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On the jump of a function and its Fourier series.

Notes on Fourier Analysis (XXXIII)

Noboru Matsuyama.

(Received Dec. 10, 1947)

§ 1. Let f(¥) be an integrable and periodic function with period 27
and its Fourier series be

e[ f]=—;—a0+”=2:° (an con nx+&, sin nx).
Fejér has proved that, if there is an s such that
(1960 —sian=0),
¢ () = (f(u) —f(—u)) /2,

then the sequence (#4,) is (&, log 7, 1)-summable to 2s/m.
Recently, O. Szisz has proved that if '

(D) J; (P (20) —s)du=0(¢) ’
and
@) [ 196G —slan=00,

then the sequence (#64,) is (C, 2)-summable to 2s/m.
We shall now consider the (R, log 7, «)-summability of the sequence
(726,). In fact we shall prove the following theorems :

Theorem 1. [f for any « >0
lim ¢ (&) =s (R, logn, u),
>0
then the sequence (nb,) is (R, log n, 1+ a+0)-summable to 2s/m, where &
is any positive number.

Theorem. 2. [f for any a« > 1, (én) is (R, logn, «) —summable to
2s/7m, then '

lim ¢(H)=s (R, log », a+1+9),
t>0
O being any positive number.

§ 2. Lemmas. Let us put

L@ =~1—j:(log (/%)) sin u du
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for a> —1.
Lemma 1.
4 =u a
‘ (3) : ‘;17 (ﬂa(t))— l¢—1<t) ( >O):
—_ T@w+p+2) gLy (n)du (a —
@ L O = I og D) (e @> =),
®) %s:la () sin tu du= (log 7) for 0 <z<1,

=0 for 1<¢ (a> —1),

(6) if >0, then [,(H)=0Q1) («>—1), L/ O=01/) («>0), /@)
=0(), L,(H=0Q1/t> («==1). And if t=2, then I,()=0((og £H*
/) (1=0), L(O=0(@1/t") (ux0), &' ()=0((log /) (ex1),
and 1/ (¢) =0(1/t**") (0<Lu<l), £, () =0((log H*/*) (a=1).
(™) 2,(0)=0(u«> —1).
8) 4@ =(1—cos ¥ /2

Proof of this lemma is easy.

Let D,(w) be the (R, log #, «)-mean.of (#4,).

a—1

On

By definition we have

a

(log (u)“ 'n<w

) D, (w) =

for «> 0. .
If «>1, then /,_,(¢) is integrable in (O c0) and / _l(t)—o(l) as ¢—>

co, After S. Pollard we have
X $ (@) ey (wz‘)a’z’=2 on ‘rl,_I (w?) sin nt dt
0 n=1 (1}

- 5,,Lj°°4,_,(; sin 22 4
w 0

w

Consequently we have

j Py (w)dt

' 2a
10 Dy (w) =
(10) @ =T oy

for «> 1.
On the other hand if we put
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p2(® =1 in (O,r) and =—1 in (—m, 0),

then
p(2) ~ 2 i} 1=(=D" o5 ne.
T 1 7
If we replacé D,(w) and ¢ (%) by y.(w) and p(x) in [(10)|, then we have
1) g@ =2t [Tu@ ()
T (log w)* Jo

Since the sequence ((1—(—1)*)2/7m) is (C, d)-summable to 2/, it is
also (R, log #, d)-summable to 2/7. Hence and give us

Do (@) —s X () = 2; (logww) _ j: @& —sp (D) ly_i(wt)at.

Thus we get

Lemma 2. For any a>1, the necessary and sufficient condition that the
sevuence (nb,) is (R, log n, «)-summable to 2s/m, is

(12) l=0 (—-“’—)a I:g (O lsr (0B)dt=0(1)

(log @

as w—> o, where
(13) g =¢@)—pr@)s.
§3. Proof of Theorem 1. Let us put

Gw = gw du,
and G* () =£ |g () |du,
then G(#) =0(1) and G* (%) =0(%) as u—>co. 1If a > 2,

log @) Lg (&) las (w2) a’z’=(lo—gw3_¢_[6(t) lyr(w?)],

o’ j "GO (wb)dt

~ (log w)*

- 0(—‘Wlm)_—) +0 ( (logwiu) ® J : (logwf‘:;) = dt)

=0(10g;w)=0(1).

On the other hand if 1 <« <2, then

_(l_og“#j:g(z) Loer (wf) dt= _(k)?‘”w_);_( j:"’+ [ " )=rio,
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say. We have

e (log @

I‘Plé‘(l—‘—)TL lg (@] -~ dt

= 1 * (log @) P= 1 i}

Tl

(a—l) (IOg (ut)“"‘? (100- wz‘)“ -1 2
(log )= (log 2)*
( (log w)* ) < Iog w >+ ( (10?. w)*® )+0(1)

Q"T‘_T[G(t)/ _1((ut)] —-—(ng'iw—);—jnwg(t)pa_l(wt)dt

(log )1 ( 1) ) -g“’ ar
. + O ). -7
(log w)* ) (log w)* ( Mo @ 2* )
=0< (log A=t )+ e )
(log w)*® (log w)*® ’
If we put A=0"“"", then P=0(1) and Q=0(1). Thus we have proved
the formula,

(14) I= mj oD les (0D dto(l), for 2>a,

(15) I,= _(TOZTj ¢ Dlas (@B ds+O(1), for 1<a<?.

In the case =1, we have

D, (@) — sy (@) =2 = ["e@n@nar+om,

by the direct calculation. Consequently

(16) I = j (), (wd) de+0(1).

By the hypothe51s

(17) ga(t)=P—(1aTr(10g “ )“"‘ giﬂ) d,{_:o(log _;1_ )
for a = 0. Now

Wg (O, (wd) dt

=@
Jer= o e )

—C (]_Og‘_;)ﬁfov (O 4y (i)t
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KA

=gy (1 + )

=P+ Q;
say. We have
2/w —
P C a_]s 7. (D)1 (1—cos wt) .
(log w) 0 z

=5 ], (g5t @)= ser

—i—z(log ) °)=o D,

Q C j‘ﬂ gd (t) 1—-COS (()t d[

"~ (log w)**' Jorw ¢

~Agog a2 e ) )
= o((TOQ%jm (log w) "“)=o (1).

Consequently if a—>1 or «a=0, then

Lo (@) =/pi1(0) +0(1) =0(1),
and if 1> >0 then

Iy(0) =/, 1(0) +0(1)=0(1),
which proves the theorem.

§4. Proof of Theorem 2. From the hypothesis 7/,=0(1) and then -

r a1 (D (08) dt= —1—[ 2.(H) (1—cos w?) ]: — ir Zo(2)sin wt dt
[1] «w (1}

w

=—-rg,(z’) sin wt dt

=o0((log w)?/w) for a=1 or «=2,
=0((log w)*/w) for 1<a<2.

If we put
g,(t)««i ¢x Sin 72,
1
then we have ¢,=o((log #)*/n) for a=1, or «=2, and ¢,=O0((log #)*/n)
for 1 <a <2. Hence

4 © —_
_l_j’ o () du=3c, 1—cos nt
Z2 Jo 1 nt
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=Z'0< (Iognn)" >”f+2 0( (log »n)* ) 1

nt <L nt> 1 V74 nt

log—L )

=0 — ]y
(s

for a=1 or 2<a. Smilarly we have

“’lfﬁga(w du=0(log 1/1)*,

for 1 <a<2. vConsequently we have ‘
L) =0(log 1/)*** for a=1 or u=>2, -
Ler1(2)=0(log 1/H)*** for 1<u<2.
Thus the theorem is proved.
§5. We conclude this paper by the following theorem :
Theorem 3. [f |
T @ =o(log 1/5)"
and

T 1 «
L |ga1(D) | /2 dt=0O(log T)
then (né,) is (R, log n, a+0)-summable to 2s/7, a being >1.
Proof. We have ’

o e Jo et | Ot

w 2/w ) P+Q
" (log @)*® ( L/w o ’
say.s By inteoration by parts

p=__C _ (100‘ o [g,,(t)(l——wt)] —c_(log—‘u)—;j (2 sin ot dt

=o(m. (loz w)“)+ O(Wr/u( (loc———) ¢ dt )

@? 1
1 *)=0(1).
( (log w)* @* (log @) ) o(1)

=o0(1) 4o

and
01=C s | e O = 0 e (o @) =00,

Thas we have 7, =O(1) for « >>1. By the first condition of the theorem
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3 and Theorem 1 we have 1,,;,s(®w)=0(1). Hence we have 7, ,;(w)=
o(1) for any >0, which is the reqired. '

Corollary. /f g(?) satisfies
X:g(u) du=o0(?) and s: lg(#) lduj——-ol(t)
then

lim #6=2s/m (R, log n, 1+40).
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