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ON THE GEOMETRY OF THE CROSS-CAP IN MINKOWSKI
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Abstract. We initiate in this paper the study of the geometry of the cross-cap in
Minkowski 3-space R?. We distinguish between three types of cross caps according to their
tangential line being spacelike, timelike or lightlike. For each of these types, the principal
plane which is generated by the tangential line and the limiting tangent direction to the curve
of self-intersection of the cross-cap plays a key role. We obtain special parametrisations for
the three types of cross-caps and consider their affine properties. The pseudo-metric on the
cross-cap changes signature along a curve and the singularities of this curve depend on the
type of the cross-cap. We also study the binary differential equations of the lightlike curves
and of the principal curves in the parameters space and obtain their topological models as well
as the configurations of their solution curves.

1. Introduction. Whitney showed that maps R> — R can have a stable local sin-
gularity under smooth changes of coordinates in the source and target. A model of this local
singularity under these changes of coordinates is given by (x, y) — (x, xy, y?). The image of
this map is a singular surface called a cross-cap (it is also called a surface with a pinch-point
or a Whitney umbrella).

Because the cross-cap is a stable singular surface, it is natural to seek to understand its
geometry. The extrinsic differential geometry of the cross-cap in the Euclidean 3-space is
investigated in [6, 8, 9, 10, 13, 20, 25, 27], and in [13] the authors considered its intrinsic
properties. For instance, it is shown in [6, 27] that there are generically two types of cross-
caps, labelled hyperbolic cross-cap and elliptic cross-cap (Figure 1 left and center), and these
are characterised by the singularity type of their parabolic set in the source (see also §4 for
another characterisation and [18, 20] for applications to the geometry of surfaces in R*). The
change from an elliptic to a hyperbolic cross-cap occurs at a parabolic cross-cap, Figure 1
right.

We initiate in this paper the study of the geometry of the cross-cap in the Minkowski
3-space R*f. At the cross-cap point, the tangent plane to the surface degenerates to a line
which we call, following [13], the tangential line of the cross-cap. This line together with the
limiting direction to the curve of self-intersection of the cross-cap span the principal plane
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FIGURE 1. Hyperbolic, elliptic and parabolic cross-caps.

of the cross-cap. The type (spacelike, timelike, lightlike) of the tangential line and of the
principal plane play a key role in this paper.

We obtain in §3 parametrisations of the cross-cap in simplified forms using smooth
changes of coordinates in the source and Lorentzian transformations in the target. From these
parametrisations we get pairs of quadratic forms (Q1, Q2) in (x, y). We show in §4 that the
G =GL(2,R) x GL(2,R)-class of (Q1, Q») determines if the cross-cap is elliptic, hyper-
bolic or parabolic and obtain affine invariant properties of the cross-cap (such us its Dupin
indicatrices and its focal conic).

In §5, we study the induced metric on the cross-cap and determine the generic topological
configurations of the lightlike curves in the source (which we call pre-lightlike curves). We
study in §6 the lines of principal curvature in the source (which we call pre-principal curves).
The pre-lightlike and pre-principal curves are solutions binary differential equations (BDEs).
These are implicit differential equations written in the form

a(x, y)dx* 4 2b(x, y)dxdy + c(x, y)dy* = 0.

Some of the configurations in §5 and in §6 are obtained in §7 using the blowing-up
technique on general BDEs. The configurations of the solution curves of the BDEs in this
papers have all been checked using Montesinos program [17]. The solutions of a BDE form
a pair of foliations in the region in R? where (b% — ac)(x,y) > 0 (the set where (b* —
ac)(x,y) = 0is the discriminant of the BDE). In all the figures in this paper, we draw one
foliation in continuous line and the other in dashed line. The discriminant curve is drawn in
thick black.

The results in this paper are summarised below, where the triple (a, b, ¢) in the fourth
and last columns are the coefficients of the BDE of the pre-lightlike curves and pre-principal
curves. The discriminant of the pre-lightlike curves (resp. pre-principal curves) is denoted by
PLD (resp. PLPL) and its column indicates the singularity type of its defining equation.

The tangential line is timelike or spacelike

Tg.line  Pr.plane PLD Pre-lightlike curves PLPL Pre-principal curves

Timelike Timelike A} (—x2—y%0,1)  Aj O3, —Sx +by% y)
Timelike A7 (x2—%,0,1) A3 (%, =3x +by%, )
Spacelike Spacelike A7 (—x?+y%,0,1)  Af (=y% =3%.%)

Lightlike ~ A] (xy + 2,0, 1) Ay oy +y 0yt —3xy)
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The tangential line is lightlike

Pr. plane dyp PLD Pre-Lightlike curves PLPL Pre-Principal curves
(xy, —x*, =3xy + %)
Timelike D} A, (x%, £y, x) X1,0 (xy, —x%,3xy +3y?)
(xy, x*, =3xy +y%)
Lightlike D, Az (y2, %x, y) Xfl (x2 + xy2 + y3, Xy, Fx2— 2y2)

Above, d is the distance squared function with centre the cross-cap-point, Tg. is short
for tangential and Pr. for principal. See Table 2 for the configurations of the pre-lightlike
curves and Table 3 for those of the pre-principal curves.

Acknowledgment. We are deeply indebted to the referee for his thorough reading of the first ver-
sion of the paper and for his many constructive comments and suggestions. The idea of considering and
presenting the results in terms of the principal plane is his.

2. Preliminaries. The Minkowski space (R?, (,)) is the vector space R3 endowed
with the metric given by the pseudo-scalar product

(w,v) = —upvg + ujvy +uzvz,

for any vectors u = (uq, u1, u2) and v = (vo, v1, v2) in R3 (see for example [21], p55). We
say that a non-zero vectoru € R% is spacelike if (u, u) > 0, lightlike if (u, u) = 0 and timelike
if (u, u) < 0. The norm of a vector u € R? is defined by |lul| = /[{u, u)].

The vector product in R% of u and v is defined by

—€ € €3
uxyv= uo up up

vo v 12

where e; = (1,0,0), e, = (0, 1,0), e3 = (0, 0, 1) is the canonical basis in R3.

A plane {v € R% | (v,u) = 0} is said to be spacelike (resp. lightlike, timelike) if its
pseudo-normal vector u is timelike (resp. lightlike, spacelike).

We have the following pseudo-spheres in R? with centre p € R? and radius r > 0,

H*(p,—r)={ueRj|(-pu-p)=-ri,
S¥p.r)={weR]|[(u—pu—p)=r?},
LC*(p)={ueR}[{u—p,u—p)=0}.

We denote by H 2(—r) and Sl2 (r) the pseudo-spheres centred at the origin in R?.
We consider the set C of smooth map-germs R?, 0 — R? with a cross-cap singularity at

the origin endowed with the Whitney C°°-topology. We say that a property of the cross-cap
is generic if it is satisfied by map-germs in a residual subset of C.
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Let¢: U C R?> — R? be a representative of a map-germ with a cross-cap singularity at
the origin and denote its image by M. Let

E=<¢X7¢x>ﬂ F=<¢m¢y>’ G=(¢y’¢y>

denote the coefficients of the first fundamental form of M (the subscripts denote partial deriva-
tives).

We label the Pre-Locus of Degeneracy (P LD) the set of point (x, y) € U where (F 2
EG)(x,y) = 0, and by the Locus of Degeneracy (L D) its image by ¢. The L D is the locus
of points on M where the induced metric is degenerate.

We decompose U = U; U Uy U PLD, where ¢(U1) is the Riemannian part of M and
¢ (U») is its Lorentzian part. One can define the de Sitter Gauss map U; — Slz(l) on the
Lorentzian part of the surface and the hyperbolic Gauss map U, — H?(—1) on its Riemann-
ian part. Both maps are given by N = ¢ x ¢y /[|¢x x ¢y||. The map A,(u) = —dN,(u) is a
self-adjoint operator on M \ L D. We denote by

[ :_(NX1¢X):<N1 d)xx)f
m=—(Ny, ¢y) = (N, Pxy),
n=—(Ny, ¢y)= (N, ¢yy)

the coefficients of the second fundamental form on M\ L D. At points on the L D, we multiply
the above coefficients by ||¢x X ¢ ]| and set

= (Bx X Gy, Pxx), M= {(Px X Gy, Pxy), 1= (x X Py, Pyy) .

The Gaussian curvature K of M at p = ¢(q) € M \ LD is given by

— m?2

l
K(g) = det(4)) = T ().

The (closure of) the pre-parabolic set is defined as the set of points in U where (In —
m?)(q) = 0. Its image under ¢ is defined as the parabolic set on M (this is the closure of the
set of points where the Gaussian curvature vanishes).

We are interested in the singularities of the zero set of a germ of a function f : R?,0 —
R, 0. For this reason, we consider the action of the contact group K on the set of germs of
functions f : R?,0 — R,0. Two germs, at the origin, of functions f, g are K-equivalent
if g(x,y) = k(x,y)f(h~"(x,y)), where h : R?,0 — R?,0 is a germ of a diffeomorphism
and k : R?,0 — R is a germ of a function not vanishing at the origin. If two germs are K-
equivalent, then their zero sets are diffeomorphic. We shall use in this paper representatives
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of the following /C orbits of this action (see [1]):
Ar  x2EyML k>0
Dy, xzy:l:yk_l, k>4
xt+ax®y?+y*, d>—4+£0
1,0
xy(x2+bxy+y%), b>—-4<0
X1 x*+x%y*+ay’, a#0.

In the complex case, the singularity X o has one normal form given by x* + ax?y? +
y4, a’>—4 # 0. However, this form does not include the case when the quartic has two real
roots. This case is represented by the normal form xy(x? + bxy + y?), b> —4 < 0.

3. Special parametrisations of the cross-cap. It is shown in [27] that a parametri-
sation of a cross-cap in Euclidean 3-space can be taken, by a suitable choice of coordinates in
the source and Euclidean transformations the target, in the form
M $(x,y) = (e, xy + p(), y* +ax? +q(x. ),

where p € M3(y) and ¢ € M3(x, y) (M (u) denotes the maximal ideal in the ring of germs
of functions in u). We have the following result on parametrisations of a cross-cap in R?
depending on the type of its tangential line (spacelike, timelike or lightlike). We remark that
the proof is different from that given in [27] for the parametrisation (1) of the cross-cap in
Euclidean 3-space.

THEOREM 3.1. Let ¢ : R*>,0 — R3,0 be a germ of a parametrisation of a cross-
cap in R%. There is a Lorentzian transformation T in R? and a germ of a diffeomorphism
p :R2,0 — R% 0 suchthat T o ¢ o p is expressed as follows:

(a) When the tangential line is timelike:
@) (@ y? + p(). g ).
(b) When the tangential line is spacelike:
3) 0 + P, x g ).
(c) When the tangential line is lightlike:
“) (x.ax +y? + p(x), bx +q(x, )
where p € M?(x), g € M?(x, y) and a, b are constants with a*> + b* = 1.

PROOF. (a) When the tangential line is timelike, we can make a Lorentzian transfor-
mation in the target and take it to be along (1, 0, 0). We can then write the new parametri-
sation in the form ¢ (x,y) = (x, f(x,y), g(x,y)), where f and g are germs of functions

2
with zero 1-jets. As the singularity is a cross-cap, we have %(O, 0) # Oor ‘373(0, 0) # 0.

a2
We can suppose that %(0, 0) # 0 (if it vanishes, we make the Lorenztian transformation
(u, v, w) — (u, w, v) in the target to get back to the case where it does not vanish).
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We consider f(x,y) as a l-parameter unfolding of the function f(0,y). Since
32 f
07
diffeomorphism H : R?,0 — R?, 0 of the form H(x, y) = (h(x), k(x, y)) and a germ of a
function ¢ such that

0,0) # 0, f(x,y)is R+-equivalent to the germ y2, that is, there exist a germ of a

V2= fh(x), k(x, y)) +c(x)

(see [1]). We have ¢ o H (x, y) = (h(x), y* — c(x), g(h(x), k(x, y))).

Let K be a change of coordinates in the source with K(s,7) = (x,y) = (h=1(s), 1).
Then

poHoK(s, 1) = (u,v* —cth™'(s)), g(s, k(™' (s),1))) .

We revert back to the original notation and write x for s and y for ¢, so that the cross-cap

is parametrised in the form
(@, ¥ + p(0), g (x, ),

where p and g are germs of functions with zero 1-jets.

(b) We can take, by applying a Lorentzian transformation in the target if necessary, the
spacelike tangential direction along (0, 1, 0) and write ¢ (x, y) = (f(x, y), x, g(x, y)), where
f and g are germs of functions with zero 1-jets. As for the case (a), we have ?;TJ;(O, 0)#0

or '327%(0, 0) # 0. We can suppose that ‘3275 (0, 0) # 0 (if it vanishes, we make the Lorentzian
transformation (u, v, w) — (u cosh(#) + w sinh(#), v, u sinh(¢) + w cosh(¢)) in the target, for
any ¢ # 0, and get back to the case where %(O, 0) # 0). We then proceed as for the case
().

(c) When the tangential direction is lightlike we can take a parametrisation of the surface
in the form ¢ (x, y) = (x,ax + f(x, y), bx + g(x, y)), where f and g have zero 1-jets and
a, b are constants with a + b> = 1. As for the case (a), we can assume that ‘327{ (0, 0) # 0 (if
it is, we make the Lorenztian transformation (u, v, w) — (i, w, v) and it becomes non-zero).
We then proceed as in (a). O

In the rest of the paper, we write the homogeneous parts of degree n of p and ¢ in
Theorem 3.1 in the form

pnox"
Gn0ox" + qmix" "'y -+ guay"
with g21 # 0 as the surface has a cross-cap singularity.
Let n denotes the null direction at the cross-cap (for the parametrisations in Theorem
3.1, 7 = (0, 1)). The principal plane at the cross-cap parametrised by ¢ : RZ,0 — R3 0
is defined in [13] as the plane spanned by the tangential direction at the cross-cap together
with the direction 7%¢ (0, 0). The principal plane is in fact the plane spanned by the tangential
direction and the limiting tangent direction to the curve of self-intersection of the cross-cap
surface at the cross-cap point ([13], Proposition 9).

PROPOSITION 3.2. (i) When the tangential direction is timelike the limiting tangent
direction to the curve of self-intersection is spacelike, so the principal plane is timelike.
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(ii)) When the tangential direction is spacelike the principal plane is lightlike (resp.
spacelike, timelike) if and only if the limiting tangent direction to the curve of self-intersection
is lightlike (resp. spacelike, timelike). For a parametrisation as in (3), the limiting tangent
direction to the curve of self-intersection is lightlike if and only if q222 — 1 = 0. It is spacelike
(resp. timelike) if and only ifq222 — 1> 0 (resp. q222 —1<0).

(iii) When the tangential direction is lightlike the principal plane (resp. limiting tangent
direction to the curve of self-intersection) is either timelike or lightlike (resp. spacelike). The
principal plane is lightlike if and only if the limiting tangent direction to the curve of self-
intersection is pseudo-orthogonal to the tangential direction. For a parametrisation as in (4),
the principal plane is lightlike if and only if bgy; +a = 0.

PROOF. As observed above, the principal plane is generated by the tangential direction
and the limiting tangent direction to the curve of self-intersection of the cross-cap surface at
the cross-cap point ([13], Proposition 9). The property of the principal plane and of the limit-
ing tangent direction to the curve of self-intersection being spacelike, timelike or lightlike is
invariant under Lorentzian transformations and reparametrisations of the surface. Therefore,
we can take a parametrisation of the cross-cap as in (2), (3) or (4).

A point p is on the curve of self-intersection if there exists two distinct points (x1, y1)
and (x2, y») in the source such that p = ¢(x1, y1) = ¢(x2, y2). For ¢ as in (2), (3) or (4),
one can show that x; = x» = 0 and y» = —y1, so the double point curve in the source is
parametrised by (0, y) and its image, the curve of self-intersection on the cross-cap, is given
by ¢(0, y). For ¢ as in (3), the limiting tangent direction to the curve of self-intersection is
along (1, 0, ¢22) and for ¢ as in (2) and (4) it is along (0, 1, g22).

The pseudo-normal direction to the principal plane is along (0, —g22, 1) for ¢ as in (2),
along (g22, 0, 1) for ¢ as in (3) and along (—aq22 + b, —g22, 1) for ¢ as in (4). The result
follows by comparing the type (spacelike, timelike or lightlike) of this vector to that of the
limiting tangent direction to the curve of self-intersection. For example, for (4) the pseudo
normal to the principal plane is parallel to

v=(1,a,0) x (0,1,¢2) = (—agxn + b, —q2, 1)
and we have
(v, ¥) =—(—aqn +b)* + ¢3, + 1

=(1 —a%q3, + 2abq3, + 1 — b*

= b2q222 + 2abt]222 + a?

=(bg +a)* > 0.
Thus, the principal plane is timelike or lightlike. It is lightlike if and only if bga2 + a =
((,a,b),(0,1,g2)) =0. U

4. Affine properties of the cross-cap. We take the parametrisations of the cross-cap
as in (2), (3) and (4). Let & denotes the projection of the tangent space of R? to the quotient
space R? /R.¢x (0, 0). We associate to the parametrisations (2), (3) and (4) the pair of quadratic
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TABLE 1. The G-orbits of pairs of quadratic forms.

G-orbit Name
(2 +x2,xy) hyperbolic
(y2 —x2, xy) elliptic
(x2, xy) parabolic
(x2£y%,0) inflection
(x2,0) degenerate inflection
(0, 0) degenerate inflection

forms

JA(m o) = (01(x,y), Qa2(x, ¥) = (v* + paox?, gaox* + g21xy + g22y?) .

We consider the action of the group G = GL(2, R) x GL(2, R) on the pairs of binary
forms j%(7 o ¢) = (Q1, Q2), where GL(2, R) denotes the general linear group (see for
example [11]). If H = (h,k) € G, then H. (Q1, Q2) = ko (Q) o h=', 02 o h~1). The
G-orbits are listed in Table 1.

LEMMA 4.1. For ¢ asin (2), (3) or (4), j2(m o ¢) = (Q1, Q2) is
hyperbolic < q3,p20 + (g22p20 — q20)*> > 0,
elliptic < q3,p20 + (22020 — q20)* < 0,
parabolic < g3, p20 + (q2220 — g20)* = 0.
PROOF. The action in the target by (u, v) — (1, v — goou) gives

(01, 02) ~¢g 0% + p20x?, (20 — p20g2)x* + qa1xy) .

The action by (x, y) — (x,y — qzo—quzoqzzx) in the source followed by an action in the target

of the form (u, v) — (u — av, q%v) gives

43,020 + (q22P20 — 420)* 5
5 X°,xy
471

and the result follows. O

(01, 02) ~¢ <y2+

A cross-cap is hyperbolic/elliptic/parabolic if the K-singularity type of its pre-parabolic
set is AT/A 1 /A2 ([6, 27]). We call here a parabolic cross-cap a cross-cap whose pre-parabolic
set has an Axj-singularity. The singularity of the pre-parabolic set depends on the contact of
the surface with planes, so is affine invariant (in particular, they do not depend on the metric in
the ambient space). We have the following for the cross-cap in R?; see [20] for an analogous
result for a cross-cap in Euclidean 3-space.

PROPOSITION 4.2. The cross-cap is hyperbolic/elliptic/parabolic if and only if its as-
sociated pair of quadratic forms (Q1, Q2) is elliptic/hyperbolic/parabolic.



ON THE GEOMETRY OF THE CROSS-CAP IN MINKOWSKI 3-SPACE 301
PROOF. The 2-jet of /> — i1l for the three cross-caps in Theorem 3.1 is given by

—4g21(p20g21 x> 4 2(g22P20 — 420)XY — g21Y°) .

We have g21 # 0, so the discriminant of the above quadratic form is given, up to a
non-zero factor, by q221 P20 + (22020 — g20)*. The result follows by Lemma 4.1. (When
q221 P20 + (g22p20 — q20)2 = 0, the parabolic set has an Aj-singularity, with k > 2, as the
j2(m? — iil) cannot be identically zero.) O

In view of Proposition 4.2, we label the property hyperbolic/elliptic/parabolic of a cross-
cap as its affine property. This property can also be detected by considering the follow-
ing curves in the source. We consider the intersection of the cross-cap parametrised by
¢ : R?,0 — R3,0 with the planes f(x,y,z) = ax + by +cz —d = 0,d # 0, parallel
to a plane containing the unique tangent direction to the cross-cap. We analyse the limit of the
curves f o ¢(x,y) = 0 as d tends to zero and call them the Dupin indicatrices in the source
associated to the tangent plane ax + by + cz = 0. These are approximated by the zero set of
the 2-jet of f o ¢.

Consider the case of the timelike tangential direction with ¢ as in (2) (the other two cases
follow similarly). Then ¢ = 0 and the Dupin indicatrices in the source are given by

bQi1(x,y)+cQa(x,y) —d=0.

We identify a quadratic form Q = Ax”>+ Bxy4Cy? by its coefficients (A : B : C) inthe
projective plane R P2. We denote by I” the conic {Q : BZ—4AC = 0} of degenerate quadratic
forms. Then the G-orbit of a pair of quadratic forms (Q1, Q2) is completely determined by
the pencil bQ1(x, y) + cQa(x, y) in RP2. The pair (Q1, Q») is hyperbolic (resp. elliptic) if
and only if its associated pencil intersects the conic I" in 2 (resp. 0) points. It is parabolic if
the pencil is tangent to 1.

PROPOSITION 4.3. (i) Ata hyperbolic cross-cap, the Dupin indicatrices in the source
associated to any tangent plane are hyperbolae.

(i) At an elliptic cross-cap, there are two tangent planes whose associated Dupin indi-
catrices is a pair of parallel lines. The remaining Dupin indicatrices are either hyperbolae or
ellipses.

(iii) At an parabolic cross-cap, there is a unique tangent plane whose associated Dupin
indicatrices is a pair of parallel lines. The remaining Dupin indicatrices are all hyperbolae.

REMARK 4.4. The height function on the cross-cap along a normal direction (a, b, c)
is given by (¢ (x, y), (a, b, ¢)). On a hyperbolic cross-cap the singularities of the height func-
tion in any normal direction is A;. On an elliptic cross-cap, there are two normal directions
along which the singularity of the height function is Ay, k > 2, and for the remaining di-
rections it is AT or A]. On a parabolic cross-cap, there is a unique normal direction along
which the singularity of the height function is Ak, kK > 2, and for the remaining directions
itis A7 ([6, 27]). As the 2-jet of (¢ (x, y), (a, b, ¢)) is the pencil associated to the pair of
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quadratic forms (Q1, Q2), the statement of Proposition 4.3 is a reformulation of the result on
the singularities height functions in terms of the Dupin indicatrices in the source.

We turn now to an aspect of the contact of a cross-cap parametrised by ¢ : R?, 0 — R>, 0
with pseudo-spheres in R? . This contact is measured by the K-singularity type of the pseudo-
distance squared function d,, : R?, 0 — R, given by

du(xv )’) = (¢(~x7 )’) —u, ¢(x’ }’) —M> )

withu € R?. Varying u gives the family d of pseudo-distance squared functions. We consider
the /C-singularity type of d,, at the cross-cap point, that is, at the origin in the xy-plane.

The plane orthogonal to the tangential line at the cross-cap is called the normal plane to
the cross-cap. It is not difficult to show that the function d,, is singular at the origin if and only
if u is on the normal plane to the cross-cap.

THEOREM 4.5. (i) When the tangential line is spacelike or timelike the singularities
of d, are always of type Ar, k > 1. There is a conic in the normal plane of the cross-cap,
called the focal conic, where the singularities of d,, are of type Ay, k > 2. The focal conic
contains the cross-cap point and is as follows:

an ellipse < j*( o ¢) is elliptic,
a hyperbola < j?( o ¢) is hyperbolic,
a parabola < j*(1 o ¢) is parabolic.

(i1)) When the tangential line is lightlike the singularity of dy at the cross-cap point is of type
Dy if and only if

(5) I' = (q3; — 4g20922)b” — 4(p20g22 + q20)ab — 4a” px # 0.
with the singularity being of type D, if I' > 0 and DZ‘ if ' < 0. The singularities of d,,
u # 0, are of type Ak, k > 1. The focal conic is
an isolated point & (o @) is elliptic,
a pair of transverse lines < j*(1 o ¢) is hyperbolic
a double line & j2(mw o @) is parabolic.

PROOF. (i) We consider only the timelike tangential direction and take ¢ as in (2). The
case of the spacelike tangential direction follows similarly and we get the same conditions
which identify the focal conic. We write u = (ug, u1, u2), SO

dy(x,y) = —(o — x)* + (1 — y* — prox? — p(x))?
2
+(u2 — q20x* — guxy — guy* — g (x.y))" .

We have jld,(x,y) = —u% + u% + u% + 2ugx, so d, is singular at the origin if and only
if ug = 0, that is, if and only if u is on the normal plane of the cross-cap.
We take now ug = 0. Then the 2-jet of d,,, without the constant terms, is given by

(6) —(1+ 2u1 pag + 2urq20)x? — 2urqa1xy — 2(u1 — u2g2)y* .
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The quadratic form (6) can never vanish identically as g21 # 0, so the singularities of d,,
are always of type Ay, k > 1.

The singularity of d, is of type Ak, k > 2, if and only if the quadratic form (6) is
degenerate, that is,

2

The above equation is that of a non-degenerate conic (the focal conic), in the normal
plane (0, u1, u2). The discriminant of its quadratic part is

1
@) 2p20ut 4 2(q20 + paogaz)uius + <2q20q22 - —q221>u% +ur+uxgn =0.

8 = p20g3) + (q20 — P20g22)” .
The focal conic is a parabola if and only if § = 0, equivalently, (Q1, Q) is parabolic
(Lemma 4.1).
When § # 0, the linear terms in (7) can be removed by a translation to obtain a new
equation in the form
1 ‘1221
8 p20g3; + (q20 — P20g22)?

1
2p20U7 + 2(q20 + p20g22)U1Uz + (211206122 - 5‘1221>U22 =

This is a hyperbola if and only if p20q221 + (g20 — p20g22)> > 0 and an ellipse if and
only if pzoq%1 + (g20 — p20g22)> < 0. The interpretation of these inequalities in terms of
the pair of quadratic forms (Q1, Q7) is given in Lemma 4.1. (It is worth observing that for
a spacelike tangential direction, the focal conic is tangent to a lightlike line if and only if the
limiting tangent direction to the curve of self-intersection is lightlike.)

(il)) When the tangential direction is lightlike, we take ¢ as in (4), so that

dy=—(uo — x)* + (u1 — ax — y> — paox* — p(x))?
+(uz — bx — qaox? — qa1xy — g2y — q(x, y))2.

We have jldu(x, y) = —u% + u% + u% + 2(ug — uja — uzb)x, so d, is singular at the
origin if and only if ug — uja — u2b = —((1, a, b), (up, u1, uz)) = 0, that is, if and only if u
is on the lightlike normal plane of the cross-cap.

We suppose now that ug = uja + ub. Then the 2-jet of d,,, without the constant term,
is given by

®) —2(u1p20 + u2gp0)x”> — 2go1xy — 2uzgx + u1)y”.

The quadratic form (8) vanishes identically if and only if u; = up = 0, thatis, u = 0.
Then the 3-jet of dy, without the constant term, is given by 2x ((ap2o + quo)x2 + bgr1xy +
(a + bg2) yz). Thus, dy has a D4-singularity if and only if

I' = (g3, — 4420922)b* — 4(p20g22 + qa0)ab — 4a”pao # 0.

Suppose that u 7# 0. Then the singularity of d,, is of type Ay, k > 1. It is of type A,

k > 2 if and only if the quadratic form (8) is degenerate, that is, if and only if

) —4paout — 4(q20 + proga)uiur + (g3, — 4q20q22)u3 = 0.
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The focal conic given by (9) is an isolated point/a pair of transverse lines/a double line if
and only if g3, p20 + (g22P20 — g20)> < 0/ > 0/ = 0, and by Lemma 4.1 this is equivalent to
j2( o ¢) being elliptic/hyperbolic/parabolic. (Observe that (9) cannot vanish identically as
g21 #0.) O

We have the following result about more degenerate singularities of the distance squared
functions (these are not affine invariant).

PROPOSITION 4.6. When the tangential direction is timelike or a spacelike, there are
generically 1, 3 or 5 points on the focal conic where d, generically has an Az-singularity at
the cross-cap point. One of these points is always at the cross-cap point.

When the tangential direction is lightlike, the cross-cap point is a D4-singularity of dy
when condition (5) is satisfied. Generically, there is one point u; (i = 1,2) on each line of
the focal conic where d,; has generically an Asz-singularity at the cross-cap point.

The Ay and As-singularities of dy, u # 0, at the cross-cap point are versally unfolded
by the family d. The singularity of dy at the cross-cap point is not versally unfolded by the
family d.

PROOF. We take u on the focal conic. Then the 2-jet of d,, is a perfect square L2. The
singularity of d,, is of type Ay, k > 3 if and only if L divides C, where C is the homogeneous
cubic part of d,,. When the tangential direction is timelike, we take L = wuaqa1x + 2(u; —
u2g22)y (up to a constant factor) if u # 0, see the proof of Theorem 4.5. (When u = 0, we
take L = —x2 and show that do has always an A3-singularity.) The cubic C divides L if and
only if C(2(u1 — u2q22), —u2q21) = 0, that is, if and only if

8paou] —8(3p30q22 + qr0)uiuz + 4(q21931 — 6p3093, — 6q30q22)u T’
+2(4931921922 — 431932 — 1293043, — 4p30g3,)u1u3
+(g3,933 + 443192193, — 2432931922 — 8G3043,)u3 = 0.

This is a homogeneous quartic in u1, 42, so is generically a union of 0, 2, 4 real lines
meeting at the origin. Thus, the singularity of d, is of type Ak, k > 3 if and only if u =
(0, u1, un) is a point of intersection of these lines with the conic (7), so we get generically 1, 3
or 5 such points, and those away from the origin generically give singularities of type A3z. We
proceed similarly for the case when the tangential direction is spacelike.

For the lightlike tangential direction, proceeding as above, we show that d,, has an Ay,

k > 3-singularity if and only if u is a point of intersection of the conic (9) with the following
non-homogeneous quartic

Q(uo, u2) = (—8g3043, + 442193193, + q3303) — 243,932q22)u3
+(—2¢3,932 + 8421431922 — 8P3043, — 24q3093,)u1u3
+(—24p30g3, — 24430922 + 4q21931)utu3
+(=24p30q22 — 8qa0)uzu; — 8p3ou;
+(—243,bq3, + 8bg243, + 8ap24a3, + 2q3,a922)u3
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+(24ap20g3, + 2g31a — 6431bq22 + 24bg20q3,)u3u
+(24aprqaz — 4g3b + 24bgr0qa)urui + (8bqa0 + 8apro)us; .

Denote by ug = Ajua, i = 1,2, the lines of the conic (9). Then Q(Ajuz,uz) =
u%(A,'uﬁ-B,'), i = 1,2, where A; and B; dependon A;, pjo and g, j, k = 2, 3. Generically,
A; # 0and B; # 0, so we have a single point # # 0 on each line of the focal conic where the
singularity of d,, at the origin is generically of type A3. (When u = 0, the singularity of type
Dy.)

The statement about the versality of the family d follows by standard calculations and
are omitted (see for example [8] for detailed calculations for the cross-cap in Euclidean 3-
space). O

REMARK 4.7. Porteous defined ridge curves on a smooth surface in Euclidean 3-space
as the (closure of the) locus of points where the distance squared function d,, has an Az-
singularity for some u € R3. We can define in a similar way ridge curves on surfaces (smooth
or singular) in R?. Then Proposition 4.6 gives the number of ridge curves on the cross-cap
passing through the cross-cap point.

5. The first fundamental form. Let E, F, G denote, as in §2, the coefficients of the
first fundamental form of a cross-cap parametrised by ¢. The induced pseudo-metric on the
cross-cap is given by ds?> = Edx? + 2Fdxdy + Gdy>. It is Riemannian at points where
F? — EG < 0, Lorentzian at points where F> — EG > 0 and degenerate at points where
F? — EG = 0. The Pre-Locus of Degeneracy (PL D) is defined as the set of points (x, y) in
the source where (F2 — EG)(x, y)=0.

PROPOSITION 5.1. (i) If the tangential line is timelike (resp. spacelike), then the
PLD has an A‘f (resp. Ay )-singularity.

(i1) If the tangential line is lightlike, then the PLD has a singularity more degenerate
than A1. It has precisely an Az-singularity if and only if the distance squared function dy has
a Da-singularity.

PROOF. (i) We compute the coefficients of the first fundamental form. Suppose that the
tangential line is timelike and take a parametrisation of the surface as in (2). Then,
JPE =—=144(p3) + q30)x> + 4g21920%y + 4515,
J2F = 2q00x°q21 + (4p2o + q31 + 4q20922)xy + 292192257,
(10) 726 =3 x* + dgngaxy + 41+ g3y
so that
JHF? = EG) = g3,x* + 4q21920xy + 4(1 + g3,))”.

The discriminant of the above quadratic form is —16q221 and is strictly negative, so the
P LD has a Morse singularity of type AT, i.e., it is an isolated point.
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When the tangential line is spacelike we take a parametrisation of the surface as in (3).
Then,

JPE =1-4(p3) — q39)x* + 4qa1q20xy + q3,y° .
J2F = 220215 + (4920922 — 4p20 + 431Xy + 2921922)° ,
(an 726 = a31x° + 4qnqixy — 4(1 — )y’
and
JA(F? = EG) = —g31x” — dqu1gnxy +4(1 — g3y
The discriminant of the above quadratic form is 16q22l so the PL D has a Morse singu-

larity of type A|, i.e., it is a pair of transverse crossing curves.
(i1) For a cross-cap as in (4) with a lightlike tangential direction, we have

J2E = 4(apao + bgao)x + 2bgary + 2(3ap3o + 3bqso + 2p3y + 2q3,)x>
+4(bg31 + q20q21)xy + (g3; + 2bg32)y*
J2F = bgnx + 2(a 4 bga)y + (bg31 + 2g20921)x>
+(2bg32 + 4p20 + g3, + 4g20922)xy + (2G21922 + 3bg33)y?
(12)  j2G=q3x* +4gngaxy + 41+ ¢3,)y* .

We have j2(F? — EG) = (bga1x + 2(a + bgo»)y)? which is not identically zero as
g21 # 0 and a® + b*> = 1. Therefore, the singularity of the PLD is of type A=>. If b # 0,
we change x by x — 2(a + bg22)/(bga1)y, and the coefficients of y* in the 3-jet of F?> — EG
becomes

1
—W((q% — 4g20922)b* — 4(p20g22 + qa0)ab — 4a*pao) .

It is not zero if and if only if condition (5) is satisfied. Thus, the PL D has an Aj-singularity
if and only if do has a D4-singularity at the cross-cap point (see Theorem 4.5). If b = 0, then
a® = 1 and the relevant part of j3(F? — EG) is 4y> — 4ap20q221x3. This is an Aj-singularity
if and only if condition (5) is satisfied (that is, pag # O in this case). O

REMARK 5.2. The singularities of the PLD can be explained geometrically as fol-
lows. There is a pencil of planes containing the tangential line of the cross-cap which are
tangent to the cross-cap. When the tangential direction is timelike all the planes in the pencil
are timelike so all nearby tangent planes to the surface are timelike, i.e., the PL D must be an
isolated point. When the tangential direction is spacelike (resp. lightlike), there are two (resp.
one) tangent planes in the pencil which are lightlike and this indicates that there are two (resp.
one) branches of the PLD.

We consider the integral curves of the lightlike directions on a cross-cap, which we label
the lightlike curves. (These are the isotropic geodesics, i.e., those with identically zero length
[22].) The lightlike curves are the images by the parametrisation ¢ of the solution curves of
the binary quadratic differential equation (BDE)

(13) w: Gdy? +2Fdxdy + Edx* =0.
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We identify a BDE by its coefficients and write = (G, F, E). We call the solutions
of (13) the pre-lightlike curves in the source. There are two pre-lightlike curves at each point
in the region of the plane mapped by ¢ to the Lorentzian region of the cross-cap and none at
points mapped to its Riemannian region. The PL D, which is the discriminant curve of the
BDE (13) (the discriminant curve of a BDE is the set of points where the equation determines
a unique solution direction) separates the two regions. We have the following result about
the generic configurations of the pre-lightlike curves at the cross-cap point. (See [15] for the
generic configurations of the lightlike curves on a smooth surface.)

THEOREM 5.3. The BDE (13) of the pre-lightlike curves of a cross-cap in R*f is topo-
logically equivalent to one of the following normal forms.
(i) When the tangential direction is timelike: (—x? — y2, 0, 1).
(i) When the tangential direction is spacelike and
the principal plane is spacelike: (—x* + 2,0, 1),
the principal plane is timelike: (x> — y2,0, 1),
the principal plane is lightlike: — (xy + y3,0, )™
(iii) When the tangential direction is lightlike and
the principal plane is timelike: (x>, y, x) if do has a D -singularity ,
(x2, =y, x) if do has a D~ -singularity ,
the principal plane is lightlike:  (y?, %x, y).
See Table 2 for figures. ((x): a generic condition is need, see proof for details.)

TABLE 2. Pre-lightlike curves on cross-caps in ]R%.

Pr. plane N L .
Te. line Timelike Lightlike Spacelike

Timelike

Lightlike

Spacelike
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PROOF. (i) We are interested in the local topological configurations of the solution
curves of the BDE (13). Thus, multiplying equation (13) by a germ of a non-zero function or
making smooth changes of coordinates in the plane will not alter the topological type of the
configuration.

The 2-jets of the coefficients of the first fundamental form of a cross-cap as in (2) are
given in (10). The change of y by y 4+ Ax, with A = —¢g21g922/(2(1 + qzzz)), changes dy to
dy + idx and eliminates the term xy in the coefficient of dy? in equation (13). Dividing the
new BDE by the coefficient of dx? gives a new BDE with coefficients having the following
2-jets:

2

q
A = Coeff(dy?) = ——21x2 — 4(1 + g2)y?,
(dy?) T+4q2) (I+4g3)y
2g21
B = Coeff(dxdy) = U_:]W(szoqu — 242002, + 2p20 + 4222 — 242003
22

2
T (492043, + (4p20 — 3103 + 4420922 + G31 + 4p20)xy
2

C = Coeff(dx?) =1.

We change now x by x + a1 x%y 4+ axxy? which changes dx to (1 4 2a1xy + azy?)dx +
(a1x? 4 2a0xy)dy and get a new BDE with a 2-jet

Aaly2 + (B + 2a1x2 + 4orxy)dxdy + (1 + 4a1xy + 2a2y2)dx2 ,

with A, B as above. Clearly, we can choose a1, a2 so that the coefficient of dxdy becomes
zero. Then, dividing by the coefficient of dx? yields a BDE with a 2-jet

g2
< Tt A 2>dy i

It is shown in Proposition 2.7 in [4] that BDEs with one of the coefficients not vanishing
at the origin can be written locally in the form dx? + f(x, y)dy> = 0. When the discriminant
of such a BDE, which is given by f(x, y) = 0, has a Morse singularity (of type AT or A})
then the BDE is topologically determined by the 2-jet of its coefficients and is topologically
equivalent to dx? + (e1y? + e2x2)dy? = 0, where g = sign(fyy(0,0)) and &2 = =+ (see
Theorem 2.7 in [2]). Such BDEs are called Morse Type 1 AT (Type 1 for the case when at
least one of the coefficients of the BDE is not zero at the origin, and Af for the type of the
Morse singularity of the discriminant of the BDE). For each type A| and AT there are two
topological models depending on the sign of fy,(0, 0). If f},(0,0) < 0 (resp. fyy(0,0) > 0),
then the BDE is called of Morse Type 1 Af saddle type (resp. focus type) as two folded saddles
(resp. focus) singularities appear in the bifurcation in a generic 1-parameter families of such
BDE:s, [2].
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It follows that the BDE of the lightlike curves on a cross-cap with a timelike tangential
direction is topologically equivalent to dx? + (—y* — x2)dy? = 0 (Morse Type 1 A7 saddle
type). Thus, the configuration of the pre-lightlike curves are as in Table 2.

We observe that the topological type dx? + (y? 4+ x%)dy*> = 0 (Morse Type 1 A; focus
type) with empty solution curves does not occur in this case because the surface is Lorentzian
away from the singular point, so there are two lightlike curves passing through each point.

(i1) Proceeding as in (i) and using the 2-jets of the coefficients of the first fundamental
form in (10), we can transform the 2-jet of the BDE (13) to

(g31X% + 4gg21xy — 4(1 — g3,)yP)dy* + dx*.

As the discriminant of the BDE (13) has an A| singularity (Proposition 5.1), it follows
by Theorem 2.7 in [2] that the BDE (13) is topologically equivalent to dx? #+ (x> — y>)dy? = 0
if and only if q222 — 1 # 0, that is, the principal plane is not lightlike (Proposition 3.2). When
this is the case, we can reduce further the 2-jet of the BDE (13) to

2
<4(q222 — l)y2 — 7;21 xz)dy2 +dx?.
(CI22 =D

We have the Morse Type 1 A, saddle type model dx? + (—x* + y»)dy? = 0 (resp. the
focus type model dx*+(x2—y*dy* = 0)if and only if q222 —1 > 0 (resp. q222 —1 < 0), that
is, if the principal plane is spacelike (resp. timelike). The configuration of the pre-lightlike
curves are as in Table 2.

When q222 — 1 = 0 (the principal plane is lightlike), we can reduce the 3-jet of the BDE
(following the procedure in (i)) to one of the form g(x, y)d y2 + dx?, with

g(x,y) =q3,x> + 4g20g21xy

+2¢21931X° + 4(g31922 + q21932) X%y
+2(4q32922 + 3g21933)xy? + 12g20g33° .

Then, by Proposition 3.3 in [26], the BDE (13) is topologically equivalent to (xy +
¥3)dy? + dx? = 0 if and only if gy (0, 0)gyyy (0, 0) # 0, that is, if and only if ¢33 # 0O (as
43, = 1 and g21 # 0).

A BDE which is topologically equivalent to (xy + y*)dy? 4+ dx*> = 0 is said to have a
Non-transverse Morse singularity ([26]) because its discriminant has a Morse A| -singularity
and the unique direction determined by the BDE at the singular point is tangent to one of the
branches of the discriminant.

(iii) Here the 2-jets of the coefficients of the BDE (13) are as in (12). We observe that
all the coefficients of the BDE vanish at the origin and the 1-jet of the BDE is given by

(14) 2((bga1x + (a + bgx)y))dxdy + (4(apao + bg)x + 2bga1y)dx> .

Suppose that a + bgaz # 0, that is, the principal plane is not lightlike. For simplicity
we take b # 0O (the case b = 0 follows similarly and is omitted). Then the linear change of
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coordinates (x, y) — (Ax, ux +ny) with A = —2(a+bg22))/(bga1) 1t gives a new BDE with
1-jet
8u

b (a+bg2)*(—n*ydxdy+11q3, (g3 —4G20422)b* —4(p20g22+q20)ab—4a’ pro)xdx?) .

We can choose x and 7 to reduce the 1-jet of the BDE (13) to xdx? £ ydxdy if and
only if condition (5) is satisfied, that is, if and only if dp has a D4-singularity at the cross-cap
point (see Theorem 4.5). We suppose that this is the case. Then the 1-jet of the BDE (13) is
equivalent to xdx> + ydxdy (resp. xdx> — ydxdy)if I' < 0 (resp. I' > 0), with I" as in (5)
(see Theorem 4.5).

Using Theorem 7.1 in Section 7, we deduce that the BDE (13) is generically topologi-
cally equivalent to xdx?+2ydxdy +x’dy*> = 0if I' < 0 and to xdx>—2ydxdy+x’dy> =0
if I' > 0.

If the principal plane is lightlike, the 1-jet (14) becomes

2bgrixdxdy + (4b(q20 — pr0g22)x + 2bgo1y)dx> .

If 20 — p2og22 # 0, the change of coordinate (x,y) > ((mgﬁx,x + y) and

multiplication by a non-zero constant reduces the 1-jet to xdxdy + ydx?. The coefficient
of y? in Coeff(dy?) of the new equation is equal to 2(1 + q%z)(qzzpzo — q20)?/ (qugl) SO
is never zero. Therefore, by Theorem 3.4 in [19], the BDE is topologically equivalent to
y2dy? 4+ xdxdy + ydx?. If g20 — p20g22 = 0, the coefficient of y? in Coeff(dy?) is equal
to 2(1 + q%z)/(bqgl) so the BDE is also topologically equivalent to y>dy? + xdxdy + ydx?.
(Observe that when the principal plane is lightlike, I" = b2q221 > 0, so the singularity of dy is
of type D, .) )

REMARK 5.4. Asymptotic directions can be characterised in terms of the contact of
the surface with lines. This contact is affine invariant [3] so does not depend on the metric in
R3. This means that the asymptotic curves on a cross-cap in Minkowski 3-space are the same
as those on the cross-cap in Euclidean 3-space (see [25] for their study).

6. The lines of principal curvature. When the shape operator A, has real eigen-
values at a point p € M \ LD, we call them the principal curvatures and their associated
eigenvectors the principal directions of M at p. (There are always two principal curvatures
at each point on the Riemannian part of M but this is not always true on its Lorentzian part.)
The lines of principal curvature, which are the integral curves of the principal directions, are
the images by the parametrisation ¢ of the solutions of the BDE

(15) (Gm — Fn)dy® + (Gl — En)dydx + (Fl — Em)dx> = 0.

One can extend the lines of principal curvature across the LD as follows ([15]). As
equation (15) is homogeneous in /, m, n, we substitute these by 1, m, ii. This substitution does
not alter the pair of foliations on M \ L D. The new equation is defined on the L D and defines
the same pair of foliations associated to the de Sitter (resp. hyperbolic) Gauss map on the
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Riemannian (resp. Lorentzian) part of M. The extended lines of principal curvature are the
images by ¢ of the solution curves of the BDE

(16) (Gm — Fi)dy* + (Gl — En)dydx + (FI — Em)dx*> = 0.

We call the solutions of the BDE (16) the pre-lines of principal curvature and label its
discriminant the Pre-Lightlike Principal Locus (PLPL). The image of the PLPL by ¢ is
labelled the Lightlike Principal Locus (LPL) (see [14, 15] for smooth Lorentzian surfaces
and smooth surfaces with varying signature metric).

The PLPL is the zero set of the function

(17) (Gl — En)> — 4(Gm — Fin)(FI — Em),

and we have the following about its singularities.

PROPOSITION 6.1. (i) If the tangential line is timelike, then the PLPL has an A5 -
singularity.

(ii) If the tangential line is spacelike, then the PLPL has: an Ay -singularity if and
only if the principal plane is timelike; an A;-singularity if and only if the principal plane is
spacelike; generically an Aa-singularity if the principal plane is lightlike.

For both spacelike and timelike tangential lines, when the PL P L has an A5 -singularity,
its two branches are tangent to the double point curve in the source.

(iii) Suppose that the cross-cap is not parabolic. If the tangential line is lightlike and the
principal plane is timelike, then the PL P L has generically and X1 ,0-singularity with two or
four real branches. One of the branches has generically an ordinary tangency with the double
point curve. When the principal plane is lightlike, the PLP L has an Xfl-singularity (+ for
a hyperbolic cross-cap and — for an elliptic one). The double point curve is tangent to the
cusp component of the PLP L.

PROOF. (i) We take a parametrisation of the cross-cap as in (2) and compute the rel-
evant jets of [, i, 7z and find that the 3-jet of the PLPL is given by 461221x2 + 8qr1931%° —
24¢51¢33xy>. Therefore, its singularity is of type A>3. We eliminate the term xy? by a change
of coordinates of the form x > x + ay? and find that the 4-jet of the PL PL is K-equivalent
to 4q221 (x2—16(1 + q222)y4), so the PLPL has an A5 -singularity.

(il) We parametrise the cross-cap as in (3), and show, by a similar calculation to the case
(i), that the 4-jet of the PLPL is K-equivalent to 4q22l (x2 —16(1 — q222)y4). This is an Ay
(resp. A;r) ifand only if 1 — q222 > 0 (resp. 1 — q222 < 0) (see Proposition 3.2 for interpretation
in terms of the principal plane).

When | — q222 = 0, the principal plane is lightlike (Proposition 3.2) and the 5-jet of the
PLPL is K-equivalent to 4q221 (x% 4+ 96¢33y°). Thus, the singularity of the PL PL is of type
Ay if and only if ¢33 # 0.
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(iii)) We parametrise the cross-cap as in (4). The 4-jet of the PL P L is given by

16g21x[q21(4(ap20 + bg20)* + g5, b% p20)x> + 6bq3, (b(q20 + 22 p20) + 2ap20) yx?

+ 3q21(4p20(a + bgn)* + b2q3,)xy?
+4(a + bg22)(2(g22p20 — 920)(@ + bgx) + bgz))y*].
Here, the PLPL has an X o-singularity and consists of two or four curves intersecting
transversally at the origin if and only if

(922120 — q20)* + g3, 20 # 0 and (a + bg22) (2(q22P20 — q20) (@ + bqaa) + bg3)) #0.

Observe that the first condition above means that the cross-cap is not parabolic. The quartic
of the 4-jet of the PL PL has always a real root with tangent direction x = 0, so it is tangent
to the double point curve. A calculation shows that the tangency is ordinary if and only if the
coefficient of y° in the Taylor expansion of the PL PL is not zero, that is, if and only if

(18) A= (-2g21(g3, + 1) + 3g33(bga2 + @) (2(g22920 — 920)(bg22 + a) + bg3,) # 0.
When a + bgyy = 0, the principal plane is lightlike and the 4-jet of the PL P L becomes

16b%q3,x%((g31 P20 + 4(q22P20 — 420))x* — 6421(q22P20 — q20)xY + 33,97 ,

with b # 0. We can make a linear change of coordinate of the form y + y + ax to reduce
this 4-jet to
16b%43,x> (g3, P20 + (422P20 — 20)2)x* + 3g3,y%) .

Then the coefficient of y° is given by 128(1 + q%z)qglb. Therefore the singularity of the
PLPL is of type Xfl (i.e., it is R-equivalent to x* & x2y% 4 agy>, ap # 0) provided that
q221 P20 + (q22p20 — q20)2 # 0, that is, provided that the cross-cap is not parabolic. Observe
that the singularity of the PL P L is R-equivalent to x*4+x2y2 +agy? (resp. x* —x2y2 +apy)
if and only if the cross-cap is hyperbolic (resp. elliptic). Then the PL P L consists of a cusp
(resp. a cusp and two transverse lines). The limiting tangent direction to the cusp is tangent
to the double point curve in the source. O

We seek to determine the generic topological configurations of the pre-lines of principal
curvature and their images on the cross-cap. We start with the cases where the tangential line
is timelike or spacelike. Then the PL P L, which is the discriminant of the BDE (16), has
an Aéc-singularity when the principal plane is not lightlike and an A4-singularity when it is
(Proposition 6.1).

Suppose that the PL PL has an A;E-singularity. For parametrisations of the surface as in
Theorem 3.1, the 1-jet of the coefficients of the BDE (16) is (0, box, y), with bg = —1/2. It
follows by Proposition 3.2 in [25] that the 3-jet of the BDE (16) is equivalent to (a3 y3 , box +
by y2 + b3 y3 , ¥), and Theorem 3.3 in [25] states that if the discriminant has an Aéc-singularity,
then this BDE is topologically equivalent to

(Fy°, box + b2y, y),

with (bo, b2) a fixed value in an open region delimited by some exceptional curves in the
bobz-plane. The exceptional curves are the parabola 1 + by — b2 = 0 and the lines by =
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b2 b2 R3 2
R2 |R3 rs [
R4
R1 R6 R1
bo
FIGURE 2. Partition of the (bg, by)-plane, A;r left and A3 right. The topological type
for (by, —by) is the same as that for (bq, by).

—1,bp=0,2+4 by — 2by = 0,2+ by + 2by = 0 (Figure 2). There are 4 generic topological
models when the singularity is A;r and 9 when it is A3

THEOREM 6.2. (i) Suppose that the tangential line of the cross-cap is timelike or
spacelike and the PLP L has an A -singularity. Then the BDE (16) of the pre-lines of prin-
cipal curvature is topologically equivalent to

3 1 2
<y s —5X + by ,y)
2

if by # 3/4,+£+2/2, where by = 3q33/(4qa1y/1 + q222) when the tangential line is time-
like and by = 3q33/(4g21y1 — q222) when the tangential line is spacelike. The topological
configuration of the pre-lines of principal curvature is as in

Table 3 first figure in the appropriate block if |by| < 4 (R9 in Figure 2 right),

Table 3 second figure if —% <by < —‘/75 or % <by < % (R8 in Figure 2 right),

Table 3 third figure (R4 in Figure 2 right) if |b2| > %.

(ii) Suppose that the tangential line of the cross-cap is spacelike and the PLPL has
an A;-singularity. Then the BDE (16) is topologically equivalent to (—y>, —%x, y) (R3 in
Figure 2 left), see Table 3.

PROOF. We deal with the case when the PLPL has an A3 -singularity and the tangen-

tial line is timelike. For a parametrisation ¢ of the cross-cap as in (2), we can reduce the 3-jet
of the BDE (16) following similar steps to those in the proof of Theorem 5.3 to

1 3q33 2 3
40 +g0)y —sx+ 5=y + 8y’ y ),
( 42)y ) 2421 y Yoy
where f§ is a constant depending on j*$. We divide the new BDE by 4(1 + q222) and make

smooth changes of coordinates in the source of the form x = 2,/1 + q222X , v = Y. This
results in a BDE with a 3-jet

(19) (Y3, boX +byY? + BY3.Y),
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where by = —1/2, by = 3¢33/4q21y/1 + q222 and f is a new constant. The result follows by
apply Theorem 3.3 in [25]. Similar calculations give the result for the case when the tangential
line is spacelike and the PL P L has an A?-singularity. O

THEOREM 6.3. Suppose that the tangential line is spacelike and the principal plane
is lightlike (generically the PLPL has an Aa-singularity). Then the BDE of the pre-lines of
principal curvature is topologically equivalent to (xy + y> + y*, —%x, y). See Table 3.

PROOF. The 1-jet of the BDE is given by (0, —g21x,2g21y). We make successive
changes of coordinates (and divide by 2g»1) to reduce the 4-jet of the BDE to the form
a(x, y)dy2 —xdxdy + ydxz, where a has a zero 1-jet. We have a1 = a,y (0, 0) = 2¢33/¢21
and the discriminant has an Ay-singularity if and only if g33 # 0. The result follows by
applying Theorem 7.3 in Section 7. O

We turn now to the lightlike cross-cap.

THEOREM 6.4. When the tangential line is lightlike and the principal plane is time-
like, the BDE (16) of the pre-lines of principal curvature of a cross-cap parametrised as in
Theorem 3.1(c) is topologically equivalent to one of the following normal forms:

(xy,—x%,3xy+3y? if I' >0, Table3 first figure in appropriate box if |c| > 2
(xy, —x%,3xy+y%) if ' >0, Table 3 second figure if |c| < 2
(xy,x2, =3xy+y%) if ' <0, Table3 third figure

with AT # Oand ¢ = f; b(bq3, + 2(bg22 + @)(=q20 + q22p20)/ I/ (b*q3,) # O, where
I isasin (5) and A is as in (18).

PROOF. The 2-jets of the coefficients of the BDE (16) are

A = Coeff(dy?) = 2bq3,x”> + 421 (bgx + a)xy,
B = Coeff(dxdy) =8(bg20 + apa0)qa1 x> + 4bq3,xy ,
C = Coeff(dx?) = —2bg3, p20x* — 4q21(2p20bg2a + 3ap2o + bgr0)xy
—4(2(bg22 + a)(q22p20 — 420) + bg3,)y* .

Suppose that b # 0 (the case b = 0 follows similarly). As the principal plane is timelike,
(bg22 + a) # 0. We follow similar steps of the proof of Theorem 7.2 and make the linear
change of coordinates (x, y) — (Ax,x + ny) with A = —2(bga2 + a)/(bq21). We multiply
the new equation by —81°(bga + a)?/b and take n = ,/|I"|/(g3,b%). This gives a new BDE
with a 2-jet

xydy2 — 2x2dxdy + Bxy + cyz)dx2 if ' >0

xydy? + 2x2dxdy + (=3xy + ¢y?)dx> if ' <0
with c is as in the statement of the theorem. The result follows by applying Theorem 7.2 in
Section 7. m
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THEOREM 6.5. Suppose the tangential line is lightlike and the principal plane is light-
like, but the cross-cap is not parabolic (i.e., it is elliptic or hyperbolic). Then the BDE (16)
of the pre-lines of principal curvature of a cross-cap parametrised as in Theorem 3.1(c) is

generically topologically equivalent to

(x2 4+ xy2 +y3, xy, x> = 2y?)  for an elliptic cross-cap,

(x2 +xy? +y3, xy, —x2 = 2y?)  for a hyperbolic cross-cap, Table 3 second figure.

TABLE 3. Pre-Principal curves on cross-caps in R?.

Table 3 first figure in appropriate box

Pr. plane
Tg. line

Timelike

Lightlike

Spacelike

Timelike

Lightlike

Spacelike
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FIGURE 3. Pre-lightlike and lightlike curves (with the cross-cap viewed from two opposite drections)
when the tangential line is lightlike and the principal plane is timelike (this is the D, case,
in the appropriate box, in Table 2). There are two possible configurations on the cross-cap
depending of the relative position of the double point curve with the separatrice. In the top

left figure, the double point curve intersects a given pre-lightlike curve only once whereas in
the bottom left one it intersects it twice.

PROOF. We can make linear changes of coordinates and reduce the 3-jet the coefficients
of the BDE (16) to

4(14+43,) 3
q21b ’

6(243, 720203420+ 422(q3, +2120) —2420)
2
anb

J3B=2xy + b3ox> + b31x%y + baaxy? + bazy?,

PA=x 4+ az0x’ + az31xy + xy?+

. ( —g20)*+43
jC=—1= qqu D1P20 2 — 232 + 3003 + c31x%y + e30xy? + c33y°
21

with the coefficients a;;, b;j, ¢;; depending on the 3-jets of p and g in Theorem 3.1(c). The
result follows by applying Theorem 7.4 in Section 7.

The genericity condition is quzpzo - 2q222q20 + qzz(q22l + 2p20) — 2q20 # O (i.e., the
coefficient of xy2 in A is not zero, see the proof of Theorem 7.4). O

REMARK 6.6 (Configurations on the cross-cap). One can make a cross-cap (ignoring
the metric) from a rectangular piece of paper as follows. Label one side of the paper A and the
other B. Draw a line parallel to one side of the rectangle that divides the piece of paper into
two equal rectangles. This line is the double point curve. Cut the piece of paper along half of
the double point curve. Fold one free edge of the cut and seller tape it to the other fixed half
of the double point curve on the side A of the paper. Take the remaining free edge and fold it
along the fixed half of the double point curve on the side B of the paper.

When every pre-lightlike (resp. pre-principal) curve intersects the double point curve in
at most one point, their images on the cross-cap do not self-intersect. Then one can draw
the pre-lightlike (resp. pre-principal) curves on a piece of paper and determine by the above
procedure the configurations of the lightlike (resp. principal) curves on the cross-cap itself
(see the example in Figure 3 top figures). If there are pre-lightlike (resp. pre-principal) curves
which intersect the double point curve twice (see the example in Figure 3 bottom figures) one
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needs to show that these two points are not mapped to the same image on the cross-cap (see
for example [25] for proofs for some pairs of foliations on a cross-cap). We conjecture that
this case for all the cases in this paper.

7. Normal forms of certain BDEs. We obtain here topological normal forms of
BDEs needed in the previous sections. A germ of a BDE is an equation in the form

w: alx, y)dy2 + 2b(x, y)dxdy + c(x, y)dx2 =0,

where a, b, ¢ are germs of smooth functions (say, at the origin) R2,0 — R. We denote
a BDE by w = (a, b, c). BDEs are extensively studied with many applications including
control theory and differential geometry; see for example [7, 16] and [23] for a survey article.
A BDE determines a pair of transverse foliations away from the discriminant curve which is
the set of points where the function 8 = %> — ac vanishes. The pair of foliations together with
the discriminant curve are called the configuration of the solutions of the BDE.

Following the notation in [12], let f;(w), i = 1,2, denote the foliation associated to w
which is tangent to the vector field

&(w) = a% + (=b+ (=1)'Vb? — ac )% .

If ¢ is a diffeomorphism and A (x, y) is a non-vanishing real valued function, then ([12])
fork=1,2,

L. ¥ (fr(w)) = fi(Y*(w)) if ¢ is orientation preserving;

2. Y (fr(w)) = fa—r(¥*(w)) if ¥ is orientation reserving;

3. fi(Aw) = fi(w) if A(x, y) is positive;

4. fiQw) = fa_k(w) if L(x, y) is negative.

7.1. BDEs with 1-jet (0, £y, x). We consider BDEs w with 1-jet equivalent to
(0, £y, x) and whose discriminants have an A»-singularity (see Section 5). We shall take
j ly = (0, £y, x). Similar calculation to those carried out in [4, 5, 23] show that any k-jet,
k > 3, of w can be reduced by smooth changes of coordinates in R2,0 and multiplication by
a non-zero polynomial to one in the form

(20) (M1 (x), £y, x + M2(y)) ,

where M1 (x) = a2x2+a3x3+- - +agxk and My(y) = b3y3~|—~ . -—l—bkyk. As the discriminant
is supposed to have an A,-singularity, a # 0, so we can re-scale and set a, = 1.

THEOREM 7.1. Suppose that j'o = (0, ey, x), ¢ = £1 and that the discriminant of
w has an As-singularity. Then w is topologically determined by the 2-jet of its coefficients
and is topologically equivalent to one of the following normal forms

6) (xz, v,x)  Figure 4, bottom left,
(i) (x%,—y,x) Figure 4, bottom right.
PROOF. We consider the blowing-upx = u, y = uv and x = uv,y = v.

The blowing-up x = u, y = uv:
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FIGURE 4. Configurations of the integral curves of a BDE w with jlw = (0, ey, x)
and whose discriminant has an A,-singularity, together with their associated
blowing up models: ¢ = —1 left and ¢ = 1 right.

We have dx = du and dy = udv + vdu. We denote wy = (u, v)*w the B]_)E obtained
by applying the blowing-up transformation to w. If w = (a, b, c¢), then wp = (a, b, ¢) is given
by

wo : a(u, uv)(udv + vdu)2 + 2b(u, uv)du(udv + vdu) + c(u, uv)du2 =0,
so that
a(u,v)= uza(u, uv),
b(u, v) = uva(u, uv) + ubu, uv),
c(u,v)= vza(u, uv) + c(u, uv) .
For w as in (20) we have
a=u’M(u),
b= uv(ev + Mqi(u)),
¢ = u + 2euv? + My (u)v* + Ma(uv).
We can write wg = u(u?A1, uBy, C1) with
Ar=uNi(u),
B =¢ev+uvNi(u),
Ci =14 2ev” + u(Ny)v* + Na(uv))
where M1 (u) = u’N, (u) and M (uv) = uzNg(uv).

The quadratic form w; = (u2A1, uBj1, Cy) is a product of two 1-forms, and to these
1-forms are associated the vectors fields

, d d
Zi=(—uBi+ (DBl = AICr) =+ Cio- . i= 12,
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The blowing-up transformation is orientation preserving if u is positive and orientation
reserving if u is negative. As we factored out u once, it follows that Z; is tangent to the
foliation associated to f1(w) and Z, is tangent to the foliation associated to f>(w).

The fields Z;,i = 1,2, are defined in the region where 312 — A1C; > 0. The set
812 — A1C1 = 0 is a smooth curve tangent to the exceptional fibre at # = 0 and we have
(Blz—A 1C1(0, v) = v, so the whole exceptional fibre is an integral curve for both Z1 and Z».

We study the vector fields Z; in a neighbourhood of the exceptional fibre u = 0. The
singularities of Z; on u = 0 occur when 1+ 26v? = 0. Thus, the vector fields Z; and Z have
singularities at v = £+/2/2 when & = —1 and have no singularities when ¢ = 1.

Consider ¢ = —1. Atv = \/5/2, we have B (0, \/5/2) = —ﬁ/Z, so that

—uBy —u\/B} — A|Cy = —uBy +uBy,/1 — A|C1/B}

A1Cy
=25 T Clg(u,v)

for some germ of a smooth function g with a zero 1-jet at the origin. Therefore Z; is singular
along the curve Ci(u, v) = 0. We replace Z; with the vector field Zl = Z1/Cy, which is
regular along the exceptional fibre.

Atv = —\/E/Z, the eigenvalues of the linear part of Z are 24/2 and —«/f, so Z1 hasa
saddle singularity at this point.

Similar calculations to those for Z; show that Z, has a saddle singularity at v = +/2/2
and is regular at v = —/2/2.
The blowing-up x = uv,y = v:

This yields a new BDE wy = (1, v)*@ = (@, b, ¢) with

a=uv 4+ 2euv + u> Ma(v) + My (uv)
urv? +ev? + uvMs(v),
uv® + szg(v).

S
I

c

We can write wg = v(Aj, vB1, v2C1) with
Ar=u® 4 2eu + v’ N2(v) + Ny (uv)),
B = u>+e+ vulN7(v),
Ci=u-+vNy(v)

where M (uv) = v>Ny(uv) and M>(v) = v>Na(v).

The quadratic form w; = (A, vBi, v2C1) is a product of two 1-forms, and to these
1-forms are associated the vectors fields

. 9 .
Zi = (= Bi+ (=1){B = A1) o +0Cips . i =1.2

A =u® + 2eu + v(N1 (uv) + u>’Na(v)),
By =u’+ ¢+ v(uNy(v)),
Ci=u-+vNy(v).

with
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We only need to study the vector fields Z; at origin. Similar calculations to the first
blowing-up show that Z; has a saddle singularity (resp. has no singularity) and Z, has no sin-

gularity (resp. has a saddle singularity) when ¢ = —1 (resp. ¢ = 1). Therefore, the integral
curves of Z1 and Z, are in as Figure 4, top figures. Blowing down yields the configuration in
Figure 4, bottom figures. O

7.2. BDEs with 2-jet (xy, ex?, —3exy + cy?). We take j?w = (xy, ex?, —3exy +
cy?), & = +1. Then the 4-jet of the discriminant of w is given by
x(x® 4 38xy2 — cy3) .
The discriminant has an X ¢-singularity if ¢ # 0, &2 when ¢ = —1, and if ¢ # 0 when
e = 1. We write
Q2l)  w=(a.b.c)=(xy+ M(x,y).ex” + Ma(x,y), —3exy + cy* + M3(x, y)).
where M;(x, y),i = 1, 2, 3, are germs of smooth functions with zero 2-jets at the origin. We
set
My =a3ox + azix’y + asnxy® + azny’
JPMa = b3ox? + b31x?y + bapxy® + by,
JPM3 = c30x° + c31x%y + caxy® + ey’
THEOREM 7.2. Suppose that j>w = (xy, ex?, —3exy + cy?),e = £1,¢ # 0, £2 if
e = —1,c # 0ife = 1. Suppose further that (b33 — 2cazz) # 0. Then w is topologically
determined by the 2-jet of its coefficients and is topologically equivalent to one of the following
normal forms
(i) (xy, —x2, 3xy + 3y?) Table 3 first figure in appropriate box,
(i) (xy, —x2, 3xy + y?) Table 3 second figure,
(i) (xy, x%, —3xy + y?) Table 3 third figure.
PROOF. We start with the case ¢ = —1. We consider the blowing-up x = uv, y = v
andx =u, y = uv.
The blowing-up x = uv, y = v:
This gives a new BDE wy = (1, v)*w = (@, b, ¢) with
a= (u3 +cu’ + u)v2 + M3(uv, v)u2 + 2Mo(uv, v)u + My(uv, v),
b= (2u2 + cu)v3 + Mo (uv, v)v + M3 (uv, v)uv,
c=QCu+ c)v4 + M3 (uv, v)v2 .
We can write wg = v?(A1, vBy, v?Cy) with
Al =u® + cu® + u + v(N1 (u, v) 4+ 2Na (u, v)u + N3(u, v)u?),
Br =uu +c) +v(Na(u, v) + N3(u, v)u),
Ci=3u+c+vN3(u,v)
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where M; (uv, u) = vai (u,v), i = 1,2,3. The quadratic form w; = (A1, vBy, v2C1) is a
product of two 1-forms, and to these 1-forms are associated the vectors fields

3 : 3
(22) Yi= Ao+ (—vBi + (=D |vl/(B} - AICI))a . i=1,2.

Here, as we factored out v twice, it follows that Y7 is tangent to the foliation associated
to f1(w) if v is positive and to that associated to f>(w) if v is negative; while Y> is tangent to
the foliation associated to f>(w) if v is positive and to fj (w) if v is negative.

We study the vector fields Y; in a neighbourhood of the exceptional fibre v = 0. The
fields Y; are only defined in the regions where the discriminant § = 312 — A1C; = 0. On
v = 0, this means that

u(u3—3u—c) >0.

The above segment of the exceptional fibre is an integral curve of both fields ¥;,i = 1, 2.
The discriminant § has two roots if |c¢| > 2 and four roots if |c| < 2.

We start with the case |c| > 2 and take ¢ > 2 (the case ¢ < —2 is topologically equivalent
to the case ¢ > 2). The singularities of Y7 on v = 0 occur when Aj(u, 0) = 0, that is, when

u(u2—|—cu~|—1)=0.

Thus, Y7 has singularities at u = 0 and u+ = (—c £+ +/c% — 4)/2.
Atuy = (—c+~/c2 —4)/2, wehave By (uy,0) = /2 —4 (—c++/c2 —4)/2 < 0,0

—vBy — |v|/B} — A1Cy = —vB; — |vB||/1 — A|C/B?

A1Cylv| >
2B, + A7g(u, v)

for some germ of a smooth function g with a zero 1-jet at the origin. When v > 0, Y] is
singular along the curve Aj(u, v) = 0. We consider the vector field 171 = Y;/A;. Then 171
has no singularity. When v < 0, Y7 has a saddle singularity at (u, 0).

Similarly, Y7 has a saddle singularity at (z_, 0) if v > 0 and no singularities if v < 0.

The singularity of Y7 at u = 0 occur at the point of intersection of the exceptional fibre
with the branches of the blown-up discriminant. We change variables and set t = v, s =
812 — A1Cy, with s > 0. (The map (u, v) — (s, t) is a fold map, so is a local diffeomorphism
from the uper half-plane s > 0 to the set in the (u, v)-plane with 312 —A1C; > 0. Itisa 1-1
map on the closure of these sets, i.e., including boundaries.)

The 2-jet of the vector field (s, 7)*Y] is equivalent to

that

=—vB; + |v|B| —

ad ad

(—s—l—Alt)a—i—(Zts)a if v>0
a ad

(23) s+ A)— +Qts)— if v<O0,
as at

where A = b33 — 2cazz. The singularity of (s, 1)*Y] is a saddle-node provided A; # 0, and
its integral curves are as in Figure 5.
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FIGURE 5. Integral curves of (s, )*Y (s > 0), A; > 0 left, and A < O right. (The
continuous curves are those of interest as s > 0.)

N

2\

FIGURE 6. Integral curves of (s, 1)*Y>(s > 0), A > 0 left, and A; < O right. (The continuous curves
are those of interest as s > 0.)

The singularities of Y2 on v = 0 occur when A1 (u, 0) = 0, that is, when
u(u2 +cu+1)=0.

Therefore, Y» has singularities at u = 0 and u+ = (—c £ v/c? — 4)/2.
Atuy = (—c ++/c?2 —4)/2, we have B (uy,0) = v/c2 —4 (—c ++/c2—4)/2 < 0.

Following the same arguments for Y1, we can write

A1Cr|v]
—vBi — vl B} — A1 = —vBi + |v|B — — + ATg(u, v)

for some germ of a smooth function g with a zero 1-jet at the origin. When v < 0, Y2 is
singular along the curve Aj(u, v) = 0. We consider the vector field 172 = Y»/A;. Then 172
has no singularities. When v > 0, Y has a saddle singularity at (x4, 0).
Similarly, Y> has a saddle singularity at (1—, 0) if v < 0 and no singularities if v > 0.
Atu = 0, we change variables and set t = v, 52 = 312 — A1C1, with s > 0. The 2-jet of
the vector field (s, 1)*Y> is equivalent to

0 ad
(s +A1t)£ + (ZIS)E if v>0

0 d
(24) (=s+A1t)—+Q2ts)— if v<O
as at

where A; = b33 — 2cass, as for Yy. The singularity of (s, #)*Y> is a saddle-node provided
A1 # 0, and its integral curves are as in Figure 6.
The blowing-up x = u, y = uv:



ON THE GEOMETRY OF THE CROSS-CAP IN MINKOWSKI 3-SPACE 323

FIGURE 7. Configurations of the integral curves of the BDEs when ¢ = —1: |¢| > 2 left, and |¢| < 2
right and their associated blowing-up.

We take the coefficients of the BDE as in (21). The blowing-up yields new BDE given
by wo = uz(uzAl, uBi, Cy) with

Ay =v+uN(u,uv),
By =v? — 1+ u(Ni(u, uv)v + Na(u, uv)),
Ci = Vet +u+ u(Ni(u, uv)v2 + 2No (u, uv)v + N3(u, uv))

where M; (uv, u) = vai(u, v), i = 1,2, 3. The quadratic form w; = (u2A1, uBy,Cy)isa
product of two 1-forms, and to these 1-forms are associated the vectors fields

2449 i 2 9 ;
Xi = (@A) -+ (= uBi+ (<D ul/(Bf = A1) 5. i =1.2.

These vector fields are tangent to the foliations defined by w;. It is clear that we can factor
out the term u in X;, with an appropriate sign change when u < 0. The vector fields

Y; =(uAl)i+(—Bl+(—1)i,/(BZ—A1C1))i i=1,2
1 81,[ 1 81) £ ) )

are then considered. It is easy to see that Y (resp. Y») has a node singularity (resp. has no
singularities) at the origin.

We can now draw the integral curves of the fields Y; and Y», as illustrated in Figure 7,
top figures, and blow down to obtain the configurations of the integral curves of the associated
BDE (Figure 7, bottom figures, left box).

We consider now the case |c| < 2. The singularities of ¥;,i = 1,2, on v = 0 occur only
atu = 0. At u = 0, the vector fields Y; have a saddle-node singularity as in (23) and (24).
The configurations of the integral curves of Y; are as in Figure 7 right, top figures (left box).
Blowing-down yields the configuration of the integral curves of the original BDE.

The case ¢ = 1 follows similarly and the configuration of the integral curves is given in
Figure 7, right box. O
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FIGURE 8. Configuration of the integral curves of a BDE topologically equivalent to (y, — %x, xy+ y3 +
y4) right figure, and its associated blowing-up left figure.

7.3. BDEs with 1-jet (O, —%x, y) and with a discriminant with an A4-singularity.

THEOREM 7.3. Suppose that j'o = (0, —%x, y) and that the discriminant has an
Ag-singularity. Then w is topologically determined by the 4-jet of its coefficients and is topo-
logically equivalent to (xy + y> + y*, — %x, v), with configuration as in Figure 8.

PROOF. One can reduce the k-jet of such BDEs to the form j¥w = (a(x, y), —1/2x, y),
with jla = 0. If we denote by a; ; the coefficient of x'~7yJ in the Taylor expansion of a, then
the discriminant of @ has an A4-singularity if and only if

2 2
ap =0, az—ay =0, 4daxay, +2a3a21 + ass #0.

We consider the blowing-up x = uv and y = v. We get, after dividing by v> a BDE
(u, v)*w/v> whose discriminant has a cusp singularity (an Aj) at the origin. Both vector
fields are regular along v = 0 and away from u = 0. The 2-jet of (u, v)*w/v? at the origin is
given by
(arju — a%lv + a20u2 + azuv + a44v2)dv2 + ududv + vdu®.

When ay; # 0, we can make changes of coordinates to show that the 2-jet of (u, v)*w/ v?
is equivalent to

(%(4(120%1 + 2azaz + agg)u® + ajuv + ozzvz)dv2 — 2vdudv + udu?,
21

where o« and «» depend on the coefficients of c. It follows now from Theorem 3.3 in [24], that
(u, v)*w/v? is topologically equivalent to u*>dv* — 2vdudv +udu® = 0 and the configuration
of its integral curves are as in Figure 8, left figure. (We observe that in Theorem 3.3 in [24],
the 1-jetis taken in the form (0, —v+bou, u) with by # 0. In fact we can take by = 0, the only
difference in the proof there is that discriminant appears when blowing up in the v-direction,
so the condition by # 0 is redundant.)

Blowing up in the v-direction does not give any extra information. Therefore, the con-
figuration of the BDE is as shown in Figure 8, right figure. The conditions on the coefficients
of ¢ that we need are az; # 0 together with those above for the discriminant to have an A4-
singularity. We take ax; = 1 (so a3z = 1), asa = 1 and set the remaining coefficients to be
Zero. O
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Yy

4\\\

FIGURE 9. Configuration of the integral curves of a BDE topologically equivalent to 2+ xy2 +
y3, Xy, x2 = 2y2) (resp. (x2 + xy2 + y3, Xy, —xZ- 2y2)) bottom left figure (resp. bottom
right), and its associated blowing-up top figure.

7.4. BDEs with 1-jet (xz, Xy, caox? — 2y2) and whose discriminant has an X, ;-
singularity.

THEOREM 7.4. Suppose that the j?w = (x2, xy, c20x*> — 2y?) and that its discrimi-
nant has an X 1i,1 -singularity at the origin. Then the BDE is locally topologically determined
by its 3-jet and is topologically equivalent to

X (x> 4+ xy> +y3, xy, x> —2y%),  Figure9, bottom left,
th o (P4 xy*+ 3, xy, —x> —2y?), Figure 9, bottom right.

PROOF. We write the coefficients of the BDE w = (a, b, ¢) in the form

a=x"+ax’ + azx’y + anxy’ + a3y’ + 0(3) .
b=32xy + b3ox> + b31x*y + baxy” + by’ + 0(3)),
¢ =c0x? — 2y + c30x° + c31x?y + exy? +e33y° + 0(3)

The discriminant 52 — ac has an X 1,1-singularity if and only if ¢y9 # 0 and a3z # 0. We
have an th(resp. X;l) if and only if c29 < O (resp. c20 > 0).

We proceed as in the previous subsection. (The blowing-up x = u and y = uv does
not give any extra information). With blowing up x = uv and y = v, we get a new BDE
(u, v)*w/v> = (A, vB, v>C) with,

A=az3v+u? + (a3 + b33)uv + auv® + 0(3),
B = 3(=2u + b33v + (¢33 + b3p)uv + baav” + 0(3)) ,
C=-2+4c33v+ czou2 + c3ouv + a44v2 +0@3).
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The discriminant is given by v?(B* — AC) with
B? — AC = 8axv — 4u’(caou’ — 3) + vg(u, v),

where g a smooth function with a zero 1-jet. Thus, on the exceptional fibre v = 0 there is one
smooth component of the blown up discriminant at # = 0 which has an ordinary tangency
with the exceptional fibre provided a3z # 0 and two extra smooth branches transverse to the
exceptional fibre at u™ = 4./3/cag if c20 > 0 (i.e. when the discriminant of  has an X )
and no extra branches if 20 < 0 (see Figure 9, top figures).

We consider the vector fields Y;, i = 1, 2, asin (22). They are singular on the exceptional
fibre (away from u = 0, and u®) occur when A(u, 0) = u®(coou® + 1) = 0. When the
discriminant of w has an X zl-singularity, the vector fields Y;,i = 1, 2, have no singularities
on the exceptional fibre away from u = 0. At u™, they are transverse to the blown-up branches
of the discriminant (see Figure 9, first two top left figures).

When the singularity is an X T | the vector fields Y| has a saddle singularity on the excep-
tional fibre at u = —./—cp0 (resp. u = 1//—cz0) when v > 0 (resp. v < 0) and is regular
at u = —./—cao (resp. u = 1/4/—ca0) when v < 0 (resp. v > 0). The vector field ¥, has
mirror image behaviour to Y} with respect to the exceptional at +1/4/—c29. As the blowing
up is orientation preserving if v > 0 and orientation reversing if v < 0, the configuration of
the foliations associated to Y; are as Figure 9.

We can now blow down (u, v)*w/v? to obtain the configuration of the integral curves of
w (Figure 9). O

At u = 0, we proceed as in the proof of Theorem 7.2. By the implicit function theorem,
(B2 — 4AC)(u,v) = 52 gives v = ¢g(u,s). We make the change of variables # = ¢ and
v = g(,s), withs > 0,in Y;,i = 1,2, atu = v = 0. The difference here with the case
of Theorem 7.2 is that the new vector fields (z, s)*Y; have more degenerate singularities at
t =s = 0. In fact,

. 1
i, sy = .

9 1 9
-2t 2t)— + —— (s — 2t)(—s> + 65t + 24t>)— |
6a33S(s )+ )at + 8ass (s J(=s7+6st + )Bs

1
P9 = .

d 1 d
— 2t 2t)— + —— 20)(s% + 65t — 241%) — .
6@33S(s )(s + )8t + 80133(s+ )(s” + 6s )8s

We blow up the singularity at the origin (+ = T, s = ST) and obtain the configuration
in Figure 10. On the exceptional fibre T = 0, (T, S)*((s, 1)*Y1) has a saddle singularity
at § = /12 and § = —4, a node singularity at —+/12 and a saddle-node singularity at
S = 2 provided that a3, # 0. The vector field (7, S)*((s, t)*Y>) has a saddle singularity at
S = —+/12and S = 4, a node singularity at +/12 and a saddle-node singularity at § = —2
provided that az; # 0. Blowing down gives the configuration of (s, #)*Y;. Blowing down
again gives the configuration (1, v)*w/v? as in Figure 10.

We can now blow down (i, v)*w/v? to obtain the configuration of the integral curves of
o (Figure 9). ]
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