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GAUSS MAPS OF TORIC VARIETIES
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Abstract. We investigate Gauss maps of (not necessarily normal) projective toric va-
rieties over an algebraically closed field of arbitrary characteristic. The main results are as
follows: (1) The structure of the Gauss map of a toric variety is described in terms of com-
binatorics in any characteristic. (2) We give a developability criterion in the toric case. In
particular, we show that any toric variety whose Gauss map is degenerate must be the join of
some toric varieties in characteristic zero. (3) As applications, we provide two constructions
of toric varieties whose Gauss maps have some given data (e.g., fibers, images) in positive
characteristic.

1. Introduction. Let X ⊆ PN be an n-dimensional projective variety over an alge-
braically closed field k of arbitrary characteristic. The Gauss map γ of X is defined as a
rational map

γ : X ��� G(n,PN) ,

which sends each smooth point x ∈ X to the embedded tangent space TxX of X at x in PN .
The Gauss map is a classical subject and has been studied by many authors. For example, it is
well known that a general fiber of the Gauss map γ is (an open subset of) a linear subvariety
of PN in characteristic zero (P. Griffiths and J. Harris [13, (2.10)], F. L. Zak [22, I, 2.3.
Theorem (c)]; S. L. Kleiman and R. Piene gave another proof in terms of the projective dual
[16, pp. 108–109]). The linearity of general fibers of γ also holds in arbitrary characteristic if
γ is separable [11, Theorem 1.1]. We denote by δγ (X) the dimension of a general fiber of γ ,
and call it the Gauss defect of X (see [7, 2.3.4]). The Gauss map γ is said to be degenerate if
δγ (X) > 0.

In this paper, we investigate the Gauss map of toric X ⊆ PN ; more precisely, we consider
a (not necessarily normal) toric variety X ⊆ PN such that the action of the torus on X extends
to the whole space PN . It is known that such X is projectively equivalent to a projective
toric variety XA associated to a finite subset A of a free abelian group M (see [12, Ch. 5,
Proposition 1.5]). The construction of XA is as follows.

Let M be a free abelian group of rank n and let k[M] = ⊕
u∈M kzu be the group ring

of M over k. We denote by TM the algebraic torus Speck[M]. For a finite subset A =
{u0, . . . , uN } ⊆ M , we define the toric variety XA to be the closure of the image of the
morphism
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ϕA : TM → PN : t �→ [zu0(t) : · · · : zuN (t)] .(1.1)

We set 〈A − A〉 ⊆ M (resp. 〈A − A〉k ⊆ Mk := M ⊗Z k) to be the subgroup of M (reap. the
k-vector subspace of Mk) generated by A − A := {u − u′ | u, u′ ∈ A}. The algebraic torus
T〈A−A〉 acts on XA, and T〈A−A〉 is contained in XA as an open dense orbit. In this paper, we
call such XA a projectively embedded toric variety, or simply toric variety.

We denote by Aff(A) (resp. Affk(A)) the affine sublattice of M (resp. the k-affine sub-
space of Mk) spanned by A. In other words, Aff(A) (resp. Affk(A)) is the set of linear com-
binations

∑
i aiui ∈ M with ai ∈ Z (resp. ai ∈ k),

∑
i ai = 1, and ui ∈ A. We say that A

spans the affine lattice M (resp. the k-affine space Mk) if Aff(A) = M (resp. Affk(A) = Mk).

The projective geometry of XA has been investigated in view of the projective dual in
many papers ([3], [4], [5], [6], [12], [18], etc.). On the other hand, the Gauss map of XA

has not been well studied yet. We note that, in the notion of the m-th Gauss map of an n-
dimensional variety X ⊆ PN for n � m � N − 1 by Zak, the (ordinary) Gauss map is
nothing but the n-th Gauss map, and the dual variety appears as the image of the (N − 1)-
th Gauss map ([22, I, 2.2. Remark]). For example, the dual defect, which is equal to the
dimension of a general fiber of the (N − 1)-th Gauss map, is greater than or equal to the
Gauss defect (see [7, §2.3.4, Proposition]).

In the following result, we describe the structure of Gauss maps of toric varieties in terms
of combinatorics.

THEOREM 1.1 (= Theorem 3.1). Let k be an algebraically closed field of arbitrary
characteristic, and let M be a free abelian group of rank n. For a finite subset A={u0,. . . ,uN }
⊆ M which spans the affine lattice M , set

B := {ui0 + ui1 + · · · + uin ∈ M | ui0 , ui1 , . . . , uin span the k-affine space Mk}
and let π : M → M ′ := M/(〈B − B〉R ∩ M) be the natural projection. Let γ : XA ���
G(n,PN) be the Gauss map of the toric variety XA ⊆ PN . Then the following hold.

(1) The closure γ (XA) of the image of γ , which is embedded in a projective space by the
Plücker embedding of G(n,PN), is projectively equivalent to the toric variety XB .

(2) The restriction of γ : XA ��� γ (XA) ∼= XB on TM ⊆ XA is the morphism

TM = Speck[M] � T〈B−B〉 = Speck[〈B − B〉] ⊆ XB

induced by the inclusion 〈B − B〉 ⊆ M .
(3) Let F ⊆ TM be an irreducible component of any fiber of γ |TM with the reduced

structure. Let TM ′ ↪→ TM be the subtorus induced by π . Then F is a translation of
TM ′ by an element of TM , and the closure F ⊆ XA is projectively equivalent to the
toric variety Xπ(A).

In particular, we have δγ (XA) = rk M ′ = n − rk〈B − B〉.
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Note that there is no loss of generality in assuming that A spans the affine lattice M in
the above theorem (see Remark 3.2). We also study when the Gauss map of XA is degenerate
(i.e., rk〈B − B〉 < n), and give a developability criterion for covering families of XA (see
§4.1).

REMARK 1.2. Essentially, the construction of the set B in Theorem 1.1 was already
introduced in the study of Nash blowups of toric varieties [1, Subsection 2.3]. Since the
authors of [1] work on affine toric varieties, they take the sum of ui which span Mk as the
k-vector space.

In the following example, we illustrate the notation in Theorem 1.1.

EXAMPLE 1.3. Let M = Z2 and

A =
{[

0
0

]
,

[
0
1

]
,

[
1

−1

]
,

[−1
−1

]}
⊆ Z2 ,

where we write elements in Z2 by column vectors. We consider the Gauss map γ of the toric
surface XA ⊆ P3. When chark �= 2,

B =
{[

0
−1

]
,

[
0

−2

]
,

[−1
0

]
,

[
1
0

]}
⊆ Z2 .

Hence 〈B − B〉 = M = Z2, and γ is birational due to (2) in Theorem 1.1. On the other hand,
when chark = 2,

B =
{[−1

0

]
,

[
1
0

]}
, 〈B − B〉 =

〈[
2
0

]〉
, 〈B − B〉R ∩ M =

〈[
1
0

]〉
⊆ Z2 ,

and π(A) = {0, 1,−1} ⊆ Z2/(〈B − B〉R ∩ M) = Z1 as in Figure 1. Thus (1) implies that
γ (XA) ∼= XB = P1, and (2) implies that γ |TM : TM = (k×)2 � T〈B−B〉 = k× is given
by (z1, z2) �→ z2

1. From (3), a general fiber of γ with the reduced structure is projectively
equivalent to the smooth conic Xπ(A).

•

•

• •

× ×

■

■

■

1

0

−1

• A

× B
■ π(A)

π
��

�� ��

��

FIGURE 1. char k = 2.
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In characteristic zero, it is well known that, if a projective variety is the join of some
varieties, then its Gauss map is degenerate due to Terracini’s lemma (see [7, 2.2.5], [22,
Ch. II, 1.10. Proposition]). For toric varieties in characteristic zero, this is the only case when
the Gauss map is degenerate; more precisely, we have:

COROLLARY 1.4 (= Corollary 4.13). Let X ⊆ PN be a projectively embedded toric
variety in chark = 0. Then there exist disjoint torus invariant closed subvarieties X0, . . . ,

Xδγ (X) ⊆ X such that X is the join of X0, . . . , Xδγ (X).

If the Gauss map of XA ⊆ PN is separable, A is written as a Cayley sum of certain
finite subsets A0, . . . , Aδγ (X) in any characteristic (see Theorem 4.8 for details). However,
the statement of Corollary 1.4 does not hold in general in positive characteristic, even if the
Gauss map is separable (see Example 4.15).

Next, let us focus on inseparable Gauss maps. A. H. Wallace [21, §7] showed that the
Gauss map γ of a projective variety can be inseparable in positive characteristic. In this case,
it is possible that a general fiber of γ is not a linear subvariety of PN ; the fiber can be a union
of points (H. Kaji [14, Example 4.1] [15], J. Rathmann [20, Example 2.13], A. Noma [19]),
and can be a non-linear variety (S. Fukasawa [8, §7]). In fact, Fukasawa [9] showed that any
projective variety appears as a general fiber of the Gauss map of some projective variety.

As we will see in Corollary 3.6, Theorem 1.1 provides several computations on the Gauss
map γ of toric varieties (e.g., the rank, separable degree, inseparable degree). We also obtain
the toric version of Fukasawa’s result [9] as follows:

THEOREM 1.5 (Special case of Theorem 5.1). Assume chark > 0. Let Y ⊆ PN ′
and

Z ⊆ PN ′′
be projectively embedded toric varieties. If n := dim(Y ) + dim(Z) is greater

than or equal to N ′, then there exists an n-dimensional projectively embedded toric variety
X ⊆ Pn+N ′′

satisfying the following conditions:
(i) (The closure of) a general fiber of the Gauss map γ of X with the reduced structure is

projectively equivalent to Y .
(ii) (The closure of) the image of γ is projectively equivalent to Z.

By Theorem 1.5, any projectively embedded toric variety appears as a general fiber and
the image of the Gauss map of a certain projectively embedded toric variety; moreover we
can also control the rank of γ , and the number of the irreducible components of a general
fiber of γ (see §5, for details).

This paper is organized as follows. In §2, we recall some basic properties of toric vari-
eties. In §3, we describe the structure of the Gauss maps of toric varieties in a combinatorial
way, and prove Theorem 1.1. In §4, we investigate when the Gauss maps are degenerate, and
give a developability criterion. As a result, we show Corollary 1.4. In §5, we present two
constructions of projectively embedded toric varieties, yielding Theorem 1.5.

Acknowledgments. The authors would like to express their gratitude to Professors Satoru Fuka-
sawa and Hajime Kaji for their valuable comments and advice. In particular, Remark 3.9 is due to
Professor Kaji.
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2. Preliminary on toric varieties. Two projective varieties X1 ⊆ PN1 and X2 ⊆ PN2

are said to be projectively equivalent if there exist linear embeddings ji : PNi ↪→ PN

(i.e., j∗
i (OPN (1)) = O

P
Ni (1)) such that j1(X1) = j2(X2). (Indeed, we can take N =

max{N1, N2}.)
The following two lemmas about toric varieties are well known, but we prove them for

the convenience of the reader.

LEMMA 2.1. Let π : M → M ′ be a surjective homomorphism between free abelian
groups of finite ranks. Let ι : TM ′ ↪→ TM be the embedding induced by π . For a finite set
A ⊆ M with Aff(A) = M , the closure of ι(TM ′) in XA is projectively equivalent to Xπ(A).
The translations {t · ι(TM ′)}t∈TM of the closure ι(TM ′) under the action of TM on XA give a
covering family of XA, and each translation is also projectively equivalent to Xπ(A).

PROOF. Let A = {u0, . . . , uN } and π(A) = {u′
0, . . . , u

′
N ′ } for N = #A − 1 and N ′ =

#π(A) − 1. We define a linear embedding j : PN ′ → PN by

j ([X′
0 : · · · : X′

N ′ ]) = [X0 : · · · : XN ] ,

where for each i, we set Xi := X′
j for j such that π(ui) = u′

j . Then we have the following
commutative diagram

TM ′� �

ι

��

ϕπ(A) ��

�

PN ′
� �

j

��
TM

ϕA �� PN .

Hence ι(TM ′) is projectively equivalent to Xπ(A). Since the action of TM on XA extends to
PN (see [12, Ch. 5, Proposition 1.5]), translations of ι(TM ′) are also projectively equivalent
to Xπ(A). Since ι(TM ′) is non-empty and contained in TM , the translations give a covering
family of XA. �

Let f : X ��� Y be a rational map between varieties. For a smooth point x ∈ X, we
denote by dxf : txX → tf (x)Y the tangent map between Zariski tangent spaces at x and
f (x). The rank of f , denoted by rk(f ), is defined to be the rank of the k-linear map dxf for
general x ∈ X. Recall that f is said to be separable if the field extension K(X)/K(f (X)) is
separable; this condition is equivalent to rk(f ) = dim(f (X)).

LEMMA 2.2. Let M be a free abelian group of finite rank. Let M ′′ be a subgroup of
M and g : TM � TM ′′ be the morphism induced by the inclusion β : M ′′ ↪→ M .

(a) The inclusions M ′′ ⊆ M ′′
R

∩ M ⊆ M induce a decomposition of g

TM
g1→ TM ′′

R
∩M

g2→ TM ′′ ,

where g1 is a morphism with reduced and irreducible fibers, and g2 is a finite morphism.
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(b) The rank of g is equal to the rank of the k-linear map βk : M ′′
k

→ Mk obtained by
tensoring k with β : M ′′ ↪→ M . In particular, g is separable if and only if rk(βk) =
rk(M ′′).

(c) Assume p = chark > 0. Let a be the index [M ′′
R

∩ M : M ′′] and write a = psb with
integers s � 0, b � 1 such that p � b. Then the degree, separable degree, inseparable
degree of the finite morphism g2 are a, b, ps respectively.

PROOF. Set n = rk M, k = rk M ′′. By the elementary divisors theorem (see [17, III,
Theorem 7.8], for example), there exists a basis e1, . . . , en of M such that

M ′′ = Za1e1 ⊕ · · · ⊕ Zakek ⊆ Ze1 ⊕ · · · ⊕ Zen = M

for some positive integers ai . Set e′′
i := aiei ∈ M ′′. By the bases e1, . . . , en of M and

e′′
1 , . . . , e′′

k of M ′′, we identify M and M ′′ with Zn and Zk respectively. Then g : TM =
(k×)n → TM ′′ = (k×)k is described as

(k×)n → (k×)k : (z1, . . . , zn) �→ (z
a1
1 , . . . , z

ak

k ) .(2.1)

(a) By (2.1), g is decomposed as

(k×)n → (k×)k → (k×)k : (z1, . . . , zn) �→ (z1, . . . , zk) �→ (z
a1
1 , . . . , z

ak

k ) .

Since M ′′
R

∩ M = Ze1 ⊕ · · · ⊕ Zek ⊆ M , the assertion of (a) follows.

(c) Write ai = psi bi by integers si � 0, bi � 1 such that p � bi . Since g2 is the morphism

(k×)k → (k×)k : (z1, . . . , zk) �→ (z
a1
1 , . . . , z

ak

k ) = (z
ps1b1
1 , . . . , z

psk bk

k ) ,

the degree, separable degree, inseparable degree of g2 are
∏k

i=1 ai = a,
∏k

i=1 bi = b,
∏k

i=1 psi

= ps respectively.

(b) If chark = 0, this statement is clear from (2.1). Assume p = chark > 0 and use the
notation ai, si , bi as above. Then the rank of g is equal to #{ 1 � i � k | si = 0 }. On the other
hand, βk : M ′′

k
= kk → Mk = kn is the k-linear map defined by e′′

i �→ aiei = psi biei ∈ Mk

for 1 � i � k. Hence the rank of βk is also equal to #{ 1 � i � k | si = 0 }. Thus we have
rk(g) = rk(βk). The last statement follows from dim g(TM) = dim TM ′′ = rk(M ′′). �

3. Structure of Gauss maps. In this section, we prove Theorem 1.1 and describe
several invariants (e.g., the rank) of Gauss maps of toric varieties by combinatorial data.

THEOREM 3.1 (= Theorem 1.1). Let k be an algebraically closed field of arbitrary
characteristic, and let M be a free abelian group of rank n. For a finite subset A={u0,. . . ,uN }
⊆ M which spans the affine lattice M , set

B := {ui0 + ui1 + · · · + uin ∈ M | ui0 , ui1 , . . . , uin span the k-affine space Mk}
and let π : M → M ′ := M/(〈B − B〉R ∩ M) be the natural projection. Let γ : XA ���
G(n,PN) be the Gauss map of the toric variety XA ⊆ PN . Then the following hold.

(1) The closure γ (XA) of the image of γ , which is embedded in a projective space by the
Plücker embedding of G(n,PN), is projectively equivalent to the toric variety XB .
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(2) The restriction of γ : XA ��� γ (XA) ∼= XB on TM ⊆ XA is the morphism

TM = Speck[M] � T〈B−B〉 = Speck[〈B − B〉] ⊆ XB

induced by the inclusion 〈B − B〉 ⊆ M .
(3) Let F ⊆ TM be an irreducible component of any fiber of γ |TM with the reduced

structure. Let TM ′ ↪→ TM be the subtorus induced by π . Then F is a translation of
TM ′ by an element of TM , and the closure F ⊆ XA is projectively equivalent to the
toric variety Xπ(A).

In particular, we have δγ (XA) = rk M ′ = n − rk〈B − B〉.
In order to investigate a toric variety XA for A ⊆ M , we may assume that A spans the

affine lattice M due to the following remark.

REMARK 3.2. For a finite subset A ⊆ M , let θ : Zm → Aff(A) be an affine isomor-
phism for m = rk〈A−A〉. Then θ−1(A) spans Zm as an affine lattice and Xθ−1(A) is naturally
identified with XA by [12, Chapter 5, Proposition 1.2]. Hence any projectively embedded
toric variety X is projectively equivalent to XA for some A ⊆ M with Aff(A) = M .

Let A = {u0, u1, . . . , uN } ⊆ M := Zn be a finite subset which spans the affine lattice
M . We denote each ui by a column vector as

ui =
⎡
⎢⎣

ui,1
...

ui,n

⎤
⎥⎦ .

Then the morphism ϕA, defined by (1.1) in §1, is described as

ϕA : (k×)n → PN : z = (z1, . . . , zn) �→ [zu0 : zu1 : · · · : zuN ] ,

where zui := z
ui,1
1 z

ui,2
2 · · · zui,n

n . By the assumption that A spans Zn as an affine lattice, ϕA is
an isomorphism onto an open subset of XA.

Let us study the Gauss map γ : XA ��� G(n,PN) of XA ⊆ PN .

LEMMA 3.3. Let A,ϕA be as above, and let x ∈ (k×)n. Then γ (ϕA(x)) ∈ G(n,PN)

is expressed by the k-valued (n + 1) × (N + 1) matrix Γ (x); more precisely, γ (ϕA(x))

corresponds to the n-plane (i.e., n-dimensional linear subvariety of PN ) spanned by the n+ 1
points which are given as the row vectors of Γ (x), where

Γ :=

⎡
⎢⎢⎢⎣

zu0 zu1 · · · zuN

u0,1 · zu0 u1,1 · zu1 · · · uN,1 · zuN

...
...

...

u0,n · zu0 u1,n · zu1 · · · uN,n · zuN

⎤
⎥⎥⎥⎦

=
[

zu0 ·
[

1
u0

]
zu1 ·

[
1
u1

]
· · · zuN ·

[
1

uN

] ]
.
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PROOF. Let Lx ⊆ PN be the n-plane spanned by the n + 1 points which are given as
the row vectors of ⎡

⎢⎢⎢⎣
zu0 · · · zuN

∂(zu0)/∂z1 · · · ∂(zuN )/∂z1
...

...

∂(zu0)/∂zn · · · ∂(zuN )/∂zn

⎤
⎥⎥⎥⎦ (x) .(3.1)

Then Lx coincides with the embedded tangent space TxX, because of the equality tx ′L̂x =
tx ′X̂ of Zariski tangent spaces in tx ′AN+1 with x ′ ∈ x̂ \ {0}, where Ŝ ⊆ AN+1 means the
affine cone of S ⊆ PN . On the other hand, (3.1) is calculated as⎡

⎢⎢⎢⎣
zu0 · · · zuN

u0,1 · zu0/z1 · · · uN,1 · zuN /z1
...

...

u0,n · zu0/zn · · · uN,n · zuN /zn

⎤
⎥⎥⎥⎦ .

Since each row vector corresponds to the homogeneous coordinates of a point of PN , by
multiplying zi with the (i + 1)-th row vector for 1 � i � n, we have the matrix Γ and the
assertion. �

We interpret Lemma 3.3 by the Plücker embedding. We regard PN as P∗(V ) = (V \
{0})/k×, the projectivization of V := kN+1. Let G(n,PN) ↪→ P∗(

∧n+1
V ) be the Plücker

embedding and let [pi0,...,in ](i0,i1,...,in)∈I be the Plücker coordinates on P∗(
∧n+1

V ), where

I := {(i0, i1, . . . , in) ∈ Nn+1 | 0 � i0 < i1 < · · · < in � N} .

LEMMA 3.4. The composite morphism (k×)n
γ ◦ϕA−→ G(n,PN) ↪→ P∗(

∧n+1
V ) maps

z = (z1, . . . , zn) ∈ (k×)n to

[
μi0,i1,...,in · zui0+ui1 +···+uin

]
(i0,i1,...,in)∈I

∈ P∗
( n+1∧

V
)

,

where

μi0,i1,...,in := det

[
1 1 · · · 1

ui0 ui1 · · · uin

]
∈ k .

PROOF. This directly follows from Lemma 3.3 and the definition of the Plücker embed-
ding. �

Set

J := {(i0, i1, . . . , in) ∈ I | μi0,i1,...,in �= 0} .

By definition, μi0,i1,...,in �= 0 in k if and only if ui0 , ui1, . . . , uin span Mk as an affine space.
Hence the finite set B in Theorem 1.1 is described as

B = {ui0 + ui1 + · · · + uin ∈ M | (i0, i1, . . . , in) ∈ J } .
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Write B = {b0, b1, . . . , b#B−1} for mutually distinct bj ∈ M . We define a linear embedding

P#B−1 ↪→ P∗
( n+1∧

V
)

[Y0 : Y1 : · · · : Y#B−1] �→ [pi0,i1,...,in ](i0,i1,...,in)∈I

(3.2)

as follows. When (i0, i1, . . . , in) ∈ J , there exists a unique 0 � j � #B − 1 such that bj =
ui0 +ui1 +· · ·+uin . For this j , we set pi0,i1,...,in = μi0,i1,...,in ·Yj . When (i0, i1, . . . , in) �∈ J ,
we set pi0,i1,...,in = 0.

By Lemma 3.4 and the definition of the embedding (3.2), we have the following com-
mutative diagram:

(k×)n

ϕB
�����

����
����

����
��

� � ϕA �� XA

γ ����� P∗(
∧n+1

V )

P#B−1 .
��

��
(3.3)

PROOF OF THEOREM 1.1. By taking a basis of M , we may assume that M = Zn

and use the notation as above. From the above diagram (3.3), the embedding P#B−1 ↪→
P∗(
∧n+1

V ) gives an isomorphism between

γ (XA) = γ ◦ ϕA((k×)n) and XB = ϕB((k×)n) .

Hence (1) in Theorem 1.1 holds.
The toric variety XB = ϕB((k×)n) contains T〈B−B〉 as an open dense orbit and the

restriction ϕB |TM is nothing but TM = (k×)n � T〈B−B〉 induced by the inclusion 〈B −B〉 ↪→
M . Hence (2) in Theorem 1.1 holds by the diagram (3.3).

To show (3), we use the following claim.

CLAIM 3.5. The morphism γ |TM = ϕB is decomposed as

TM
g1−→ T〈B−B〉R∩M

g2−→ T〈B−B〉
by 〈B − B〉 ⊆ 〈B − B〉R ∩ M ⊆ M , where g1 is a morphism with reduced and irreducible
fibers, and g2 is a finite morphism.

PROOF OF CLAIM 3.5. By applying (a) in Lemma 2.2 to 〈B − B〉 ⊆ M , we have the
assertion. �

The short exact sequence

0 → 〈B − B〉R ∩ M → M
π→ M/(〈B − B〉R ∩ M) → 0

induces a short exact sequence of algebraic tori

1 → TM/(〈B−B〉R∩M) → TM
g1→ T〈B−B〉R∩M → 1 .(3.4)

Hence g−1
1 (1T〈B−B〉R∩M ) = TM/(〈B−B〉R∩M) holds for the identity element 1T〈B−B〉R∩M of the

torus T〈B−B〉R∩M . Applying Lemma 2.1 to the surjection π : M → M/(〈B − B〉R ∩ M), it
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holds that the closure

g−1
1 (1T〈B−B〉R∩M ) ⊆ XA

is projectively equivalent to Xπ(A).
Let F be an irreducible component of any fiber of γ |TM with the reduced structure.

From Claim 3.5, F is a fiber of g1. By (3.4), F is the translation of g−1
1 (1T〈B−B〉R∩M ) =

TM/(〈B−B〉R∩M) by an element of TM . Hence the closure F is projectively equivalent to Xπ(A)

by Lemma 2.1. �

COROLLARY 3.6. Let A,M, γ,B be as in Theorem 1.1. Let γ |TM = g2 ◦ g1 be the
decomposition of γ |TM in Claim 3.5. Then the following hold.

(1) The rank of γ is equal to dim(Affk(B)). In particular, γ is separable if and only if
dim(Affk(B)) = rk(Aff(B)).

(2) Assume p = chark > 0. Then we have

deg(g2) = [〈B − B〉R ∩ M : 〈B − B〉] .

For the maximum integer s � 0 such that ps | deg(g2), the separable degree and the
inseparable degree of g2 are deg(g2)/p

s and ps respectively. Hence the number of
the irreducible components of a general fiber of γ is equal to deg(g2)/p

s , which is
coprime to p.

We note that dim(Affk(B)) = dim〈B − B〉k holds since Affk(B) is a parallel translation
of 〈B − B〉k in Mk.

PROOF OF COROLLARY 3.6. We apply Lemma 2.2 to M ′′ = 〈B − B〉 ⊆ M . In this
case, g in Lemma 2.2 is γ |TM . Since the image of M ′′

k
→ Mk is nothing but 〈B − B〉k ⊆ Mk,

it holds that rk(γ ) = dim〈B − B〉k = dim Affk(B) by (b) in Lemma 2.2. This implies (1).
On the other hand, (2) follows from (c) in Lemma 2.2 directly. �

In the following examples, we denote the separable degree and the inseparable degree of
a finite morphism f by degs(f ) and degi (f ) respectively.

EXAMPLE 3.7. Let A,B be as in Example 1.3 and assume chark = 2. Then rk(γ ) =
dim〈B − B〉k = 0. From (2) of Corollary 3.6, we can calculate deg(g2) = degi (g2) = 2 and
degs (g2) = 1.

EXAMPLE 3.8. Kaji’s example [14, Example 4.1] can be interpreted as follows.
Let A = {0, 1, cpm, cpm + 1} ⊆ M = Z1, where c,m are positive integers and p =

chark > 0. Assume that c and p are relatively prime. Then

B = {1, cpm + 1, 2cpm + 1}, 〈B − B〉 = 〈cpm〉, 〈B − B〉R ∩ M = M

as in Figure 2. Therefore deg(γ ) = cpm, degi (γ ) = pm, degs(γ ) = c. In particular, a general
fiber of γ with the reduced structure is equal to a set of c points.
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• • • •× × ×
0 1 cpm cpm + 1 2cpm + 1

• A ×B

��

FIGURE 2. Kaji’s example.

As in (2) of Corollary 3.6, the number of the irreducible components of a general fiber
of γ is coprime to p = chark in the toric case. However, the number can be a multiple of p

in the non-toric case. The authors learned the following example from H. Kaji in a personal
communication.

REMARK 3.9 (A variant of [14, Example 4.1]). We take f : P1 ��� P1 to be a sepa-
rable rational map whose degree is a multiple of p, and locally parameterize f by t �→ [1 :
f1(t)]. We set ϕ : P1 ��� P3 to be the rational map which is locally parameterized by

t �→ [1 : t : f
p

1 : t · f
p

1 ]
and set X ⊆ P3 to be the projective curve im(ϕ). Then a general fiber of γ : X ��� G(1,P3)

with the reduced structure is equal to a set of deg(f ) points. In order to show this, we may
check that γ is locally parameterized by t �→ f

p

1 (t), whose separable degree is equal to
deg(f ). We leave the details to the reader.

The following are examples of toric varieties XA ⊆ PN with codimension 1 or 2 such that
the Gauss maps are birational. Later, these examples will be used in the proof of Theorem 5.4.

EXAMPLE 3.10. Assume p = chark > 0. Let e1, . . . , en be the standard basis of
M := Zn, and set

A = {0, e1, . . . , en, a1e1 + · · · + anen} ⊆ Zn

for a1, . . . , an ∈ Z such that

(i) a1, . . . , an �≡ 0 mod p, and
(ii) a1 + · · · + an �≡ 1 mod p.

Then the Gauss map of the toric hypersurface XA ⊆ Pn+1 is birational as follows.
By condition (i), A \ {ei} spans Mk = kn as an affine space for any 1 � i � n. Hence it

holds that

e1 + · · · + en + a1e1 + · · · + anen − ei ∈ B .(3.5)

By condition (ii), A \ {0} spans MR = kn as an affine space. Hence

e1 + · · · + en + a1e1 + · · · + anen ∈ B .(3.6)

Considering the difference between (3.5) and (3.6), we have ei ∈ B − B for any i. Therefore
〈B − B〉 = M . By (2) in Theorem 1.1, the Gauss map of XA is birational.
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REMARK 3.11. For example, the conditions (i) and (ii) are satisfied for a1 = · · · =
an = 1 (resp. a1 = · · · = an = −1) when n �≡ 1 mod p (resp. n �≡ −1 mod p). Hence
there exists a toric hypersurface in Pn+1 whose Gauss map is birational if chark �= 2 or n is
even.

If chark = 2 and n is odd, the Gauss map of any (not necessarily toric) hypersurface in
Pn+1 cannot be birational as we will see later in Remark 5.3.

EXAMPLE 3.12. Assume n � 2. Let

A = {0, e1, . . . , en, e1 + e2, e2 + e3 + · · · + en} ⊆ M := Zn .

For S := {0, e1, . . . , en, e1 + e2} ⊆ A, each of

S \ {e1 + e2}, S \ {e1}, S \ {e2}
spans the affine space Mk. Hence it holds that e1, e2 ∈ B−B. In addition, {0, e1, . . . , en, e2+
e3 + · · · + en} \ {ei} spans the affine space Mk for 2 � i � n. Thus we have ei − e2 ∈ B − B

for 2 � i � n. Hence 〈B − B〉 = M and the Gauss map of XA ⊆ Pn+2 is birational.

4. Degenerate Gauss maps.
4.1. Developability criterion. By Theorem 1.1, the Gauss map of any given toric

variety and its general fibers can be explicitly determined from the computation of B and
π(A) as in Example 1.3. However, it is not so clear for what kind of A the Gauss map γ of
XA ⊆ PN is degenerate, i.e., rk〈B − B〉 < n. The following result gives conditions for which
γ is degenerate.

PROPOSITION 4.1. Let M,A,π be as in Theorem 1.1. Let π̃ : M → M̃ ′ be a sur-
jective homomorphism of free abelian groups. Then π̃ factors through π : M → M ′, i.e.,
〈B − B〉 ⊆ ker π̃ if and only if

Ñ ′∑
j=0

dim Affk(Aj ) = n − Ñ ′ ,

where Ñ ′ := #π̃(A) − 1, π̃(A) = {ũ′
0, . . . , ũ

′
Ñ ′ }, and Aj = π̃−1(ũ′

j ) ∩ A.

For a surjective homomorphism π̃ : M → M̃ ′ of free abelian groups, the toric variety
XA is covered by the translations of TM̃ ′ = Xπ̃(A) by elements of TM due to Lemma 2.1. The
homomorphism π̃ factors through π if and only if TM̃ ′ (or equivalently, the translation of TM̃ ′
by any element of TM ) is contracted to one point by γ .

In general, a covering family {Fα} of a projective variety X ⊆ PN by subvarieties Fα ⊆
X is said to be developable if Fα is contracted to one point by the Gauss map of X (i.e., TxX

is constant on general x ∈ Fα) for general α. Proposition 4.1 is regarded as a toric version of
the developability criterion (cf. [7, 2.2.4], [8], [11, §4]; see also §4.2 for the separable case).

Before the proof, we illustrate Proposition 4.1 by an example.



GAUSS MAPS OF TORIC VARIETIES 443

EXAMPLE 4.2. Let A ⊆ Z2 be as in Example 1.3. For the projection π̃ : Z2 → Z1

to the second factor, π̃(A) = {0, 1,−1}. Then A0 = π̃−1(0) ∩ A, A1 = π̃−1(1) ∩ A, A2 =
π̃−1(−1) ∩ A are given by

A0 =
{[

0
0

]}
, A1 =

{[
0
1

]}
, A2 =

{[
1

−1

]
,

[−1
−1

]}
.

Thus

Ñ ′∑
j=0

dim Affk(Aj) =
{

1 when chark �= 2,

0 when chark = 2 .

On the other hand, n − Ñ ′ = 2 − 2 = 0 holds. Hence the equality in Proposition 4.1 holds
if and only if chark = 2. Note that, in this example, the above π̃ can be identified with the
natural projection π : M → M ′ in Theorem 1.1 when char k = 2.

To prove Proposition 4.1, we need the following lemma.

LEMMA 4.3. In the setting of Proposition 4.1, the homomorphism π̃ factors through
π if and only if

Affk(Aj ) = Affk({ui0 , ui1, . . . , uin} ∩ Aj) (0 � j � Ñ ′)

for any ui0, . . . , uin ∈ A which span the affine space Mk.

PROOF. First, we show the “only if” part. Assume that π̃ factors through π . The inclu-
sion “⊃” always holds. We show “⊆”. Let u ∈ Aj . Since ui0 , . . . , uin span the affine space
Mk, we can write u = ∑n

k=0 cikuik with
∑n

k=0 cik = 1 and cik ∈ k. For any k with cik �= 0,
we have uik ∈ Aj as follows.

If cik �= 0, we find that {u} ∪ {uik′ }0�k′�n,k′ �=k span the affine space Mk. Thus u +∑
0�k′�n,k′ �=k uik′ ∈ B, and then u − uik ∈ B − B. Since π̃ factors through π , we have

π̃ (uik ) = π̃(u) = ũ′
j by u ∈ Aj = π̃−1(ũ′

j ) ∩ A; hence uik ∈ Aj .
Thus we have u =∑uik

∈Aj
cik uik with

∑
uik

∈Aj
cik = 1, i.e., u is contained in Affk({ui0,

ui1 , . . . , uin} ∩ Aj). This implies the assertion.

Next, we show the “if” part. For any b ∈ B, we can write b = ui0 + · · · + uin with
ui0 , . . . , uin ∈ A which span the affine space Mk. Since the n-dimensional affine space Mk is
spanned by n + 1 elements ui0 , . . . , uin ∈ A, we have

#({ui0, . . . , uin } ∩ Aj) = dim Affk({ui0, ui1 , . . . , uin} ∩ Aj) + 1 .

Hence #({ui0, . . . , uin}∩Aj) = dim Affk(Aj )+ 1 holds for each 0 � j � Ñ ′ by assumption.
In particular, it holds that

π̃(b) = π̃(ui0 + · · · + uin) =
∑

0�j�Ñ ′
(dim Affk(Aj ) + 1) · u′

j ,

which does not depend on b ∈ B. Thus we have B−B ⊆ ker π̃ , i.e., π̃ factors through π . �
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REMARK 4.4. Assume that π̃ factors through π . From the “if” part in the above proof,
#({ui0, . . . , uin } ∩ Aj) does not depend on ui0 , . . . , uin ∈ A which span the affine space Mk.
Thus each element of B −B is written as a linear combination of elements of

⋃
0�j�Ñ ′(Aj −

Aj).

PROOF OF PROPOSITION 4.1. Let us take ui0 , . . . , uin ∈ A which span the affine space
Mk. Then the latter condition of Lemma 4.3 holds if and only if

dim Affk(Aj ) = #({ui0, ui1 , . . . , uin} ∩ Aj) − 1(4.1)

for any 0 � j � Ñ ′ (we note that “�” always holds). On the other hand, since A = A0 �
A1 � · · · � AÑ ′ , we have

∑
0�j�Ñ ′

(#({ui0, ui1 , . . . , uin} ∩ Aj) − 1) = #{ui0, ui1 , . . . , uin } − (Ñ ′ + 1) = n − Ñ ′ .

Hence
∑

0�j�Ñ ′ dim Affk(Aj) = n − Ñ ′ holds if and only if the equality (4.1) holds for any

0 � j � Ñ ′. Therefore this proposition follows from Lemma 4.3. �

COROLLARY 4.5. Let A,π : M → M ′ be as in Theorem 1.1. Then it holds that
rk(γ ) � n − (#π(A) − 1). Moreover, if γ is separable, then we have #π(A) = rk M ′ + 1,
which means Xπ(A) is a linear projective space of dimension rk M ′.

PROOF. We apply Proposition 4.1 to the homomorphism π . Then it holds that
∑

j dim
〈Aj − Aj 〉k = n − (#π(A) − 1). From Corollary 3.6, we have rk(γ ) = dim Affk(B) =
dim〈B −B〉k. By Remark 4.4, 〈B −B〉 is contained in the space 〈{Aj −Aj }j 〉. Thus rk(γ ) �
n − (#π(A) − 1) holds.

If γ is separable, rk(γ ) = rk〈B − B〉 = n − rk(M ′) holds by Corollary 3.6. Hence
rk(M ′) � #π(A) − 1 holds by the above inequality. The converse inequality “�” always
holds since π(A) spans the affine lattice M ′. Since π(A) spans the affine lattice M ′, the
equality #π(A) = rk M ′ +1 means Xπ(A) is a linear projective space of dimension rk M ′. �

REMARK 4.6. The equality “rk(γ ) = n − (#π(A) − 1)” does not hold in general. For
example, set A = {0, 1, p} ⊆ M = Z1 with p = chark > 0. Then we have

B = {1, p + 1}, 〈B − B〉 = 〈p〉, 〈B − B〉R ∩ M = M .

Thus π : M = Z1 → M/(〈B − B〉R ∩ M) = {0} is the zero map. Here we have rk(γ ) =
dim〈B − B〉k = 0 and n − (#π(A) − 1) = 1 − (1 − 1) = 1.

4.2. Separable Gauss maps, Cayley sums, and joins. In this subsection, we study
the case when the Gauss map is separable, and prove Corollary 1.4 in the characteristic zero
case.

DEFINITION 4.7. Let l � n be non-negative integers. Let e1, . . . , el be the standard
basis of Zl . For finite sets A0, . . . , Al ⊆ Zn−l , the Cayley sum A0 ∗ · · · ∗ Al of A0, . . . , Al is
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defined to be

A0 ∗ · · · ∗ Al := (A0 × {0}) ∪ (A1 × {e1}) ∪ · · · (Al × {el}) ⊆ Zn−l × Zl .

Let A be the Cayley sum of A0, . . . , Al ⊆ Zn−l , and assume that A spans the affine
lattice Zn−l × Zl . For the projection π̃ : Zn−l × Zl → Zl to the second factor, Xπ̃(A) is an
l-plane since π̃(A) = {0, e1, . . . , el}. By Lemma 2.1, XA is covered by l-planes, which are
translations of Xπ̃(A) = TZl . For this π̃ , Ñ ′ in Proposition 4.1 is equal to l. Thus, the subtorus
TZl ⊆ TZn−l×Zl is contracted to one point by the Gauss map of XA if and only if

l∑
j=0

dim Affk(A
j ) = n − l .(4.2)

In other words, (4.2) is the condition for the developability of the covering family obtained
by translations of TZl . In fact, any toric variety with separable Gauss map is described by a
Cayley sum with the condition (4.2), as follows.

THEOREM 4.8. Let A,M be as in Theorem 1.1. Assume that the Gauss map γ of
XA ⊆ PN is separable, and set l = δγ (X). Then there exist finite subsets A0, . . . , Al ⊆
Zn−l with

∑l
j=0 dim Affk(Aj ) = n − l such that A is identified with the Cayley sum of

A0, . . . , Al ⊆ Zn−l under some affine isomorphism M � Zn−l × Zl .

PROOF. Let A = {u0, u1, . . . , uN } and π : M → M ′ be as in Theorem 1.1, where we
may assume u0 = 0 ∈ M . From Theorem 1.1 and Corollary 4.5, it follows that rk M ′ = l and
#π(A) = l + 1 since γ is separable by assumption. Set π(A) = {u′

0, . . . , u
′
l}. Without loss of

generality, we may assume that u′
0 = π(u0) = 0 ∈ M ′. Then u′

1, . . . , u
′
l form a basis of M ′

since π(A) spans the affine lattice M ′ � Zl . Set Aj = π−1(u′
j ) ∩ A.

Fix a splitting s : M ′ → M of the short exact sequence 0 → ker π → M
π→ M ′ → 0.

Then the induced isomorphism

M
∼→ ker π × M ′ : u �→ (u − s(π(u)), π(u))

gives an identification of A ⊆ M with

l⋃
j=0

(
Aj × {u′

j }
)

⊆ ker π × M ′ ,(4.3)

where Aj := Aj − s(u′
j ) ⊆ ker π is the parallel translation of Aj by s(u′

j ). Since u′
1, . . . , u

′
l

form a basis of M ′, u′
0 = 0, and ker π � Zn−l , this theorem follows. �

REMARK 4.9. In [6], Di Rocco determined which smooth projective toric varieties
over C have positive dual defects. Roughly, her result states that an n-dimensional smooth
toric variety XA ⊆ PN has positive dual defect d if and only if there exist finite subsets
A0, . . . , A(n+d)/2 ⊆ Zn−(n+d)/2 such that

• A is identified with the Cayley sum of A0, . . . , A(n+d)/2 under some affine isomor-
phism M � Zn−(n+d)/2 × Z(n+d)/2,



446 K. FURUKAWA AND A. ITO

• all Conv(Aj )’s have the same normal fan,
• n + d � 4.

In order to prove Corollary 1.4, we consider a relation between Cayley sums and joins.
For projective varieties X1, . . . , Xm ⊆ PN , we define the join of X1, . . . , Xm to be the closure
of
⋃

x1∈X1,...,xm∈Xm
Λx1,...,xm ⊆ PN , where Λx1,...,xm is the linear variety spanned by the

points x1, . . . , xm.

LEMMA 4.10. Let A ⊆ Zn−l × Zl be the Cayley sum of A0, . . . , Al ⊆ Zn−l with
Aff(A) = Zn−l × Zl . Then the following hold.

(a) XA0, . . . , XAl are embedded into XA as torus invariant subvarieties, and they are mu-
tually disjoint.

(b) XA is contained in the join of XA0, . . . , XAl ⊆ PN , and the codimension of XA in the
join is l − n +∑l

j=0 rk Aff(Aj ).

PROOF. (a) Write Aj = {uj

0, . . . , u
j
Nj

} ⊆ Zn−l for Nj = #Aj − 1. Set N = #A − 1 =∑l
j=0(Nj + 1) − 1 and let {Xj

i }0�i�Nj ,0�j�l be the homogeneous coordinates on PN . By
the definition of the Cayley sum A, it holds that

ϕA(z,w) = [wjz
u

j
i ]0�i�Nj ,0�j�l

= [w0z
u0

0 : · · · : w0z
u0

N0 : w1z
u1

0 : · · · : w1z
u1

N1 : · · · : wlz
ul

0 : · · · : wlz
ul

Nl ]
(4.4)

in PN for (z,w) = (z1, . . . , zn−l , w1, . . . , wl) ∈ (k×)n−l × (k×)l = TZn−l×Zl , where we set
w0 = 1. For fixed 0 � j � l and z ∈ (k×)n−l = TZn−l , ϕA(z,w) converges to

[0 : · · · : 0 : zu
j
0 : · · · : z

u
j
Nj : 0 : · · · : 0] ∈ PN(4.5)

when wk/wj → 0 for 0 � k �= j � l. Thus, the point (4.5) is contained in the closure

ϕA(TZl×Zn−l ) = XA. In other words, ϕAj (z) = [zu
j

0 : · · · : z
u

j
Nj ] ∈ PNj

is contained in XA

for any z ∈ (k×)n−l = TZn−l by an embedding PNj into PN as

PNj = (X
j ′
i = 0)j ′ �=j,0�i�Nj ′ ⊆ PN .(4.6)

Since XAj is the closure of ϕAj (TZn−l ), XAj ⊆ PNj is contained in XA.
The action of TZn−l×Zl on XA is described as

(z,w) · [Xj
i ]0�i�Nj ,0�j�l = [wjz

u
j
i X

j
i ]0�i�Nj ,0�j�l

for (z,w) = (z1, . . . , zn−l , w1, . . . , wl) ∈ TZn−l×Zl and [Xj
i ]0�i�Nj ,0�j�l ∈ XA, where

w0 = 1 as before. Therefore XAj ⊆ XA is a torus invariant subvariety. Since PN0 , . . . ,PNl ⊆
PN are mutually disjoint by (4.6), so are XA0, . . . , XAl ⊆ XA.

(b) For (z,w) ∈ TZn−l×Zl , the image ϕA(z,w) ∈ XA ⊆ PN is described by (4.4), and
ϕAj (z) ∈ XAj ⊆ PN is described by (4.5) for each 0 � j � l. Hence ϕA(z,w) is contained
in the l-plane spanned by ϕA0(z), ϕA1(z), . . . , ϕAl (z). Thus XA is contained in the join of
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XA0 , . . . , XAl . From (4.6), the dimension of the join of XA0 , . . . , XAl is l +∑l
j=0 dim XAj ,

which is equal to l +∑l
j=0 rk Aff(Aj ). Since dim(XA) = n, the assertion about the codimen-

sion follows. �

EXAMPLE 4.11. Let A ⊆ Z2 × Z1 be the Cayley sum of

A0 =
{[

0
0

]
,

[
1
0

]
,

[
2
0

]}
, A1 =

{[
0
0

]
,

[
0
1

]
,

[
0
2

]
,

[
0
3

]}
⊆ Z2 .

Then it holds that

l − n +
l∑

j=0

rk Aff(Aj ) = 1 − 3 + (1 + 1) = 0 .

Hence XA is the join of XA0 and XA1 . In fact,

XA = {[1 : x : x2 : w : wy : wy2 : wy3] | (x, y,w) ∈ (k×)3 = TZ2×Z1

} ⊆ P6 ,

and the conic XA0 ⊆ P2 and the twisted cubic XA1 ⊆ P3 are embedded into XA as

XA0 = {[1 : x : x2 : 0 : 0 : 0 : 0] | x ∈ k×} ⊆ XA ,

XA1 = {[0 : 0 : 0 : 1 : y : y2 : y3] | y ∈ k×} ⊆ XA .

REMARK 4.12. In Theorem 4.8, the codimension of XA in the join of XA0, . . . , XAl

is
∑l

j=0(rk Aff(Aj ) − dim Affk(Aj )) by Lemma 4.10.

Now we can prove Corollary 1.4 immediately.

COROLLARY 4.13 (= Corollary 1.4). Let X ⊆ PN be a projectively embedded toric
variety in chark = 0. Then there exist disjoint torus invariant closed subvarieties X0, . . . ,

Xδγ (X) ⊆ X such that X is the join of X0, . . . , Xδγ (X).

PROOF. We may assume that X = XA for some finite set A ⊆ M with Aff(A) = M .
Then the assertion follows from Theorem 4.8 and Remark 4.12 since the equality rk Aff(Aj ) =
dim Affk(Aj ) holds in chark = 0. �

COROLLARY 4.14. Assume chark = 0. If a toric variety XA ⊆ PN is the join of some
projective varieties, then XA is the join of some toric varieties XA0,XA1 , . . . , XAl for some
l > 0.

PROOF. Since XA is the join in chark = 0, the Gauss defect δγ (XA) is positive (due to
Terracini’s lemma). Hence this corollary follows from Corollary 1.4 for l = δγ (X). �

The assumption chark = 0 is crucial in the above proof of Corollary 1.4. In positive
characteristic, even if the Gauss map γ of XA is separable (equivalently, a general fiber of
γ is scheme-theoretically an open subset of a linear variety of PN ), it is possible that γ is
degenerate but XA is not the join of any varieties, as follows.
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EXAMPLE 4.15. Let p = chark � 3. Set

A0 = {0, 1,−1}, A1 = {0, p} ⊆ Z1

and let A ⊆ Z1 × Z1 be the Cayley sum of A0, A1. Then

〈B − B〉 = Z1 × {0} ⊆ Z1 × Z1

as in Figure 3. Hence π : M → M/(〈B −B〉R∩M) coincides with the projection Z1 ×Z1 →
Z1 to the second factor. In this setting, the following hold.

(1) The Gauss map γ of the surface XA ⊆ P4 is separable. A general fiber of γ is a line;
in particular, γ is degenerate.

(2) The conic XA0 and the line XA1 are embedded into XA.
(3) XA is of codimension one in the join of XA0 and XA1 . On the other hand, XA itself

is not the join of any varieties.

The reason is as follows. (1) The separability of γ follows from Corollary 3.6. A general
fiber of γ is projectively equivalent to Xπ(A), which is a line. (2) The embedding of XAj is
given as in Lemma 4.10. (3) It follows from Theorem 4.8 that XA is contained in the join of
XA0 and XA1 . Since the join is of dimension 3, the codimension of XA in the join is equal to
1. By Remark 4.12, the codimension is also calculated from

rk Aff(A0) − dim Affk(A
0) = 1 − 1 = 0 ,

rk Aff(A1) − dim Affk(A
1) = 1 − 0 = 1 .

On the other hand, XA is not the join of any varieties; this is because, a projective surface
X ⊆ PN is the join of some varieties if and only if X is the cone of a curve with a vertex.

In Figure 3, the Cayley sum A of A0 and A1 corresponds to the disjoint union of black
bullets • and white bullets ◦.

1−1
|
p

×× × × × ×◦◦

•• •

■

■

1

0

• A0 × {0} ◦ A1 × {1} × B ■ π(A)

π
��

�� ��

��

FIGURE 3. Cayley sum A = A0 ∗ A1 (p � 3).

5. Constructions in positive characteristic. This section presents two constructions
of projectively embedded toric varieties in positive characteristic. We consider whether it is
possible to find a toric variety whose Gauss map γ has given data about

(F) each irreducible component of a general fiber of γ ;
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(I) the image of γ ;
(c) the number of the irreducible components of a general fiber of γ ;
(r) the rank of γ .

The statement of Theorem 1.5 means that, a projectively embedded toric variety X is con-
structed for given (F) and (I). In fact, in the construction of Theorem 5.1, we can control
(F), (I), and (c), but not (r) (indeed, rk(γ ) = 0 for X in our proof). On the other hand, in
the construction of Theorem 5.4, we can control (F), (r), and (c). Hereafter we assume that
p = chark is positive.

THEOREM 5.1. Assume p = chark > 0. Let A′ and A′′ be finite subsets of free
abelian groups M ′ and M ′′ respectively such that Aff(A′) = M ′ and Aff(A′′) = M ′′. Let
c > 0 be an integer coprime to p. Assume n := rk(M ′)+ rk(M ′′) � #A′−1 and rk(M ′′) � 1.
Then there exists a finite subset A ⊆ M := Zn with #A = n + #A′′ and Aff(A) = M such
that the Gauss map γ of XA ⊆ P#A−1 satisfies the following conditions:

(i) (The closure of) each irreducible component of a general fiber of γ is projectively equiv-
alent to XA′ .

(ii) (The closure of) the image γ (XA) is projectively equivalent to XA′′ .
(iii) The number of the irreducible components of a general fiber of γ is equal to c.

PROOF. We set N ′ = #A′−1 and A′ = {u′
0, . . . , u

′
N ′ }, and let e1, . . . , en be the standard

basis of M = Zn. Without loss of generality, we may assume that u′
0 = 0. We define a group

homomorphism π by

π : M → M ′ : ei �→
{

u′
i for 1 � i � N ′ ,

0 for N ′ + 1 � i � n .

We note that n � N ′ holds by assumption. Since Aff(A′) = M ′ and u′
0 = 0 ∈ M ′, π is

surjective. Hence ker π is a free abelian group whose rank is rk(M ′′). Since rk(M ′′) � 1, we
can take and fix an injective group homomorphism

M ′′ ↪→ ker π

whose cokernel is isomorphic to Z/〈c〉. Let A′′ = {f0, . . . , fN ′′ } ⊆ M ′′ ⊆ ker π for N ′′ =
#A′′ − 1. Without loss of generality, we may assume that f0 = 0 ∈ M ′′. Set

A = {e1, . . . , en, pf0, . . . , pfN ′′ } ⊆ M .

Since e1, . . . , en form a basis of M and pf0 = 0 ∈ M , A spans the affine lattice M .
Let B be as in the statement of Theorem 1.1 for the above A. Choose n + 1 elements

ui0 , ui1 , . . . , uin ∈ A which span the affine space Mk. Since pfs = 0 in Mk for 0 � s �
N ′′, at most one element of {pf0, pf1, . . . , pfN ′′ } is contained in {ui0, ui1 , . . . , uin}. Hence
{ui0 , ui1 , . . . , uin} = {pfs, e1, . . . , en} holds for some 0 � s � N ′′. Thus we have

B = {pf0 + e1 + · · · + en, . . . , pfN ′′ + e1 + · · · + en} ,
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that is, B is the parallel translation of p · A′′ by e1 + · · · + en. Hence we have XB = Xp·A′′ =
XA′′ . Since the closure of the image γ (XA) is projectively equivalent to XB by (1) in Theorem
1.1, the condition (ii) in this theorem holds.

Since A′′ = {f0, . . . , fN ′′ } spans the affine lattice M ′′, it holds that

〈B − B〉 = p · 〈A′′ − A′′〉 = p · M ′′ ⊆ M ′′ ⊆ ker π .

Therefore 〈B − B〉R ∩ M = ker π and the natural projection M → M/(〈B − B〉R ∩ M)

coincides with π : M → M ′. Since π(A) = A′ by the definition of π and A, the condition (i)
in this theorem follows from (3) in Theorem 1.1.

Since ker π/M ′′ � Z/〈c〉, the order of the finite group

(〈B − B〉R ∩ Zn)/〈B − B〉 = ker π/(p · M ′′)

is prk(M ′′)c. Hence (iii) in this theorem follows from (2) in Corollary 3.6. �

Note that, in the above construction, rk(γ ) = dim〈B − B〉k = 0.

EXAMPLE 5.2. In this example, we illustrate Theorem 5.1 for

A′ =
{[

0
0

]
,

[
1
0

]
,

[
0
1

]
,

[
1
1

]}
⊆ Z2, A′′ = {0, 1, 2, 3} ⊆ Z1

and an integer c > 0 coprime to p = chark. In this case, XA′ = P1 × P1 ⊆ P3 is a smooth
quadric surface and XA′′ ⊆ P3 is a twisted cubic curve. Since n = 2 + 1 � #A′ − 1 = 4 − 1,
we can apply Theorem 5.1.

We use the notations in the proof of Theorem 5.1. Since π : M = Z3 → M ′ = Z2 is
defined by

π(e1) =
[

1
0

]
, π(e2) =

[
0
1

]
, π(e3) =

[
1
1

]

for the standard basis e1, e2, e3 of Z3, ker π is generated by e1 + e2 − e3. Hence an injection
M ′′ = Z1 ↪→ ker π with cokernel Z/〈c〉 is given by mapping 1 ∈ Z1 to c(e1 + e2 − e3). Thus
A in the proof of Theorem 5.1 is

A =
⎧⎨
⎩
⎡
⎣1

0
0

⎤
⎦ ,

⎡
⎣0

1
0

⎤
⎦ ,

⎡
⎣0

0
1

⎤
⎦ , p · 0, p · f, p · 2f, p · 3f

⎫⎬
⎭ for f =

⎡
⎣ c

c

−c

⎤
⎦ .

We can see directly that (i) - (iii) in Theorem 5.1 hold for this A as follows: In this case,
XA is the image of ϕA : (k×)3 ↪→ P6 defined by

(x, y, z) �→ [x : y : z : 1 : (xyz−1)pc : (xyz−1)2pc : (xyz−1)3pc] .(5.1)
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We embed P3 into G(3,P6) by mapping [X : Y : Z : W ] ∈ P3 to the 3-plane in P6 spanned
by the 4 points which are given as the row vectors of⎡

⎢⎢⎣
0 0 0 X Y Z W

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0

⎤
⎥⎥⎦ .

Then the image of ϕA(x, y, z) by the Gauss map γ of XA is

[1 : (xyz−1)pc : (xyz−1)2pc : (xyz−1)3pc] ∈ P3 ⊆ G(3,P6)(5.2)

from Lemma 3.3. Hence the closure γ (XA) is the twisted cubic curve XA′′ ⊆ P3. Thus (ii)
holds.

From (5.1) and (5.2), the fiber of γ |TM over [1 : 1 : 1 : 1] ∈ γ (XA) = XA′′ ⊆ P3 is{
[x : y : z : 1 : 1 : 1 : 1] ∈ XA ⊆ P6 | (x, y, z) ∈ (k×)3, (xyz−1)pc = 1

}
.

As a set, this is the disjoint union of{
[s : t : ζ kst : 1 : 1 : 1 : 1] ∈ XA ⊆ P6 | (s, t) ∈ (k×)2

}
(5.3)

for 0 � k � c − 1, where ζ ∈ k× is a primitive c-th root of unity. Since the closure of each
(5.3) is projectively equivalent to XA′ = P1 × P1 ⊆ P3, (i) and (iii) are satisfied.

Next, we consider how to construct X for a given integer r > 0 such that the rank of
the Gauss map of X is equal to r . From the following remark, we need to assume r �= 1 if
chark = 2.

REMARK 5.3. In characteristic 2, it is known that the rank of the Gauss map of any
projective variety X ⊆ PN cannot be equal to 1. In addition, if X is a hypersurface, then the
rank of the Gauss map is even. The reason is as follows.

Let X ⊆ PN be a projective variety in char k = 2, and let x ∈ X be a general point.
As in [10, §2], choosing homogeneous coordinates on PN , we may assume that X is locally
parameterized at x = [1 : 0 : · · · : 0] by [1 : z1 : · · · : zn : fn+1 : · · · : fN ], where z1, . . . , zn

form a regular system of parameters of OX,x , and fn+1, . . . , fN ∈ OX,x . Then rk dxγ is equal
to the rank of the n × (n(N − n)) matrix[

H(fn+1) H(fn+2) · · · H(fN)
]

,(5.4)

where H(f ) := [∂2f/∂zi∂zj ]1�i,j�n is the Hessian matrix of a function f . Assume that
rk(γ ) (= rk dxγ ) is nonzero. Then the matrix (5.4) is nonzero; in particular, one of the
Hessian matrix H(fk) is nonzero. Since chark = 2, we have ∂2fk/∂zi∂zi = 0, i.e., the
diagonal entries of H(fk) are zero. Hence some ∂2fk/∂zi∂zj with i �= j must be nonzero.
Therefore H(fk) has 2 × 2 submatrix[

∂2fk/∂zi∂zi ∂2fk/∂zj ∂zi

∂2fk/∂zi∂zj ∂2fk/∂zj ∂zj

]
=
[

0 ∂2fk/∂zi∂zj

∂2fk/∂zi∂zj 0

]
,
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whose determinant is nonzero. This implies that rk(γ ) � 2.
Now assume that X ⊆ PN is a hypersurface. Then X is locally parametrized by [1 : z1 :

· · · : zn : fn+1], and hence rk dxγ = rk H(fn+1). Since chark = 2, the symmetric matrix
H(fn+1) is skew-symmetric, whose rank is even (for example, see [2, §5, no1, Corollaire 3]).

THEOREM 5.4. Assume p = chark > 0. Let A′ be a finite subset of a free abelian
group M ′ with Aff(A′) = M ′. Let r, c > 0 be positive integers such that (p, r) �= (2, 1) and
c is coprime to p. Assume that positive integers n,N satisfy

n � max{(#A′ − 1) + r, rk(M ′) + r + 1}
and

N �
{

2n − rk(M ′) − r + 1 if p � 3, or p = 2, r : even ,

2n − rk(M ′) − r + 2 if p = 2, r : odd .
(5.5)

Then there exists a finite subset A ⊆ M := Zn with Aff(A) = M and #A = N + 1 such that
the Gauss map γ of XA ⊆ PN satisfies the following conditions:

(i) (The closure of) each irreducible component of a general fiber of γ is projectively equiv-
alent to XA′ .

(ii) The rank of γ is equal to r .
(iii) The number of the irreducible components of a general fiber of γ is equal to c.

PROOF. We set n′ = rk(M ′), N ′ = #A′ − 1, and A′ = {u′
0, . . . , u

′
N ′ }. Let e1, . . . , en

be the standard basis of M = Zn. Without loss of generality, we may assume that u′
0 = 0. As

in the proof of Theorem 5.1, we define a surjective group homomorphism π : Zn → M ′ by
π(ei) = u′

i for 1 � i � N ′ and π(ei) = 0 for N ′ + 1 � i � n. Since ker π � Zn−n′
and

eN ′+1, . . . , eN ′+r ∈ ker π (note that N ′ + r = (#A′ − 1) + r � n holds by assumption), there
exist

f1, . . . , fn−n′−r ∈ ker π

such that eN ′+1, . . . , eN ′+r , f1, . . . , fn−n′−r form a basis of ker π . By assumption, n − n′ −
r = n − rk(M ′) − r � 1 holds.

First, we consider the case when N is equal to the right hand side of (5.5). Set

A = C ∪ D ⊆ M ,

where

C = {e1, . . . , en, 0, cpf1, pf2, . . . , pfn−n′−r } ,

D =
⎧⎨
⎩

{eN ′+1 + · · · + eN ′+r } for r �≡ 1 mod p ,

{−eN ′+1 − · · · − eN ′+r} for r ≡ 1, r �≡ −1 mod p ,

{eN ′+1 + eN ′+2, eN ′+2 + · · · + eN ′+r } for p = 2, r : odd, r � 3 .
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By a similar argument as in the proof of Theorem 5.1 and by Remark 3.11, Example 3.12, we
have

〈B − B〉 =
N ′+r⊕

i=N ′+1

Zei ⊕ Zcpf1 ⊕
n−n′−r⊕

j=2

Zpfj .(5.6)

Hence 〈B − B〉R ∩ M = ker π . Since A′ = π(A), (i) and (iii) in this corollary follows as in
Theorem 5.1.

Since eN ′+1, . . . , eN ′+r , f1, . . . , fn−n′−r form a basis of ker π , we have 〈B − B〉k =⊕N ′+r
i=N ′+1 kej . Thus the rank of γ is dim〈B − B〉k = r by Corollary 3.6.

Next, we consider any integer N satisfying the inequality (5.5). We take a finite subset
E of the right hand side of (5.6) such that N = #(C ∪ D ∪ E) − 1 for the above C and D.
Set A := C ∪ D ∪ E ⊆ M . Since E is contained in the right hand side of (5.6), the subgroup
〈B − B〉 for this A is the same as (5.6). Hence the assertion follows. �

REFERENCES

[ 1 ] A. ATANASOV, C. LOPEZ, A. PERRY, N. PROUDFOOT AND M. THADDEUS, Resolving toric varieties with
Nash blowups, Exp. Math. 20 (2011), no. 3, 288–303.

[ 2 ] N. BOURBAKI, Éléments de Mathématique, Algèbre, Chapitre 9, Hermann, Paris, 1959.
[ 3 ] C. CASAGRANDE AND S. DI ROCCO, Projective Q-factorial toric varieties covered by lines, Commun. Con-

temp. Math. 10 (2008), no. 3, 363–389.
[ 4 ] A. DICKENSTEIN, S. Di Rocco and R. Piene, Classifying smooth lattice polytopes via toric fibrations, Adv.

Math. 222 (2009), no. 1, 240–254.
[ 5 ] A. DICKENSTEIN AND B. NILL, A simple combinatorial criterion for projective toric manifolds with dual

defect, Math. Res. Lett. 17 (2010), no. 3, 435–448.
[ 6 ] S. DI ROCCO, Projective duality of toric manifolds and defect polytopes, Proc. London Math. Soc. (3) 93

(2006), no. 1, 85–104.
[ 7 ] G. FISCHER AND J. PIONTKOWSKI, Ruled varieties, Advanced Lectures in Mathematics, Friedr. Vieweg &

Sohn, Braunschweig, 2001.
[ 8 ] S. FUKASAWA, Developable varieties in positive characteristic, Hiroshima Math. J. 35 (2005), 167–182.
[ 9 ] S. FUKASAWA, Varieties with non-linear Gauss fibers, Math. Ann. 334 (2006), 235–239.
[10] S. FUKASAWA AND H. KAJI, Any algebraic variety in positive characteristic admits a projective model with

an inseparable Gauss map, J. Pure Appl. Algebra 214 (2010), no. 3, 297–300.
[11] K. FURUKAWA, Duality with expanding maps and shrinking maps, and its applications to Gauss maps, Math.

Ann. 358 (2014), 403–432.
[12] I. GELFAND, M. Kapranov and A. Zelevinsky, Discriminants, resultants, and multidimensional determinants,

Mathematics: Theory & Applications. Birkhäuser Boston, Inc., Boston, MA, 1994. x+523 pp.
[13] P. GRIFFITHS AND J. HARRIS, Algebraic geometry and local differential geometry, Ann. Sci. Ecole Norm.

Sup. (4) 12 (1979), 355–432.
[14] H. KAJI, On the tangentially degenerate curves, J. London Math. Soc. (2) 33 (1986), 430–440.
[15] H. KAJI, On the Gauss maps of space curves in characteristic p, Compositio Math. 70 (1989), 177–197.
[16] S. L. KLEIMAN AND R. PIENE, On the inseparability of the Gauss map. “Enumerative Algebraic Geometry

(Proceedings of the 1989 Zeuthen Symposium),” Contemp. Math. 123, pp. 107–129, Amer. Math. Soc.,
Providence, 1991.

[17] S. LANG, Algebra. Graduate Texts in Mathematics 211, Springer-Verlag, New York, third edition, 2002.



454 K. FURUKAWA AND A. ITO

[18] Y. MATSUI AND K. TAKEUCHI, A geometric degree formula for A-discriminants and Euler obstructions of
toric varieties, Adv. Math. 226 (2011), no. 2, 2040–2064.

[19] A. NOMA, Gauss maps with nontrivial separable degree in positive characteristic, J. Pure Appl. Algebra 156
(2001), 81–93.

[20] J. RATHMANN, The uniform position principle for curves in characteristic p, Math. Ann. 276 (1987), 565–579.
[21] A. H. WALLACE, Tangency and duality over arbitrary fields, Proc. London Math. Soc. (3) 6 (1956), 321–342.
[22] F. L. ZAK, Tangents and secants of algebraic varieties, Transl. Math. Monographs 127, Amer. Math. Soc.,

Providence, 1993.

GRADUATE SCHOOL OF MATHEMATICAL SCIENCES

THE UNIVERSITY OF TOKYO

KOMABA, MEGURO-KU

TOKYO 153–8914
JAPAN

E-mail address: katu@ms.u-tokyo.ac.jp

GRADUATE SCHOOL OF MATHEMATICS

NAGOYA UNIVERSITY

FUROCHO, CHIKUSAKU

NAGOYA 464–8602
JAPAN

E-mail address: atsushi.ito@math.nagoya-u.ac.jp



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (Japan Color 2001 Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.6
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo false
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness false
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages false
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.00333
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages false
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.00333
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages false
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Average
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /FlateEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (Japan Color 2001 Coated)
  /PDFXOutputConditionIdentifier (JC200103)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /JPN <>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AllowImageBreaks true
      /AllowTableBreaks true
      /ExpandPage false
      /HonorBaseURL true
      /HonorRolloverEffect false
      /IgnoreHTMLPageBreaks false
      /IncludeHeaderFooter false
      /MarginOffset [
        0
        0
        0
        0
      ]
      /MetadataAuthor ()
      /MetadataKeywords ()
      /MetadataSubject ()
      /MetadataTitle ()
      /MetricPageSize [
        0
        0
      ]
      /MetricUnit /inch
      /MobileCompatible 0
      /Namespace [
        (Adobe)
        (GoLive)
        (8.0)
      ]
      /OpenZoomToHTMLFontSize false
      /PageOrientation /Portrait
      /RemoveBackground false
      /ShrinkContent true
      /TreatColorsAs /MainMonitorColors
      /UseEmbeddedProfiles false
      /UseHTMLTitleAsMetadata true
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /BleedOffset [
        0
        0
        0
        0
      ]
      /ConvertColors /NoConversion
      /DestinationProfileName (Japan Color 2001 Coated)
      /DestinationProfileSelector /UseName
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements true
      /GenerateStructure false
      /IncludeBookmarks true
      /IncludeHyperlinks true
      /IncludeInteractive true
      /IncludeLayers false
      /IncludeProfiles false
      /MarksOffset 0
      /MarksWeight 0.283460
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /UseName
      /PageMarksFile /JapaneseWithCircle
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


