and D be mapped on 4 topologically by

AR 1, =Fi(Xpeeerees¥n), (1)

1. 2= (ttyyeuevnoy 1,), ((=12,......0m),

where f; and ¢; are continuous in D and 4 respectively.

If any measurable set in /) is mapped on a measurable set in 4, then 7~
is called a measurable mapping. It is well known® that the necessary and
sufficient condition that 7" is a measurable mapping is that any null set®
in D is mapped on a null set in 4.

Theorem 1.° [f at every point (xy,...... ) €D,
lim |fa(xy + 2y s+ 1) =i (R0 %0) |
M2+ ... 442,50 ViE+ o 10
=L, (Xpeeinty) <0 (F=1.2,.......n), )

then T is a measurable mapping.
Proof. We define a set 4, (4=1,2,...) of points (ay,...,4,) by the condition

(1) Rademacher: Uber die particlle und totale Differentierbarkeit von Funktionen me-
hererer Veriinderlichen und iiber die Transformation der Doppelintegrale. Math. Ann. 79. '

(2) Rademacher: Eineindeutige Abbildung und Messbarkeit. Monathefte f. Math. u.
Phys. 27 (1916). Carathéodory: Vorlesungen iiber reelle Funktionen. p. 354.

(8) A set is called a null set, if its I.ebesgue measure is zero.

(4) Rademacher. 1. c. (1), (2).
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that for any #4,,...,/2,, such that /z12+...+/z2n<%,
, 72
| fi(x1+ 2oy s+ 72) ——f(xl_,...,xn)l Sk ANE S (3)
(=1, 2,...... J2) .

From the continuity of f;(x,...,4,), it follows that A, are closed sets and
from (2)

D=4, . 4
k=1
Let (x...,23) € 4, and
A A (P M (S AR )
then by (3),
D(us—u3)? K k(.. +75). (6)
=1

Let K(») be the inside of a sphere of radius 7»:
K@) : E(xi—zﬁ)ggﬁ : @)

and K’(») be its image in 4 by (1), then by (6),
S () < (V7 & 7)Y,
i=1

so that K’ (r) is contained in a sphere of radius +v7u % 7.

Since
mK(r)=Cr*, ( C=—- ~~—7—T;——~) , 3
: r(l+-—4-)
we have
mK' (r) < M mK(@), i r g_%, (M= ~'m B)™ 9)

To prove that 7 is a measurable mapping, it suffices to prove that any
null set ¢ in D is mapped on a null set ¢ in 4.
Let ecD, me=0 and put ¢,=ed,, then me,=0 and
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=Se, =3¢, o (10)
k=1 k=1

where ¢, ¢/ are images of ¢, ¢, in 4 respectively. We will prove that
me,! =0. Since me,=0, there exists for any ¢ > 0 an open set O, such
that ¢,C O, mO <e. We express O as a sum of enumerably infinite number
of non-overlapping cubes {4},

0=31 4y  mO=3) md; <e. (11)
pX |

i=1

Let X; be the inside of a sphere which is concentric with 4; and passes
through the vertices of 4;, then '

mK; < M md;,, (M =const.). (12)
By taking J4; sufficiently small, we may assume that all X are contained

in O and their radii are less than —,1;. Let K/ be the image of X; in 4.

1

If K; has common points with Cry then' since its radius is less than

we have from (9), mK'; < M mK;. Hence if we denote the sum of K,
which have comnon points with ¢, by _Z}’K“ then

gkCZ,K'i) elc CE, Xz)
hence from (9), [(12), [(1T),
m¥e,) < SV 'Ky < M mK, < MM SY md;, < MM,
% % %

where m*¢,/ is the outer measure of ¢,. Since e is arbitrary, we have
me' =0 and hence m¢’=0 from [(10).
.Hence 7" is a measurable mapping.

2.
Sf(&pee.x,) is said totally differentiable in Stolz’s sense at (z,...... ') s
if f(xppeeeens ,%,) is expressed in the neighbourhood of (z/,...... ') in the
form
FL A Trgyeneny 24 T =f (2 )+23f ("5’ atn) g
=1 x5
+D(Sgyeenen. n) s (13)



Change of variables in the multiple Lebesgue integrals. b1

lim Dy i) |,
ﬁl2+'"+/22n—>0 ’\//Zld'-" +/Z_”'f .'

If in (1), fi(#y...s%) (G=1,2,...,n) satisfy the condition (2) at every
point of D, then fi(x,...,#,) are totally differentiable almost-everywhere

in D¥., Hence ~—a—f’r and so

ox : '
} o
VACTE A | dxy T B,
]’ O _Ofa
| Bx, T B,

. . . o,
exists almost everywhere in D and siace f; are contmuous,—f‘ and hence

J(xgy..,,) is measurable in D.

Theorem 2. Let fi(xy,...,x,) (GE=L1,2,...,n) satisfy the condition (2) at every
point of D and F(uy,...u,) be integrable in 4, then , ' "

FUfi( o) ye vt fa (Baseensn) Y (Brse oo ¥n) | 25 mmeasurable in D and

j;..jF(ul,...,un)dul...dztn=j;)..jF(f1(:f1,...,xn),...’,ﬁ,(xj,...,xn)) |
o) | dtgsennditn,

Proof. Since fi(xy,...,x,) are totally differentiable almost everywhere in
D, we may assume that (o,...,0) € D, fi(o,...... ,0) =0 and f;(%y...,x,) are
totally differentiable at (o,...,0), so that in the neighb‘oulrh60d of (0,...0), (1)
can be expressed in the form: | : :

wy=F1 (Hpyeeey®n) =y Xy + oo + ¥+ D, (x4,...,7,),
............ . (14)

2= [ (Xyyee ) =@ny Xyt ... +an, Zn+ Dy (Xyyeeny®n)

where A= a.f;'(xl)"')xn))
axk x1=..:xn=0
Lim ]Dqs(xl, ...... ) | =o, (z'=l,2,...,7z), (15)

2t ity =0V A 2,

(6) Rademacher: 1l.c. (1). Saks: Theory of the integral. p. 311.
(6) Rademcher: 1l.c. (1).
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so that ' Qygyeeess yyn
ooy =| T (16)
ngyennees O

Let K(») be the inside of a sphere of radius »:
K@»): z+..+2% an
and KX’(») be its image in 4 by (14). Then we will prove that

0yeees0) . 18
i V) (18)

To prove this, we associate to (14) an affine transformation:

(19)

vy=ay ¥ t+...+ alnxvn}
Upn=Qp X1t .c. + QppXn.

Then by (19),

é} (ty—v)? J (21 + ... +2%), : (20)

where e—o with 22 +4... +x,7—o0.

We have two cases to consider according as [(o,....0) =0 or J(o,...,0)=Fo.
¢)) J(o,...,0) =o0.

In this case, (x,...,#,)-space is mapped on a linear sub-space of at most
(2—1)-dimensions in (v,,...,2,)-space by (19), hence from [20), we have
easily mK'(r) < er", where e—o with r—o0, hence from (8), we have
mK'(r) < 0mK(r), where d—o0 with »—o, so that

K e .
S o M =D
(i) J(o,...,0)=Fo.

In this case, we can solve (19) with respect to #,, such that

(22)

---------------------

2=01 01+ oot 61nVns }

A= bm'z’] + ..o+ énn'vn

where
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-1
6119"-: ém Ay1seeeslin
1
- -1 23)
Onyeees Onn QAnyse o s@nn

Let K(») be mapped on 4(r) by (19), then by (22),

A(") (61]7}1 + +ém7’n) + + (ém ¢’1+ + + érm 717.)"“2_; k7jz 7/k < 7’ ’

where

(29)

...........................

By a suitable orthogonal transformation, 4(») can be brought into the form :

40) s Sht 5037, (@>0),  (26)

1

where A,= ]; peeeshy = lo are the roots of the characteristic equation :
al‘: an
BA)=| B,—A...... ,Bin =0,
By oron B — 2
so that by (25),
1l h=BO)=— 1 o
(ay....a,)? J2(o....,0),
a,=|/(0,...,0) |. (27)

Since by a transformation : §;=a&;X;, (26) can be transformed into the form :
Xi+...+X% X #°, we have from (8),
md(r) =a,...a, mK(@»)=C. a,...a, 7" (28)

If (#,...,x,) lies on a sphere: #*4...4+x,°=#°, then (24,...,7,) lies on an

ellipsoid : 2 —l 4.+ < =77 so that by [20), (#,...,%,) lies between

[ll (Zn

two ellipsoids :
SIS s SPEYS B Y To (140, (29)
a? Xy a’

where 0—o0 with »—o0. Hence we have from @ 28),

C ay..ap, (=" mK'(») < Cay...an " (14+0)", or

| J(0y0.,0) |(1=0)" mK(r) K mK' () < |/(0...,0)| (1 +0)*mK(r), so that
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e o ma AL LI

From ((21) m (29), we have [(18).

By Theorem 1, the mapping #,=f; (.. x,,) is a measurable mappmcr so
that any measurable set ¢C 2 is mapped on a measurable set ¢ C4 and
a null set in D is mapped on a null set in 4. Hence if we put

me' =@ (e),

then @(¢) is an absolutely continuous additive set function defined on mea-
surable sets in [, so that by Lebesgue’s theorem,

me D(e) = ss DO (xy,...,2,)d%xy...dxy,

where D@ (x,,...,%,) is the derivative of @(¢).at (xy,...2,), which exists

almost everywhere in D. From [(18), we have D@ (xy,...x,)=|/(x,...70)|
almost everywhere in D, so that : '

me' = j jl J(Z1yeesrn) |dxqee... dxy. “ (30)

Let ¢, be the set of (#,...,%,), such that /(x,,...,2,) =0, then ¢, is measurable,

so that from |(30),
me' y=o, (31)

where ¢/, is the image of ¢, in 4.

Now d4d—e¢, is mapped on D—e¢, by x;=¢;(#y,...,22,). We will prove that
this is a measurable mapping. To prove this, it suffices to prove that any
null set ¢ Cd—e¢, is mapped on a null set eC D—e,.

Let /cd—¢, be a null set and ¢ be its image in D—g¢, Since me =o,
there exists a Gs-set A’ in 4, such that

JCH, mH'=o. (31)
Let A be the image of A’ in D, then A is a G;-set, so that by [(30),

Hence /(xy,...,4,) =0 almost everywhere in A. From this we conclude
that m(H—He,) =o. Since ¢ € H— Hze, we have me=o, q.e.d.
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Hence any measurable set in 4—¢,’ is mapped on a measurable set in
_D.—-eo. ) ) L ‘ " )
Let 7(u...,2,) be_a measurable function in 4 and for any real number
a, let E,/ be the set of (#,...,,) € 4—¢,, such that

Fttye.ttn) > a. o - (32)

Then £, is measurable, so that its image £,CD—e¢, by xi=e;(ty,...,2,)

is measurable. Evidently £, is the set of (ay,...,%,) € D=—e¢, such that
F(fi(Zpseestin) yeey fu(Hyeeiyxn)) > a (33)

Hence F(fi(x1yeees®n)seeesfu(Fpeees#s)) and so -
F(f(x1eeesn) gee oo Eppee ) )| J(ppensn) | (34)

is measurable in D—e¢, Since J(ay,...,4,) =0 in ¢, is measurable in

D. :
First we suppose that ~(uy,...,#,) is bounded and A <F(uy,...u,) <B in 4.

Let , . / ;
A-—_‘—lo <11 <... <lp+1=B ) ([1;_'.1—[5 <€>, (35)
E!=E(l; < F(ttyy... 01,) <liy), where E=d—7',,

and Z; be the image of £/ in D—e¢,, then E/, E; are measurable and

éEi":A'"eO’s S—]Ez':';D“éo- | (36)
i=0 i=0 S
By [(30), | '
mkE/ =j‘...JL/(x1,...,xn) |dxy...dx, .
We put |
P p
S=30, mEI =3, J j U arers) |y oclitn, (87)
2=0 =0 Fe )
[=§b..jF(f,,...,ﬁ,)|/<x,,...,1-n)de]...dxn=j...jF(,q,...,f,,)
. D—eg
| J(x1yeeern) |dxy. . .dx,
=:;J...jp( Foerf T Goareenrion) | dyendiin (38)
VA

then
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| /-S| gfé:)j;ﬁ'j\lp(fh---fn)—lz!lf(xls---,fm) |y drn <

g}j‘é.j‘(fiﬂ—é) | J(xpyeeesn) | dxgenody, < sj,};;ug‘j(x"""x“) \dsye ..
=€L)..S|](,r,,...x,,)| ax,...dx,=¢emd. (39)

Since for e—o,

S—-)f. ..gF(uJ,. 1ty duty. ..a’z./n=s yF(zt],. ity Ay, . duy,

A
A—elQ

we have from [(39),
j...SF(u],...,ﬂn) a’u],...dun::j...jlf’(ﬁ,...,ﬁ,) | J(%1yeeesn) |d2yy. . . dx,. (40)
A

If F(u,,...,uy) =0 in d, then put

Fy(oeyye.ogitn) =[F(ttgyeniyity) o™y
where Fy=F, if F< NV and F=JV, if == N. Then from (40)

j ;..EFN(ztl,...,zzn) dul...du,,=h..jFN( Frreeroris | T e orn) | iy o,

If we make N—co, then we have (40). In the general case we put
F=F,—F, where Fl=_‘_’ﬂ2_+£. >o, F._,:Jyg o and apply (40)

<

on F, and F, and we have (40).
Hence the theorem is completely proved.

Mathematical Institute,
Tokyo University.
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