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AN ELEMENTARY PROOF OF COHEN-GABBER THEOREM
IN THE EQUAL CHARACTERISTIC p > 0 CASE
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Abstract. The aim of this article is to give a new proof of Cohen-Gabber theorem in
the equal characteristic p > 0 case.

1. Introduction. Cohen proved the structure theorem on complete local rings in [2]
and since then, it has been used as a basic tool in commutative algebra. Since our main concern
is in rings of positive characteristic, let us recall its statement in the equal characteristic p > 0
case, where p is a prime number. Let (A, m, k) be a complete local ring of dimension d > 0
and of equal characteristic p > 0. In particular, k is a field of characteristic p. Then there
exists a coefficient field ¢ : k — A, together with a system of parameters xi, ..., xg of A
such that there is a module-finite extension ¢ (k)[[x1, ..., x4]] C A, where ¢ (k)[[x1, ..., x4]]
is a complete regular local ring of dimension d. The aim of this article is to give a new and
elementary proof of Cohen-Gabber theorem which is stated as follows:

THEOREM 1.1 (Cohen-Gabber). Assume that (A, m, k) is a complete local ring of di-
mension d > 0 and of equal characteristic p > O and let w : A — k = A/m be the quotient
map. Then there exists a system of parameters yi,...,vq of A and a ring map ¢ : k — A
such that the following hold: mw o ¢ = idy, the natural map

o®)[[y1,....,yallC A

is module-finite, and Frac(¢ (k)[[y1, ..., yall]) — Frac(A/P) is a separable field extension
for any minimal prime P of A such thatdim A/P = d.

The above theorem is seen as a strengthened version of Cohen structure theorem in that
the module-finite extension ¢ (k)[[y1, ..., ya]] C A can be made to be generically €tale when
the local ring R is reduced and equi-dimensional. Theorem 1.1 is formulated and proved by
Gabber in [3, Théoreme 7.1] and [5, Exposé IV, Théoreme 2.1.1]. It plays a role in the proof
of Gabber’s alteration theorem with applications to étale cohomology. It is also essential in
the proof of the Bertini-type theorem for reduced hyperplane quotients of complete local rings
of characteristic p > 0. This result is proved in [7]. Finally, we mention that there is a version
of Theorem 1.1 for an affine domain over a perfect field (see [8, Theorem 4.2.2]).
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2. Preliminaries. We collect some facts that we shall use in this paper. All rings are
assumed to be commutative and Noetherian with unity. A local ring is a Noetherian ring with
a unique maximal ideal and it is denoted by the symbol (A, m, k). We denote by Frac(A) the
total ring of fractions of a commutative ring A.

DEFINITION 2.1. (1) A coefficient field of a complete local ring (A, m, k) is a ring
map ¢ : k — A suchthat w o ¢ = idy, where w : A — k = A/m is the quotient map. In
particular, if a complete local ring has a coefficient field, this local ring contains the field of
rationals Q or the finite field IF, for some prime number p.

(2) Let K/k be a field extension such that the characteristic of k is p and let {&;}ica
be a set of elements of K. Then say that {«;};c 4 is a p-basis of K over k, if {do;}ica form
a basis of the K-vector space $2k /k, where £2 i is the module of differentials of K over k.
Note that K is a perfect field if QK/]F,, =0.

We recall a fundamental theorem on the existence of a coefficient field. For the proof,
see [1, Chapitre IX, § 3, n°® 3, Théoreme 1 b].

THEOREM 2.2 (Cohen). Let (A, m, k) be acomplete local ring of equal characteristic
p > 0. Let {aj}ica be a set of elements of A and let {&;}ica be its image in A/m = k. If
{@}iea is a p-basis of k over ¥, then there exists the unique coefficient field ¢ : k — A
such that ¢ (o;) = «; for eachi € A. Moreover, if k is a perfect field, then A has the unique
coefficient field.

We recall Weierstrass Preparation Theorem. An element f € A[[X]] over a local ring
(A, m, k) is called a distinguished polynomial of degree n, if we can write f = X" +
an_1 X" ' 4+ ...+ a1 X + ap for some integern > 0 and ag, . .., a,_1 € m.

THEOREM 2.3 (Weierstrass Preparation Theorem). Let (A, m, k) be a complete local
ring and let B = A[[X]]. Let f = Z?io a; X' € B be a non-zero element with a; € A. If
there exists a natural number n € N such that a; € m for alli < n and a, ¢ m, then we have
f = u - fo, where u is a unit in B and fo € B is a distinguished polynomial of degree n.
Furthermore, u and fo are uniquely determined by f.

See [4] for a short proof of this theorem.

REMARK 2.4. (1) Let (A, m, k) be a d-dimensional complete local ring, let ¢ : k —
A be a coefficient field and let x1, ..., x4 € m. Then there is a natural injective ring map

fro@®llxr, ..., xqll CA.

Here, ¢ (k)[[x1, ..., xq]] is the image of the map ¢ (k)[[ X1, ..., X4]] = A defined by X; —

xifori =1,...,d, where ¢(k)[[ X1, ..., Xq]] is the formal power series ring over ¢ (k) with
variables X1, ..., X4. The map f is module-finite and ¢ (k)[[x1, ..., x4]] is isomorphic to a
formal power series ring with d variables if and only if x1, ..., x4 is a system of parameters

of A.
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Suppose that x1, ..., xXg, X4+1, . . ., Xg+» generate m such that xq, ..., x4 is a system of
parameters of A. Then there is a module-finite ring map

dlx1, ..., xqll C A =Q®)[x1, ..., xa, Xa+1, -, Xa+nll.

Since A/(x1,...,xq) is a finite dimensional ¢ (k)-vector space spanned by monomials on
Xd+1s - - - Xd+h, A is a finitely generated ¢ (k)[[x1, . .., xg]]-module also spanned by mono-
mials on xg41, ..., X4+ (cf. [6, Theorem 8.4]), i.e.,

A=¢®)[x1,...,xd, Xa+1, ..., Xg+n]l = ¢ [[x1, . .., xg]l[xXa+1, - - ., Xa+n]-

(2) Let R := k[[X1, ..., X,]] be a formal power series ring over a field k and choose
f #0 e R. Write

o
=) biXi

i=0
with b; € k[[X{, ..., X,—1]]. Let n be the maximal ideal of k[[ X1, ..., X,—1]] and assume
that by, ...,be—; € nand by ¢ n for some £ > 0. By Theorem 2.3, there is a unit u € R*
together with a distinguished polynomial g = Xf ~|—ag_1Xf_1 +---~4agwithag, ...,ar—1 €n
such that

f=u-g.

The ring injection k[[ X1, ..., X,—11] C k[[X1, ..., X, ]] induces an injection
S=k[[X1,.... X,—1ll = R/(f) = A.

Here, A is the S-free module with free basis 1, X,, ..., X f‘l. In particular, the ideal (f) =
(g) of R does not contain any non-zero polynomial in S[X ] of degree strictly less than £.
We give an example to illustrate the situation. Let A := F,[[X, Y]]/(f) with f =
(XP 4+ tYP)(X + 1), where ¢ is transcendental over IF,, and X, Y are variables.
Then we have
of

— =XV 4+rY?=0inA.
X +

We note that f is a not a distinguished polynomial with respect to X.

REMARK 2.5. Let (A, m, k) be a d-dimensional local ring such that m is minimally

generated by d + h elements. By the prime avoidance theorem, we can find xq, ..., xg4p € m
such that
e m=(x1,...,X4+h), and

e any d elements in {xq, ..., xg4,} form a system of parameters of A.
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3. Proof of Cohen-Gabber theorem. We shall prove Theorem 1.1 in this section.

Let (A, m, k) be a d-dimensional complete local ring containing a field of characteristic
p > 0. Let Py, ..., P be the set of minimal prime ideals of A of coheightd. If Theorem 1.1 is
proved for A=A /P1N---N P, then the same is true for A. Indeed, Ais an equi-dimensional
reduced local ring of dimension d. Then, if we can find a required coefficient field together
with a system of parameters for A, we can lift them to A by Theorem 2.2. Therefore, we may
assume that

(A, m, k) is a d-dimensional reduced equi-dimensional complete local ring

3.1 . .
@3.1) containing a field of characteristic p > 0.
First we give a proof of the hardest case of Cohen-Gabber theorem.

PROPOSITION 3.1. Let (A, m, k) be a ring as in (3.1). Assume that the ideal m is
generated by d + 1 elements. Then there exists a system of parameters yi, ..., yq4 of Aand a
ring map ¢ : k — A such that the following hold: w o ¢ = idg, the natural map

o®)y1,...,yall CA

is module-finite, and Frac(¢ (k)[[y1, ..., yall]) — Frac(A/P) is a separable field extension
for any minimal prime P C A.

PROOF. We fix a coefficient field ¢ : k — A together with a set of elements xi, ...,
X4+1 € m which satisfy the conclusion of Remark 2.5. Then we have a module-finite injection

kl[X1,...,X4ll > A

by mapping k to ¢ (k) and each X; to x;. Since A is reduced and equi-dimensional, after
embedding k[[X1, ..., Xg]] to R := k[[X1, ..., X4, Xg+1]] in the natural way, we get a
presentation:

k([X1,....Xall CR - R/(f) = A,

where f = f1--- f+ such that f; is irreducible for i = 1,...,r. Furthermore, we may
assume that each f; is a distinguished polynomial with respect to X441. Here, remark that,
since X1, ..., Xq, fi is a system of parameters of R fori = 1,...,r, each f; satisfies the

assumption of Theorem 2.3. In summary,

(1) any d elements in {x1, ..., X441} form a system of parameters of A,
(2) f = f1--- fr is a factorization, where each f; is a prime element of R, and
(3) each f; is a distinguished polynomial with respect to X4 1.

We claim the following fact.

CLAIM 3.2. After replacing a coefficient field of A and x1, . .., xq+1 if necessary, the
following formula together with (1), (2) and (3) above holds:
dfi
Oin R
X, #0in

foralli=1,...,r.
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Before proving this claim, let us see how Proposition 3.1 follows from it. Since f; is a
distinguished polynomial with respect to X4 1, it follows from Claim 3.2 that

af; .
(3.2) 8){'11 ¢ (fi)in R
since degX(HI % is strictly less than deng+1 fi (see Remark 2.4 (2)). Since x3, ..., X4+1

form a system of parameters of A by (1), the composite ring map

k([X2,.... Xa+1]] C R — R/(f) = A — R/(fi)

is module-finite. Then by Remark 2.4, we can find a unit #; € R* such that g; := f; - u; is
a distinguished polynomial with respect to X; fori = 1,...,r. Moreover, g; is a minimal
polynomial of x; € A over Frac(k[[X2, ..., X4+1]]). By Leibniz rule, we get
09; af; ou;
axy —ax T g
Then by (3.2),
i
0X, & (fi)
and in particular,
i .
Oin R.
0X1 7
Since g; is a distinguished polynomial with respect to X satisfying the above, it follows that
g; is a separable polynomial over Frac(k[[ X2, ..., X4+1]]). Therefore, the field extension

Frac(k[[X2, ..., Xq+1]]) C Frac(R/(f;)) = Frac(R/(g;))
is finite separable and this proves Proposition 3.1.

PROOF OF CLAIM 3.2. The point is to make a good choice of a coefficient field of A.
Consider the following condition for some s > 1:

af; a
(3.3) 8)’:}1#0 fori=1,...,s—1 and a)JZ:Oi“R‘
Assume (3.3). Then we shall prove that
after replacing a coefficient field ¢ : k — A and X1, ..., Xg+1,

34 afi
34 i7réOholdsforeveryi=1,...,s.
0X1
We prove (3.4) in 2 steps below. Keep in mind that we assume (3.3).
Step 1. Let us assume that the following condition holds.

3fs

(3.5) There exists some j > 2 such that i #0inR.
i

Write
fi = FapXiX"

a,b
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where
Fop:=Fap(Xo, ..., X; 1, Xjy1,..., XarD) €k[[ X2, ..., X1, Xjy1, ..., Xaq1]].
By hypothesis (3.3), if F; , # 0, then we have p|a. Define
bo :=min{b | p{band F, ; # 0 for some a > 0}
and
ap :=minfa | F, p, # 0}.

Note that p|ag. We prove the following claim.

- Any choice of d elements from the set {x1, ..., xj-1, x; —xI‘, Xjtl,...,Xq+1) forms
a system of parameters of A forn > 0.
It suffices to take care of the d elements x2,...,xj_1,x; — x{‘,xj“, ..., Xd+1. Let P €
Min(A/(x2, ..., Xj—1,Xj41, ..., Xd+1)). Then we have x; — x{‘ ¢ P forn > 0. Indeed, if
this is not the case, there exist nj and n such that ny < ny and x; —x|', x; —x{?> € P. Then
we would have that

x'(1=x2""") e Pandthus x; € P.

This is a contradiction. Hence the claim follows. By (3.3), we may assume that the following
condition is satisfied.

(3.6) Fori=1,...,s — 1, the coefficient of Xi""l -~-X2iff" in f; is not zero and p { ¢; 1.
For the sequence c1.1, ¢2,1, - - ., Cs—1,1 as above, let us make a choice of an integer ¢ > 0 such
that the following condition holds.
- Let n := gp + 1. Furthermore, n is strictly greater than any element in the set
{ao, c1,1,¢2,1, ..., ¢s—1,1}, and any choice of d elements from the set {x1, ..., x;_1,
Xj— x{‘, Xj+1,...,Xq+1) forms a system of parameters of A.
We put
Y =X, fort=1,...,j—1,j+1,....,d+1 and Y;:=X;—X].
Then

g, ..o Yar) = filY1, ..., Y2, Y, + Y, Y, ..., Yar1) € R=k[[Y1,..., Yaq1]]

is still a distinguished polynomial with respect to Y;41. Let us look at the partial derivative of

g; withrespectto Y1 fori = 1,...,s — 1. Note that
G, ... Yar) =Y -h(Y1, ..., Yar) + fi(Y1, ..., Yaq1)
for some h(Y1, ..., Yar1) € R = k[[Y1. ..., Yaq1]l. Since the coefficient of ¥}"'¥;** -
Y;ﬂf;" in f;(Y1,..., Ys41) is not zero and ¢; | < n, the coefficient of ¥;"'¥,"* - - Y;ﬂf;" in
gi (Y1, ..., Yq4+1) turns out to be not zero. Since p 1 ¢; 1 by (3.6), it follows that
a .
(3.7) I L0inRfori=1,....5—1.

Y,
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Next, define G p(Y2,...,Yj—1,Yjp1,..., Yayr1) € k[[Y2,....,Yj—1,Yj11,..., Yap1ll by
the following equation:

g (Y1, ... Ygq1) = ZFa,h(Yz, e Y Yt Y DY (Y 4+ Y
a,b
=Y Gap(Yo. ... Yj 1. Vg1, ... Yoy DY{Y?D .
a,b

Then we claim that Ggy1n,p,—1 # O by the choice of n. Indeed, if p | b, FupY{'(Y; +
Y™ does not contribute to Ga0+n,b0_1Y1”°+"Y;’°_l. Since n > ag, FapY{(Y; + Y’ does
not contribute to Ga0+n,b0_1Yf0+" on_l if b > bgy. Therefore, only Fao,hOYlaO(Yj + Yl")bo
. bo—1
contributes to Ga0+n,h0_1Y1“°+" Yj0 . We have G gy4n.pp—1 = (bl")FaO,,,0 = boFay,p, 7 0.
Since p 1 (ap + n), it follows that
3gs
Y]

Combining (3.7) and (3.8) together, we complete the proof of (3.4) under the condition (3.5).
Now we move on to Step 2.
Step 2. Next, let us assume that the following condition holds.

(3.8) £0inR.

a
(3.9) 8)J;‘j=0foranj:1,...,d+1.
In this case, the coefficient of some monomial on X1, ..., X441 in f; does not belong to k?.
If not, f; must be a p-th power of some element of R = k[[X1, ..., X4+1]]. In this case

A = R/(f) is not reduced, which contradicts to our hypothesis. Thus, we have k” C k and
in particular,

(3.10) k is an infinite field .
Consider the set
T ={(£1,...,L441) | the coefficient of Xf'ng e Xf}‘f:ll in f; is notin k?} .
Let (¢,..., E;Hl) be an element of 7' such that £} 4 - -- + E;Hl is the minimum element in

b1+ +Lgr1 | W1,...,8q41) €T},
Note that

(3.11) each of £, ..., €, is divisible by p.

. A Oy .
Let « be the coefficient of X' X, --- X /4 in f;, and take a p-basis of k/F :

(3.12) {a} U{Br}ica -

Let w : k[[X1]] — k be the natural surjection. Let § be an element in k. Since {7 (o +
3X1)} U {m(Br)lrea is a p-basis of k/F,, we have a map s : k — k[[X1]] such that
Ys(Byr) = By for L € A and ¥s(o) = @ + 6 X1 by Theorem 2.2. Here, s naturally induces
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an isomorphism Vs« k[[X11] = k[[X1]] such that ¥5(X;) = X and ¥5|x = Vs, where v/s|x
is the restriction of /s to k. Let ¢ be the composite map of

~ 1

k C KIEX 111 2 k(X0
Let
ds:R— R

be a ring isomorphism such that @5(X;) = X; fori =1,...,d + 1 and @sl¢x,7) = Vs. We
have the following commutative diagram

k
d F b
KX & kX
! !
R 2 R

where the vertical maps are the natural inclusions.
Considering the composite map of

k25 KIIX101 € R = K[[X1, ..., Xaxi]]

as a new coefficient field of R, we have an isomorphism

R/(fi)) = R/(@s(fD)) -
We claim the following.

- Fori = 1,...,5s — 1, one can present the coefficient of Xii" .. -X;’fl“ in @s(f;)
in the form &; (§), where &;(X) € k[X] and &;(0) # O, where the sequence ¢; 1, .. .,

Ci.d+1 1s given as in (3.6).
Let us prove this claim. Let & (8) be the coefficient of X|"' - X;’ffl in @5(f;). Note by
(3.6) that &; (0) # 0 since @y is the identity. We shall prove that &; (§) is a polynomial function
on §. Pick an element ¢ € k C R, where k embeds into R = k[[ X1, ..., X4+1]] in the natural
way. Then we have @s(c) = 1,55 (¢) € k[[X1]] and 1p~5 (c) — c is divisible by X;. So we can

write

o
(3.13) Bs(c)=c+ Y nei@)X],
i=1
where n.;(8) € k fori > 1. It is sufficient to prove that each 1, ;(§) is a polynomial with
respect to §.
For a fixed integer e > 0, note that the set

— e
{aq.l—[ﬂ;{k CLQA—O,I,...,p 1, }

e g5 = 0 except for finitely many A € A
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forms a basis of the k?°-vector space k. We use the symbol q, to denote a vector {g;})ca,
where g, = 0 except for finitely many A € A. Suppose

-l
c= ) (dgg) at ( I1 ﬂ;“)

4.4,=0 reA
for d‘f’ix € k. Applying the map @3, we have

pe—1

By() =y Ps(dgg )" - (@ +8X1) - ( [1 ﬂi“) ,

9,4,=0 reA
where
Bs(dy g )7 = (dgg +X1-v)" =gy )" + X"y
s( q,gk) ( 9.9, 1 7/) ( q,gk) 1 Y

forsome y € R. Letting 1. (8) be as in (3.13), it follows that, if ¢ > 0 is an integer satisfying
p¢ > i, then n.; (8) is the coefficient of X’i in

-l
Y (g )" - (48X ( I ﬂ;“) .
q,4,=0 reA

This description shows that 1. ;(8) is a polynomial with respect to §. Therefore, &; (§) is also
a polynomial functionon § fori =1,...,s — 1.
Let us write
§(x) =& 1(x) - &—1(x) € k[x].

Then since £(0) # 0, there exists § € k> such that £(§) # 0 due to the fact that k is an infinite
field (3.10). Now we are going to finish the proof of Claim 3.2.

- Fori=1,2,...,5s — 1, we have
D5 (fi)
0 ’
0X1 7

since the coefficient of X{"' X5 -+ X[ in ®@5(f;) is & (8), which is not 0 by the

choice of §. ) ) v
- Fori = s, we shall prove that the coefficient of Xleng - X in @5 (fy) is not

zero. Put

_ Lyl Lay
fs = Z Cermtan X X" Xy s

Oryeilat
where c¢,,....¢,.; € k. Then, we have
®s(f,) = @ xhxl ... xlan
S(fv) = B(CZ],...,Z{H]) 1 42 A4

(SN S|

o0
i L1 2 L
= Z <Cfls-~-,fd+1+277€z, ..... zd+,si(5)Xll>XllX22"'Xd(rll

1, ligs i=1
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=fi + Z Z (8)X/Zl+t byl
=Js Neg gy Xat1-

G+l 0

Therefore, the coefficient of X' X,*--- X d‘fll in @s(f;) is
4 +1
21: ncz’l+1—i,z’2 ..... zﬁHlsi(S)’
i=

since the coefficient of X IHX(Z Xd‘ﬂ:’l' in fy is zero by (3.9) and (3.11). If

n‘eﬁl—i.ez,...,zgﬂ”(5) # 0, then thls implies that Ol 1=, # 0 and thus,

£+ 1—iis divisible by p by (3.9). So, we assume thati = 1 mod p by (3.11). Ifi =
gp+1withg > O,thency ;¢ ¢, € kP by the definition of €7, €5, ).
Under the notation as in (3.13), note that n,, ;(§) = 0if p { i and y € k”, because
@s(y) has a p-th root in R. Therefore, we have ’70e'+1 16,2““,41“,1-(5) = 0 for any

integer i > 2. Then, the coefficient of X fIHX 2oX d‘f:l‘ in @5(f;) is

T’CZI YA 4 ’1(8)277(1’1(8):8;&0,
e d+1

where o € k is as in (3.12). Hence, we obtain

0Ds(fy)
0X1

£0.

We complete the proof of (3.4) under the condition (3.9).
We have completed the proof of Claim 3.2. ]

We have completed the proof of Proposition 3.1, which is the hypersurface case of
Cohen-Gabber theorem. )

As noted in (3.1), it suffices to prove Cohen-Gabber theorem (Theorem 1.1) in the re-
duced equi-dimensional case.

PROOF OF THEOREM 1.1. Letm = (x1,..., X4, X441, -, Xd+h) Such thatxy, ..., x4
is a system of parameters of A (see Remark 2.5). We shall prove the reduced equi-dimensional
case of Theorem 1.1 by induction on /.

h = 0: Since m is generated by d elements, we have A = k[[xy, ..., xg]] and we are
done in this case.

h = 1: This is already established as in Proposition 3.1.

h > 2: With notation as above, fix a coefficient field ¢ : k — A. Then A = ¢ (k)[[x1,

s Xd+nll = ollx1, - .o, xg)l[*d+1, - - -, Xg+1] by Remark 2.4 (1). We consider the following
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commutative diagram of complete local rings:

A=oM®Ilx1, ..., Xa+nll <——— D:=¢'®lly1, ..., Vds X425 - Xa4nl] «———— E=¢"®[lz1. ..., 41l
I ]
B = ¢®llx1,..., Xa41]] ——— C:=¢'®ly, ..., yall
I
¢®[lx1, ..., xq1]

We explain the structure of the above diagram.

- Let B be the subring ¢ (k)[[x1, ..., xq+1]] of A. After applying the case h =1 to
B, we can find a coefficient field ¢’ : k — B together with a system of parame-
ters yi, ..., yq to get a formal power series ring C = ¢’ (k)[[y1, ..., yq]] such that
Frac(C) — Frac(B/P) is a separable field extension for any minimal prime ideal
P of B. Let D be the subring ¢’ (k)[[y1, ..., Yd, Xd+2, - - - » Xa+r]] of A. Note that
CcDCcCA.

- Since the maximal ideal of D is generated by at most d + /4 — 1 elements, we can find,
by induction hypothesis on A, a coefficient field ¢” : k — D together with a system

of parameters z1, ..., zg to get a formal power series ring E = ¢” (k)[[z1, ..., z4]]
such that Frac(E) — Frac(D/ Q) is a separable field extension for any minimal prime
ideal Q of D.

All the maps appearing in the diagram are injective and module-finite. We claim that
E — A satisfies the conclusion of Cohen-Gabber theorem. To see this, fix a minimal prime
P C A and form the following commutative diagram of quotient fields.

Frac(A/P)

Frac(D/D N P)(x1, ..., xas1) <2— Frac(D/D N P) «L— Frac(E)

I |

Frac(C)(x1, ..., x4s1)  <2—  Frac(C)

Frac(B/B N P)
Note that £ and C are domains over which A is module-finite and torsion free, so we have
ENP = (0)and CN P = (0). We need to prove that Frac(E) — Frac(A/P) is a separable
field extension. By construction, f3 is separable and f] is obtained by adjoining x1, ..., X441
to Frac(D/D N P). Hence f is separable. That is, we proved that f] o f> is separable. O

We end this paper with the following example. For a ring map R — S, let 25/ denote
the module of differentials of S over R. It is regarded as an S-module.



388

K. KURANO AND K. SHIMOMOTO

EXAMPLE 3.3. Consider the following two integral domains;

A=F,OIX, YNl/tX? +YF),
B=TF,)[X,Y]/tX? +Y7P),

where ¢ is transcendental over F, and X, Y are variables.

We have .QB/]FP(I) = BdX + BdY ~ B®2. Here, assume that F,(®)[z] < Bisa

module-finite map for some z € B. Note that

R2B/F,(0)[z) = L2B/F,)/Bdz .

Since it is not a torsion B-module, Frac(B) is not separable over Frac(F, (1)[z]).

Let w be any non-zero element in the maximal ideal of A. Then, F, (t)[[w]] — A is a

module-finite extension. Then, we have

Q4/F, ol = AdX + AdY/Adw,

and it is not a torsion A-module. Hence, Frac(A) is not separable over Frac(IF, (£)[[w]]).

On the other hand, puts =t + X € A. Then, IF,(s) is another coefficient field of A, and

A=F,IX, Y1I/((s = X)X? +YP).

Then, F,(s)[[Y]] — A is module-finite and Frac(A) is a separable field extension over
Frac(F,(s)[[Y]D).

[1]
[2]

[3]
[4]

[5]

[6]

[7]

[8]
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