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On the structure and representations of Clifford algebras.
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The structure and representations of Clifford algebras over the complex
number field were studied by many authors.1) The purpose of this note is
to investigate them over any ground field $K$ with $\chi(K)\neq 2$ . Moreover, to
apply the results to the problems of Eddington on sets of anticommuting
$matri_{CeS^{\underline{o}}},)$ we shall consider slightly $ge$neralized Clifford algebras. In
Appendix we shall give irreducible representations of such algebras in their
explicite form.

1. Let $K$ be any field $wIth$ th $e$ characteristic $\chi(K)\neq 2$ , and $n,$ $g$ two
integers such that $0\leqq g\leqq n,$ $n>0$ . The Cliford algebra of lype $(n, g)$

$C(n\zeta^{\backslash })/K$ over $K$ is defined as an algebra with generators.
$u_{0},$ $u_{1},$ $\ldots,$

$u_{n}$

and with fundamental relations
(1) $u_{0}^{\underline{o}}=n_{0},$ $u_{0}u_{i}=u_{i}u_{0}=u_{i},$ $u_{i}^{\underline{o}}=n_{0}(1\leqq i\leqq g),$ $u_{i}^{2}=-n_{0}(g+1\leqq i\leqq n)$ ,

$u_{i}u_{j}+u_{j}n_{i}=0(i^{-}\neq j, i>0, j>0)$ .
$C(ng)$ has rank $2^{n}$ and

$?l_{0},$ $l_{i}(1\leqq i\leqq n),$ $u_{i}u_{j}(1\leqq i<j\leqq n),$ $\ldots\ldots,$ $u_{1}u_{2}\ldots n_{n}$

form a basis of $C(n_{s^{0}})/K^{3)}$ $C(n,0)/K$ is the ordinary Clifford algebra.3)
We distinguish now three cases according to the properties of $K$ :

Case I. There is an element $\lambda\in K$ with $1+\lambda^{2}=0$ .
Case II. There is no solution $\lambda\in K$ of $1+\lambda^{2}=0$ , but there are elements

$a,$ $\beta\in$ A with $1+a^{2}+\beta^{2}=0$ .
Case III. There are no solutions $a,$ $\beta\in K$ of $1+a^{2}+\beta^{2}=0$ .

All three cases may arise,
$-$

when $\chi(K)=0$ . Of course we have Case
I when $K$ is the complex number field, and Case III when $K$ is the real
number field. If $\chi(K)=p\neq 0$ , then we have either Case I or Case II.4)

Case I occurs when $p\equiv 1(mod. 4)$ , and Case II when $p\equiv 3(mod. 4)$ for
prime field $K^{6)}$

Now we consider three algebras. The one is the quarternion algebra
$Q/K=C(2,0)/K$ :
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$Q/I\zeta=K+iK+jK+kK$,

$i^{2^{\ovalbox{\tt\small REJECT}}}=J^{\S}=k^{2}=-1,$ $ij=-ji=k,$ $jk=-k_{J^{\prime}}=i,$ $ki=-ik=j$,

In Cases I, II we have
$Q/K=\sim A(2)$

(We mean by $K(r)$ the full matric algebra over $K$ with degree $r$ for the
convention of printing). In Case III, $Q$ is a normal division algebra over
$K^{6)}$

Lemma 1. Let $Q_{1}=K+iK+jK+kK$ and $Q_{2}=K+pK+qK+/R$ be two
quarternion algebras. $T/len$ lheir direct product $Q_{2}\times Q_{2}$ is isomorpkic to $K(4)^{7)}$

The other two are $C(2,1)/K,$ $C(2,2)/K$

Lemma 2. $C(2,1)/K=\sim C(2,2)/K=\sim K(2)^{8)}$

2. $T/le$ structnre of $G(n_{c}\backslash \sigma)/A^{d}$for $n=2m,$ $g=2d+\delta(\delta=0,1)$ . We
denote $u_{0},u_{1},\ldots,u_{2}$ by $u_{0},$ $v_{I},$ $w_{1},$ $v_{2},$ $u_{2}^{\prime},\ldots,v_{m},$ $’\angle v_{l’ l}$ , in this order, so that

(2) $\left\{\begin{array}{lll} & & v_{k}^{o}\rightarrow=w_{k^{\underline{o}}}=u_{0}(1\leqq k\leqq d),v_{l+1}^{2}=(-1)^{1+\delta}u_{0},\ovalbox{\tt\small REJECT} ze_{d+1}^{2}\prime=-u_{0},\\ & & v_{k}^{2}=w_{k}^{2}=-u_{0}(d+2\leqq k=<m).\end{array}\right.$

We put then

(3) $\left\{\begin{array}{lll} & & p_{1}=v,q_{1}=w_{1},r_{1}=v_{1}w_{1},\\ & & p_{k}=vwv_{2}w_{2}\ldots v_{k-1}(<k^{1}<m).w_{k-1}v_{k},q_{k}=v_{l}w_{1}v_{2}w_{2}\ldots v_{k-1}w_{k-1}\prime\iota v_{k},r_{k}=v_{k}w_{k}\end{array}\right.$

Conversely we can represent $v_{1},w_{1},$ $..,v_{m},$ $w_{m}$ by $p_{k},$ $q_{k},$ $r_{k}$ :

(4) $\left\{\begin{array}{lll} & & v_{J}=p_{1},w_{1}=g_{l},\\ & & v_{k}=(-1)^{k-1}r_{1}\ldots r_{k-1}l\ovalbox{\tt\small REJECT}^{zv_{k}=(-l)^{k-1}}r_{1\vee}r_{k-1}q_{k}.(2\leqq k\leqq d+1),\\ & & v_{k^{=(-1)^{k+\delta-1}r_{1}r_{k-1}p_{k},w_{k}=(-l)^{k\delta-1}\ldots\prime^{\prime}}}\ldots+_{\gamma_{1*-1q_{k}(d+2\underline{<}k<m)}--=}.\end{array}\right.$

Hence $p_{k},$ $q_{k},$ $r_{k}(1\leqq k\leqq m)$ generate the algebra $C(2m, g)/K$. Let us
put

(5) $ R^{(k)}=u_{0}K+p_{k}[\zeta+q_{k}If+r_{k}I\zeta$ $(1 \leqq k\leqq m)$ .
Since

(6) $\left\{\begin{array}{lll} & & p^{2}=(-1)^{k-1}u_{0},q_{k^{2}}=(-1)^{k-1}u_{0},p_{k}q_{k}=-q_{k}p_{k}=(-1)^{k-1}r_{k}(1\leqq k\leqq d),\\ & & p_{d+1}^{2}=(-1)^{d+\delta+1}u_{0},q_{\delta+1}^{2}=(-1)^{l+1}u_{0},p_{l+1}q_{d+1}=(-1)^{d}r_{d+1}\\ & & p_{k^{2}}=(-1)^{k+\delta}u_{0},q_{k}^{2}=(-1)^{k+\delta}u,p_{k}q_{k}=-q_{k}p_{k}=(-1)^{k-1}r_{k}\end{array}\right.$

$(d+2\leqq k\leqq m)$

hold, we have
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( $R^{(k)}\cong Q$ for $1\leqq k\leqq d,$ $l\equiv 0(mod. 2)$ or for $d+2\leqq k\leqq,\prime l$ ,

(7)
$(R_{=}^{(k)}\sim C(2,2)$

for $1\leqq k\leqq d,$ $f_{\iota^{\prime}}\equiv 1(mod. 2)or_{\delta+k^{1(mod}}^{+1\equiv_{\equiv 0(mod^{2)}2)}}\delta f^{\iota}ord+2\leqq k\leqq m$ ,

$R^{(ct+1)}\cong\left\{\begin{array}{lll} & & C(2,0)=Q\\ & & C(2,2)\\ & & C(2,1)\end{array}\right.$
$forforfor\delta=1\delta=0\delta=0.’ d\equiv 1d\equiv 0(mod(mod.\cdot 2)2)$

We can also easily verify that $a_{k}a_{h}=a_{h}a_{k}$ for $a_{h}\in R,$ $a_{k}\in R^{(k)}(/l\neq k)$ . From
this and from the fact $C(2m, g)=R^{(1)}R^{(2)}\ldots R^{(m})$ and comparing the rank
over $K$, we have a decomposition of $C(2m, g)$ in a direct product of sub-
algebras $R^{(k)}$ :

(8) $C(2mg)\cong R^{(1)}\times R^{()}\underline{o}\times\ldots\times R^{(m)}$ .
From Lemma 1, 2 a.nd (7),(8) we can give the structure of $C(2mg)$ by
simple enumeration as follows:

$T/leorem1$ . $C(2mg)$ is a normal simple algebra $o^{\prime}l/erK$, and its Wed-
derburn’s representation as a direct product of a $no;^{\prime}maldi\ovalbox{\tt\small REJECT}\tau^{f}ision$ algebra and
$fi/ll$ matric algebra is pven as $fol/ows$ :
Case I, II:

(9) $C(2mg)\cong K(2^{n\ell})$ ,

Case III:

(10) $C(2\prime_{3}^{\sigma})\cong K(2^{m})$ for $g-\prime n\equiv 0,1$ (mod. 4)

(11) $C(2m, g)\cong Q\times K(2^{m})$ for $g-m\equiv 2,3(mod. 4)$ .
$C(2m, g)$ has only on $e$ (equivalent class of) irreducible representatioh

$D$ in $A$ , and $\deg D=2^{n}$ for (9), (10), and $\deg D=2^{m+1}$ for (11) respec-
tively. It is not difficult to give them explicitely since (8) is known.9)

3. $T/\iota e$ structti$re$ of $C(n, g)$ for $n=2m+1,$ $ g=2d+\delta$ $(\delta=0,1)$ . We
permute $u_{0},u_{1},\ldots,?l_{n}$ in appropriate order and denote them by $u_{0},v_{1},\ldots,v_{m}$ ,
$’\iota v_{1},$ $..,w_{m},$ $x$ , so that

(12) $\left\{\begin{array}{lll} & & v_{k}^{2}=w_{k}^{2}--u_{0}(1\leqq k\leqq d),v_{k}2_{=^{\prime}}\iota v_{k0}=-u_{0}(d+1\leqq k\leqq m),\\ & & x^{\underline{o}}=(-1)^{\delta+1}u_{0}.\end{array}\right.$

We define $p_{k},$ $q_{k},$ $r_{\lambda_{i}},$ $R^{(k)}(1\leqq k\leqq m)$ as above by (3) and (5), and
put

(13) $z=r_{I}r_{2}..r_{m}x$, then $2^{\underline{o}}=(-1)^{n\iota+\delta+1}u_{0}$
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(14) $Z=u_{0}K+\approx K$.
Then 2 belongs to the center of $C(2m+1,g)$ and we $\dot{h}ave$ conversely

(15) $x=(-1)^{m}r_{1}\ldots r_{m^{\rightarrow r}}$

(16) $\left\{\begin{array}{lllllll} & & & & & & v_{1}=p_{l},\tau v_{1}=q_{1},\\ & & & & & & v_{k}=(-1)^{k-l}r_{1}\cdots r_{k-J}p_{k},w_{k}=(-1)^{k-1}r_{1}\prime\cdots r_{k-1}q_{k}(2\leqq k\leqq m).\end{array}\right.$

Therefore, by th $e$ similar reasoning as in \S 2, it holds that

(17) $C(2m+1,g)\cong R^{(1)}\times\ldots\times R^{(m)}\times Z$.
Here th $e$ elements $p_{k},$ $q_{k},$ $r_{k}$ satisfies the following relations:

(18)$.\left\{\begin{array}{lllllll} & & & & & & p_{k^{2}}=q_{k^{\underline{o}}}=(-1)^{k-1}u_{0},p_{k}q_{k}=-q_{\lambda}.p_{k}=(-1)^{k-1}r_{k}(1\leqq k=<d)\\ & & & & & & p_{k^{2}}=q_{k^{2}}=(-1)^{k}u_{0},p_{k}q_{k}=-q_{k}p_{k}=(-1)^{k-1}r_{k}(d+1\underline{-\leq}k\leqq m),\end{array}\right.$

so that we $hav_{(k)}e$

(19) $\left\{ & & & & & & R\sim^{Q,for1<k<d}R_{(k)}\sim=^{C(2,2),for}==_{1=^{=_{=^{k\equiv o_{\equiv^{(mod.2)orford+1\leqq_{(mod.2)}}}}}}<k<d,k1(mod}=^{2)or^{k\equiv_{0(mo^{1}d}}}<m,k^{f}\equiv^{or^{1}d+^{k\leqq_{\leqq_{2)}^{m_{k}}}}}.\right.$

and $Z$ is the center of $C(2\mathscr{K}+1,g)$ .
Now we distinguish three cases:
(i) $m+g\equiv 1(\cdot mod. 2)$ . We put

(20) $e_{1}=(u_{0}+z)/2,$ $e_{2}=(u_{0}-z)/2$ .
(ii) $m+g\equiv 0(mod. 2)$ , Case I. We put

(21) $e_{1}=(u_{0}+\lambda_{\sim}r)/2,$ $e_{2}=(u_{0}-\lambda z)/2$ , $(\lambda^{2}=-1)$ .
In these cases $Z$ is a direct sum of two fields:

$z=e_{1}K+e_{2}I\zeta l\ell_{0}=e_{1}+e_{2},$ $e_{1}^{\underline{o}}=e_{1},$ $e_{2}^{2}=e_{2}e_{1}e_{2^{=}}p_{2^{l}}r_{1}=0$ .
(iii) $m+g\overline{=}O(mod. 2)$ , Case II, III. Then $Z$ is a quadratic field over

$K:Z=K(\sqrt{-1})$ . From these data, we can give the structure of $C(2m+1,g)$

by simple $e$ numeration as follows:
Tkeorem 2. $C(2m+1,g)$ is a semi-simple algeb $a$ over $K$ and its structure

$is$ :
Case $I$ :

(22) $C(2m+1,g)\cong K(2^{m})+K(2^{m})$ .
Case 11:

(23) $C(2m+1g)\cong K(2^{m})+K(2^{m})$ for $m+g\equiv 1(mod. 2)$

(24) $C(2m+1g)\cong Z\times K(2^{m})$ for $m+g\equiv 0(mod. 2)$ .
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Case Jll:
(25) $C(2m+1^{\cdot},g)\cong Z\times K(2^{m})$ for $g-m\equiv 0,2(mod. 4)$

(26) $C(2m+1,g)\cong Q(2^{m-I})+Q(2^{m-1})$ for $g-m\equiv 3(mod. 4)$

(27) $C(2m+1g)\cong K(2^{m})+K(2^{m})$ for $g-\prime n\equiv 1(mod. 4)$ ,

where $Z$ is a quadratic field over $K$ given by $Z=K(\sqrt{-1})$ .
In cases (22),\langle$23$ ), (27) $,$

$C(2m+1g)$ has two (equivalent classes) of
irreducible representations in $K$, and both are of degree $2^{m10)}$ . In cases (24)
$(2^{\overline{r}})),$ $C(2rn+1,g)$ has only one irreducible representation in $K$ of degre $e$

$2^{m+110)}$ . In case (26), $C(2m+1_{3}\sigma)$ has two irreduclble representations in
$K$ of degree $2^{m+110)}$ .

For later applications (\S 4), we give here the table of the degrees of
irreducible representations of $C(n,0)$ for various values of $n$ and for Cases
I, II, III (cf. Theorem 1,2):

(For the cases *there are two inequivalent representations.)

4. Now we consider two problems of A. S. Eddington in a somewhat
generalized form. Let $E_{k}(k=1,2,\ldots,N)$ be matrices with degree 1, whose
coefficients belong to $K$, satisfying the relations

(28) $E_{k^{2}}=-1$ , $E_{l}E_{j}=-E_{j}E_{k}$ $(j\neq k)$ .

The first problem is to find the maximal value of $\lrcorner V$ for a given $l$. Clearly
the matrices $\{E_{k}\}$ form representations of [ $u_{k}$ } of $C(\Lambda^{\gamma},O)$ with degree $l$.
Since $C(N,0)/K$ is semi-simple we can decompose them as a direct sum
of irreducible representations. Let $l=2^{m}q,$ $(2,q)=1$ . It is easy to see that
$A^{\prime v}$ depends only on the factor 2. The maximal value of $\Lambda^{\Gamma}$ for $l=2^{m}$ is
given as the largest value $n$ in the above table such that $C(n,O)$ has an ir-
reducible representatIon with degree $2^{m}$ . Hence we have

$T/leore/n3$ . Tlte maximal number $N$ of $t1\iota e$ anticommuting matrices $E_{k}$

$(1\leqq k\leqq N)$ in $K$ rvith (28) is given for various values $l=2^{m}$ of tlieir
degrees and for Cases I, II, III as follows:
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$\overline{c_{ase}l|2^{\triangleleft h}|2^{4h+1}|2^{\psi+2}|2\triangleleft h+3}$

$\frac{I}{}\frac{\Pi}{III}|_{\frac{8/}{8h}}^{\frac{*8h+1}{l}1_{\frac{*8h+3}{8\nearrow l+1}}}\ovalbox{\tt\small REJECT}_{\frac{*8\nearrow\iota+3}{}1_{*}\frac{}{8h+3}}\frac{*8\gamma_{l}+5}{8h+4}|_{\frac{*}{*8h+7}}^{\frac{*81\iota+7}{8I\iota+7}}$

(For the cases* there are two inequivalent solutions.)

The second problem concerns the Cases II, III. Let $\Lambda$ be a field of
Cas $e$ II, III, and $K$ be a quadratic field over $\Lambda$ given by $K=\Lambda(\lambda),$ $\lambda^{2}=-1$ .
Then from the second table there exist $2m+1$ matrices $E_{k}(1\leqq k\leqq 2m+1)$

in $K$ with degree $2^{m}$ satisfying the relations (28). We call $E_{k}$ real, if all
its coefficients belong to $\Lambda$ and purely imaginary if $E_{k}=\lambda F_{k}$ ( $F_{k}$ : real).
If we set a further condition that $g$ matrices $E_{k}$ among them are purely
imaginary and the rest $2m+1-g$ are real, what values of $g$ will be
possible ?

As can be seen easily, $thlS$ problem is equivalent to the one as follows:
(

$\Lambda$ being a field of Case II, III, find the condition that $ C(2m+1g)/\Lambda$

has a representation of degree $2^{m}$ in $\Lambda$ ¡‘

We can answer immediately by Theorem 2, that is:
Tlzeorem 4. A $n$ecessary and sufficient condilion tlial among $2m+1$ matrices

$\{E_{k}\}$ with degree $2^{m}$ and satisfying (28), $g$ are purely $i$maginary $and.2m+$

$1-g$ are real, $is$

(i) Case II for $\Lambda$ , $g+m\equiv 1(mod. 2)$

(ii) Case III for $\Lambda$ , $g-m\equiv 1(mod. 4)$ .
Remark. Theorem 1 gives us the condition that $ C(2m,g)/\Lambda$ has a

representation of degree $2^{m}$ in $\Lambda$ as follows:
Case II: no restriction, Case III: $g-m\equiv 0,1(mod. 4)$ .

If there exists a representation of $C(2m+\delta, g)/\Lambda(\delta=0,1)$ in $\Lambda$ of degree
$2^{m}$ , it is necessarily irreducible.

Appendix.
We shall give here an explicite form of irreducible representations of

Clifford algebras. For its sake we shall consider first subalgebras of them.
I. Quarternion $Q/K=C(2,0)/K$ in Cases I, II. Then $Q/K\sim=K(2)$

and a system of matric units is given by

$e_{11}=(1+ai+\beta j)/2$ , $e_{12}=(-k-\beta i+aj)/2$ ,
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$e_{21}=(k-\beta i+aj)/2$ , $e_{22}=(1-ai-\beta j)/2$ ,

where $1+(/^{\underline{o}}+\beta^{2}=0$ . An irreducible representation of $Q$ is given by

$1\rightarrow,$ $i\rightarrow A_{1}=,$ $j\rightarrow A_{2}=,$ $k\rightarrow A_{3}=$

II. Direct product $Q_{1}\times Q_{2}$ of two quarternion algebras in Case I, II,

III. Then $Q_{1}\times Q_{2}\cong K(4)$ , and a system of matric units $\{e_{ij}\}$ $(i,$ $j=1,2,3$ ,
4) is given by

$(_{i-p+ql,-rj}1+pi+qj+rk1+pi-qj-rk-i+p+qk-rj-k+pj+qi-r-j-pk+q+rij^{-k}+p^{+pj-qi+r}ri$

$(4e_{ij})=(j-pk-q+rik+pj-qi-r$
$k+pj+qi+r-j+pk-q+rii^{1-}+p^{pi+qj-rk}+\dot{q}k+rj$

$-i-p+qk+rj|$

$1-pi-qj+rk)$

An irreducible representation of $Q_{1}\times Q_{2}$ is given by

$i\rightarrow B_{1}=,$ $j\rightarrow B_{2}=,$ $k\rightarrow B_{3}=$ ,

$p\rightarrow C_{1}=,$ $q\rightarrow C_{2}=,$ $r\rightarrow C_{3}=$ ,

We use later also the matrices:

$kp\rightarrow D_{1}=(-1_{1^{-1}}1),$ $kq\rightarrow D_{2}=,$ $4\prime r\rightarrow D_{3}=$

III Algebras $C(2,1)$ and $C(2,2)$ .
$C(2,1)$ : matric units system is given by

$e_{11}=(u_{0}+u_{1})/2,$ $e_{12}=(u_{2}+u_{1}u_{2})/2,$ $e_{21}=(-u_{2}+u_{1}u_{2})/2,$ $e_{22}=(u_{0}-u_{1})/2$

and an irr. rep. of $C(2,1)$ is given by
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$u_{1}\rightarrow G_{1}=\left( & & & & l & -l\right),$ $u_{2}\rightarrow G_{1}=\left( & & & & -1 & l\right)$ , $(-u_{1}u_{2})\rightarrow G_{2}=\left( & & & & -1 & -1\right)$

$C(2,2)$ : matric units system is given by

$e_{J1}=(u_{0}+u_{1})/2$ , $e_{12}=(n_{2}+u_{1}u_{2})/2$ , $e_{21}=(u_{2}-u_{1}u_{2})/2$ , $e_{22}=(u_{0}-u_{1})/2$

and an irr. rep. of $C(2,2)$ is given by

$u_{1}\rightarrow F_{1}=\left( & & & & 1 & -1\right)$ , $u_{2}\rightarrow F_{2}=\left( & & & & 1 & l\right),$ $(-u_{1}u_{2})\rightarrow F’\bigcap\ovalbox{\tt\small REJECT}=\left( & & & & 1 & -1\right)$

IV. We give here as an example the explicite form of irr. rep. of
$C(2m,0)/K$

(i) $m=4h$ . The decomposition (8) becomes here (cf. (7))
$C(2m,0)=Q^{(1)}\times Q^{()}\underline{o}\times\ldots\times Q^{(2h)}\times P^{0)}\times P^{()}\underline{o}\times\ldots\times P^{(zh)}$ ,

where $Q^{(i)}R^{(2i-1)}(2,0)=Q,$ $f^{Xi)}=R^{(2t)}\cong C^{\backslash }(2,2)$ . Correspondingly we
have (cf. (4))

and analogous formulas for the $zv_{b\gamma}$ . Hence we have an irr. $rep$ . $D$ with
degree $2^{4h}$ (cf. Appendix II, III) :

and analogous formulas for $\overline{\angle}v_{k}$ . (Here $L_{i}^{4^{\backslash }}$ denotes unit matrix with $d$egree i)
Analogously we can give an irr. rep. for the cascs

(ii) $m=4\nearrow\ell+1$ , Case I, II, $\deg D=2^{4h+1}$
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(iii) $m=4h+2$ , Case I, II, $\deg D=2^{4h+2}$ ; Case III. $\deg D=2^{4h+3}$

(iv) $m=4h+3$ , $\deg D=2^{4h+\$}$

V. The Clifford algebras $C(n,g)/K$ can be treated almost similarly.
Here we outline only $C(2m+1,0)/K$. As can be seen easily, $C(2m+1,0)$
$\cong c(2m,0)\times Z$.

In cases (22), (23), (26), (27) : $\dot{C}(2m+1,0)\cong e_{1}C(2m,0)+e_{2}C(2m,0)$ ,
where $e_{i}$ are given by (20) or (21). $C(2m+1,0)$ has two irr. rep. $D_{1}$ ,
$D_{2}$ . Let an irr. rep. of $C(2m,0)$ be $D^{t}$ . Since

$ze_{1}=e_{1},$ $\mathscr{C}e_{2}=-e_{2}$ or $\approx e_{1}=\lambda e_{1},$ $\rho r/e_{2}=\lambda e_{2}$

according to (20) or (21) respectively, we have
$D_{i}(v_{k})=D^{f}(v_{k})$ , $D_{i}(’\iota v_{k})=D^{\prime}(w_{k})$ $(1\leqq\gamma_{\iota}, \leqq m)$

$D_{i}(x)=(-1)^{m}\xi_{i}D^{\prime}(r_{1}r_{2}\ldots r_{m})$ $(i=1,2)$ ,

where $\xi_{1}=1,$ $\xi_{2}=-1$ for (20) and $\xi_{1}=-\lambda,$ $\xi_{2}=\lambda$ for (21). As $D$‘ is known
by IV, these are the desired irr. rep. $(\deg D_{1}=degD_{2}=\deg D^{t})$ .

In cases (24), (25) :

(i) $m\equiv 0(mod. 2),$ $K=Case$ II (Case (24))
$C(2m+1,0)=C(2m,0)\times Z,$ $C(2m,0)\cong K(2^{m})$ .

Hence we can easily give its irr. rep. in $K$ explicitely from IV and by
using Kronecker product of irr. rep. of $C(2m, 0)$ and of $Z$.

(ii) $m\equiv 0(mod. 2),$ $K=Case$ III (Case (25)).
$C(2m+1,0)=C(2m, O)\times Z,$ $ C(2m,0)\cong$

If $C(2m,0)\cong K(2^{m})$ , we proceed as in (i).
If $C(2m,0)\cong Q\times K(2^{m-1})$ , then $Q\times Z=K(2)\times Z$ holds and we can givc its
system of matric units by

$e_{11}=(1+\lambda i)/2,$ $e_{12}=(\lambda_{J^{\prime}}-k)/2,$ $p_{21}=(\lambda j+k)/2,$ $p_{22}=(1-/\ovalbox{\tt\small REJECT} i)/2$

and an irr. rep. of $Q\times Z$ by

$i\rightarrow\left(\begin{array}{l}\\\\-1\end{array}\right)$

,

$j\rightarrow\left(\begin{array}{l}1\\\\\end{array}\right),$$k\rightarrow\left(\begin{array}{l}\\-1\\\end{array}\right),$$\lambda\rightarrow\left(\begin{array}{l}\\\\-1\end{array}\right)$

where $\lambda=z$ , $\lambda^{2}=-1$ .
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We can easily give an irr. rep. of $C(2m+1,0)$ from these matrices
and the decomposition $(m=4h+2)$

$C(2m+4,0)=Q^{(1)}\times\ldots\dot{\times}Q^{(2h)}\times P^{(1)}\times\times P^{(2h+1)}\times(Q^{(\underline{)}}h+1)^{\prime}Z)$

and from the results in IV.

Tokyo University.

Revised June. 12, 1950.
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