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Abstract. Let σ be an operator mean and f a non-constant operator monotone func-
tion on (0,∞) associated with σ . If operators A,B satisfy 0 ≤ A ≤ B, then it holds that
Yσ(tA + X) ≤ Yσ(tB + X) for any non-negative real number t and any positive, invertible
operators X, Y . We show that the condition Yσ(tA + X) ≤ Yσ(tB + X) for a sufficiently
small t > 0 implies A ≤ B if and only if X is a positive scalar multiple of Y or the associated
operator monotone function f with σ has the form f (t) = (at + b)/(ct + d), where a, b, c, d

are real numbers satisfying ad − bc > 0.

1. Introduction. We denote the set of all n × n matrices over C by Mn and set

Hn = {A ∈ Mn; A∗ = A} and H+
n = {A ∈ Hn; A ≥ 0} ,

where A ≥ 0 means that A is non-negative, that is, the value of inner product

(Ax, x) ≥ 0 for all x ∈ C
n .

Let J be an open interval of the set R of real numbers. We also denote by Hn(J ) the set of
A ∈ Hn with its spectrum Sp(A) ⊂ J . A real continuous function f defined on J is said to be
operator monotone (in short, f ∈ P(J )) if A ≤ B implies f (A) ≤ f (B) for any n ∈ N and
A,B ∈ Hn(J ). In this paper, we assume that an operator monotone function is not a constant
function.

By the definition of f ∈ P(J ), for A,B ∈ Hn, A ≤ B implies f (aI + tA) ≤ f (aI + tB)

for a sufficiently small t > 0, where a ∈ J . Kubo-Ando [5] defined an operator mean σ which
is a binary operation XσY for X,Y ∈ Hn(0,∞), and is given by some f ∈ P(0,∞) with
f (1) = 1 and f (t) > 0 as follows:

XσY = X1/2f (X−1/2YX−1/2)X1/2 .

In this paper, we consider the problem whether, for X,Y ∈ Hn(0,∞) and an operator
mean σ , the following condition for A,B ∈ Hn:

(∗) Yσ(tA + X) ≤ Yσ(tB + X) for a sufficiently small t > 0

(correctly, there exists a positive number ε satisfying that Yσ(tA + X) ≤ Yσ(tB + X) holds
whenever 0 ≤ t ≤ ε ) implies A ≤ B or not. Our results are the following:
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(1) When X = cY for some c > 0, the condition (∗) implies A ≤ B for any operator
mean σ ([Corollary 4.2]).

(2) When the associated f ∈ P(0,∞) with σ has the form at+b
ct+d

, the condition (∗)

implies A ≤ B for any X,Y ∈ Hn(0,∞) ([Corollary 4.4]).
(3) When the associated f ∈ P(0,∞) with σ has not the form at+b

ct+d
and X is not a

scalar multiple of Y , there exists A,B,X and Y satisfying

A � B and Yσ(tA + X) ≤ Yσ(tB + X)

for a sufficiently small t > 0 ([Theorem 4.6]).
Combining these facts, we get the following:

THEOREM 1.1. Let X,Y ∈ Hn(0,∞) and σ an operator mean. Then the condition
(∗) implies A ≤ B if and only if X is a positive scalar multiple of Y or the associated operator
monotone function f with σ has the form

f (t) = at + b

ct + d
, a, b, c, d ∈ R, ad − bc > 0.

2. Schur product. For A ∈ Mn, we define the linear map SA from Mn to Mn as
follows:

SA(B) = A ◦ B (B ∈ Mn) ,

where A ◦ B means the Schur product of A and B, that is,

A ◦ B = (aij ) ◦ (bij ) = (aij bij ) .

When A belongs to H+
n , it is well known that SA is completely positive [2], in particular,

SA(H+
n ) ⊂ H+

n .
We call A of strict rank 1 if there exist αi, βi ∈ C \ {0} (i = 1, 2, . . . , n) such that

A =

⎛
⎜⎜⎜⎝

α1

α2
...

αn

⎞
⎟⎟⎟⎠

(
β1 β2 · · · βn

) =

⎛
⎜⎜⎜⎝

α1β1 α1β2 · · · α1βn

α2β1 α2β2 · · · α2βn

...
...

. . .
...

αnβ1 αnβ2 · · · αnβn

⎞
⎟⎟⎟⎠ .

When A ∈ H+
n is of strict rank 1, A is represented as follows:

A =

⎛
⎜⎜⎜⎝

γ̄1

γ̄2
...

γ̄n

⎞
⎟⎟⎟⎠

(
γ1 γ2 · · · γn

)
,

where γ1, γ2, . . . , γn ∈ C\ {0}. The following statement plays an important role in this paper.

PROPOSITION 2.1. For A = (aij ) ∈ H+
n , the following are equivalent:

(1) For B ∈ Hn, SA(B) ≥ 0 ⇒ B ≥ 0.
(2) A is of strict rank 1.
(3) SA(H+

n ) = H+
n .
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(4) akk > 0 and akkall = aklalk(= |akl|2) for each k, l.

PROOF. (1) ⇒ (4) We assume akk = 0. Set B = (bij ) as follows:

bij =
{−1 if (i, j) = (k, k)

0 otherwise
.

Since B � 0 and SA(B) = A ◦ B = 0 ≥ 0, this contradicts the assumption. So akk > 0 for
all k.

By the positivity of A, we have
(

akk akl

alk all

)
≥ 0 ,

in particular, akkall − aklalk ≥ 0. We assume that akkall − aklalk > 0. Then we set B = (bij )

as follows:

bij =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

|akl|
akk

if (i, j) = (k, k)

|akl|
all

if (i, j) = (l, l)

1 if (i, j) = (k, l) or (l, k)

0 otherwise

.

Since |akl|2 = aklalk < akkall , we have B � 0. But we have

(A ◦ B)ij =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

|akl| if (i, j) = (k, k) or (l, l)

akl if (i, j) = (k, l)

alk if (i, j) = (l, k)

0 otherwise

,

and A ◦ B ≥ 0. This contradicts the assumption. So we have akkall − aklalk = 0 for each
k, l.

(4) ⇒ (2) We set rk = √
akk > 0 (k = 1, 2, . . . , n). By the assumption, for each k and

l, we can choose θ(k, l) ∈ R such that

akl = rkrle
iθ(k,l) .

Then we also have eiθ(k,l) = e−iθ(l,k) and eiθ(k,k) = 1. If we show the relation

eiθ(k,l)eiθ(l,m) = eiθ(k,m)

for any k, l and m, then we can see that A is of strict rank 1 as follows:
⎛
⎜⎜⎜⎝

r1

r2e
−iθ(1,2)

...

rne
−iθ(1,n)

⎞
⎟⎟⎟⎠

(
r1 r2e

iθ(1,2) · · · rne
iθ(1,n)

)



42 M. NAGISA AND M. UCHIYAMA

=

⎛
⎜⎜⎜⎝

r1

r2e
iθ(2,1)

...

rne
iθ(n,1)

⎞
⎟⎟⎟⎠

(
r1 r2e

iθ(1,2) · · · rne
iθ(1,n)

)

=

⎛
⎜⎜⎜⎝

r2
1 r1r2e

iθ(1,2) · · · r1rne
iθ(1,n)

r2r1e
iθ(2,1) r2

2 eiθ(2,1)eiθ(1,2) · · · r2rne
iθ(2,1)eiθ(1,n)

...
...

. . .
...

rnr1e
iθ(n,1) rnr2e

iθ(n,1)eiθ(1,2) · · · r2
neiθ(n,1)eiθ(1,n)

⎞
⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎝

r2
1 r1r2e

iθ(1,2) · · · r1rne
iθ(1,n)

r2r1e
iθ(2,1) r2

2 · · · r2rne
iθ(2,n)

...
...

. . .
...

rnr1e
iθ(n,1) rnr2e

iθ(n,2) · · · r2
n

⎞
⎟⎟⎟⎠ = A .

It suffices to show the relation eiθ(k,l)eiθ(l,m) = eiθ(k,m) in the case of each two of k, l,m

are different. By the positivity of A, we have
⎛
⎝

akk akl akm

alk all alm

amk aml amm

⎞
⎠ ≥ 0 .

Since
⎛
⎝

akk akl akm

alk all alm

amk aml amm

⎞
⎠ =

⎛
⎝

r2
k rkrle

iθ(k,l) rkrmeiθ(k,m)

rlrke
iθ(l,k) r2

l rl rmeiθ(l,m)

rmrke
iθ(m,k) rmrle

iθ(m,l) r2
m

⎞
⎠

=
⎛
⎝

rke
iθ(k,l)

rl

rmeiθ(m,l)

⎞
⎠

⎛
⎝

1 1 α

1 1 1
ᾱ 1 1

⎞
⎠

⎛
⎝

rke
iθ(l,k)

rl

rmeiθ(l,m)

⎞
⎠

and

α = e−iθ(k,l)e−iθ(l,m)eiθ(k,m) ,

we have ⎛
⎝

1 1 α

1 1 1
ᾱ 1 1

⎞
⎠ ≥ 0 .

Then |α| = 1 and

0 ≤ det

⎛
⎝

1 1 α

1 1 1
ᾱ 1 1

⎞
⎠ = α + ᾱ − 2

imply α = 1. So the desired relation is established.
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(2) ⇒ (3) When A is of strict rank 1, we construct A′ ∈ H+
n as follows:

A =

⎛
⎜⎜⎜⎝

γ̄1

γ̄2
...

γ̄n

⎞
⎟⎟⎟⎠

(
γ1 γ2 · · · γn

)
, A′ =

⎛
⎜⎜⎜⎝

1/γ̄1

1/γ̄2
...

1/γ̄n

⎞
⎟⎟⎟⎠

(
1/γ1 1/γ2 · · · 1/γn

)
.

Since SA(H+
n ) ⊂ H+

n , SA′ (H+
n ) ⊂ H+

n and SASA′ = id = SA′SA, we have that SA(H+
n ) =

H+
n .

(3) ⇒ (1) When some (i, j)-th component of A is equal to 0, the (i, j)-th component of
SA(B) is also 0. So we have all components of A are not equal to 0. This means that SA is
injective. If SA(B) ≥ 0, then we can choose C ≥ 0 with SA(B) = SA(C) by the assumption
(3). The injectivity of SA implies B = C ≥ 0. �

REMARK 2.2. When A = A∗ ∈ Hn, SA(Hn) ⊂ Hn. Moreover, if A ∈ Hn is of strict
rank 1, then SA(Hn) = Hn (i.e., SA becomes a bijection of Hn). But there is A ∈ Hn which
is not of strict rank 1 and satisfies SA(Hn) = Hn, for example, A = ( 1 1

1 2 ) ∈ H2. In the case
of A ≥ 0, SA(H+

n ) ⊂ H+
n and the fact SA(H+

n ) = H+
n is equivalent that A is of strict rank 1.

3. Fréchet derivatives of operator monotone functions. Let f be an operator
monotone function on the open interval J and A ∈ Hn(J ) = {A ∈ Hn; Sp(A) ⊂ J }. We can
choose a positive real number ε such that Sp(A + H) ⊂ J whenever H ∈ Hn and ‖H‖ < ε.
So f is a map from an open neighborhood of A to the real vector space Hn and there exists a
linear map T from Hn to Hn satisfying

lim‖H‖→0

‖f (A + H) − f (A) − T (H)‖
‖H‖ = 0 .

We call this T the (Fréchet) derivative of f at A and denote it by Df (A). For every B ∈ Hn,
we denote by Df (A)(B) the directional derivative of f at A in the direction B, i.e.,

Df (A)(B) = d

dt

∣∣∣∣
t=0

f (A + tB) .

For a diagonal matrix Λ ∈ Hn(J ), we can compute as follows (see [1], [2], [4]):

Df (Λ)(B) = f [1](Λ) ◦ B ,

where

Λ =
⎛
⎜⎝

λ1
. . .

λn

⎞
⎟⎠ , f [1](Λ) =

⎛
⎜⎝

f [1](λ1, λ1) · · · f [1](λ1, λn)
...

. . .
...

f [1](λn, λ1) · · · f [1](λn, λn)

⎞
⎟⎠

and

f [1](λ, μ) =
⎧⎨
⎩

f (λ) − f (μ)

λ − μ
if λ �= μ

f ′(λ) if λ = μ

.
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The Loewner matrix f [1](Λ) is non-negative since f is operator monotone on J . For a general
A ∈ Hn(J ), we choose a unitary U ∈ Mn and a diagonal matrix Λ ∈ H+

n satisfying A =
UΛU∗. Then the directional derivatives of f can be represented as follows:

Df (A)(B) = U(f [1](Λ) ◦ (U∗BU))U∗ .

If C ∈ Hn(J ), A,B ∈ Hn and C + A,C + B ∈ Hn(J ), then we have

A ≤ B ⇒ f (C + A) ≤ f (C + B) .

We also have
f (C + tA) ≤ f (C + tB) for all t ∈ [0, 1] .

Since
f (C + tA) − f (C)

t
≤ f (CI + tB) − f (C)

t
(0 < t < 1) ,

it holds Df (C)(A) ≤ Df (C)(B) by tending t to 0. So we have implications as follows:

A ≤ B ⇒ f (C + tA) ≤ f (C + tB) (0 ≤ t ≤ 1)

⇒ Df (C)(A) ≤ Df (C)(B) .

We will consider the problem when the reverse implication holds.

THEOREM 3.1. Let f be an operator monotone function on J and C ∈ Hn(J ). Then
the following are equivalent:

(1) For A,B ∈ Hn, Df (C)(A) ≤ Df (C)(B) implies A ≤ B.
(2) f [1](Λ) is of strict rank 1, where Λ is a diagonal matrix represented by U∗CU for

some unitary U .
(3) Df (C)(H+

n ) = H+
n .

PROOF. First we assume that C is diagonal (i.e., C = Λ). Then we have

Df (C)(A) = Df (Λ)(A) = SL(A) ,

where L = f [1](Λ). In this case, we have (1) ⇔ (2) ⇔ (3) by Proposition 2.1.
When C has the form UΛU∗ (Λ is diagonal and U is unitary), we remark that

Df (C)(A) = U(f [1](Λ) ◦ (U∗AU))U∗ = U(SL(U∗AU))U∗ .

Since U is unitary, we have the implication (1) ⇔ (2) ⇔ (3). �

When C is a scalar operator, we can get the following equivalent conditions and the
equivalence of (1) and (2) has been proved in [6]: Theorem 2.2.

THEOREM 3.2. Let f be operator monotone on the open interval J , A,B ∈ Hn and
c ∈ J . Then the following are equivalent:

(1) A ≤ B.
(2) There exists a sequence {tn}∞n=1 satisfying that

tn > 0, lim
n→∞ tn = 0, f (cI + tnA) ≤ f (cI + tnB) .

(3) Df (cI)(A) ≤ Df (cI)(B).
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PROOF. We have already shown (1) ⇒ (2) ⇒ (3), considering cI as C.
(3) ⇒ (1) Since f ∈ P(J ), f ′(c) > 0 for c ∈ J . Then we have

f [1](cI) =
⎛
⎜⎝

f ′(c) · · · f ′(c)
...

. . .
...

f ′(c) · · · f ′(c)

⎞
⎟⎠ =

⎛
⎜⎝

√
f ′(c)
...√

f ′(c)

⎞
⎟⎠(√

f ′(c) · · · √
f ′(c)

)
,

that is, f [1](cI) is of strict rank 1. By Theorem 3.1, (3) implies (1). �

4. Operator means and main results. In this section, we only consider the interval
J as (0,∞). Let f be an operator monotone function on J with f (1) = 1 and f (t) > 0 and
σf the operator mean associted with f . When X,Y ∈ Hn(J ) and A,B ∈ H+

n with A ≤ B,
we have

Yσf (tA + X) ≤ Yσf (tB + X) for all t ≥ 0 .

Our problem is to decide when the condition

(∗) Yσf (tA + X) ≤ Yσf (tB + X) for a sufficiently small t > 0

implies A ≤ B.

PROPOSITION 4.1. Let X,Y ∈Hn(J ) and A,B ∈ H+
n . If Df (Y−1/2XY−1/2)(H+

n ) =
H+

n , then the condition (∗) implies A ≤ B.

PROOF. By the definition of the mean σf , we have the following:

Yσf (tA + X) ≤ Yσf (tB + X)

⇒ f (Y−1/2(tA + X)Y−1/2) ≤ f (Y−1/2(tB + X)Y−1/2)

⇒ lim
t→0+

f (Y−1/2(tA + X)Y−1/2) − f (Y−1/2XY−1/2)

t

≤ lim
t→0+

f (Y−1/2(tB + X)Y−1/2) − f (Y−1/2XY−1/2)

t

⇒ Df (Y−1/2XY−1/2)(Y−1/2AY−1/2) ≤ Df (Y−1/2XY−1/2)(Y−1/2BY−1/2) .

Since Df (Y−1/2XY−1/2)(H+
n ) = H+

n , we have Y−1/2AY−1/2 ≤ Y−1/2BY−1/2 by Theorem
3.1. This implies A ≤ B. �

In the proof of Theorem 3.2, we have already shown that Df (cI)(H+) = H+ for any
c > 0. Noticing the fact Df (cI) = Df (cX−1/2XX−1/2), we have the following:

COROLLARY 4.2. Let X ∈ Hn(J ) and A,B ∈ H+
n . For any operator mean σf and

c > 0, the condition (∗) implies A ≤ B.

It is well known that the function

f (t) = at + b

ct + d

is operator monotone on (−∞,−d/c) and on (−d/c,∞) if ad − bc > 0. So f is operator
monotone on J = (0,∞) whenever ad − bc > 0 and cd ≥ 0.
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LEMMA 4.3. Let f (t) = at+b
ct+d

with ad − bc > 0 and cd ≥ 0. Then we have
Df (X)(H+

n ) = H+
n for any X ∈ Hn(J ).

PROOF. Since f is operator monotone on J , we may show that f [1](Λ) is of strict rank
1 for any diagonal matrix Λ ∈ Hn(J ). By the argument of Proposition 2.1 (1) ⇒ (2), it is
sufficient to show that, for any λ,μ ∈ J (λ �= μ),

(
f ′(λ) f [1](λ, μ)

f [1](μ, λ) f ′(μ)

)

is of strict rank 1, that is,

f ′(λ) > 0 , f ′(μ) > 0 , f ′(λ)f ′(μ) = f [1](λ, μ)2 .

By the calculation

f ′(λ) = ad − bc

(cλ + d)2
, f ′(μ) = ad − bc

(cμ + d)2

and

f [1](λ, μ) = f (λ) − f (μ)

λ − μ

= ad − bc

(cλ + d)(cμ + d)
= (f ′(λ)f ′(μ))1/2 ,

we get f ′(λ)f ′(μ) = f [1](λ, μ)2. So we have done. �

Combining Proposition 4.1 and Lemma 4.3, we can show the following:

COROLLARY 4.4. Let f (t) = at+b
ct+d

with ad − bc > 0, cd ≥ 0 and f (1) = 1,
X,Y ∈ Hn(J ) and A,B ∈ H+

n . Then the condition (∗) implies A ≤ B.

In the above statements, we have already used the fact Df (X)(H+
n ) = H+

n as a key tool
to get the relation A ≤ B. But, in many cases, we can not expect that Df (X)(H+

n ) = H+
n

holds.

PROPOSITION 4.5. Let f be operator monotone on J and X ∈ Hn(J ) not a scalar
matrix. If Df (X)(H+

n ) = H+
n , then the function f is of the form at+b

ct+d
.

PROOF. Since f is operator monotone on J , f can be represented as follows:

f (ζ ) = α + βζ +
∫ 0

−∞
g(s, ζ )dν(s) , (Im ζ > 0)

where α ∈ R, β ≥ 0, g(s, ζ ) = 1+sζ
s−ζ

and ν is a positive finite measure on J c = (−∞, 0] ([1],
[3], [4]). When Re ζ > 0, the function g(·, ζ ) ∈ L∞(J c, ν) and

|g(s, ζ )| ≤ |ζ | +
∣∣∣∣
ζ 2 + 1

s − ζ

∣∣∣∣ ≤ |ζ | + |ζ |2 + 1

|ζ | .

Using the dominated convergence theorem, for 0 < λ < μ, we can get the following:

f ′(λ) = β +
∫ 0

−∞
gt (s, λ)dν(s) = β +

∫ 0

−∞
s2 + 1

(s − λ)2 dν(s) ,
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f [1](λ, μ) = f (λ) − f (μ)

λ − μ
= β +

∫ 0

−∞
s2 + 1

(s − λ)(s − μ)
dν(s) .

When X ∈ Hn(J ) is not a scalar operator and

Df (X)(H+
n ) = H+

n ,

we show that f has the form at+b
ct+d

. We may assume that λ,μ ∈ Sp(X), λ �= μ and
(

f ′(λ) f [1](λ, μ)

f [1](μ, λ) f ′(μ)

)

is of strict rank 1. The rank of this matrix is 1 implies that f is rational and of degree 1 by
Theorem III ([3], page 38).

For convenience of the reader, we prove this statement in [3], here. By above calculation

f ′(λ)f ′(μ) − (f [1](λ, μ))2 =
(

β +
∫ 0

−∞
s2 + 1

(s − λ)2 dν(s)

)(
β +

∫ 0

−∞
s2 + 1

(s − μ)2 dν(s)

)

−
(

β +
∫ 0

−∞
s2 + 1

(s − λ)(s − μ)
dν(s)

)2

= β

∫ 0

−∞

(√
s2 + 1

s − λ
−

√
s2 + 1

s − μ

)2

dν(s)+
(∫ 0

−∞
s2 + 1

(s − λ)2
dν(s)

)( ∫ 0

−∞
s2 + 1

(s − μ)2
dν(s)

)

−
( ∫ 0

−∞
s2 + 1

(s − λ)(s − μ)
dν(s)

)2

= 0 .

Applying the Cauchy-Schwarz inequality
( ∫ 0

−∞
s2 + 1

(s − λ)2 dν(s)

)( ∫ 0

−∞
s2 + 1

(s − μ)2 dν(s)

)
≥

( ∫ 0

−∞
s2 + 1

(s − λ)(s − μ)
dν(s)

)2

to above identity, we have

β

∫ 0

−∞

(√
s2 + 1

s − λ
−

√
s2 + 1

s − μ

)2

dν(s) = 0

and
(∫ 0

−∞
s2 + 1

(s − λ)2
dν(s)

)( ∫ 0

−∞
s2 + 1

(s − μ)2
dν(s)

)
=

( ∫ 0

−∞
s2 + 1

(s − λ)(s − μ)
dν(s)

)2

.

Since the equality holds for the inequality, the functions

s →
√

s2 + 1

s − λ
, s →

√
s2 + 1

s − μ

are linearly dependent in L2(J c, ν) (i.e., the measure ν is concentrated on one point λ0) and
β = 0. So we have

f (t) = α + ν({λ0})1 + λ0t

λ0 − t
,
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that is, f has the desired form. �

THEOREM 4.6. Let f be operator monotone on J with f (1) = 1 and not of the form
at+b
ct+d

. If X,Y ∈ Hn(J ) and X is not a scalar multiple of Y , then there exist A,B ≥ 0 such
that A � B and

Yσf (tA + X) ≤ Yσf (tB + X)

for a sufficiently small t > 0.

PROOF. Since X is not a scalar multiple of Y , we may choose a unitary U and a diagonal
matrix Λ such that

Y−1/2XY−1/2 = UΛU∗ ,

and Λ has the form ⎛
⎜⎝

λ

μ

. . .

⎞
⎟⎠ , λ, μ > 0 and λ �= μ .

By the assumption for f and Proposition 2.1 and Proposition 4.5, f [1](( λ
μ )) is not of (strict)

rank 1, i.e., f ′(λ)f ′(μ) > f [1](λ, μ)2. So we choose H ∈ Hn such that

H =

⎛
⎜⎜⎜⎜⎜⎝

h11 h12 0 · · · 0
h21 h22 0 · · · 0
0 0 0 · · · 0
...

...
...

. . .
...

0 0 0 · · · 0

⎞
⎟⎟⎟⎟⎟⎠

� 0 , Df (Λ)(H) ≥ 0 .

To restrict the argument to the part of M2, we set

H ′ =
(

h11 h12

h21 h22

)
� 0 , Λ′ =

(
λ

μ

)
> 0 .

Since f ′(λ), f ′(μ), f [1](λ, μ) > 0 and

Df (Λ′)(H ′) =
(

f ′(λ)h11 f [1](λ, μ)h12

f [1](μ, λ)h21 f ′(μ)h22

)
≥ 0 ,

we have h11, h22 > 0 and may assume that

h11h22 < |h12|2 <
f ′(λ)f ′(μ)

f [1](λ, μ)2 h11h22 ,

in particular, Df (Λ′)(H ′) > 0. Put A′, B ′ ≥ 0 as follows:

A′ =
(

0 0
0 |h12|2/h11 − h22

)
, B ′ = H ′ + A′ =

(
h11 h12

h21 |h12|2/h11

)
.

Since
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0 < Df (Λ′)(H ′) = Df (Λ′)(B ′) − Df (Λ′)(A′)

= lim
t→0

(
f (tB ′ + Λ′) − f (Λ′)

t
− f (tA′ + Λ′) − f (Λ′)

t

)

= lim
t→0

f (tB ′ + Λ′) − f (tA′ + Λ′)
t

,

we have
f (tB ′ + Λ′) − f (tA′ + Λ′) ≥ 0

for a sufficiently small t > 0.
Put

Ã =
(

A′ 0
0 0

)
∈ Mn , B̃ =

(
B ′ 0
0 0

)
∈ Mn

and

A = Y 1/2UÃU∗Y 1/2 , B = Y 1/2UB̃U∗Y 1/2 .

Then A � B because A′ � B ′. Since

U∗Y−1/2 (
Yσf (tB + X) − Yσf (tA + X)

)
Y−1/2U

=U∗f (Y−1/2(tB + X)Y−1/2)U − U∗f (Y−1/2(tA + X)Y−1/2)U

=U∗f (tUB̃U∗ + Y−1/2XY−1/2)U − U∗f (tUÃU∗ + Y−1/2XY−1/2)U

=U∗f (U(tB̃ + Λ)U∗)U − U∗f (U(tÃ + Λ)U∗)U

=f (tB̃ + Λ) − f (tÃ + Λ)

=
(

f (tB ′ + Λ′) − f (tA′ + Λ′) 0
0 0

)
≥ 0 ,

we have
Yσf (tA + X) ≤ Yσf (tB + X)

for a sufficiently small t > 0. �
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