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Abstract. The paper studies sharp weighted L? inequalities for the martingale maxi-
mal function. Proofs exploit properties of certain special functions of four variables and self-
improving properties of A, weights.

1. Introduction. Let (2, F,P)be acomplete probability space, filtered by (F;)>0, a
nondecreasing family of sub-o-fields of F, such that F( consists of all events of probability O
and all events of probability 1. Let X be an adapted, real-valued, uniformly integrable martin-
gale with right-continuous trajectories that have limits from the left. Then X* = sup,-q | X]
denotes the maximal function of X; we will also use the notation X} = supg.,; | X;s |_for the
corresponding truncated maximal function. Assume further that W is a pos_iti;/e, uniformly
integrable martingale; this process will be called a weight (sometimes, with no risk of con-
fusion, the word “weight” will refer to the terminal variable W, of the martingale W). For
example, one can take an exponential martingale £(M) = (exp(M; — 3(M);)),_, corre-
sponding to an adapted, continuous-path martingale M satisfying E exp({(M)o0/2) < 00 (cf.
[15D).

In the paper, we will be interested in sharp inequalities between weighted norms of X*
and X. This type of estimates, motivated by corresponding results of Muckenhoupt [11] from
the analytic setting, has gathered a lot of interest in the literature. Let us assume for a moment
that both X and W have continuous paths. Following Izumisawa and Kazamaki [9], we say
that W satisfies Muckenhoupt’s condition A, (where 1 < p < o0 is a fixed parameter), if

< 00,

1/(p—1 p—1
IWl]a, == sup ‘E[{Wf/woo} Sy
T

oo
where the supremum is taken over the class of all adapted stopping times t. There is also
a version of this condition for p = 1: W is an A; weight if there is a constant ¢ such that
W* < ¢W almost surely; the least ¢ with this property is denoted by ||W|| 4, .

Tsuchikura [21] proved that if the weight W = £(M) satisfies ||W||Ap < oo for some
1 < p < o0, then there is a finite constant C, such that the inequality

(1) EWeolixs>1) < CpE[Xoo|? Woo Lix+s1)
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holds for all uniformly integrable martingales X. Two years later, Uchiyama [22] proved the
converse: if for some p there is a constant C,, < oo such that the above bound holds for every
X, then W belongs to the class A,. Izumisawa and Kazamaki [9] extended this statement to
the case of L? estimates as follows. Let W = £(M) be a weight and let p € (1, oo). Then
there is a finite constant C,, such that

(2) NX*rwy < CpllX|ILrw)

holds for any uniformly integrable martingale X if and only if W belongs to the class A .
Here || X||Lr(w) = (E|Xoo|? Woo) /7 is the usual weighted L? norm of X. For a survey of
related results, consult e.g. the book [10] by Kazamaki and see the papers [16], [18] and [20]
for more on the recent progress in this direction.

We come back to the general setting in which X and W are assumed to be cadlag and
uniformly integrable martingales. One of the questions we want to study is the following:
what are the possible substitutes for (1) and (2) if we consider general weights W (i.e., not
satisfying the A, condition or any assumption of this kind)? This problem was studied by
Fefferman and Stein in the analytic context of Hardy-Littlewood maximal operator on R¢,
and the solution presented in [5] suggests to replace the random variable W appearing on the
right of (1) and (2) by the maximal function W*. It is easy to see that then the weak-type
estimate holds with constant 1. Indeed, if we take T = inf{s : X, > 1}, then for every p > 1,

EWeolixr>1} = EWoolx, 121} < EIXc P Woolx, 121y = EIX [PWe (x> 13
< ElXooPWel(x, 121} < ElXooP W l(x, 121} = E[Xoo|P W1 x+51) .

Now use a straightforward interpolation-type argument: apply the above bound for weak L!
and the martingale (X;/A);>0 (Where A > 0 is fixed) to obtain

EWeolix+=1) < A7 B Xoo| W x552) -

Fix p > 1, multiply both sides by A?~!, integrate over A from 0 to co and use Holder’s
inequality. As the result of these operations, we obtain the estimate

p
IX*|Lrwy < F”XHLP(WPP(W*V)-

This is slightly weaker than what we have expected, since Wéo_p (W*)P > W*. One of our
main results asserts that the stronger Fefferman-Stein inequality is also true.

THEOREM 1.1. Fix1 < p < oo. Then for any uniformly integrable martingale X and
any weight W we have the estimate

p
(3) X" Lrowy < FHXHLP(W*)-

The constant p/(p — 1) is the best possible.



SHARP LP-BOUNDS FOR THE MARTINGALE MAXIMAL FUNCTION 123

Note that the further improvement of the weight on the right is not possible, i.e., we
cannot replace W* by W!="(W*)" for any < 1. Indeed, consider the following easy exam-
ple. Let X be a Brownian motion started at 1 and stopped upon leaving [0, 2], and let W =
(E[Wsol FtDi=>0 be the weight generated by Woo = 1(x.—0;. Then X Lrewi-—rweyry = 0
and || X*||Lr(w) > 0.

We will also be interested in the following bound, which can be regarded as the dual to
(3) (see below for the explanation).

THEOREM 1.2. Fix1 < p < oo. Then for any uniformly integrable martingale X and
any positive weight W we have the estimate

p
p—1

4 NX* Lo wws-ry < X zoewi-py -

The constant p/(p — 1) is the best possible. The weight on the left cannot be improved in the
sense that for any 1 < p < oo, any r > 0 and any constant c there is a weight W and a
martingale X such that

(5) ||X*||L1’(W1_’(W*)r—1’) > C||X||Lp(Wl—p) .

There is a very interesting application of the above results. Martinez [13] studied the
following: given 1 < p < oo and a weight V, find necessary and sufficient conditions for V
in order to guarantee the existence of a weight U such that the operator X — X* is bounded
from L7 (VdP) to L?(UdP). This is a classical problem from the point of view of harmonic
analysis: see the monograph [6] for an overview of the results in this direction and consult the
references therein.

The above problem (in the probabilistic setting) was completely solved in [13]: the re-
quired condition on V is that EV!/(=P) < co. The corresponding weight U was found there
with the use of the nonconstructive method developed by Rubio de Francia. The inequality
(4) shows an alternative, very simple choice for U: one can take U = W(W*)™P, where
W = V1/U=P)_In this spirit, the inequality (3) can be regarded as a dual statement, in which
the starting weight V is considered in the target space: the choice U = V* guarantees that the
operator X — X* is bounded from L?(UdP) to L?(VdP).

The next problem that we will study concerns a more precise version of the inequality
(2) and is motivated by related results in the analytic setting. Assume that (F;);>0 has the
property that any adapted local martingale has continuous trajectories: this is the usual setup
in which one studies martingale inequalities involving A , weights (cf. [10]). What is the least
exponent « (p) such that for any A, weight W and any martingale X we have

X" NLrowy < BplIWIP X e qw)

with B, depending only on p? We will give a full answer to this question, along with a number
of related weighted inequalities.

THEOREM 1.3. Letl < p < 00, 1 < g < oo and pick a € [¢~", pg~"). Assume
further that W is a weight satisfying the condition A4 and X is a uniformly integrable mar-
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tingale. Then we have the estimate

1/qa
1
(6) 1X*[ Lo (waa—D/a-1) < ( > ||W||A/j||X||L,,(W(qa_1)/<q_.>).

pP—qo
In particular, this implies
1/(p—1
) 1X*NLrawy < BplWIL P~ PNX o)
for some B, depending only on p. The exponent 1/(p — 1) cannot be improved.

This type of results, which focuses on extracting the sharp dependence of the constant
on the A, characteristics of a weight, has gathered a considerable interest in the last fifteen
years, especially in the analytic context. See e.g. Buckley [1], Cruz-Uribe et al. [3], Hukovic¢
et al. [7], Hytonen et al. [8], Lacey et al. [12] and Petermichl and Volberg [19], and consult
the references therein.

Let us say a few words about the proofs of Theorems 1.1 and 1.2. Clearly, the constant
p/(p — 1) is already optimal in the unweighted setting (i.e., for W = 1), so all we need
is to establish the estimates (3) and (4). Our approach will rest on the so-called Bellman
function method (or Burkholder’s method). This technique allows to deduce the validity of a
given martingale bound from the existence of a certain special function, enjoying appropriate
majorization and concavity; for a description of the method from different perspectives, we
refer the interested reader to the works [2], [14], [17] and the references therein. The proof of
Theorem 1.3 will also exploit this method, combined with some structural (“self-improving”)
properties of A, weights.

We have organized the rest of the paper as follows. In the next section we study the
inequalities (4) and (5). Section 3 is devoted to the proof of Theorem 1.1. In the final part of
the paper we address our last result, Theorem 1.3.

2. Proof of Theorem 1.2.

2.1. A special function. As we have mentioned in the previous section, a crucial role
in the proof of (4) is played by a certain special function. Fix p € (1, co) and consider the
function B : [0, 00)? x (0, 00)> — R given by

s =2 22 ()]

Clearly, B is continuous on its domain (actually, it is even of class C* on (0, 00)*). Further
important properties of B are studied in two lemmas below.

LEMMA 2.1. (i) For any x > 0 and any w > 0 we have
(8) B(x,x,w, w) <0.

(ii) For any x, y > 0 and w, v > 0 we have the majorization

o = [0 (5 )]
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substitute « = y/v and 8 = px/(w(p — 1)). Then it is easy to check that the majorization is
equivalent to

pa~ e = B) = a? — B,
which follows immediately from the mean-value theorem. O

The key property of B is the following condition, which can be regarded as a certain kind
of concavity.

LEMMA 2.2. Fixx,y > 0and w, v > 0. Then forany h > —x and any k > —w we

have
0 Bx+h,yvix+h,w+k vV (w+k))
10 < B(x,y,w,v) + By (x,y, w, v)h + By (x, y, w, v)k.

PROOF. We must show that

YV (x+h)\ p YV G+ )\
(1) <vv(w+k)> (w+k)_p—l(x+h)<vv(w+k))
y\” p A
=(3) wrb-Heen(5)

We consider separately four cases.
Casel. w+k < v, y < x + h. Under these assumptions, (11) becomes
D D
p—1 p—1

(x 4+ )P (w + k) — (x +m)Pv < yP(w +k) — (x + )y’ v,

or

p
p—1
Since y < x + h, it is enough to show the above bound for w + k = v. Plugging o =
(x + k)P~ and B = yP~!, we see that the estimate is equivalent to o?/(P~1) — gr/(p=1)
Llal/ (P=D(a — B). But this is true, due to the mean-value property.

Case Il. w + k > v, y > x 4+ h. Then the inequality (11) reads

y ) P y Ny
<EIZ)(w+M_p—1@+h)<JI%> =(3) w+i-

By the assumptions of the case, we have

A0 [ 0]

and hence it is enough to show that

o () O ) - weo

((x + 1P —yP)y(w +k) < x4+ ) ((x + )P —yP .

IA

pf4(x+40<%)p4
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This is equivalent to the estimate

P p—1
<w~|—k) s p |:<w~|—k) _1:|’
v p—1 v

which again follows from the mean-value property.

Case IlIl. w + k > v, y < x + h. Then the estimate (11) takes the form

e < () Wb - e (2)

(w+kr=t p—1(w+kr1~
which, after the substitution « = (x + h)/(w + k), B = y/v, is equivalent to

o/ =D _ /=D < P 1= _ gy
e

The latter bound holds true due to the mean-value property.

Case IV. w + k < v, x + h < y. Then the desired inequality becomes

p =1 p =1
) w+o-Lo(2) wrn=(E) @wro- Lo () wtn,

v p—1\v v p—1\v
which is clearly true: actually, both sides are equal. O

2.2. Proof of (4). We will first prove the inequality for discrete-time martingales:
suppose that the time set is the set of nonnegative integers. Clearly, we may assume that the
process X is nonnegative: indeed, the passage from X to | X| does not alter the right-hand
side, while the maximal function of X can only increase. Actually, one can even assume that
X is strictly positive, by a simple continuity argument. The key ingredient of the proof is to
show that the process (B(X,, X5, Wn, W))n>0 is a supermartingale. This is an immediate
consequence of (10). Indeed, denoting H,+1 = Xp+1 — X and K41 = W1 — Wy, we see
that E[ H,+1|F,] = E[K,+1]|Fx] = 0 and hence

B[ Bt Xrs Wast, Wiy DIF ]
= E[B(Xy + Hus1, X3V X+ Hoe1), W+ Kuot, WiV (Wa o+ Ko) 1 |
S B(X}’h X::a W}’h W:) .
Consequently, by (9),
X*\P p Prx p
—1 n k E
) - ) (3 oo v
< EB(Xo, X, Wo, Wy) <0,

where in the last passage we have used (8) and the equalities XE)‘ = Xo, W(;‘ = Wp. Now,

observe that
X*\7? X*\? X*\?
]E<—) W,,:]E(—”) WzE( ) W
Wi Wi W
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Furthermore, note that the function G (x, y) = x”y!~” is convex on [0, 00) x (0, 0o) (indeed,
the Hessian matrix

p(p—DxP72y!=P —p(p — DxP~1y=r }

2 —
D°G(x,y) = [ —p(p—DxP~ly=P  p(p—1)xPy 1-r

is nonnegative-definite). This implies
EXE W, ™" = EG (E[(Xoo, Woo)|Fl) < BE[G (Xog, Weo) | Fu] = EXZ Wao
nn ( [(Xoos Woo)l n]) = [G(Xoo, Woo)|Fnl oo Woo -

Putting all the above facts together, we obtain

X*\7 P _
E(W’;) ng(—p’il> EX2 WP

Letting n — oo and using Lebesgue’s monotone convergence theorem, we get the desired
inequality (4).

It remains to establish the claim in the general, continuous-time setting. This is straight-
forward: given a continuous-time cadlag martingale (X;);>0, a weight (W;);>¢ and a positive
integer N, we apply (4) to the discrete-time processes (X,,,-~)n=0,1,2,... and (W, ,-~)n=0,1,2,...,
obtaining

E SUPy Xnp-n pWoog]E Supy, Xup-N pWoog _P pEXgOW;O_”.
W sup, W, -~ p—1

It remains to let N — oo and use Lebesgue’s monotone convergence theorem. The proof is
finished.

2.3. On the estimate (5). Fix p € (1,00), r > 0 and a number & > 1. Consider a
Brownian motion 8 = (8;);>0 started at 1 and set t = inf{r > 0 : B = ap,}. Clearly, the
stopped process B* = (Brar)r>0 i a positive martingale; furthermore, as Wang showed in
[23], this process is bounded in LY for any ¢ < «/(a — 1). In particular, this implies that if
we put X = W = 87, then W is a weight and X is uniformly integrable. In addition,

1
IX* 1 Lo wi=r wey—ry = (EW*/ Woo) Woo) P = o 1P(EWao)'/P

and || X|zpwi-r)y = (EWuo)!/P. This shows the second part of Theorem 1.2, since o was
arbritrary.

3. Proof of Theorem 1.1.
3.1. A special function. Let B : [0, o0)* — R be given by

2
YPw+ (p = DyPv— LpayP~lo ifx = 22y,

B(x,y,w,v) = p v
yf’w—<%) xPv ifx<p71y.

Let us establish several crucial properties of B, analogous to those studied in the previous
section.
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LEMMA 3.1. (i) For any nonnegative x and w we have

(12) Bx,x,w,w) <0.
(ii) For any nonnegative numbers x, y, w and v we have the estimate
7\’
(13) B(x,y, w,v) > y’w — <—l) xPv.
p—
PROOF. The inequality (12) is evident: B(x, x, w, w) = —%x”w < 0. In the proof

of (13), we may restrict ourselves to x > 1’7—1 y. Then the inequality reads

2 p
P xy”_lvz— P xPv,
p—1 p—1

which, after the substitution s = px/(p — 1)y becomes s? — 1 > p(s — 1). By mean-value
property, this is true and the proof is finished. |

(p—Dyfv—

LEMMA 3.2. Fixx,y, w, v > 0withy > x andv > w. Then for any h > —x and
any k > —w, we have
Bx+h,yvx+h),w+kvVv(w+k))
(14 < B(x,y,w,v) + By(x,y, w,v)h + By (x,y, w, v)k.
PROOF. Itis convenient to split the argumentation into a few separate parts.

Casel x +h <y, w+ k < v. Then (14) becomes
B(x+h,y,w+k,v) <Bx,y,w,v)+ By(x,y,w,v)h + By(x,y, w, v)k.

This follows at once from the fact that for fixed y and v, the function (x, w) — B(x, y, w, v)
is concave (as a sum of a concave function in x and a linear function in w).

Casell. x+h >y, w+k > v. Suppose first that x < pT_ly;thenh >y—x>x/(p=1)
and the inequality takes the form

)4 )4
P x+nPw+k)+y’(w+k) — P xPv—p P ) ety >0.
p—1 p—1 p—1

Clearly, it suffices to show this bound for w + k = v, since the expression on the left is a
nondecreasing function of k. Next, fix x, y, w, v, put k = v — w and denote the left-hand

side above by F(h). Thenfor & > x/(p — 1) we have
2

p—1

= x+mn " v—p|l——) xP"v=0,

p—1
so F > 0on [x/(p — 1),00), which is the desired estimate. Now, suppose that x > ijl y.
Then (14) becomes

D 2
p—1 p—1
As previously, we may assume that w + k = v; if we denote the left-hand side by F(h), we
compute that F'(h) = p?v ((x +h)P~1 — yP=1) /(p — 1) > 0. This proves that it is enough

x+hy?"lv>0.

(x+mP(w+k)+y’(w+k)+(p—Dy'v—
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to prove the above bound under the additional assumption x 4+ 2 = y, but this brings us back
to Case L.

Case IIl. x +h > y, w + k < v. Put all the terms of (14) on the left-hand side and
observe that the inequality becomes

[(x +h)? — yP](w + k) + (expressions not depending on k) < 0.

Since the expression in the square brackets is positive, it is enough to show the above bound
for the largest value of w + &, i.e., for w + k = v. However, this has already been verified in
Case II.

Case IV.x +h <y, w+ k > v. Asin Case III, we put all the terms on the left-hand
side, denote the expression on the left by / and analyze its dependence on the variable k. If
x+h> pT_l y, then

2
I= [(17 —Dy? — %(x + h)yp_1i| (w + k) + (terms not depending on k)

and the expression in the square brackets does not exceed —y?. Hence, it suffices to show the
estimate for the least k, that is, under the additional assumption w + k = v. This has been
already analyzed in Case 1. So, suppose that x +h < ”le v; then the situation is even simpler,
since

p
I =— <L1) (x + )P (w + k) + (terms not depending on k) .
p—
Hence, as previously, we may assume that w + k = v, and this brings us back to Case I.

We have considered all the possible cases. The proof is complete. O

3.2. Proof of (3). The argumentation is similar to that used in the proof of (4). We
restrict ourselves to positive processes, start with the discrete-time martingales (X,),=0.1.2.....
(Wn)n=0.1,2,... and deduce from (14) that the sequence (B(X,, X\, W,, W,)),>0 is a super-
martingale. This property, combined with (12) and (14), yields the estimate

p
E(X5)PW, < <ﬁ) EXZW? .

However, we have E(X )P W, =E(X})? W and, by Jensen’s inequality, EXx? Wr <EXPW}
< EXL, WZ,. This implies

p
E(X5)? Woo < <—pp 1) EXL W

and letting n — oo establishes (3) in the discrete-time case. The passage to the general
continuous-time processes is carried out in a similar manner as previously. The proof is com-
plete.
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4. One-weight inequalities for the martingale maximal function. Throughout this
section we assume that the filtration (F;);>0 has the property that all adapted local martingales
have continuous trajectories (e.g., the Brownian filtration satisfies this condition). This is
equivalent to saying that any adapted stopping time is integrable. This assumption guarantees
that the notion of A, weights leads to an interesting class of processes.

If W belongs to A class, then W* < ||W]|4, W almost surely and (3), (4) yield the
estimates

P P
X * e ew) < prIWllA.IIXIILP(W), X[ Lr(wi-r) < FIIWllﬁlllelu(wl—m-

In other words, the inequalities (3) and (4), or rather the corresponding Bellman functions
introduced in the preceding two sections, form an appropriate tool to the study of one-weight
bounds involving weights belonging to the class A;. As we will show now, a similar phenom-
enon occurs for 1 < p < oo; the inequality (6) can be established with the use of certain
special functions.

4.1. A, weights and their properties. We start from recalling the notion of proba-
bilistic A, condition, 1 < p < oo. Following Izumisawa and Kazamaki [9], W belongs to
the class A if

<0,

-1
‘WMMMW“MT

[IWl|a, := sup
T

where the supremum is taken over all stopping times 7. There is a nice alternative two-
dimensional description of this condition. Namely, consider the additional process V; =
E[W;C{ (=p )|.7-'t], t > 0. Then (W, V) is a uniformly integrable martingale terminating at
the lower boundary of this set (i.e., satisfying W Volé_l = 1 almost surely) and taking values
in the hyperbolic strip {(w, v) € (0, 00)? 11 < wvP ! < [IW]la,}. Indeed, the inequal-
ity WvP~l > 1 follows at once from Holder’s inequality, while WV P~! < [IWlla, is a
direct consequence of the A, condition. It is not difficult to see that the converse corre-
spondence is also true: any uniformly integrable martingale (W, V) taking values in a set
D, = {(w,v) : 1 < wvP~l < c} and terminating at its lower boundary gives rise to an A,
weight W with |[[W][[4, < c, and the least ¢ allowed (leading to the smallest set D.) equals
the A, characteristics of W.

In our further considerations, we will need certain self-improving properties of A,
weights. It follows directly from Jensen’s inequality that if a weight satisfies the A, con-
dition for some p, then it automatically satisfies A, for all ¢ > p (more precisely, we have
[1Y1la, < [IY]la,)- It turns out that if p > 1, then such a weight satisfies A, also for some
q < p (see Kazamaki [10, Corollary 3.3]). We will need a little more precise information on
this phenomenon. To this end, recall the result of Uchiyama [22], who proved the following
connection between A, characteristics and the weak-type constants:

(15) IWM=?@%WmWM%%]
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The supremum on the right has been studied by the author in [18]. Given p > 1 and ¢ > 1,
letd =d(p,c) € [0, p — 1) be the unique number satisfying

d \"!
(16) Fd):=(1+d) <1 - —) =c
p—1
As showed in [18], if [|[W||4, = cand g € (d + 1, p), then we have the sharp bound

d \' _
a7 ||W||A[1 = sup [EWool{X*>l}/||Xoo||%q(W)] =< (1 - q—l) (1+4d) ! .
X _
Let us try to get a more explicit estimate.

LEMMA 4.1. Let W be an A, weight. If g = p — (p — D)(pl|W||a,) "/ P~V /2, then
_ —1 —1
IWlla, < 277" plw /=D,

PROOF. Setc := ||W||4, and note that we have d(p, c) < p—1—(p—1)(pc)~"/ =D,
This follows at once from the fact that the function F defined in (16) is decreasing, F'(0) =
1>c¢'and

F(p—1—(p =D " V) =(p—(p-Dpo """ D)pe)™ <.

Therefore, we have ¢ > d(p, ¢) 4+ 1 and we may apply (17). Since the expression on the right
of this estimate is an increasing function of d, we obtain

p—1—(p—Dpoy~/*V
qg—1

l—q
IWlla, = (1 - ) (I+p—1—(p— l)(pc)_l/(p_l))

I—q
—1/(p—1) g-1/(p—D+1
(PO [r=D/2 P v c@=D/(p=1) < 9a=1 2 .(q=D/(p=1)
“\1— (po)~ V=12 p= 21—q - P ’

This proves the claim. o

4.2. A special function and its properties. Now we will introduce the special func-
tion corresponding to the estimate (6). Throughout this subsection, ¢ > 1, 1 < p < oo,
l<g<ooanda € [¢g~ !, pg~") are fixed parameters. Let B, : [0, 00)? x (0, 00)> — R be
given by the formula

Bo(x,y,w,v) = ypw"‘vl_“ — Lc"‘xq“yp_q“vl_q“ .

p—qc
We will show the following properties of this object.
LEMMA 4.2. (i) Forany x > 0 and any w, v > 0 satisfying wv?~! < ¢ we have
(18) Bo(x,x,w,v) <0.
(ii) For any x, y > 0 and any w > 0 we have

p/(qe)
(19)  Be(x,y, w, w10y > L% op (L) oPla P | laa—1/@G=1
p p—qa
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PROOF. The inequality (18) is very easy:

Be(x, x, w, v) = xPv! 79 [(qu_l)"‘ S c“i| < xPyl—ae [c“ __P c"‘i| <0.
p—qo p—qo
The majorization (19) follows at once from the mean-value property of the convex function

1/qa
s > sP/4%: indeed, after the substitution x’ = (p _pqa c“) x, the inequality is equivalent
to yP/ae — (x)P/@) < (p/qa)yPlae=! (y — x").

a
The second property can be regarded as a “differential” version of Lemmas 2.2 and 3.2.

LEMMA 4.3. (i) For any x > 0 and any w,v > 0 satisfying wv?~! < ¢ we have
Bey(x,x,w,v) <0.

(ii) For any x, y > 0 and w, v > 0, the matrix
BCXX chw BCXU
Me(x,y, w,v) = Bewx  Beww  Beww (x,y,w,v)
BCU.X BCUH) BCUU
is nonpositive-definite.
PROOF. The first property is easy to prove: we have
Bey(x,x, w, v) = pxp_lvl_‘f"‘ ((wv‘f_l)“ — c"‘) <0.
To show the second property, write B, = y” B! + % yP~4% B2, where

Bg (x,y,w,v) = w¥v!™  and Bcz(x, vy, w,v) = —x9%plqe
Then the matrix M, equals y? M! + %yl’_‘f"‘/\/@, where M, M? are the 3 x 3 “partially-

Hessian” matrices corresponding to B!, B2. It remains to note that

0 0 0
Mi(x’ yyw,v)=| 0 al@—Dw* 2 g@—DHw* v

0 al@—Dhw* v a@-hHuw*v -
and

ga(ga — Dx1*=2pl=1% 0 ga(l — ga)x?*~1y=9¢
MP(x,y, w,v) = — 0 0 0
ga(l — ga)x?®~ =9 0 goa(ga — 1)x9%y~1-9¢

are both nonpositive-definite. O

We will apply Itd’s formula (cf. [4]) to the composition of B, and
(X:, X, Wi, Vi), t = 0, where c = ||W||Aq. As the result, we obtain that

B(Ap) =+ L+ L+1/2,

4.3. Proof of (6).
the process A; =

where

Iy = B.(Ap),
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t

t t
I :/ ch(As)dXs +/ Bcw(As)dWs +/ Bcu(As)st,
0 0 0
t
L= / ch (Ac)dxj ’
0

t
I3 = / M (Apd[X, W, V],.
0

Here in /3 we have used a shortened notation for the sum of integrals corresponding to second-
order terms, i.e.,

t

t
13 = / chx (Ac)d[x]v + 2/ chw(As)d[X, W]s + -
0 0

and so on. Let us study the terms /o through I3. First, by (18), we see that Iy < 0. The term
I is a local martingale, by the properties of stochastic integrals. Next, we have I < 0 in
view of Lemma 4.3 (i): indeed, the continuous part of the process X* increases only for s
satisfying Xy = X7, and then B.,(A,;) < 0. Finally, the term /3 is also nonpositive, which
follows directly from the second part of Lemma 4.3. Putting all the above facts together, we
see that if (t,),>1 is a localizing sequence for /1, then EB. (A, A;) <0,n =1, 2, .... This
is equivalent to saying that for each n,

— 14 - 1-
(20) E(X:, /\t)p Wfﬁ At Vrl,, /\‘;{ = mCaEXlrjf/\t (X;k,, /\t)p 7 Vr,, /\({a .
Now we carry out a limiting procedure. First, note that (X, V) is a pair of uniformly integrable
martingales and the function G (x, v) = x9%v! 9% is convex on [0, o) x (0, c0) (one easily
checks that the Hessian matrix of G is nonnegative-definite). Hence, by Jensen’s inequality
and Doob’s optional sampling theorem, we get

Ex?¢

99 (X DPTIVEI < EXIN(XE )PV 1 < EXL (XE)P TV 1Y

T AL Ty AL

Furthermore, by Fatou’s lemma,

E(X2)?WEVa ™ < liminf E(XE ,)PW2 V52«

n—00,t— 00 ATy AL
Combining these observations with (20), we obtain
p o qu * \p—qo I—qu
——c"EX5 (X35) Voo
o

E(X5)" W Vo ® <

which is equivalent to EB. (X oo, X%, Weo, w7y < 0, by virtue of the equation V' =
Wo_ol. It remains to apply (19) to obtain the desired estimate (6).

4.4. Proof of (7) and the optimality of the exponent 1/(p — 1). Pick an A, weight
W and use Lemma 4.1. Then the inequality (6), applied to « = 1 and ¢ defined in the lemma,
gives

1
X* < P o w 1/q X
X Lrowy < = WA, XLy -
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FIGURE 1. Special points Py = (w4, v4), P; = (w—,v_), Py, ... and Z = (z,z/0=P)), 75, Z3, . ...

Plugging the value of ¢ and using the bound from Lemma 4.1, we get

1/q
2pp/(P=1 _ 1/q 1/(p—1 _D/(p—1
X |rowy < (ﬁ (271 02) W W X

2pBr=2/(p—1

1/(p—1)
< 1 WL, X Lrw) -

It remains to show that the exponent 1/(p — 1) cannot be improved. Suppose on contrary that
thereis 1 < p < o0, a constant 8, and a number m < 1/(p — 1) such that for all A, weights
W and all martingales X we have

ey X Lrewy = BplIWIA X lLrw) -

The construction and the analysis of the appropriate counterexample is quite elaborate and
consists of several steps, so it is convenient to split the reasoning into separate parts.

1° Special points in the first quadrant. For two given numbers b and c¢ satisfying 1 <
b < c, draw three curves: y; = {(w,v) : woP~! = 1}, v»p = {(w,v) : wol~! = b} and
Ye = {(w,v) : wvP~! = ¢}. Next, consider the line passing through (1, ¢), tangent to y,.
This line intersects y, in two points: Py = (w4, v4) and Py = (w—, v—), where wy > 1
and w_ < 1. Furthermore, it intersects y; at a point Z; = (z, z!/1=P)) satisfying z > 1.
Next, construct inductively the sequences (P,),>2 and (Z,),>2 of points as follows. Having
constructed P,_1 and P,_;, consider a line passing through P,_1, tangent to y., different
from P,_, P,_1; this line intersects y, in P, and yet another point, which we denote by P,.
Furthermore, let Z, be the point of intersection of the line P,_1 P, with y;, having a bigger
x-coordinate than P,. We hope that the Figure 1 below clarifies the construction.

It is clear that w4 are functions of b, ¢ and p; furthermore, if we keep ¢ and p fixed, and
letb 1 ¢, then wy | 1 and w— 1 1, so in particular the difference w4 — w_ converges to
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0. Next, the line Py P; has the equation v = (1 — p)~'c/P=Dw 4 p(p — 1)~/ P=D and
hence z > 1 is the unique solution to the equation
21 =p)y PV 4 p(p — 7Tyl o
or
(22) p—2)Pt=clp-1r .

Observe also that the picture has a self-similarity property. Clearly, for any A > 0 we have
(w, v) € y, if and only if (Aw, Al/(l_P)v) € ¥., and a similar equivalence holds for y} and
y1. In consequence, for each n > 0 we have

P, = <w+(w—/w+)n7 U+(u)+/w_)"/([1—l))

and
Znp1 = (z(w_/w+)", zl/“—f’><w+/w_>"/“’—“) .

In particular, this implies that for each n > 0 the point P, splits the segment P,41Z, 1 in the
same ratio:

Z — P, —
(23) | Zn+1 n LT Wy

[Zn+1 — Poyl z—w_

2° Construction of the weight W. Consider the two-dimensional continuous-path mar-
tingale (W, V') whose distribution is uniquely determined by the following conditions.

e W is a stopped Brownian motion,
o (Wp, Vo) = Py almost surely.
e The range of (W, V) is equal to the union of the segments P,Z,,n =1,2,....

A more explicit description is in order. The process (W, V) starts from Py and first, it
evolves along the line segment P; Z, hitting eventually one of the endpoints. Denote

T = inf{t : (W, V;) € {P1, Z1}}.

If the ending point is Z1, then the process (W, V) stops and we define its lifetime to be T = 7.
Otherwise, it continues its movement, but now it evolves along the line segment P> Z,, ending
after some time in the set { P>, Z;}. Let

T, =inf{t : (W;, V}) € (P2, Z»)}.

If (Wy,, Vi) = Z3, then the evolution is over and the lifetime 7 of (W, V) equals 7p. If
(Wy,, Vi,) = P,, the process starts moving along P3Z3, and so on. Thus, we end up with a
sequence (7,),>0 of stopping times (we set o = 0) and the lifetime variable T = sup,,~q Tn.
Furthermore, directly from the self-similarity of the picture mentioned above (see (23)_), we
get

k
(24) P(r > 1,) = (Z - w*) ,

—w-
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so in particular 7 is finite with probability 1 (since all 7,’s are). Finally, one easily checks
that the pair (W, V) is uniformly integrable with values in {(w,v) : I < wv?~! < ¢}, and
hence W is an A, weight satisfying ||[W[|4, < c. Actually, the A, characteristics is equal to
¢, since the trajectory of (W, V) touches the curve y..

3° Construction of the martingale X. As we will see, the process X will be a “partially-
affine” transformation of W. Set§ = (1 — ¢™")(w4+ — w—-)/(z — w4+ ) and define the points
Po=048" Zps1 =1 +8)"c™forn=0,1,2,.... Then Z, < P,_; < P, for each
n>1and
[Py — Zy| o |13n—1 _Zn| T w4

\Po—=Zal — \By—Zy z—w—

Let us construct X separately on each [z, 7,+1] (Where t,,’s are the stopping times introduced
in the construction of the weight W). First, we let X start from f’o and on the interval [1g, 71],
let it move along [21, f’l] sothatt; = inf{z : X; € {f’l, 21}}. Clearly, this is possible because
of (25); actually, we may even require that

(Xop = P} = {(We, Vo) = P} and - (Xey = Z1) = {((Wq, Vo) = Z1).

(25)

Indeed, it suffices to put X; = ¢(W;), t € [t0, 1], where ¢ : R — R is an affine mapping
sending z to ¢c™" and w—_ to 1 4 4.

If X; = 71, the process stops (and so does (W, V)); otherwise, on the set {t > 11},
the movement is continued, along the segment [22, }32] on the time interval [7, 72] so that
np=inf{t > 11 : X; € {132, 22} and

{(Xo, = P} = {(We,, Vi) = P2} and (X, = 2o} = {(Wr,, V) = 2}
This can be guaranteed due to (25): if ¢ is an affine mapping which sends zw_ /w4 to (1 +
8)c™™ and w? Jwy to (1 + 8)2, then the formula X, = ¢(W;) on {t > 11}, ¢ € [11, T2], does
the job. We continue the construction using this pattern on each [t,, T,+1], requiring

{Xo, = P} = (W, Vo) = P} and {Xe, = Zy) = {(Wy,, Vz,) = Za)
foralln > 1.

4° Calculation. We start from some facts which follow directly from the above construc-
tion. First, note that on the set {1, < 7,41 = 7} we have X, = P, and X, | = Z, 41, which
means that

(26) X*>P=(048)"=c"Z1 =" Xoo.

Furthermore, by (24), we have

. z—ws\" wy —w_
P(Xoo = Znt1) = P(Woo, Voo) = Zn41) =P(ty < Tpy1 = 7) =

Z—w_ Z—w_
which implies

o e () () 2

—w- — w-
=0 Z 4
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We will show that if b is sufficiently close to c, then the above series converges. Assume for a
moment that this holds, and let us quickly see how this contradicts (21). Combining (21) with
(26), we get

WA X Lrowy < X Leow) < IBpHWHIZ(;)HX”LP(W)

and since || X||zr(w) < 00, we must have ||W||Z’;K(p) < Bp. But the above construction

allows arbitrarily large values of ||W||4,; this enforces k (p) > m. Since m was an arbitrary
constant smaller that 1/(p — 1), the exponent in (7) is indeed the best possible.
5° Convergence of the geometric series (27). To prove the convergence, it suffices to

show that the corresponding geometric ratio is smaller than 1:

- p
(14op. = 22 0F =<1+(1_C m)(w+—w_)> Rl S
Wy IT— W- I— w4 w4+ IT— W-
However, when b — ¢, then w4 — w— — 0 and the ratio is of the order
(FSIETI TR R LTS
I— w4 wy+ I — W-
Wy —w_ Wi — W_
=1+ p(l—c™(wy —w_)/(z —wy) — — - +o(wy —w-).
w4 Z— wW—
So, we will be done if we show that
pl—cm -2 27
w4 Z— WwW—
for b sufficiently close to c. But limp_,, w4+ = limp_,. w— = 1, so the left-hand side above

can be made arbitrarily close to p(1 —¢c™) —z. If p(1 —c7™) < 1, then p(1 —c™™) -2 <0
(and we are done). If p(1 — ¢™™) > 1, then this inequality is also true. Indeed, by (22), it
suffices to show that

cHp =D < p =) (p = p(L =" = p(l = cTMpPleTm 7D

(since the function s — s(p — s)?~! is decreasing on [1, p]). But this clearly holds, since we
have assumed thatm < 1/(p — 1) and p(1 —c¢™™) > 1.
This implies the desired convergence of (27) and completes the proof of Theorem 1.3.
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