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1. Let $X_{1},$ $X_{2},$
$\ldots\ldots,$

$X_{n}(n\geqq 2)$ be the sample variables from a certain $($

population, that is, let $X_{i}$ $(i=1, 2, \ldots., n)$ be independent random variables
having same distribution $F(x)$ . In the mathematica} statistics, the following
fact is well known and is of fundamental import.ance in the theory of exact
$sampling$ .

$JfF(x)$ is $t/\iota e$ norm$ald\iota stribatioa$ fanction, llZen the two $s\emptyset atist\dot{i}cs$

.
$(1 \cdot 1)$ $\overline{X}=\frac{1}{n}\sum_{i=1}^{n}X_{i}$

and
$(1 \cdot 2)$ $S=\Sigma^{n}(X_{i}-\overline{X})^{2}\underline{1}$

$ni=1$

are statistitally indepi’ntlenf.
R. C. Geary has proved the converse of this theorem and given the

‘characterisation of the normal population by using the formulae(2) due to
Fisher fdr relations between semi-invariants of various algebraic forms of
$samp\ddagger e$ variables. The object of the present $pape\grave{r}$ is to give another proof,
under the more general conditions assuming nothing about the moments of
$X_{i}$ , while Geary has supposed the existence of moments of every order.

2. We restate the theorem.
$T1\iota eorem$ . Let $X_{1},$ $X_{\sim^{1}},$

$\ldots\ldots,$
$X_{n}(n\geqq 2)$ be $t\dot{\prime}\iota e$ indtjpendent random vari-

ables $’\iota\ell/1_{l}ose$ dislribulions are pqual to tlie $sam^{\underline{p}}F(x)$ . If two random vari-

ables $Y=\sum_{i=1}^{n}X_{i},$ $Z=\frac{\rangle^{\underline{n}_{\rceil_{I}}}}{i=1}(X_{i}-\overline{X})^{2}(\overline{X}=\frac{1^{\prime}}{\prime\prime}\underline{\rangle^{ll}\urcorner_{1}}X_{i})a’\cdot e$ independently $dislr\iota\delta utcd$,

(1) R. C. Geary, The distribution of “ Student’s “ ratio for non-nonnal samples. Journ.
Royal Statist. Soc., Supplement 5 (1936).

(2) R. A. Fisher, Moments and product moments’of sampling distributions. Proc. London
Math. Soc. 30 (1929).
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then $F(x)$ . must \’o\ell $t/\iota e$ normal $dis\acute{t}rilnrtion$ function, excJvding $;/\prime r$ nnit dfstri-
bulion.

We consider the characteristic $f\iota\dagger nction^{(\cdot)}$
’

of the simultaneous $variable\backslash $

$(X_{i}, X_{i}^{2})$

$(2\cdot 1)$ $f(t, s)=\int_{-\infty}^{\infty}e^{i\ell x+i\kappa x2}dF(x)$ ,

where $f$ is a real number but we consider $s$ as a ccmplex $num\dot{b}er,$ $ s=\sigma+i\sim$ ,
$\tau>0$ . $f(i, s)$ is obviously an analytic $functio\iota I$ of $s$ regular in the upper half
-plane $\sim\iota>0$ . Since $X_{i}(i=1,2, \ldots\ldots,n)$ are independent variables, the charac-
teristic function of variable (V $\sum$ ), $\sum$ being $\sum_{i=1}^{n}X\frac{o}{i}$, is $\{f(t, s)\}^{n}$ which
noticing that $\sum\underline{>-}0$ , can also be written as.

$(2 \cdot 2)$ $\int_{-\infty}^{\infty}\int_{0^{\mathcal{E}^{i}}}^{\infty}\eta+\dot{i}\Uparrow dF(\eta, \theta)$ ,

where $F(\eta, \theta)$ is the $\cdot$ distribution function of $(Y, \sum)$ .
Since $Z+\frac{1}{r\iota}Y^{2}=\sum,$ $deno\grave{t}ing$ the distribution of $(Y, ,\vee 7)$ as $G(\eta, \zeta)$ ,

we have further

’

$(2\cdot 3)$ $\{f(t, s)\}^{n}=\int_{-\infty}^{\infty}\int_{0^{L^{J}}}^{\infty}u\eta\vdash is(\frac{n2}{n}+e)_{dG(\eta,\zeta)}$ .

The statistical independence of $Y$ and $Z$ shows that

$(2, \cdot 4)$ $dG(\eta, \zeta)=dG_{1}(\eta)dG_{2}(\zeta)$ ,

$G_{1}(\eta)$ and $G_{2}(\zeta)$ being the distribution function of $Y$ and $Z$ respectively.
Hence we can write $(2\cdot 3)$ as

$\infty$

$(2\cdot 6)$ $\{f(t, s)\}^{n}=\int_{-\infty}^{\infty}e^{i\ell\eta+i\frac{\delta}{n}\eta^{2}}dG_{1}(\eta)\cdot\int$
$\iota$

$0^{C^{\iota_{S}\tau_{dG_{2}(\zeta)}}}$

Now we observe that, putting $f^{\prime}’(t,$ $-\frac{s}{n})=\int_{-\infty}^{\varpi_{C^{it\eta+i\frac{\prime}{n}}}}$
”

$dG_{1}(\eta)$ and $u(s)$

$=u_{n}(s)=\int^{\infty}e^{is\zeta}dG_{2}(\zeta)$ ,

1
(3) In the ordinary sense of the, characteristic $t_{unction},$ $t,$ $s$ are real, but in this paper,

we use the same tenninology in the case where $s$ is complex.
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(2 $\cdot$ 6) $-i\frac{\partial^{:}}{\partial t^{2}}f(t,s)\backslash =\frac{\partial}{\partial s}f(t, s)$ , $\tau>0$ ,

(2 $\cdot$ 7) $-\frac{i}{n}\frac{\partial^{2}}{\partial t^{2}}’\psi(t,$ $\frac{s}{n})=\frac{\partial}{\partial s}g^{\prime,}(t,$ $\frac{s}{n})$ , $\tau>0$ ,

and

$(2 \cdot 8)$ $-ia^{\prime}(s)\geqq 0$ for $\sigma=0,$ $\tau>0$ .
We differentiate both sides of (2 $\cdot$ 5) with respect to $s$ , we have

$\backslash $

$\prime i\{f(l, s)\}^{n-1}\frac{\partial}{\partial s}/f(t, s)=a(s)\frac{\partial}{\partial s}\psi(t,$ $\frac{s}{n})+\ell^{y}(t,’\frac{s}{l})a^{\prime}(s)^{(4)}$

which becomes, by $(2 \cdot 6)$ and $(2 \cdot 7)$ ,

$(2\cdot 9)$ $’\iota\{f(l, s)\}^{n-1}\frac{\partial^{2}}{\partial t^{2}}f\langle t,$

$s^{\backslash }$

) $=\frac{1}{u}a(s)\frac{\partial\underline’}{\partial t^{2}}\psi(t,$ $\frac{s}{r\iota})+i\ell(l,$ $\frac{s}{n})\alpha^{\prime}(s)$ .
In differentiating two times $(2 \cdot 5)$ with respect to $t$ we get

$(2 \cdot 10)$ $n\{f(t, s)\}^{n-1}\frac{\partial\underline’}{\partial t^{2}}f(t, s)+\prime l(n-1)\{\int(t, s)\}^{n-1}\{\frac{\partial}{\partial t}f(t, s)\}^{2}$

$=a(s)\frac{\partial^{2}}{\partial t^{2}}\psi(l,$ $\frac{s}{n})$ .

The elimination $of.\alpha(s)\frac{\partial\underline’}{\partial t^{2}}\psi(t,$ $\frac{s}{n})$ from $(2 \cdot 9)$ and $(2 \cdot 10)$ gives

. $\{f(t, s)\}^{n-1}\frac{\partial\underline’}{\partial t^{2}}J\langle t,$
$s$) $-\{f_{\backslash }t, s)\}^{n-1}\{\frac{\partial}{\partial l}f(t, s)^{2}\}=i\frac{a^{\prime}}{n-1}\psi(t,$ $\frac{s}{n})$ .

By $(2\cdot 5)$ , this becomes further

(2 $\cdot$ 11) $\{f(t, s)\}^{n-l}\frac{\partial^{2}}{\partial t^{2}}f(t, s)-\{f(t, s)\}^{n-2}\{\frac{\partial}{\partial t}f(t, s)\}^{2}$

$=i\{f(t, s)\}^{n}\frac{1}{r\iota-1}\frac{a^{\prime}(}{\alpha(s}s\underline{)})$

From this equation we can easily prove that in the t-interval, for fixed $s$ ,
such that $f(t, s)\neq 0$ ,

(4) The dash in $a^{\prime}(s)$ means the differentiation with respect to $s$.
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$c$

$(2 \cdot 12)$ $f(t, s)=\exp[\frac{i}{n-1,1}\frac{//^{\prime}(s)}{u(s)}\{\frac{t^{2}}{2}+C(s)t+D(s)\}]$ .

But since $f(t, s)\prime is$ a continuous function of $t$ and.the rig-h $t$ side of $(2 \cdot 12)$

has no zeros as a function of $t$, we se\‘e that (2 $\cdot$ 12) holds for all values
of $t$.

Now we take $\sigma=0$ , and thus $ s=i\tau$ . Then it holds that

(2 $\cdot$ 13) $\lim_{\tau\rightarrow+0}f$( $t$ , ir) $=\int_{-}^{\infty}\backslash e_{\infty}^{i\ell x}dF(x)$ ,

for every $t$ , since

$|\int_{-\infty}^{\infty}e^{itx}dF(x)-\int_{-\infty}^{\infty}e^{i\ell x-\tau x^{2}}dF(x)|\leqq|\int_{-A^{\ell\tau}}^{A_{\ell^{t}}}(1-e^{-\tau x^{2}})dF(x)|$

$+|\int edF(x)|+|\int_{|x!>A}e^{t\ell x-\tau x}2dF(x)|\underline{<}\tau A^{2}\int_{-}^{A}d_{A}F(x)+2\int_{1}x1>AdF(x)<\epsilon$ ,

if we take $A$ such that $2\int_{\mathfrak{l}x1>A}dF(x)<_{2}^{6}--$ and then take $\tau$ so small that

$\tau A^{o}\sim\int_{-}^{A}d_{A}F(x)<\frac{\epsilon}{2}$ .

Now if we take $t=0$ in $(1 \cdot 12)$ and let $\tau$ tend to zero, then by (2 $\cdot$ 13)
$f(O, i\tau)\rightarrow 1$ , and hence

$\lim_{\tau-\prime 0}\frac{a^{\prime}(\cdot i\tau)}{u(i_{\iota}^{\wedge})}D(i\tau)=0^{\prime}$.

Next noticing the existence of $\lim_{\tau\rightarrow 0}f(t, i\tau)f(-t, i\tau)^{1},$ $(t\neq 0)$ , we can

show the existence of $\lim_{\tau\rightarrow 0}u^{\prime}(i\tau)$ . And hence we also get the existence of
$\lim_{\ell\ovalbox{\tt\small REJECT}}C(i\tau)$ .

Let

$\lim_{\tau-\prime 0}\frac{i}{n-1}\frac{a^{\prime}(i\sim)}{a(i_{\iota}^{\sim})}=-u_{n}$ , $\lim_{\tau\rightarrow 0}\frac{i}{;\iota-1}\frac{o^{\prime}(i^{\wedge})}{u(i\tau)}C(i\tau)=\beta_{n}$ .

If $a_{n}\neq 0$ , then letting $s=i_{\iota}^{\sim}\rightarrow 0$ in $(2 \cdot 12)$ , we have
.

$(2 \cdot 14)$ $f(t)=f(t, 0)=e^{-\underline{\propto_{-}n}_{\ell^{2+6}nt}}’$ .

But since the left side is independent of $n,$ $a_{n}$ and $\beta_{n}$ are constants in-
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dependent of $n^{(5)}$ and thus we can put $a_{n}=a,$ $\beta_{n}=i\beta$ , where $\beta$ is $rea1_{s}$, for
$f(t)=\overline{f(-t).}|$

If. $u\neq 0$ ; then by $(2\cdot 8),$ $a>0$ and (2 $\cdot$ 14) can be written as

$f(t)=e^{-\frac{\alpha}{2}t^{2}+i_{1}q_{\ell}}$

$wh_{1^{\backslash }}ch^{1}$ shows that $F(x)$ is a normal distribution function.
If $u=0$ , then $f(t)=e^{i3\ell}$ . This shows that $F(x)$ is an unit distributibn

function having $on_{-}1y$ one point spectrum at $ x=\beta$ .
a

(5) This can also be proved eXplicitly. From the existence of $\lim a_{n}$ we can show that
1the variance of $Z$ is finite, and $--\lim a^{\prime}(i\tau)=E(Z)$ , the mean value of $Z$, which is $(|-1)\sigma^{2}$,
$i$

$\tau\rightarrow 0$

$\sigma-$ being the variance of $X_{i}$ . This is a well known fact in the sampling theory. Hence $a_{n}$ is
independent of $n$. For $\beta_{n}$, we can also prove its inde.pendence of $n$ directly.
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