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Determination of Function by its Fourier Series.
Notes on Fourier Analysis (XII)

SHiN-IcHI IzuwMmi,

§ 1. Introduction. Let f(#) bc an integrable function with period 27,
and s (¥) and o, (x) be the (24 1)-th conjugate paitial sum and arithmetic
mean of the Fourier series of f(x), respectively. It » is a point of discon-
tinuity of f(#) of the first kind, we put

{(x) =f(x+0) —f(x—0).
Fejer” has proved that _
(1) iig sn (%) /log n=—1(x)/x.

Later Lukacs® proved that, if there is an /(x), such kthat
¢t
{1 0.0—1) 1@=000),
() =f(x+8) —f(x—10),

as t—0, then (1) nolds. In this case x need not be the point of discon-
tinuity of the first kind.
Recently 0. Szasz” proved that, if there is an /(x) snch that

@ | o—u@a=o .
and ,
®) |1 90—t ae=0().
then ’
@ lim @@ —a@) =K. (g 2)/x.

Mr. Matsuyama proposed the problem: do (2) and (3) imply (1)?.
This problem seems to be negative. In this paper we prove that (2) and
(5) jn | (8) — . (¢—7/n)| dt=0 (log )
oz

n/n

1) L. Fejér, ibidem, 142 (1913).
2) F. Lucacs, Jour. fiir Math., 150 (1920).
3) O. Szasz, Duke Math. Journ., 4 (1938).
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imply (1), and that (2) and
NG [" W=/l 4120 (10g )

Tz /n

imply (4).

§ 2. Theorem 1. If there is an ! (x) suclk that

@ | f6 {90 () —(x) Jdo=0 (D)
and .
" | GO P20 | e
) L:m p ey dt=o0(log n),
then ,
(1) lim s,(2)/log n=—£(x) /x.

7-»00

Proof. If we put
w(t/2)=4,() — L), AQ=| u(w) a,
0
then we have

SH () +0(x) /n= j:a(z/z) D O

=S a(z)_sir_‘.‘;”i dr+O0(1).
Jo
Hence it is sufficient to prove that

I Era(,:) _SIn® 22 i o(log 7).
0 z

»

Dividing the intsgral into two parts we have
n/n
I_Q’ +j ) a(d)-S sin® nt II+I

say. Firstly we have by integration by parts

/N T2 3
Il:j a (g)_sm—tm; dt
0

1Y

=[A(z‘) sin; 712 ]:/”_J:’”A(t) 7 sir; Qnt __ sin® ¢ sz

02

o
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=o(1)— O j 4w dt)
=o(1)— o(n S ¢ log—dt)._o(log 7).

by (1). For the estimation of I,, we use the argument due to Lebesgue.

L=| @ _Sl'l'tL‘dz

x/n

_1( a@® o L(" a(f) <08 2,
2 Jrm z 2 Jx/n z

* 1
=‘2“(L+J2)

say. We have by integration by parts

L=j':”‘ 0 9t = [ At(t) ]:/n+jﬂ/n At(f) at

—0(1)+0(5 22 V=0 (log 7).

2J,= j _cos 2nt_ 2715 2

cos 2nt ™+ /2 T '\ cos 2nt
= a()——"""_dr—\| a(?+ de
j«!u () P ."m/n( 2 ] ;_“/m

j"‘"’”' cos 2m a'f—rz;l—’? T ) cos 2n¢ 2

n ) — 2n " t—m/2n

x/n

+j;,2"[ «(t) _ _a@—=/2n) cos 2nt dt

t—n/2n
=K, +K;+K;
say. We have
32¢ /2
n/n

37 /20 3x/2n n :
=[4;§i)— cos 2nt , j A cos 2’” —————dt+2n ‘r:/{? (t)_SI_n_tgfi df
=x/n wx/n
=o(1).
K,=0(1).
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’Ks SJ’“ a(®) _ a(t—=n/2n) 2
= Ju/n z t—7n/2n
— = ¢z (i) —_ ¢1, (t"'”/ 2”)
—.L:/n ? ‘ Z-—ﬂ'/27t dt+0(1)'
Thus we get the theorem.
§ 3. Theorem 2. If
® [ w.0-11=00
and '
) © 140 =¢.(=n/20)] dt=o(log ») ,
J/n P

then we get (3).
Proof. It is sufficient to prove that K,=o(log #).

K3=L/n[ a(;) — “5":://22:) cos 2nt td+o(log #)

—_—r: a(?) —a(t—n/2n) cos 2t dt — = j“ a(¢—n/2n)
w/n z 27 Jxm t(2—m/2n)

cos 2ut dt+o(log ») EL1+% L,+o(log. %).

. say. By integration by parts

L‘=Lj“ a.(2—7/2n) cos Ot dpe — L (" a(f)cos 2
nin t(t—n/2n) - ndnm (24 7w/2n)

7
=__1_{ [ A(f) cos 2nt T¢ +S"- AQ) 27 sin nt
7 t(@+7/272) fmm Jmin t(+7/22)

= 2nt dt b cos 2ut dt
+j Ay 5o +j A \ }
min @ £2(c+n/2%) =/n ( ) t(t+7/2n)*

=o(log‘=¢z)
by the condition (2) and

Ll <

by (»). Thus we get the theorem.
§ 4. Theorem 3. If

7

|a(f) —a(z—n/20)] dz;o (og 1)
z

n/n
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@ [ 10.0 -1} de=0)
and , ‘
6) S" |6, (&) =, t=7/20)| ;. _ o (log 7)
x/n z
then we get
4) lim (0o (£) —0a(2)) =2(x) (log 2) /7 .

Proof. If we put

W= 14—— j sin 7z < sin m:/_._?, ) adi,
T Jo sin z/2

then w,—2 (log 2)/@. Thus we have
EQn(x)_;n(x) wn L (%)

— 1! j“a(t) sin nt( sin_#£/2 )a’t
0

2um sin 2/2
z_ilv s" «(?) 2 sin ni—:31n 2z dt+o(1)
2umw  Jo ¢
=I+o0(1),
say. Now ,
knw/x £ . e
[— 1 (5 +j ) «(?) 2 sin m‘0 sin 2t a2
2nmw \Jo kpn/n £
=1 +1,) /2%

say, where 4, will be determined later.
Ilz_l_j’"n"/” a(?) 2 sin nt—sin 2nz ar
”n £

0

k, n/n
=—1_[A () (2 sin nt—sin 2nz) /€],

_2 A(t) cos nt—cos 2n¢ 2 sin nt—sin 2nt A7
£ F

=o(7_l[f1_<t>_._@?]:"“’")+o(ij’: { AQ® i )

o &)

A4 (z)

A(kum/n) 2 )+ O( sup

Y 7t/7Z t<ky w/n




-
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We can take %, such that the right hand side tends to zero and %,—
. On the other hand

Ig:ij‘ a(l') 2 sin 7qu—Slll Qizf dt
Ik, wx[n

z- .
=E§ a (p)Sin a’f—»—j « ()-SD 2 g7 4],
72 Ik, xin 2 72 Jk, m/n I

say. We shall estimate J; only, since the remaining can be treated quite
similarly.

L:—%s () smom s
72 Jk,mIn r

T . fac+a/n 1
:}“S ¢ () sin- 7# dt—lj p (z__r_. sin 7¢ A

72 J ey min . £ 72 w7 T
T e = 7
¥ kn“+ u T
_1 1 {s” » o osin ¢ g ”a(t_m) sin _7}_!_ di
72 k, min : f x p T

7

+jﬂ [ a() _ _a(t—=/n) sin 7z dt}

Gp+Dmml. £ (2—m/n)?

z%r “m{ az‘(;)' - a(gt_—;%:;)z } sin 2/ dt+o0(1)

_1 jﬂ o) —a(t—"7) sin nt di

&k, ax'n [2

-+

\olﬁ X

j (,— ) M—; sin n¢ dt4+o(1).
k), m/n 72 .

7.

Hence we have

iJlSk

Thus we get the theorem.

r [ () —a(t—7/n)| dt+o(log 7).
=/n ¢
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