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Abstract. In this paper, we study the Tamagawa numbers of a crystalline representa-
tion over a tower of cyclotomic extensions under certain technical conditions on the represen-
tation. In particular, we show that we may improve the asymptotic bounds given in the thesis
of Arthur Laurent in certain cases.

1. Introduction. In [BK90], Bloch and Kato defined the local Tamagawa number of
a general motive. Furthermore, they formulated a conjecture relating the Tamagawa number
to the size of the Shafarevich-Tate group, generalizing works of Birch and Swinnerton-Dyer
on elliptic curves.

Fix an odd prime p. Let T be a crystalline Z ,-representation of G g, where F is a finite
unramified extension of Q,. We write V = T' ® Q,,. The local Tamagawa number of T at a
prime outside p is relatively well understood (see for example [FPR94]). In this article, we
study the local Tamagawa number of T at p over a tower of cyclotomic extensions of F'. More
specifically, we give asymptotic bounds on Tamp, , (T) for n > 1, where F;, = F(upn) and
wy, 1s a basis of detzp ((’) Fy, ®0p Deris(T)/ Fil° ]Dcris(T)), with Dyis(T) being the Dieudonné
module of 7. We show in §5.2 that under some technical hypotheses on 7', we have the
inequality
("~ +p=2+s1(p=D)+s2l F: F)d’

deth (1 - (,0|]D)cris(v))(17)

for all n > 1. Here, d’ is the dimension of Dcris(V)/Filo Deis(V), r, s1 and sy are some
constants that depend only on the integrality of the Frobenius action ¢ on Deris(V) and () (p)
denotes p°rdr®),

The structure of the paper is as follows. We shall first of all introduce some notation and
review some standard results from p-adic Hodge Theory in §2. We then reprove a result of
Perrin-Riou in §3, which is one of the key ingredient of her construction of the big exponen-
tial map in [PR94]. This result will be needed to analyse the denominators of the Bloch-Kato
exponential map. In §4, we review some results of Wach modules from [Ber04] and use them

p

(1.1) Tamp, o, (T) <

s
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to prove a relation between crystalline classes over cyclotomic extensions and power series.
Furthermore, we shall analyse the denominators of these power series. In §5.2, we combine
these results to prove (1.1). We note that in Arthur Laurent’s thesis [Laul3], a different as-
ymptotic bound is given. We shall discuss how the two bounds compare in §6. In particular,
if f =) ayq" is a modular form of even weight k and that ord, (a,) > k/2, it is possible to
work out the constants 7, 51 and s explicitly and that (1.1) gives

Tamp, o, (T (k/2)) < p*2P=DG" ™ HD=p"" (p=2)e

where Ty is the two dimensional representation of Deligne associated to f and e is the degree
of the smallest extension of Q, that contains all a;,.

Finally, there are two appendices to this paper. The first one contains some elementary
results on p-adic valuations of elements in F;, and their relations to cyclotomic polynomials.
The second one is a discussion on a consequence of our results in §3 on Q-systems, which are
important objects in the study of p-adic Gross-Zagier formulae in [Kob13, Kob14, Otal4].

2. Notation.

2.1. Iwasawa algebra and power series. Let p be an odd prime, with v, the normal-
ized p-adic valuation on Q, with v,(p) = 1. We fix F a finite unramified extension of Q.
It is equipped with the Frobenius automorphism o. For 1 < n < 0o, we denote the extension
F(upn) by F,. We write I" for the Galois group Gal(Fi/F). We have the cyclotomic char-
acter x on the absolute Galois group G r of F. Fix a topological generator y of Gal(Fu/F1)
and write u = x(y) € 1 + pZ,.

Let Ap = OFf[[I"]] = Or[A][[y —1]] be the Iwasawa algebra of I" over Of. We define
HF to be the set of elements in Q,[A][[y — 1]] that converge when we replace y — 1 by any
elements in the open p-adic unit disk.

Let m € Z and I C Z a finite subset. For an integer n > 0, define w, ,(y) =
@ =1, 001 @) = [Tpes @m@)s Pam ) = @@ ™y) and By 1(y) =
[Lner @um(y), where @,n is the p”-th cyclotomic polynomial. We also introduce the fol-
lowing notation of p-adic logarithms

log(y) log(u™"y)
m = —m=
log(u) log(u)
Given f € Hr and g € Qp[ly — 11]. We say that g is divisible by f (written g| f) if
each A-isotypic component of f is divisible by g over Q,[[y — 1]].
We define Ags, Beris and Bgr to be the usual Fontaine rings (definitions can be found
in [Ber03, Ber0O4] for example). Recall that the ring Et = 1<1r_n OCP is equipped with the
xX—=>xP
operator ¢ defined by x — x? and that ¢ is invertible on Et. We fix an element ¢ =
(1, ¢p, $p2s - .)€ E+, where ¢n is a primitive p”-th root of unity. For an integer n, we write
en = [p7"(e)] € W(ET). Here, W(E™) is the ring of Witt vectors with coefficients in E*
and [e] denotes the Teichmuller lift. Note that, when n > 0, we have

2.1) en=sl €1+ p"W(EY)
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since the first n coordinates of ¢”" are all 1.

Let 7 = [gg] — 1. Define A; = Op[[]], which we shall identify with the set of power
series Op[[X]]. Given f = )_ a,,n™, we write " tobe > 0" (am)n™ forn € Z. The action
of p : m — (14m)” —1isextended o-linearly to A;. In other words, if F = )_ a,,n™ € AT,
then ¢(F) = Y o (am)((1 + m)? — 1)™. Further, there is a standard left inverse ¥ of ¢ on
AT, which sends (1 + )" to (1 + 7)"/? if p|i and 0 otherwise.

We define B—It,rig to be the set of power series in F[[7]] that converge on the open unit
disk. We have t = log(1 + ) € B;rig’ The operators ¢ and ¥ on A}t extend naturally to
IB%JI,C’rig. For an integer m > 0, we have the operator on (IB%JIS’rig)‘p:O defined by V,,, = t% —m =
td —m, where 0 = (1 + n)%. We note that the operator 9 acts bijectively on (AIJS)‘//ZO as
well as (IB%"FF’rig)‘/’ZO.

We have an isomorphism of A p-modules (the Mellin transform)

M : Hp —> (Bf ;)"

l—>1+4m,
where the image of Af is (A;)"’ZO. If f € HF, then
(2.2) ME L - ) = Vi o Mp(f).

THEOREM 2.1. Let f € HF andn > 1 an integer. We have @,_1(y)|f over HF if

and only if Mp (f) € Pp(1 + ) (BF ;)V=".

PROOF. Thisis [LLZ10, Theorem 5.4]. O

COROLLARY 2.2. Let f € HF and m,n > 1 integers. We have ©,_1 ,(y)|f over

Hr if and only if 3"Mp(f) € @, (1 + n)(B;ﬁg)w:‘).

PROOF. This follows from [LLZ10, proof of Lemma 5.9]. O

2.2. Crystalline representations and Wach modules. Let 7 be a crystalline rank-d
Zp-representation of Gr and V =T ®z, Q). We assume that 7" has Hodge-Tate weights in
[a; b] with b > 1. Furthermore, we shall assume the following Fontaine-Laffaille condition
from [FL82] holds throughout.

(HFL)b—a<p—1.

We define Hllw(F , T) to be the inverse limit 1(&1 HY(F,, T), where the connecting map
is the corestriction map. For m > n > 0, we write cory,/, for the corestriction map from

H'(F,,, T)to H'(F,, T). Let
prr, : Hy(F, T) — H'(F,,T)

denote the natural projection.
Letm € Z. We have the Tate twist T (m) = T ® Zpe,,, where G f acts on Z ey, via the
character x™. We have a natural isomorphism

HL (F.T) =5 HL (F, T(m)).
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We write Dis(T) for the Dieudonné module of 7. We assume the following hypothesis
holds.

(H.eigen) None of the eigenvalues of ¢ on Dis(7) is an integral power of p.

Note in particular that (H.eigen) implies that T (m)%F~ = 0 for all m € Z. We have the
identification

(2.3) Deris (T (m)) = Deris(T) -t " ey, .
We write Tw,, for the bijection

T = (B )" =" ® Deris(T) > (Bf. ;)7 =" @ Deris (T (m))
fRuv 3 "fRu-t Mey.
Here, the tensor product is taken over Or. We shall abuse notation and write ¢ for the diagonal
map ¢ ® ¢ on B;,rig & Deris(T).
REMARK 2.3. Itcan be checked that Tw,, commutes with the actions of ¢ = ¢ ® ¢ on
BE . )V=0 @ Deis(T) and (B;ﬁg)wzo ® Deris (T (m)) since 3¢ = p™@d™ and p(t ™) =

F.rig
p"MT™m,

The tangent space of V over F}, is defined to be
wV)=F® Dcris(T)/ Fﬂo Deris(T)

When n = 0, we simply write 1 (V) = F @ Dis(T)/ Fil® Deris(T). Recall that the Bloch-Kato
exponential map

expy., : tn(V) © Deris(T)—> H(Fy, V)
is defined as the connecting map of the short exact sequence
2.4 0— Qp = Beris = Beris @ IB%dR/IB%;_R -0
and H }(F,,, V) can be realized as

ker (Hl(Fn, V) — Hl(Fna Ve IBcris)) .
We write exp, , : HY\(F,, V)/H}(Fn, V) —> F, ®Fil° D5 (V) for the dual map of expy -
Note that under (H.eigen), we in fact have

H)(K.T)=H{(K,T)=H,(K,T)

for all finite extension K of F (see [BK90, §3.11]).
We write N(T') for the Wach module of T (see [Ber03, §A] or [Ber04, §1I] for a defini-
tion). We recall that there is an identification

2.5) NTm)=NT)@n "en
and that there is an isomorphism ([Ber03, Theorem A.3])

(2.6) Ry DTV = @*NT)Y = S HEL(F, T).
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We may extend this map to
hy : Dig(V)V=" — Hp @ Hy(F, T),

where Dy (V) is the (¢, I')-module over the Robba ring associated to V. For an integer
n > 0, we shall write th’n for the map th composed with the natural projection pry .

If x € F,((1)) ® Deis(T), we define 07 (x) € F,, ® Deis(T) to be the constant term
(coefficient of %) of x. Recall that we have the map ¢ ™" : B . — F,[[]] sending 7 to

F.rig
Cprexp(t/p") — 1.

THEOREM 2.4. Ify € Duig(V)V=" N By ;,[1™"'1 ® Dexis(T)), then

expy, ohy,,(v) = p"or (0" ()
foralln > 1. Ifn =0, then

exply g ohy () = (1 = p~ o™ ar(y).
PROOF. This is [Ber03, Theorem II.6]. O
2.3. Perrin-Riou’s exponential map. Let T be as above with both (H.FL) and

(H.eigen) hold. Since Fil D¢ris(T) = Deris(T), we have the Perrin-Riou exponential map
from [PR94]

21 Bf 3)" =" ® Daris(T) —> Hr ® Hyy (F, T).

Note that £27 5 is a A p-homomorphism. It is compatible under twisting, that is, we have the
following commutative diagram:

_ 276
2.7 B 1i0)" =" ® Deris(T) Hr @ H\,(F,T)
lTWm l'em
. (D" 27 (m) b+m
(B} 11)" = ® Derio(T (m)) - Hr ® Hi,(F, T)
for any integer m > 1 — b (c.f. [PR94, Théoreme 3.2.3 (B.ii)]). If g € (B;rig)w:o ® Deris (T),
then by [PR94, Proposition 2.2.1], there exists a unique G € B . @ Deris (T))¥=" such that

F.rig
(1—¢)G = g (see also §3 below for a discussion on the solution to this equation). By [Ber(03,

Theorem II.13], we can describe the Perrin-Riou exponential map via
(2.8) 2r.5(9) =hypoVp_10---0Vo(G).
DEFINITION 2.5. We define the maps
Era: APV @ Dexis(T) — Hf(Fy, V)
g expy, (P®9) "G (G — 1),
Srn: (ADY=" @ Derig(T) — Hp(Fy, V)

g pP Dexpy , (G7 (g — 1)),
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Orn: (A= ® Drig(T) — 1 (V),
g+ G (g —1) mod Fil® Dei(T),
where G € (I[B;C’rig Q® Deris(T))¥=" is such that (1 —¢)g = G and G° " denotes (6 " @ 1)G.
For j <b — 1 and n > 1, we have the interpolation formula

2.9) Prrjyn(Rr6(9) -e—)) = (=) (b = j = D!Er(~j).n 0 Tw_j(9)
by [PR94, Théoreme 3.2.3 (A)] (after changing the sign of j).
PROPOSITION 2.6. There exists an integer s such that the image of X1, lies inside
p—* H}-(Fn, T) for all n > 1. Furthermore, we have the relation
cOtn+1/n Z1.a+1(9) = " E1.0(1 ® 9(9))
forall g € (AF)V=0 @ Dyi(T) and n > 1.

PROOF. This is [PR94, Proposition 2.4.2] after a slight modification of the definition of
X'r.n (from page 108 of op. cit.). |

Assume that a = 0, then we have the p-adic regulator map

Lr: HL(F, T) = Hr ® Deris(T)

(2.10) 2 O ®@Do(l—9) o)™ ().
See [LLZ11, §3] for a detailed discussion on this map. By (2.2) and (2.8), we have the relation
(2.11) Lr=0Cp1- Lo MG @) o275

3. Analysis of the equation (1 — ¢)G = g. In this section, we take T to be a fixed
crystalline representation as in §2.2 satisfying (H.FL) and (H.eigen). The Hodge-Tate weights
of T arein [a; b] with b > 1. By (H.FL), pbgo]D)ms(T) C Deis(T). We fix aninteger 1 < r <
b such that the slopes of the action of ¢ on Dgs(7) are > —r. In particular, there exists an
integer s > 0 such that

(3.1 (P 9) Deris(T)) € p~* Deris (T)

for all k > 0. We fix an Op-basis vy, ..., vg of Deis(T).
Note that 1 — pj ¢ is invertible on F ® Dis(T) for all integers j thanks to our assumption
(H.eigen). We choose s such that in addition to (3.1), we have

(3.2) (1 = pl o) " Deis(T)) C p~* Deris(T)
forall0 < j <r.

Letg € (IB%'It’rig)‘/’ZO ® D¢ris(T'), our goal in this section is to study the equation

(Eg) (I1-pG=g

for G € (B;’rig ® Deris(T))¥="1. The following is a slight modification of [PR94, Proposi-
tion 2.2.1].
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PROPOSITION 3.1. Let T, r and s be as above (so that (3.1) and (3.2) are satisfied).
Then,

(i) The map (1 — ) : By . ® Deris(T) — By i, ® Deris(T) is bijective;

(ii) Forall g € A; ® Deris(T) andn > 1, T € GF,, we have
pUT (= 1D)Gen — 1) € ' Acris ® Deris (1),

where G is the unique solution to E 4 (wWhich exists by part (1)).

PROOF. (i) follows from [PR94, Proposition 2.2.1, parts (i) and (ii)] and (H.eigen). We
rewrite the construction of G in op. cit. on replacing &, which is the largest Hodge-Tate weight
of T in Perrin-Riou’s proof, by our chosen integer r.

Firstly, assume that g € 7" HBY . ® Deis(T). Write g = 77 +! Z?:l fi ® v; where

F.rig
BT ~
fi € BF,rig' For an integer k > 0,

d
o () = p M T Y @ () (i)
i=1
Note that (p” @)X (v;) € p~Deris(T) for any k > 0 by (3.1) and that p Rk )yl - 0 as
k — oo. Furthermore, ¢*(f;) — fi(0) as k — oo. Hence, we deduce that ¢*(g) — 0. This
implies that 32, 9¥(g) converges to a solution to E,.
Now, for a general g € BE . )= Q@ Deis(T) and j > 0 an integer, we define A;(g) =

] F.rig
(07 @ 1)(9)|x=0 € F & Desis(T). Then,

.
t)
- . +lp+ .
ENEDY 7 ®45(9) € B @ Deas(T).
j=0
By the first part of our proof, thio @*(§) converges and the limit is the solution to (E 3)-
Since ¢(t/) = p’/t/, we see that

- (/@1 -plo)'Aj(9) =t/ @ A;(9).

Therefore, the solution to E is given by
o r [J )

(33) G=>Y ¢"® +Zﬁ ®(1—ple)~'4;(9).
k=0 j=0

We now prove (ii). We shall show that on replacing 7 by &, — 1, the action of p 1" (7 —
1) sends each individual term of (3.3) to pl_’ TS Acris ® Deyis (T') forall T € Gp,.

Fix some © € GF,. By definition, x(t) € 1+ p"Z,. Leta = (x(v) — D)p™" € Z). We
may describe the actions of 7 explicitly: 7 -7 = x ()t and 7 - & = £'” = g - £%_ forall

integers k.
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Let us first analyze the terms in the second sum in (3.3). Since log(e,) = p~"¢, we have
for 0 < j < r the equation

j .
pr=bn(r — 1)<logj$8") ®1- p’w)‘lAj(9)>
(r—Dn I — D) (p~"1)/ ;

_Pp (x(r)j' YPDT o1 Py Aj(g)
(r—j—n J 1 J .
4 ()J('!(t) L ®1—-plo)y'ajg.

—i—Dn Ny ' . .
Note that 2 (jX!(r)j DAy Acris since x(t)) — 1 € p"Zpand j <r < b < p —
1. Therefore, thanks to (3.2), we deduce that the above expression lies inside p~5Ags ®
Deris(T) C pl_r_SAcris ® Deris (T).

We now consider the terms that appear in the first sum in (3.3):

" pikti
== (pjf ®<ok<Aj<g>>) ,

j=0

where k > 0.
(Case ) n > k:
Letg = Z?:l fi ® v;, where f; € A;. Then

P = Dt (g)en — 1)
d
=N (@R =D = £ ek — D) @ ¢F )
i=1
d ) x
= P (7 et % = 1) = 7 k= D) @ 6w
i=1
From (2.1), e_x = 1 mod pFAcys, so the expression above lies inside pU~D"FA o ®
@K (Deris(T)). But n > k, so via (3.1), we deduce that this set is contained in Acis ®
P! Deris(T)) C p™* Acris ® Deris(T).
If0 < j <vr,then

K 1og) (g,
prbn( 1)(%‘(’:(8) ® wk(Aj(g))>

! k
Q¢"(Aj(9).

_ (r=Dn+jk (X(T)j - I)P_jnt
=p -
Jj!
But (x(t)/ —1) € p"Z,,, so the above expression is contained in p"" /¥ =" Ao @@k (A (9)),
which is contained in Ags ® ( p’(p)k(A i(9)) C p™%Acris ® Deris(T) thanks to the fact that
n >k and (3.1).
(Case2)n < k:
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Letj=Y"%, fi®v.Fix0<i<dandwrite f; = Y20 . a,n", where a,, € O.
By the definition of g, we have v, (a,,) > —rsy, forall m > r 41, where s, > 0 is the integer
such that p*m is the largest p-power < m.

Consider

k k
(t — D (fi)en — 1) = £7 (XD = 1) = 7 (eni — 1).
Letx =&, — 1 € pFAgisand y = &%) — 6,4 = 6,4 (6%, — 1) € pFAeris (c.f. (2.1)).

We have

(T = DR () En — D =D o am)((x + )™ —2™).

m=0
Foreachm > r + 1, (x + y)" — x™ € p™*k=M+1A . Recall that a,, € p~"" OF, so
o* (am)((x + y)" = x™) € prm A o
Therefore, we deduce that
PV @ = et (§) € p T E TR A @ (7 9)F Denis(T)) -

Butm > r,k > nandm > p’», so

log(m) N 1)

rn—rspy+mk—n)—rk=m—r)k—n)—rs,, >m—r—rsy Zm—r(
log(p)

log(p)
that m > r. Therefore, f(m) > f(r+1) =1— %. Recall thatr < b < p — 1 by
(H.FL), so f(m) > 1 —r. Hence

P (@ = 9" (@) € p' T Aeris ® (7 9)* Daris(T)) C p'™" ™ Acris ® Deris (T)
by (3.1). O
COROLLARY 3.2. Ifg € (AD)V=0 ® Deris(T), then
P Era(g) € p' T T HE(Fy, T).

The function f(m) =m —r (1°g(m) + l) is increasing by studying its derivative and the fact

PROOF. Recall from Definition 2.5 that
P21 a(9) = pU M expy, (G7 (G = 1)
But expy , is defined to be the connecting map that arises from the fundamental short exact

sequence

0— Q, — BY%' - Bar/Bj; — 0

cris
after tensoring by V, which implies that expy , (G”_" (&pn — 1)) is represented by the co-

cycle that sends t € Gf, to (t — 1) - G° " (e, — 1). Therefore, the lemma follows from
Proposition 3.1(ii). |
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4. On aninverse of X7 .

4.1. Preliminary Results on Wach modules. In this section, we fix a representation
as in §2.2 under the conditions (H.eigen) and (H.FL). Let ¥ be the Tate twist 7' (—a) of T.
So, all the Hodge-Tate weights of T are > 0. Letr; =0, ...,rgy = b — a be the Hodge-Tate
weights of T. Let vy, ..., vy be an Op-basis of D¢is(T) that respects its filtration. Then, by
(H.FL), the matrix of ¢ with respect to this basis is of the form

A= - Ao,
p

where Ag € GL4(OF) .

PROPOSITION 4.1. Under the identification N(T)/tN(T) = Dgis(¥), we may lift
V1, ...,V to an A'It-basis of N(%), with respect to which the matrix of ¢ is of the form

purdr1g
P = -Ap,

g

where u = p/(qg — P~ ") € (A'F")X.

PROOF. Consider the representation T (—rg). Its Hodge-Tate weights are ri —r4, ..., 0
and v; ® t"“e_,, form a basis of Deis(T(—r4)). The matrix of ¢ with respect to this basis is

prd_rl
prdAZ 'AOa

since ¢(t) = pt.
By the proof of [BerO4, Proposition V.2.3], we can lift it to an A;-basis of N(¥(—ry))

(say n, ..., n}) such that the matrix of ¢ with respect to this basis is given by
(g) ="
-Ap.
1
Butn) ® m e, ...,n/; ® m"e,, is a basis of N(¥) and

en; @ er) =q o) @ ey, i=1,....d.

Hence the result. O
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Note in particular that the inverse P~ is a matrix with coefficients in AJFF. Letng,...,ng
be the basis given by Proposition4.1 (son; mod m = v; fori =1, ..., d). We have a change
of basis matrix M = (m;;) € ded(IB%JI,C’rig) that satisfies n; = Z?:l mijvjfori =1,...,d.

By the semi-linearity of the action of ¢ on N(7'), we have the equation
4.1 PM =¢p(M)A,

which is equivalent to M = P~!g(M)A. Substituting M on the right-hand side repeatedly,
we obtain for any n > 0 the relation

42) M =P lo(P7h) " (PTHe" T (M)g" (A) -9 (A)A.

It follows from [Ber0O4, Proposition II1.2.1] that there is an inclusion of B;’rig-modules
(4.3) B} 1ig ® Deris (T(—ra)) C B 5, © N(T(—ra))
with elementary divisors [(¢/7)""; ... ; (t/m)"¥]. Therefore, via (2.3) and (2.5), we deduce
that

B} i ® N(T) C B} iy ® Derie(T)

whose elementary divisors are [(¢/7)"; ... ; (t/7)"].

PROPOSITION 4.2. The matrix M lies inside 1; + nrdeXd(B;,rig)’ where 1; is the
d x d identity matrix.

PROOF. Let n},...,n), be the basis in the proof of Proposition 4.1. Let G, be the

matrix of y with respect to this basis. Then, the proof of [Ber04, Proposition V.2.3] tells us
that

Gy € la + 7" "Maxa(A}).

Let M' = (m] ;) =@ /)" M~!, which is the change of basis matrix for the inclusion

(4.3). In particular, this is a matrix with entries in B+ We have

F.rig-
d

v ®1te_,, = Zm;/n/j, i=1,...,d.
j=1

The left-hand side of this equation above is invariant under the action of y, this implies the
relation

y(MG, =M.

By definition, M’ = I; mod 7. Let M’ = I; + N, where N is a matrix defined over

BT Then, the fact that G, = I; mod apl implies that

F.rig-
y(@y(N)=aN mod P!,

On comparing the coefficients of 7, we see that N = 0 mod 7. In other words, M’ = I

mod 72. On repeating this procedure, we can show that M’ = I; mod 77!,
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But M = (t/rr)’d(M/)_1 and7/m =1 mod 7. Since we have assumed thatry < p — 1
(i.e. (H.FL)), we have M = I; mod 7’4 as required. O
DEFINITION 4.3. For an integer n > 0, we define
Miog.n = Mz (1 +m)e" (M) .

COROLLARY 4.4. Foralln > 1,

On=1,{0,...ra=1} (V| (Miog.n — 1a)

over Hp.

PROOF. By Proposition 4.2, we have

(1 +m)¢" (M) € (A + 1) Ua + ¢" (1) Maxa B ;) -

Therefore, our result follows from Corollary 2.2. |

4.2. Integrality conditions on crystalline classes. We shall now make use of the
structure of N(%) to study crystalline classes (that is, elements in H }). Forany z € Hllw(F , D),

we define u;(z), u; ,(2) € Hr,i =1, ..., d by the relations
d d
(44) Ls@) =) ui@®vi=) w2 Q¢" v,
i=1 i=1
where vy, ..., vy is a basis of D¢is(%) as in the previous section and L« is the regulator map

defined in (2.11). Our main goal in this section is to study the coefficients u; ,(z) when z
comes from classes in H }(Fn, T). Let us first prove two lemmas.

LEMMA 4.5. Letx € N()V=!, then there exist unique elements s; (x) € (A'It)‘p:()for
i=1,...,d suchthat

d U1
(4.5) A—x =Y si@em) = (s1(x) -+ sa)PM| : |,
i=1
where M and P are the matrices as defined in the previous section.

PROOF. Recall from [LLZ11, §3] that we have the inclusion

N £ ((0)"NE@)'= € B 1) ® Deris(T) .

Here (¢)*N(%) denotes A; - @(N(X)). Therefore, we may write

d
A—@)x =) si(@X)eM)

i=1
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for some s; (x) € (A;)‘”ZO. Recall that n; = Z?: 1 m;jv;. Hence, on applying ¢, we obtain

@(n1) @(v1) v
=eD | 1 [ =e@DA] |,
¢(na) @ (va) Vd
so we are done by (4.1). O

LEMMA 4.6. Letm > 0andn > 1 be integers, x € (B;’rig ® ]Dcris(‘f))‘/’:1 and write

X = Zf-l:l X;vj, where x; € B—It,rig' Then,
1 d
dxomy 097" (o) = — 3 (0" i) (G = 1) @ T (i e ).

Ci=I1

PROOF. Let us write

d
Xeeom =) (7)) ® (v - 1"e ) € B o [17'1® Deris(T(—m))V=".
i=1
If we apply ¢ ™" on both sides, we deduce that

d

9" (x-em) = (7" xi(gprexp(t/p™) — D) @ (97" (i) - 1" e )
i=1

as "™y =pT"t and oMt - e_py) = p""t™ - e_y,. Therefore, when we apply the
map dg(—m), What we get on the right-hand side are the coefficients of " in
xi(Gprexpt/p") = 1) = 7" (xi)

i=1,...,d,tensored by ¢ " (v;) - t""e_,,. The said coefficients in ¢ ™" (x;) can be obtained
from applying % % li=0 = ﬁam +=0. However, we in fact have the relation p™" 9" ¢™" =
@~ "™, which implies that

1 _ -
e i) = @ 0" (xi) .

pmnm!

In other words,

d
1
O(cmy 0 9" (x - eom) = Y " )0 ® (97" (i) - ")
i=1

pmnm! 4
1 d
=D 0 Dl=0 ® 97" (Wi 1" em)
Ti=1

Given an element R € BT

Frig» We have 97" (R)|1—o = R({pn — 1). Hence the result. O

Using the second part of Theorem 2.4, we deduce similarly the following lemma.
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LEMMA 4.7. Letm > 0 be an integer, x = Z?:l Xiv; € (IB%;E rig ® Dcris(i))‘p:lbe as
in Lemma 4.6. Then,

d
1 - 1 1 -
dscmo(l=p o™ (r-eom) == D ") @1 —p" o (i - 1"ep).
m!
i=1
THEOREM 4.8. Let0 < m < rqg — 1 and n > 1 be integers. Fix an element 7 €
HIIW(F, %) such that pr(_yy) (2 - €—m) € H}(F,,, T(—m)). If u; »,(2) € HF are the elements
defined in (4.4), then fori = 1,...,d,

Ui 0 (2) = Op—1,m (¥)in(2)
for some 0! (z) € Hp. Furthermore,
U,(2) =% modwy—1,(0,. . rq—1y(¥)HF
for some t e Ap.
PROOF. Letx = (hL)7!(z) € N(T)V=1. Then (2.10) says that
Lz@=M"@Do(—px.

Write x = Z?:l x;v; and (1 — @)x = Z?:l ui n@" (v;) where x; € ]PB;C’rig and u; , €
(IB%'It’rig)‘/’Zo. On comparing with (4.4), we have
(4.6) Mr (40 (2) = Ui -
Furthermore, we may deduce from (4.2) and (4.5) that
@ (i o+ tan)=(s1(x) - 5a(x)) PM(@" " (A) -+ p(A)A)”!
=100 - sa@)ePTH " TP (M)

By Theorem 2.4 and Lemma 4.6, the fact that pre(_,, ,(z - e-m) € H}(Fn, T(—m))

implies that
@"xi)(&pn — 1) = 0.
Therefore, 9"~ (¢)|8"x; (over ]PBJFr’rig) for all i.

Further, note that if prg(_m)’n(z -e_pm) € H}(F,,, T (—m)), then prg(_m)’k(z -e_py) €
H}(Fk, T(—m)) forall 0 < k < n. On applying Lemma 4.6 again, we have o N(g)|9™x;
for 1 < k < n. By Lemma 4.7 and (H.eigen), we also have |0™x;. Therefore, we deduce
that ¢" (7)[0™x; for all i. On applying 1 — ¢, we see that ¢" (r)|0" u; ,, for all i. The first part

of the theorem now follows from (4.6) and Corollary 2.2.
Consider (4.7). Letty, ..., 14 € (A;)‘/’ZO be the elements defined by

(1 w)=(10) o sa) (PP
We then have

(1’1 rd)gon(M)z(uLn Md,n)-
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Recall from [LLZ10, proof of Theorem 3.5] that if f € ]PB;C’rig, then

AL o()H'=°

is a free A p-module of rank 1, with basis (1 + )¢ (f). Therefore, there exist t; € A such
that

(b ta) - Q+m" M) =(t1 - )" (M) = (urn -+ Uan) -
We deduce from (4.6) that
(4.8) (tl T td) Miog,n = (ul,n(z) s ud,n(z)) .

But Miog,n = Iy mod w,—10,...r,—1) by Corollary 4.4. Hence, the fact that w,—1,,(y)|
u; »(z) (over Hr) implies that w,—1 , (y)|ti over Hp forall i. Since t; € Ar and wp—1 m (y)

is a monic polynomial in y — 1, this division is in fact over Ap. If we write
t = tj/wa—1.m(y) € AF, then (4.8) tells us that

(}El s %d) Miog.n = (ﬁl,n(z) : "ﬁd,n(z)) .
Hence,

ti=1;,(2) mod wp—10,..,—1y(V)HF
as required. i

Let S,.m be the set of elements in H ¢ that are coprime to w,—1,,(y). If M is an Hp-
module, we write S,: ,lnM for the localization of M with respect to S, ;.

COROLLARY 4.9. Letm and z be as above. Then,

Lx(z) _
— o € Sy HF © Darig(T).
[T ¢
Furthermore, there exist ¢; ,, € Ap, i =1, ..., d such that

d
L7(2) _
S =Y G ® ") mod @ (1) Sy HE ® Deris (T).
1'[“‘ 01 ej i=1
Jj= 1=

PROOF. We use the same notation as in the proof of Theorem 4.8. We have

d
Lz(2) 1
Hrd—l e = Erl—l .. ZO Zui,n(z) ® (pn(vi)
j=0 *“J ‘ i=1
On1m(y) o
=ﬁ2ai,n(z>®w"(vi>,
R

i=1
which gives the first part of the corollary as £; with j # m and £,, /w, 1, (y) are all coprime
to a)n—l,m(y)'
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Now, consider the factor

on-1m(y) _ p"Vlog(u) I

. Pim(¥)
Cry— Lo HiZn 5 14 j#m

1
ﬁj'

On the one hand, we deduce from Lemma A.3 and (H.FL) that £; is congruent to (m — j)
modulo w,—1,, (), which is a p-adic unit for all j # m. On the other hand, Lemma A.2 says

that [ [, q>”; W i congruent to a constant in 1+ p"Z,. Hence we are done by the following
fact

vp(ogu)) =vp(u—1)=1.
O

COROLLARY 4.10. Let m and z be as above. There exist elements c; ,, € (AJIE)¢=O,
i=1,...,d suchthat

d
PrY "im ® ¢ (i) = 0" 0 25 (2) mod 9" (1), (B ;)"0 ® Deris (T) .
i=1

PROOF. Let MpFs,,, be the induced map from S,:,lan to S,:,ln (BT . )¥=0. Then, by

F.rig
Corollary 2.2, we have
0" M5, (00t HE ) = ¢S, HBE )~
Our result now follows from combining this with Corollary 4.9 and (2.11). O

PROPOSITION 4.11. Letcipm € (A;)‘pzo be any elements given by Corollary 4.10.
Then

d
Pra(emyn(@) = (=1)"(ra —m = DIp" 7 Sy 0 Twoy, <Zﬁvm ® ”") '
i=1

PROOF. Let us write

d
¢=Tw., <Zc,,m ® vi) & (41)"™" @ Dess (T(—m)
i=1
and let
d
Cn=p" Y 0" ®¢" (W) = (P )" () 1 e

i=1

By the commutative diagram (2.7), we have
2% (@ em) = (=1)"Tw_p o7, (2) = (=1)"@" ®1"e_p) 0 25}, (2).

T (—m),rq—m

Corollary 4.10 says that the last term is congruent to

cn-t"e_m = (p®¢p)'(c) mod ¢"(r).
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Therefore, on applying (2.9), we have

Pl () n (2 eom) = (=1)"(ra = m = D!Ex—myn ((p © )" (0)) -
By definitions,

(rg—m— l)nr-v

p Ex(—myn = X3(— m)nO(P®</))n

as the largest Hodge-Tate weight of T (—m) is r; — m. Hence, we deduce that
Py (- €om) = (=1)"(ra = m = DIp~ "D Tr ()
as required. O

5. Upper bounds of Tamagawa numbers.
5.1. Relation between (A )¢ =0 and O F,» Forn > 2, welet O}Z:O denote the kernel
of Trg,/F,_, on OF,. By [Leil0, Lemma 3.1], we have the decomposition

(5.1) Or, =P 05~ & Or,
i=2

as Zp-modules and that

(5.2) rankz, O =" = ¢(p") — p(p"~") = p" 2 (p — D*.
LEMMA 5.1. We have
"BV ifn =2,
p(m)(AL)V=0 ifn=1.
PROOF. Ifn >2,¢" ! (q)f € (AL)V=" for some f € A}, then

@ HpAHNAHY =

V("N @) ) =" (@Y (f) = 0.

This forces f € (AJFF)‘//ZO.
For n = 1, suppose that (¢ f) = 0, where f € A;. We may write f = f(0) + m g for

some g € Af. Then ¥(qf(0) + gmg) = f(0) + 7y (g) = 0,50 £(0) = ¥(g) = 0. This
implies that g f € o(m)(AL +)¥=0 as claimed. O

LEMMA 5.2. There is an isomorphism of Z,-modules
n (AR A0 = O
forn > 2. When n = 1, we have instead

C A o) (AH)V0 = O, .
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PROOF. Since @, is the minimal polynomial of {,» — 1 and ¢ (q) = @, (r + 1) for
n > 1, we have an isomorphism of rings

(5.3) At/o" N (@)AL = OF,

given by the evaluation map ¢, : @ +— ¢y — 1. By Lemma 5.1, the map ¢, restricted
to (A;)‘/’ZO has kernel (p"_l(q)(A;)‘//ZO when n > 2, whereas for n = 1, the kernel is
() (A}t)‘/’:O. Therefore, we have injections

b (ADY=0" HHAHV — O, ,
0 (AN AF)Y 0 — Op, .

Given an element f € (A})?=0, we have

Y fad+m) -1 =0.

nP=1
Therefore, forn > 2,
Tre,/F f(&m —1)=0.
Whereas,
Treyyry f(Ep — 1D =—f(0).

This implies that ¢, (f) € OF="if n > 2. If x € OF'=", then

X = Z a[g‘;)n

1<i<p"-1,(i,p)=1

for some a; € OF. So, x has a pre-image

Yoo a4+ eBpr
1<i<p"—1,(i,p)=1

under the map ¢,. This gives our result forn > 2.
Now consider n = 1. Given x € OF,, we have

p—1
x =) aig,
i=1

for some a; € OF. So, if
p—1
f=Y al+n),
i=1

then ¢1(f) = x. Hence we are done. o
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5.2. Bounding Tamagawa numbers. Now, we assume that 7T is a crystalline repre-
sentation satisfying (H.eigen) and (H.FL) with Hodge-Tate weights in [a, b], where a < 0
and b > 1 as before. Let 1 < r < b be an integer such that the slopes of ¢ on Dis(T) are all
> —r. We fix two integers s1, s2 > 0 such that
(54) (P @) Deris(T) € p~1 Deris (T) Vk = 0,

(5.5) (1 = ) ' Deris(T) C P Deris(T) .
Let us first recall the definition of the Tamagawa number of T over F, with respect to

a basis  of detg, 7, (V). Let * be the dual basis to w. Then, the Tamagawa number is the
unique power of p defined by

L(detipl H{(K, T)) = Zp Tamg o(T)o*,
where ¢ is the isomorphism det @l H}(Fn, V) —» det@i t,(K), which arises from the exact
sequence
0 — Deris(V) = Deris(V) @ 12 (V) — Hp(Fy, V) = 0

which is a consequence of (2.4) and (H.eigen). Hence, if we fix a lattice L in #, (V') such that
w generates detz, L, then

(H}(F,,, T) : expy (L))
deth(l - (P”D)cris(v))(p) ’

From now on, we take L, to be the lattice O, ® Deyis(T)/ Fil® Deris(T) and fix a basis wy,
of detz, L,. We write d’ for the Zp-rank of Deris (T)/ Fil® Deyis (T) and d, :=d x[F,:Fl,
which is the Z,-rank of O, ® Deris(T)/ Fil® Deyis ().

(5.6) Tampg, (T) =

LEMMA 5.3. Form € Z, let Ly, , = p™ Ly and wy » a basis ofdetzp Ly m. We have
the equality

Tamg, o, ,, (T) = p™% Tamp, 4, (T).
PROOF. It follows from (5.6) and the fact that the Z-rank of H}(F,,, T)isd). O

From now on, we shall assume that the representation T satisfies the following additional
hypothesis.

(H.tor) (TV)C®Fx = 0, where TV denotes the Pontryagin dual of 7.

Under (H.tor), the inflation-restriction exact sequence implies that the corestriction map
HYF,,T) —> HYF,, T)is surjective for all m > n (see for example [Leil0, Corollary 4.5]).
In particular, the projection HIIW(F ,T) > HY(F,, T)is surjective.

LEMMA 5.4. Letx € H}(F,,, T), then there exists g € (A}t)‘”zo ® Deris(T) such that

expy , 001 n(g) = x.
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PROOF. We take m = —a > 0 in Proposition 4.11. In particular, ®(—m) = T by the
definition of T. Let z € Hllw(F , T) be any element such that
Pra(—m),n(2) = x.
Proposition 4.11 says that there exists ¢ € (AJFr)‘/’:0 ® Drris (%) such that
x = p(l_b)”ET,n oTw_,(c).
But we have Tw_, (¢) € (AF)V=0 ® Dyyis(T) and
YT = p(h_l)” expy , °OT 1 .

Hence, we obtain our result on taking g = Tw_,, (¢). d
COROLLARY 5.5. Let A, be the image of (AF)V=0 @ Deyis(T) under O, in t, (V).
We have the inequality
(H}(Fu, T) expy,,(Ln)) < (A : Ln).

PROOF. By Lemma 5.4, we have the inclusion
Hp(Fp, T) Cexpy, (An) .
Therefore,
(H}-(F,,, T) :expy,(Ln)) < (expy.,(An) : expy,,(Ln)).

The result now follows from the fact that expy, , is injective on £, (V). O

Via (5.1), there are decompositions

n

W) =@ (o}fo ® t(V)) ® (0, ®1(V)),
i=2

Ly = P (OF™ @ Dess (1) Fil’ Deris(7) ) & (Ory @ Peis(T)/ Fil® Dy (7)) -
i=2

For i > 2 (respectively i = 1), we write pr; for the projection of #,(V) to (’)E:O Q (V)
(respectively Op, ® t(V)).
LEMMA 5.6. Let g € (A)V=0 ® Deyis(T), then

(6~ ®¢")g) €y — 1) mod Fil’ Deis(T)
ifi>2,
(@' ®@¢" Ng) Gp =D+ 1 —9)"'9"(g(0)) mod Fil® Deyis(7)

pr; 007 ,(9) =
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PROOF. Recall from (3.3) that if (1 — ¢)G = g, then
o0 r [J )
G=Y @+ ®1- Plo)4;(9).
k=0 j=0

where g = g — Z;ZO ;—/. ® Aj(g). When evaluated at {p» — 1, all the terms involving t/ with
J > 1 vanish by the definition of 7. Furthermore, by the definition of g, it is divisible by 7

over IB%;Z g This implies that ¢*(§) vanishes at ¢pn — 1 for all k > n. Therefore, we have

n—1
G” (g ==Y ¢ @7 G — D+ (1 —9) ' g(0)
k=0

n—1
=Y (" " @9t — D = 6" (9(0) + (1 =)' g(0)
k=0

n

=Y (7 ®¢"Ng) ¢, — D+ 1 —9) 9" (9(0)).
i=1
Our result now follows from Lemma 5.2. ]
PROPOSITION 5.7. We have the inequality
(An : Ly) < pr®" " Hp=2402(p=D)d"+s1d)

PROOF. Letg € (AJFr)‘I’ZO ® Deris(T). Fori > 2, Lemma 5.6 tells us that pr; o®Or ,(g)
lies inside

O ® ¢" " (Deris(T))  mod Fil° Deris(T) .
Note that ¢~ (Deris(T)) C p~1 7 =D (T) by (5.4), so
pri(An) C p~ U pry(Ly) .
Together with (5.2) we deduce that
[pr; (An) : pry (Ln)] < (prrH70=)P 0=
Fori =1, (5.4) and (5.5) tell us that
pri(An) C Op @ p ' 727" pry(Ly) -
Thus,
[pry(Au) : pry(La)] < (protrm) =D
Since L, = @}_, pr;(Ly) and A, C B_, pr; (A,), we deduce that
n
(An: L) <[ [or; (An) < pr; (Ln))

i=1
< (pZim@rtr =P (p= D (srbsatrm) (=)
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— p<r<p"—'+p—2>+sz(p—1>>d’+s1d,;

as required. O
COROLLARY 5.8. The Tamagawa number Tamg, o, (T) is bounded above by
(" =2t (p=1)d +51d,

deth (1— §0|Dcris(v))(p)
PROOF. This follows from combining (5.6) with Corollary 5.5 and Proposition 5.7. O

p

REMARK 5.9. Note that p”_1 + p—2<[F,: F]forall n > 1. In particular, under
the notation of Lemma 5.3, we deduce from Corollary 5.8 the inequality

psz(P—l)d/
(T) = ’
det(1 — §0|Dcris(v))(17)

Taan yWn,—r—s|

which is independent of n.

6. Comparison with Laurent’s results. We recall from [Laul3] that Tampg, ,,, (T') is
bounded above by

(6.1) Pl s (@, @ vy 1),

where ¢ = — Z:j ri + (@ — 1d +d', with ry, ..., ry being the Hodge-Tate weights of T
and j, (w, ® v, isa power of p that measures the difference between w, and dety, , A, (see
p. 97 of op. cit.). In general, it is not clear how to calculate j,(w, ® v, ') explicitly. However,
it seems to us that the bounds given in Corollary 5.8 would generally grow slower than (6.1)
because the former are O (p"), instead of O (np"). In the following section, we illustrate this
with representations arising from modular forms.

REMARK 6.1. There are in fact some extra factors in the upper bound of Laurent.
However, under (H.eigen) and (H.FL), they all turn out to be 1.

6.1. Representations attached to modular forms. Let f =), ., a,q" be a modu-
lar form of even weight k and nebentypus ¢ whose level is coprime to p. Let E be the smallest
extension of (Q, that contains a, for all n. Let V¢ be the Deligne representation restricted to
Gq,, which is of dimension 2[E : Q)]. Furthermore, we fix a Galois-stable lattice Ty inside
V. Ithas Hodge-Tate weights 1 —k and O (with multiplicity [E : Q,]). In particular, if p > k,
then (H.FL) holds as well. The action of ¢ on D¢ (V) satisfies [ app + e(p)p*1. We
see that the evenness of k ensures that (H.eigen) holds as well. Finally, if (H.FL) holds, then
p + 14k — 1. This implies that (H.tor) holds by [Leil0, Lemma 4.4].

Take T = Tyr(k/2) and assume that v,(a,) > k/2 with e(p) = 1. Under this assump-
tion, the slope of ¢ on Dis(7") is constant and equal to —1/2.

For this particular representation, Laurent has worked out the exact value of j, (@, ®v, ')
in [Laul3, §3.4.3] and showed that

(6.2) Tamp, o, (Ty (k/2)) < p"H/2AF@E=2)
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where e = [E : Q,]. Furthermore, when k =2, equality holds. That is, Tamp, ., (Tr(k/2)) =
1 foralln > 1.
For the same representation, Corollary 5.8 says that

(P "+ p=2)+s2(p—1)+51[Fn:Qp))e

deth (I = @|Deris (V) (p)

p

Tamp, o, (Tr(k/2)) <

as d’ = e and we may take r = 1. In the case k > 2, we see that this bound is smaller than
(6.2) when n is sufficiently large, no matter what s and s; are.

For the rest of this section, we shall analyse the action of ¢ in order to find out what
value s we can take. Recall that the action of ¢ on Dqis(7") satisfies the equation

1
(6.3) 22,4~ 2.
p?

Therefore,
ap 1 1
det(l — ¢[Deris(V)(py = (1 — — + — =—.
p2 Py
LEMMA 6.2. Foralln > 0,

(p9)"'Deris(T) C p_k/2+l]D)cris(T) .

PROOF. By (H.FL), the fact that the highest Hodge-Tate weight of Deis(7) is k/2 im-
plies that we may pick v € Filk/2 Deris(T) \ Filk/2+1 D¢ris(T) such that v, pk/zgo(v) form a
basis of D¢is (7). The matrix of ¢ with respect to this basis is given by

k/2
0 — pk/2=1 B —pk2g —pk2q\ (a0 5713 #

p—k/Z ap/pk/2 - 1 1 0 :3 —ph/2 B s
a—p a—p

where o and 8 are the roots to X> — % + %, both of which have p-adic valuation —1/2.

Therefore, the matrix of (pg)” is given by

—p2B —pa\ ((p) 0\ (7mem 7
1 1 0 )\ )

PP @=p)

2
But (@ — )% = (pak‘/’2> - %, which means that v, (e — 8) = —1/2. This tells us that all the
entries of the product of the three matrices above have p-adic valuations at least n/2 — k/2 +
1/2 > —k/2 4+ 1 forn > 1. When n = 0, the product is the identity. Hence the result. O

LEMMA 6.3. We have

_ _k
(1I-9) 1]D)cris(T) Ccp 2—’_l]D)cris(T) .
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PROOF. Following [LLZ11, Lemma 5.6], we deduce from (6.3) the equation

dap

go+1——,é
-1 _ p
(I—-9) =T @ | 1°

where the denominator has p-adic valuation —1. The largest Hodge-Tate weight of T is k/2,
ap

so (H.FL) implies that ¢D¢s(T) C p_k/ 2ID)CriS(T). As 1+ e has non-negative p-adic
valuation, our result follows. O

In particular, we may take s; = s» = k/2 — 1 in Corollary 5.8 for this particular repre-
sentation. Hence, we conclude that

Tamp, o, (Tf (k/2)) < p(k/2(17—1)(17"7'+1)—P”71 (p—2))e .
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Appendix A. Results on p-adic valuations.

LEMMA A.l. Ifa =1+ pB, where B € Z,, n > 0 is an integer, then v,,(oz”n -1 =
n+ 1+ v,(B). Furthermore,

o’ —1 N (—pp) .
Wzgi‘i‘l mod p"Z, .

PROOF. We have the expansion

o —1=(+pp)" —1=

n
i=

(’Z )(pﬁ)".
1
We can rewrite the summand as
" j n—1 n_n2 n_ (i —1 i—1
<l; )(pﬁ), gy PEDXP )X x @ D) B

Ix2x---x(@{—=1) i
As in [Leil 1, proof of Lemma 5.4], we have
(i — 1) xvp(pB) > vp(i),

which implies that p"*! g divides al” —1overZ p and that

n

' =1 (P =D X (P =2) X x (p" = (i — 1) y (pB)~!
ey _1:1 Ix2x---x@G—1 i
p" i—1
=) (- 'x % mod p" .
l

i=1

Hence we are done. O
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LEMMA A.2. Leti,j€Z k>n++1, then
®pk (u_iy)
p
for some p-adic unit§ € 1+ p"Z,.

=46 mod wy, j(y)

PROOF. Since w, j = (u™/y)?" — 1, we have
P y)  @ipf -1 W -
P pwmiy)? =) p@iHrt 1)

ask—1>n.Ifu =1+ pr,where v € Zp, thenu/~" = 1+ p(j —i)t+ O(p?) = 1+ pp for
some B € Zp. Therefore, if we write o« = u/~", Lemma A.1 implies that the last expression
satisfies

mod w,_;

(1+ pr)U=0r* 1 B o — 1 B @’ —1)/p*H1B I
P+ p)U=0P" 1) = p@r™ = 1) (@ = 1)/ pkB me
as required. |

LEMMA A.3. Leti,j € Z andn > 1. Then, {; is congruent to the constant j — i
modulo wy ;.

PROOF. By definition,
bi—Lj=j—i
and wy, ;1€ ;. Hence the result. O

Appendix B. Q-systems for crystalline representations. In [Kobl3, Kobl4],
Kobayashi proved the p-adic Gross-Zagier formula for elliptic curves and weight 2 modu-
lar forms with non-ordinary reduction at p. One of the key ingredients is the interpolation of
Heegner points. More specifically, let E be an elliptic curve with good supersingular reduc-
tion at p with a,, the trace of the Frobenius at p on the p-adic Tate module. Write 91, for the
maximal ideal of Qp(ppn). If ¢, € E (OM,), n > 1 is a family of elements such that

(B.1) Try2/n(cnt2) — ap Trug1m(cns1) + pen =0

for all n > 1, Kobayashi showed that there exists a power series f € Z,[[X]] such that
f(&pn —1) = ¢, forall n > 1if and only if cfﬂ = ¢, mod POQp(u,,n+|)- A family of points
satisfying (B.1) is called a Q-system, where Q is the polynomial X — a pX + p. They have
been extensively studied by Knospe in [Kno95]. The result of Kobayashi mentioned above
has been generalized to general formal groups by Ota in [Otal4]. In this appendix, we explain
how the results of Perrin-Riou on the solutions to (E ) discussed in §3 allows us to construct
Q-systems for a general crystalline representation.

Let T be a representation as defined in §2.2 with Hodge-Tate weights in [a; b] with
b > 1. As before, we assume that both (H.eigen) and (H.FL) hold.
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DEFINITION B.1. Let k > 1 be an integer. We say that Q(X) € Op[X] is a k-
polynomial for 7 if it satisfies

Q(p* ¢)Deris(T) = 0.
DEFINITION B.2. Let Q = ZZN:O a;X' € Op[X] be a k-polynomial for T for some
integer k. We define the Q-systems of T to be the set of elements

d
{(Cn)nzl ‘Cp € H}(Fns T), Zai COTy+i/n (cnvi) =0Vn > 1} .
i=0
LEMMA B.3. A non-trivial b-polynomial for T exists.
PROOF. Since Fil ™ Dyis(T) = Deris(T), we have Fil® Deyis (T (b)) = Deris(T'(—b)).
In particular, by Fontaine-Laffaille theory, ¢ (Dcris(T(—5))) C Dgris(T(—b)). We have the
polynomial

07 (X) =det(X" — ¢"|Deris (T (—b))) € Or[X],
where pV is the size of the residue field of F. Since Deris(T) = Deris (T(—b)) @ t e and

et~ = p~b+=P, we have

01 (p"9)Daris(T) = Q7 () Dais (T (—b)) = 0.
So, we see that Qr is a b-polynomial for 7. |

We fix a b-polynomial Q(X) of T. Note that Q(X) is then automatically a b —m polyno-
mial for T(—m) forallm € {0, 1, ..., b — 1} (this follows from the fact that (") = p™t™).
In addition, we take s to be the integer satisfying (3.1) and (3.2) (for any fixed r). We explain
how to construct families of Q-system of 7 (—m) using the results of Perrin-Riou that we
have reviewed in §2.3.

PROPOSITION B.4. Let Q be a b-polynomial for T, g € (A}t)‘”zo ® Deris(T) and m
an integer such that0 <m < b — 1, then (p’“_lET(_m)ﬁ oTw_,, (g))n>1f0rm a Q-system
of T(—m) forallm € {0,1,...,b—1}. B

PROOF. Letc, = p" = Sy 10 Tw_p (g) forn > 1and write Q(X) = Y ja; X'.
Note that

Tw_n(g) € (A} =" ® Deris(T (—m))
and that 7' (—m) has Hodge-Tate weights in [—m; b — m]. So, by Corollary 3.2, we have
cn € Hp(Fy, T(—m))

and

N N

(B2) > aicotyyi/n(cnyi) = p T Sy o (Z ai(p"™" ® w)i> o TW_m(g).
=0 i=0
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Since Q is a (b — m)-polynomial for T (—m), we have

N .
Y ai(p" ") =0
=0

on D¢ (T (—m)). Hence the right-hand side of (B.2) is 0. O

We now show that it is possible to refine the construction above by taking into account
the slope of ¢. In particular, we fix an integer 1 < r < b such that the slopes of ¢ on Dcis(T)
are > —r.

LEMMA B.5. A non-trivial r-polynomial for T exists.

PROOF. Since the eigenvalues of ¢ on Dis(7 (—r)) are all p-integral, the polynomial
Or,(X) = det(X" — ¢"|Deris (T (—1))),

where pV is the size of the residue field of F, is a polynomial defined over O and hence it is
an r-polynomial for 7. O
Note that if Q7(X) = Z;}io a; X' is the polynomial defined in the proof of Lemma B.3,
then it is related to the polynomial Qr , via the relation
vd @
; :
Or.r(X) = Z mxl-
i=0 p
We remark that as before, if Q is an r-polynomial for 7', then Q is an (r —m)-polynomial
for T(—m) forallm € {0, 1,...,r — 1}.

PROPOSITION B.6. Let Q be anr-polynomialfor T. If g € (A'F")‘”:0 Q Deris(T), then
the elements
P T S Cyn 0 TW i (9)
form a Q-system for T (—m) forall0 <m <r — 1.
PROOF. Corollary 3.2 tells us that
P T S w0 TW_m(g) € H[(Fy. T)

foralln > 1. Let Q(X) = YN, a; X" and let

N
RX) = pP N o(p P x) = pPN Y "aip' TP X! € OplX].
i=0
Since Q is an r-polynomial for 7, R is a b-polynomial for 7. Let ¢, = p" ™~ Xy, 0
Tw_,,(g) as in the proof of Proposition B.4. Then, they form an R-system for 7' (—m). This
gives us the relation
N

p(b—r)N Z aipi(r_b) COTptijn Cuti = 0.
i=1
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Therefore,
N
Zai COTpyi/n (P(n+l)(r_b)0n+i) =0
i=1
as required. O
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