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ORDER OF OPERATORS DETERMINED
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Abstract. Let o be an operator mean and f a non-constant operator monotone func-
tion on (0, co) associated with o. If operators A, B satisfy 0 < A < B, then it holds that
Yo(tA 4+ X) < Yo(tB + X) for any non-negative real number ¢ and any positive, invertible
operators X, Y. We show that the condition Yo (tA + X) < Yo (tB + X) for a sufficiently
small r > 0 implies A < B if and only if X is a positive scalar multiple of Y or the associated
operator monotone function f with o has the form f(t) = (at +b)/(ct +d), where a, b, ¢, d
are real numbers satistying ad — bc > 0.

1. Introduction. We denote the set of all n x n matrices over C by M,, and set
H, ={AeM,; A*=A}and H = {A € H,; A >0},
where A > 0 means that A is non-negative, that is, the value of inner product
(Ax,x) >0 forall x € C".

Let J be an open interval of the set R of real numbers. We also denote by H,(J) the set of
A € H, with its spectrum Sp(A) C J. A real continuous function f defined on J is said to be
operator monotone (in short, f € P(J))if A < B implies f(A) < f(B) for any n € N and
A, B € H,(J). In this paper, we assume that an operator monotone function is not a constant
function.

By the definition of f € P(J),for A, B € H,, A < B implies f(al+tA) < f(al+tB)
for a sufficiently small # > 0, where a € J. Kubo-Ando [5] defined an operator mean ¢ which
is a binary operation XoY for X,Y € H,(0, 00), and is given by some f € P(0, co) with
f(1)=1and f(t) > 0 as follows:

XoY = X' p(x1Pyx—12)x1/2,

In this paper, we consider the problem whether, for X, Y € H,(0, co) and an operator
mean o, the following condition for A, B € Hj,:

() Yo(tA+ X) <Yo(tB+ X) forasufficiently smallz > 0

(correctly, there exists a positive number ¢ satisfying that Yo (tA + X) < Yo (¢t B + X) holds
whenever 0 < ¢ < ¢ ) implies A < B or not. Our results are the following:
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(1) When X = cY for some ¢ > 0, the condition (%) implies A < B for any operator
mean o ([Corollary 4.2]).

(2) When the associated f € P(0, co) with ¢ has the form %, the condition (%)
implies A < B forany X, Y € H,(0, co) ([Corollary 4.4]).

(3) When the associated f € P(0, co) with o has not the form ?t’ig and X is not a

scalar multiple of Y, there exists A, B, X and Y satisfying
A 7( BandYo(tA+ X) <Yo (B + X)

for a sufficiently small # > O ([Theorem 4.6]).
Combining these facts, we get the following:

THEOREM 1.1. Let X,Y € H,(0, 00) and o an operator mean. Then the condition
(x) implies A < B if and only if X is a positive scalar multiple of Y or the associated operator
monotone function f with o has the form
at +b

f(f)=m, a,b,c,d eR, ad — bc > 0.

2. Schur product. For A € M,, we define the linear map Sy from M, to M, as

follows:
Sa(B)=AoB (BeM,),

where A o B means the Schur product of A and B, that is,
Ao B = (a;j) o (bij) = (a;jbij) .
When A belongs to H,', it is well known that S4 is completely positive [2], in particular,

Sa(Hf) C H;f.
We call A of strict rank 1 if there exist ;, 8; € C\ {0} ( = 1,2, ..., n) such that

oy arfr afr - a1By

(%3 afi wfy - afy
A=, B B - B)=]| . ) )

(077 anPi opfo o anPy

When A € H,f is of strict rank 1, A is represented as follows:

12l
Z)
A= : (Vl vy o Vn) ,
)
where y1, v2, . .., vu € C\ {0}. The following statement plays an important role in this paper.

PROPOSITION 2.1. For A = (a;;) € H,|, the following are equivalent:
(1) For Be H,, SA(B) >0= B > 0.

(2) A is of strict rank 1.

3) Sa(H,) = H,.
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@) arx > 0and agray = apjai (= |ak1|2) for each k, 1.
PROOF. (1) = (4) We assume ay; = 0. Set B = (b;;) as follows:
N (YD
Y710  otherwise ’

Since B ;ﬁ 0 and S4(B) = A o B = 0 > 0, this contradicts the assumption. So ay; > 0 for
all k.
By the positivity of A, we have

akk Akl
z O 9
aie  ai

in particular, axxay — agaix > 0. We assume that agray — agaix > 0. Then we set B = (b;;)

as follows:
@ if (i, j) = (k, k)
akk 9 9
la| e
bij = an it (¢, j))=«1D
1 it (i, j)=(k,Dor(, k)
0 otherwise

Since Iakll2 = ayai < axraj, we have B ;ﬁ 0. But we have

|laki| it (i, j) = (k,k)or (l,1)
al if (i, j) = (k1)

ark if (4, j) =, k)

0 otherwise

(Ao B)jj =

and A o B > 0. This contradicts the assumption. So we have axra; — arai, = 0 for each
k,l.

4) = (2) Wesetry = Jagx > 0(k =1,2,...,n). By the assumption, for each k and
[, we can choose 6 (k, ) € R such that

ag] = rkrleié)(k,l) .

Then we also have ¢!?®:D) = ¢=100k) gng (10K — 1 1f we show the relation

eie(k,l)eie([,m) — eié)(k,m)

for any k, [ and m, then we can see that A is of strict rank 1 as follows:

"

rye—if(1.2)
(r rael®1D L eif(lm)

rye 00
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ri
rzele(z*l) 16(1,2 i0(1
- ‘ (1 @D . peif0m)
rneiQ(n,l)
r12 r1r26i0(1,2) rlrneiQ(l,n)
r2r1619(2,1) r22610(2,1)619(1,2) rzrneté)(Z,l)el@(l,n)
rnrleiQ(n,l) rnrzeie(n,l)eie(ll) . r}%eiQ(n,l)eiQ(l,n)
r12 r1r26i0(1,2) rlr"ei@(l,n)
r2r1619(2,1) r22 . r2rn610(2,n)
rnrleiQ(n,l) rnrzeiQ(n,Z) rr%

i0(k.1) pi0Um) — ,

It suffices to show the relation e i9(k,m) in the case of each two of k, [, m

are different. By the positivity of A, we have

akk Al Qkm
ae  ay  am | =0.

Amk  Aml  Amm

Since
ak  ar dm e rere?®D ey o m
aw ay am | = | rrge'®® 7 rirpe’?¢m
k. Al A rmrie! 0 el T
reet®D 11 a\ [reei®@ho
= T 1 1 T
rei®md | \g 11 PRI
and
Q= e—i9(k,l)e—iﬁ(l,m)eiﬁ(k,m) ,
we have
I 1 «
1 1 1]1=0
a 1 1
Then |¢| = 1 and
I 1 «
0<det|l 1 1)l=a+a—-2
a 1 1

imply o = 1. So the desired relation is established.
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(2) = (3) When A is of strict rank 1, we construct A’ € H,' as follows:

Vi 1/n
2 1/v2

A= o) A= U U e )
Vn 1/Vn

Since S4(H,[) C H,", Sa/(H,) C H; and SxSa’ = id = Sa'S4, we have that S4(H,}) =
H, .

(3) = (1) When some (i, j)-th component of A is equal to 0, the (i, j)-th component of
S4(B) is also 0. So we have all components of A are not equal to 0. This means that Sy4 is
injective. If S4(B) > 0, then we can choose C > 0 with S4(B) = S4(C) by the assumption
(3). The injectivity of S4 implies B = C > 0. O

REMARK 2.2. When A = A* € H,,, SA(H,) C H,. Moreover, if A € H, is of strict
rank 1, then S4(H,) = H, (i.e., S4 becomes a bijection of H,). But there is A € H, which
is not of strict rank 1 and satisfies S4 (H,) = H,, for example, A = (} é) € H». In the case
of A >0, SA(H,) C H, and the fact Sx(H,") = H, is equivalent that A is of strict rank 1.

3. Fréchet derivatives of operator monotone functions. Let f be an operator
monotone function on the open interval J and A € H,(J) = {A € H,; Sp(A) C J}. We can
choose a positive real number ¢ such that Sp(A + H) C J whenever H € H, and | H|| < ¢.
So f is a map from an open neighborhood of A to the real vector space H, and there exists a
linear map T from H, to H, satisfying

im If(A+H) = f(A) -TED| _
I1H]—0 Al
We call this T the (Fréchet) derivative of f at A and denote it by Df (A). For every B € H,,
we denote by Df (A)(B) the directional derivative of f at A in the direction B, i.e.,

0.

d
Df(A)(B) = a f(A+1B).
t=0

For a diagonal matrix A € H, (J), we can compute as follows (see [1], [2], [4]):

Df(A)B) = fMA) o B,

where
A Gy o Mg, )
A= ) . M) = . :
An W, 2 - MO, 1)
and
fO=-fw .
o= 1—u tr#u

') if A=p



44 M. NAGISA AND M. UCHIYAMA

The Loewner matrix fI11(A) is non-negative since f is operator monotone on J. For a general
A € H,(J), we choose a unitary U € M, and a diagonal matrix A € H,' satisfying A =
U AU*. Then the directional derivatives of f can be represented as follows:

Df(A)B) = U(f"N(A) o (U*BU))U*.
IfCeH,(J),A,Be H,andC + A, C + B € H,(J), then we have
A<B= f(C+A) < f(C+B).

We also have
f(C+1tA) < f(C+tB) forallt €[0,]1].

Since
f(C+1tA) — f(O) - f(CI+1tB)— f(C)

p p O<t<l,
itholds Df (C)(A) < Df(C)(B) by tending ¢ to 0. So we have implications as follows:
A<B= f(C+tA) < f(C+tB) (0=t=<1
= Df(C)(A) = Df(C)(B).

We will consider the problem when the reverse implication holds.

THEOREM 3.1. Let f be an operator monotone function on J and C € H,(J). Then
the following are equivalent:
(1) For A, B € H,, Df(C)(A) < Df(C)(B) implies A < B.
(2) fIN(A) is of strict rank 1, where A is a diagonal matrix represented by U*CU for
some unitary U.
(3) DF(O)H,)) = H,!.

PROOF. First we assume that C is diagonal (i.e., C = A). Then we have
Df(C)(A) = Df(A)(A) = SL(A),
where L = fU1(A). In this case, we have (1) < (2) < (3) by Proposition 2.1.
When C has the form U AU™* (A is diagonal and U is unitary), we remark that
Df(C)(A) = U(fM(A) o (U*AU)U* = U(SL(U*AU)U™.
Since U is unitary, we have the implication (1) < (2) < (3). O

When C is a scalar operator, we can get the following equivalent conditions and the
equivalence of (1) and (2) has been proved in [6]: Theorem 2.2.

THEOREM 3.2. Let f be operator monotone on the open interval J, A, B € H, and
¢ € J. Then the following are equivalent:

(1) A<B.

(2) There exists a sequence {t,}° | satisfying that

t, > 0, nlifgot” =0, flcI +1t,A) < f(cl+1,B).
(3) Df(cI)(A) < Df (cI)(B).
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PROOF. We have already shown (1) = (2) = (3), considering ¢/ as C.
(3) = (1) Since f € P(J), f'(c) > 0forc € J. Then we have

fley - fo VI(©
Men=|{: -~ =  |F© - Jf©).
f'ey - fo VI©
that is, f{(cI) is of strict rank 1. By Theorem 3.1, (3) implies (1). O
4. Operator means and main results. In this section, we only consider the interval
J as (0, 00). Let f be an operator monotone function on J with f(1) = 1 and f(¢) > 0 and
o ¢ the operator mean associted with f. When X, Y € H,(J) and A, B € H,;" with A < B,
we have
Yor(tA+X) <Yos(tB+X) forall t>0.
Our problem is to decide when the condition
(%) Yor(tA+X) <Yoy(tB+ X) forasufficiently small ¢ > 0
implies A < B.
PROPOSITION 4.1. Let X,Y €H,(J)and A, B € H. If Df (Y ~'2 XY~V (H}) =
H,, then the condition (x) implies A < B.
PROOF. By the definition of the mean o ¢, we have the following:
Yor(tA+X) <Yor(tB+ X)
= fY "2eA+ XY < r(v"12aB + X)Y~1/?)
) f(Y—l/Z(tA + X)y—l/Z) _ f(Y—l/ny—l/Z)
= 11%1 ;
t—0+

) f(Y—l/Z(tB + X)y—l/Z) _ f(Y—l/ny—l/Z)
< lim
t—0+ t

= DFY~\2xy V2 12ay"V?) < DFy~V2xy V2 (v~ 2BY1/?) .

Since Df (Y ~'/2XY~V2)(HF) = H, we have Y~1/2Ay~1/2 < y=1/2By~1/2 by Theorem
3.1. This implies A < B. O

In the proof of Theorem 3.2, we have already shown that Df (cI)(H) = H™ for any
¢ > 0. Noticing the fact Df (cI) = Df(cX~ 12X X~1/2), we have the following:

COROLLARY 4.2. Let X € Hy(J)and A, B € Hn+. For any operator mean oy and
¢ > 0, the condition (x) implies A < B.

It is well known that the function
at+b
1) =
F® ct+d
is operator monotone on (—oo, —d/c) and on (—d/c, 00) if ad — bc > 0. So f is operator
monotone on J = (0, oo) whenever ad — bc > 0 and cd > 0.
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LEMMA 4.3. Let f(t) = ffif? with ad — bc > 0 and cd > 0. Then we have

Df (X)(H") = H7 forany X € H,(J).

PROOF. Since f is operator monotone on J, we may show that f{!1(A) is of strict rank
1 for any diagonal matrix A € H,(J). By the argument of Proposition 2.1 (1) = (2), it is
sufficient to show that, forany A, u € J (A # ),
( fo o Mo, m)
fMae s ffw

is of strict rank 1, that is,

FR >0, flw>0, fofw=rMa, w?.

By the calculation

,)L_ad—bc ;o ad—bc
TW=arar T G
and
[11 _ J) = fw
f ()“’“)_71—“
_ ad — bc o , 12
= Gt dentd = Mf ),
we get f/(A) f'(n) = fI(A, )2, So we have done. O

Combining Proposition 4.1 and Lemma 4.3, we can show the following:

COROLLARY 4.4. Let f(t) = % with ad — bc > 0, cd > 0 and f(1) = 1,

X, Ye H,(J)and A, B € H,j‘. Then the condition (x) implies A < B.
In the above statements, we have already used the fact Df (X )(H,;F ) = H,f as a key tool

to get the relation A < B. But, in many cases, we can not expect that Df (X)(H,) = H,}
holds.

PROPOSITION 4.5. Let f be operator monotone on J and X € H,(J) not a scalar

matrix. If Df (X)(H,") = H,t, then the function f is of the form ’Zf_ts

PROOF. Since f is operator monotone on J, f can be represented as follows:
0

f(§)=06+,3§+/ g(s, O)dv(s), (Im¢ >0)

whereax € R, 8 >0, g(s,¢) = 1:—2{ and v is a positive finite measure on J¢ = (—o0, 0] ([1],

[3], [4]). When Re ¢ > 0, the function ¢(-, ¢) € L*°(J¢, v) and
2+l S+ 1
s=¢ <1
Using the dominated convergence theorem, for 0 < A < u, we can get the following:
0 0 241
') =8 +/ 91 (s, M)dv(s) = B +/ ——3dv(s),

—00 o0 (5 — 1)?

lg(s, O = I¢1+ =g+
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Mo, =

— 0 2
JO) — fw :ﬂ+/ S ).

A—p oo (8 = A)(s — )
When X € H,(J) is not a scalar operator and
Df(X)(H,) = HFf

at+b
ct+d "

( oo NG, m)
M)
is of strict rank 1. The rank of this matrix is 1 implies that f is rational and of degree 1 by
Theorem III ([3], page 38).

For convenience of the reader, we prove this statement in [3], here. By above calculation

0 0 2 1
FOIF ) = (6, w)? = <ﬂ + / i dv(s)) (ﬂ + / dev(n)
oo (8 — 1?2 oo (5= )

0 s2 41 2
- (ﬂ +/_oo GG — u)d”(s)>
p) 2 0 0 2
_,3/ <*/S +1_ s +1> dv(s)~|—</ st 1 =T v (s)></ S +12dv(s)>
s—Hn 0o (5 — ) oo (8 — )
0 2
_ (/ Ldu(s))
—oo (5 = A)(s — )

Applying the Cauchy-Schwarz inequality

0 241 0 241 0 s2 41 2
</oo (s — )\)Zdv(s)></_oo (s — M)zdv(s)> = (/—oo (s — M) (s — u)dv(s))

to above identity, we have

2
ﬂ/ («/s +1 «/s2~|—1> o(s) — 0

s—

we show that f has the form

We may assume that A, u € Sp(X), A # u and

=0.

and

O 5241 0 241 0 241 2
</—oo G —x>2”’”“))(/_w md”“)) -(/.. md“”) |

Since the equality holds for the inequality, the functions

s2+1 s_)\/sz—i—l

s—Xr s — U

s —

are linearly dependent in L?(J¢, v) (i.e., the measure v is concentrated on one point Ag) and
B = 0. So we have
1+ A.Ot

f®) =a+ V({)»o}) —
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that is, f has the desired form. O

THEOREM 4.6. Let f be operator monotone on J with f(1) = 1 and not of the form

‘Clttis. If X,Y € Hy,(J) and X is not a scalar multiple of Y, then there exist A, B > 0 such

that A & B and

Yor(tA+X) <Yor(tB+ X)
for a sufficiently small t > 0.

PROOF. Since X is not a scalar multiple of ¥, we may choose a unitary U and a diagonal
matrix A such that
y~12xy~12 = vaAvu*,
and A has the form

M , A,u>0 and A#pu.

By the assumption for f and Proposition 2.1 and Proposition 4.5, fI((* 1)) is not of (strict)
rank 1,1i.e., f/(A) f'(n) > fM(&, u)%. So we choose H € H,, such that

h11 hlg o --- 0
h21 h22 o --- 0

H=|0 0 0 - 0]l%0,  DfAH)=>O.
0 0 0 -~ 0

To restrict the argument to the part of M, we set

hi h12> / <)» >
H/ = O 5 A = > 0
<h21 has ? w
Since f'(A), £/ (), fM (., u) > 0 and

’ ’ f/()\)hll f“]()h whiz
DI = (f“]<u,x>h21 £/ (whaz ) =0
we have K11, a2 > 0 and may assume that
£ W
SR, p)?
in particular, Df (A")(H') > 0. Put A’, B’ > 0 as follows:

0 0 hiy hi2
A = , B/=H/+A/=< >
<0 |h121?/ hiy —h22> har |h2l?/ ki

hithy < [hiaf* < hitha,

Since
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0 < Df(A)(H') = Df(A)(B") — Df (A")(A)

— lim (f(tB’JrA’) —f)  feA+A) - f(A’))
T 50 t t

. faB +A)— fA + A)
:zlg% t ’

we have
fuB +A)— fGA +A)>0

for a sufficiently small # > 0.
Put
~ A0
A= M, ,

A=Y2UuAu*y'?, B=vY2UBU*Y'?,
Then A £ B because A’ £ B’. Since
U*Y~'2(Yo;tB+X) —Yor(tA+ X)) Y V2U
=U*fY 2B+ X)Y VU - U F(Y2eA+ X)) YA U
=U*f@UBU* + Y~ '2xy"'") U —U* f@UAU* + Y~ 12Xy~ 1)U
=U*f(U(B + NUHU — U* f(U(tA + AHUHU
=f(tB+A) — f(tA+ A)

_ (f(tB’ +A) = fA + A 0> -0
B 0 o) =7

oo
1
e
o %
o O
N—
m
=

and

we have
Yor(tA+X) <Yor(tB+ X)

for a sufficiently small 7 > 0. g

Acknowledgement. The authors would like to thank the referee for his useful advice. Following
his advice, they added the equivalent assertion (4) in Proposition 2.1.
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