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Abstract. We study the existence of strong Kihler with torsion (SKT) metrics and
of symplectic forms taming invariant complex structures J on solvmanifolds G/I" providing
some negative results for some classes of solvmanifolds. In particular, we show that if either J
is invariant under the action of a nilpotent complement of the nilradical of G or J is abelian or
G is almost abelian (not of type (I)), then the solvmanifold G /I" cannot admit any symplectic
form taming the complex structure J, unless G/I" is Kéhler. As a consequence, we show
that the family of non-Kihler complex manifolds constructed by Oeljeklaus and Toma cannot
admit any symplectic form taming the complex structure.

1. Introduction. A symplectic form £2 on a complex manifold (M, J) is said taming
the complex structure J if
22(X,JX)>0

for any non-zero vector field X on M or, equivalently, if the (1, 1)-part of £2 is positive. The
pair (§2, J) was called in [28] a Hermitian-symplectic structure and it was shown that these
structures appear as static solutions of the so-called pluriclosed flow. By [22, 28] a compact
complex surface admitting a Hermitian-symplectic structure is necessarily Kéhler (see also
Proposition 3.3 in [13]) and it follows from [26] that non-Kéhler Moishezon complex struc-
tures on compact manifolds cannot be tamed by a symplectic form (see also [31]). However,
it is still an open problem to find out an example of a compact Hermitian-symplectic mani-
fold non admitting Kihler structures. It is well known that Hermitian-symplectic structures
can be viewed as special strong Kdhler with torsion structures ([15]) and that their existence
can be characterized in terms of currents ([29]). Here we recall that a Hermitian metric is
called strong Kdahler with torsion (SKT) if its fundamental form is 99-closed (see for instance
[17, 7] and the references therein). SKT nilmanifolds were first studied in [16] in six dimen-
sion and recently in [15] in any dimension, where by nilmanifold we mean a compact quotient
of a simply connected nilpotent Lie group G by a co-compact lattice I". Very few results are
known for the existence of SKT metrics on solvmanifolds endowed with an invariant complex
structure. By solvmanifold G/I" we mean a compact quotient of a simply connected solvable
Lie group G by a lattice I" and by invariant complex structure on G/I" we mean a complex
structure induced by a left invariant complex structure on G. We will call a solvmanifold
endowed with an invariant complex structure a complex solvmanifold.

2010 Mathmatics Subject Classification. Primary 32J27; Secondary 53CS55, 53C30, 53D05.

Key words and phrases. Special Hermitian metrics, solvmanifolds.

This work was partially supported by the project PRIN Varieta reali e complesse: geometria, topologia e analisi
armonica, the project FIRB Differential Geometry and Geometric functions theory and GNSAGA (Indam) of Italy.



20 A. FINO, H. KASUYA AND L. VEZZONI

From [15] it is known that a nilmanifold G/I" endowed with an invariant complex struc-
ture J cannot admit any symplectic form taming J unless it admits a Kéhler structure (or
equivalently G/I" is a complex torus). Then it is quite natural trying to extend the result to
complex solvmanifolds.

By [18] a solvmanifold G/I" admits a Kéhler structure if and only if it is a finite quo-
tient of a complex torus. This in particular implies that when G is not of type (I) and non
abelian, then G/I" is not Kihler. We recall that being of type (I) means that for any X € g all
eigenvalues of the adjoint operator adx are pure imaginary.

Given a solvable Lie algebra g we denote by n its nilradical which is defined as the
maximal nilpotent ideal of g. It is well known that there always exists a nilpotent complement
cof nin g, i.e., there exists a nilpotent subalgebra ¢ of g such that g = ¢+ n (see [10, Theorem
2.2]). In general the complement ¢ is not unique and we do not expect to have a direct sum
between ¢ and n.

The first main result of the paper consists in proving the following theorem about the non-
existence of Hermitian-symplectic and SKT structures on homogeneous spaces of splitting Lie
groups.

THEOREM 1.1. Let G be a Lie group endowed with a left-invariant complex structure
J and suppose that

1) the Lie algebra g of G is a semidirect product g = s Xy b, where s is a solvable Lie
algebra and Yy a Lie algebra;

2) ¢ : s — Der () is a representation on the space of derivations of b;

3) ¢ is not of type (1) and the image ¢ (s) is a nilpotent subalgebra of Der (h);

4) J(h) Cb;

5) Jijp o 9(X) = p(X) o Jjy for any X € s.

Then g does not admit any symplectic structure taming J. Moreover if s is nilpotent and
J(s) C s, then g does not admit any J-Hermitian SKT metric.

The previous theorem can be in particular applied to compact homogeneous complex
spaces of the form (G/I", J), where (G, J) satisfies conditions 1), ..., 5) in the theorem and
I' is a discrete subgroup of G. This type of homogeneous spaces covers a large class of
examples including the so-called Oeljeklaus-Toma manifolds (see [23]).

In general a simply connected solvable Lie group is not of splitting type (i.e., its Lie al-
gebra does not satisfy conditions 1), 2), 3) of Theorem 1.1). The following theorem provides
a non-existence result in the non-splitting case.

THEOREM 1.2. Let (G/I', J) be a complex solvmanifold. Assume that J is invariant
under the action of a nilpotent complement of the nilradicaln. Then G/I" admits a symplectic
form taming J if and only if (G/TI", J) is Kdhler.

A special class of invariant complex structures on solvmanifolds is provided by abelian
complex structures (see [4]). A complex structure J on a Lie algebra g is called abelian if
[JX,JY] = [X, Y] for every X,Y € g. In the abelian case the Lie subalgebra gl’o of the
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complexification g¢ of g is abelian and that motivates the name. In Section 6 we will prove
the following

THEOREM 1.3. Let (G/I',J) be a solvmanifold endowed with an invariant abelian
complex structure J. Then (G/I", J) doesn’t admit a symplectic form taming J unless it is a
complex torus.

In the last section of the paper we take into account solvmanifolds G/I" with G almost-
abelian. The almost-abelian condition means that the nilradical n of the Lie algebra g of G
has codimension 1 and n is abelian. About this case we will prove the following

THEOREM 1.4. Let (G/I', J) be a complex solvmanifold with G almost-abelian. As-
sume ¢ being either not of type (1) or 6-dimensional. Then (G/I', J) does not admit any
symplectic form taming J.

Acknowledgements. The authors are grateful to Weiyi Zhang for useful observations on the pre-
vious version of the present paper.

2. Preliminary results on representations of Lie algebras. In this section we prove
some preliminary results which will be useful in the sequel.

2.1. Representations of solvable Lie algebras. Let g be a solvable Lie algebra and
let p : ¢ — End(V) be a representation on a real vector space V whose image p(g) is a
nilpotent subalgebra of End(V'). For every X € g we can consider the Jordan decomposition

p(X) = (p(X))s + (p(X))n
which induces two maps ps and p, from g onto End(V). The following facts can be easily
deduced from [11]:

e Themaps ps : g3 X — (p(X))s € End(V)and p, : g > X — (p(X)), € End(V)
are Lie algebra homomorphisms.
e The images p;(g) and p, (g) are subalgebras of End(V) satisfying [po5(g), pn(g)] = 0.
For a real-valued character « of g, we denote

Ve(V)={v eV : ps(X)v=0a(X)v forevery X € g},
and for a complex-valued character « of g we set
Vao(Ve) ={ve Ve : ps(X)v =a(X)v forevery X € g}.

When « is real we have V,(Ve) = V,(V) ® C. From the condition [04(g), pn(g)] = 0, we
get
p(X)(Va (V) C Va(Ve)
for any X € g (see [25]). Moreover, as a consequence of the Lie theorem, there exits a basis
of V,, (V) such that for any X € ¢ the map p(X) is represented by an upper triangular matrix
o *
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Therefore we obtain a decomposition
Ve=Vo, (V) & -+ - @ Vo, (V)

with a1, ..., o characters of g. Since p is a real-valued representation, the set {«1, ..., a,}
is invariant under complex conjugation (i.e., &; € {«q, ..., ®,}). We recall the following

DEFINITION 2.1. A representation p of g is of type (I) if for any X € g all the eigen-
values of p(X) are pure imaginary.

The following lemma will be very useful in the sequel:

LEMMA 2.2. Let b and g be Lie algebras with g solvable. Let p : ¢ — D(h) be a
representation on the space of derivations on b which we assume to not be of type (1). Then
there exists a complex character o of g satisfying

2.1 Re(e) #0,  Vu(he) # 0and [Vu(he), Va(he)] =0.

PROOF. Since p is assumed to be not of type (I), then there exits a complex character
aq such that Re(a;) # 0 and Vg, (hc) # 0. If [V, (be), Vg, (hc)]l = 0, then o satisfies
the three conditions required. Otherwise, since p; : g > X +— (adyx)s; € D(h), we have
0 # [Va (b0). Vi, (h0)] € Va4, (he) # 0 and we take @p = o) + @1 = 2Re(err). Again
if [V, (be), Va,(bc)] = 0, then oy satisfies all the conditions required, otherwise we have
0 # [Va, (he), Ve, (be)] C Vaw, (he) # 0 and we consider a3 = 2ap. We claim that we
can iterate this operation until we get a character oy satisfying (2.1). Indeed, since b is finite
dimensional, we have a sequence of characters

o, a3 =20, o4 =203, ..., 0 = 20—

such that Vy, (hc) # 0 and [V, (he), Vo, ()] #0for2 < s <k — 1, and Vy, (hc) # 0 and
[Var (Be), Vi (he)] = 0. Hence the claim follows. O

2.2. Nilpotent complements of nilradicals of solvable Lie algebras. Let g be a
solvable Lie algebra with nilradical n. As remarked in the introduction there always exists
a nilpotent subalgebra ¢ of g such that g = ¢ + n (not necessarily a direct sum) (see [10,
Theorem 2.2]). Such a nilpotent subalgebra ¢ is called a nilpotent complement of n. Let us
consider ad : ¢ — Der(g) and the semisimple ad; : ¢ 3 C — (adc)s € Der(g) and the
nilpotent part ad,, : ¢ 3 C +> (adc), € Der(g) of ad. Then ad, and ad,, are homomorphisms
from c¢. Since kerady; = ¢/c Nn = g/n, adg can be regarded as a homomorphism from g. For
a real-valued character o of g, we denote

V(@ ={X€g : adsyX =a(Y)X forevery Y € g},
and for a complex-valued character «,
Valge) ={X €egc : adsyX = a(Y)X forevery Y € g}.

If « is real valued we have V, (gc) = Vi (g) ® C. Since ¢ is nilpotent, we have ad¢ (V, (gc)) C
Vu(gc) forany C € ¢. We can take a basis of V, (gc) such that adc is represented as an upper
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triangular matrix

0 o
for any C € ¢. Then we obtain a decomposition
gc = Vo(gc) @ Vo, (gc) @ - - @ Vo, (90)

where 0 is the trivial character and «, ..., @, are some non-trivial characters. We also con-
sider

ne = Vo(ng) @ Vo, (ng) ® -+ - @ Vg, (ne) -
Since ¢ is nilpotent, ¢ acts nilpotently on itself via ad. Hence we have ¢ C Vjp(gc) and
Va; (nc) = Vi, (gc) by g = ¢ + n for each i and we get the decomposition

ne = Vo(ne) @ Vo, (gc) @ - - @ Vi, (g0) -

DEFINITION 2.3. We say that a solvable Lie algebra g is of type (I) if forany X € g
all the eigenvalues of the adjoint operator ady are pure imaginary.

Note that if we write g = ¢ + n, where ¢ is an abelian complement of the nilradical n,
then g is of type (I) if and only if the representation ad : ¢ — Der(n) is of type (I). The
following lemma is readily implied by Lemma 2.2.

LEMMA 2.4. Ifgis a solvable Lie algebra which is not of type (1). Then there exists a
character o satisfying

Re(e) #0, Vu(ge) # 0, and [Vu(gc). Val(ge)l =0.

3. Proof of Theorem 1.1. In this section we provide a proof of Theorem 1.1. The
following easy-proof lemma will be useful in the sequel:

LEMMA 3.1. Let g be a nilpotent Lie algebra and let 0 be a closed 1-form on g. Then
a 1-form n solves dn — n A 0 = 0 if and only if it is multiple of 6.

PROOF. Consider the differential operator d +6 A acting on /\ g*. Then it is known that
the cohomology of /A g* with respect to (d + OA) is trivial (see [12]). Hence if € /\1 g*
solvesdn —n A6 = 0, then n is (d + O A)-exact and so 1 € spang (0), as required. O

Now we are ready to prove Theorem 1.1.
Proof of Theorem 1.1. Firstly we have
he = Vo, (he) @ -+ © Ve, (be)
where a1, ..., a, are some characters of s. Therefore gc splits as
gc =8¢ @ Vo, (ho) & -+ @ Vo, (ho) -

Then we get
[51 Vai(hC)] C Vai (b(C)
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and
JVai (b(C) C Vai(hC)

since Jjp 0 @ (X) = ¢(X) o Jjp for any X € s. In view of Lemma 2.4, we may assume that o
satisfies

Re(e1) #0, Vi, (be) # 0, and [Vy, (he), Va, (he)] =0

and we can write

Nest=/\(teVibo e eV (o) .
Then we have

d(sf) =86 NS,
and by [s, Vi, (ho)] C Vi, (he) and [V, (he), Va, (he)] = 0, we obtain
dVihe) CstAVE)® @ Vi (he) A Vi (he) .
(ag,ap)#(ar.@)
Moreover
d(sE AV (he) CSEASEAVEDD) ® @D st A Vi (o) A Ve (he)
(k) #(ar.a1)
and
d(Vy, (he) A Vg (o)) C sg A Vg (be) A Ve (be) + b A be Abg

By these relations, we deduce:

(x1) the 3-forms which belongs to the space s¢; A V,;‘l (ho) A Voifl (hc) cannot appear in the

spaces d(spAsE), d(sEA Vg (he)) and d(Vy, (he) A V;j (he)), excepting d(Vy, (he)A
vz (he).

Consider the operator d© = J ~14J. Then, assuming Js C s, we have
dd®(s3 A V(o))

CsEAsEAsEAVE (he) @ seASEA Ve (he) AV (he) @ sEADEADEARE
(CTRDEICTRID)

and
dd“(Vy.(he) A Vo’fj (be))
C 55 ASEA V(D) A Ve (Be) @ 8% A BE A bE A bE @ bE AL ADE AL
By these relations, we have:

(x2) if Js C s, then 4-formsin 57 AST A Voj‘] (ho)A Va*1 (hc) do not appear in dd*(s¢ As¢),
dd (s A Vg (he)) and dd (Vg (he) A V,;‘j (he)), excepting dd“(Vy, (he) A Va*l (he)) .
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We are going to prove the non-existence of taming symplectic (resp. SKT) structures by
showing that for any d-closed (resp. dd-closed) 2-form £2 there exists a non-zero X € g
such that £2 (X, JX) = 0. We treat the cases Im(«1) # 0 and Im(«1) = 0O, separately.

Case 1 : Im(a;) # 0. In this case, we have ngl (ho) # Vgl (hc). The condition
J (VofI (he)) C ngl (hc) together the assumption ¢ o J = J o ¢ implies the existence of a basis

{e1,...,ep} of Voj‘l (he) triangularizing the action of s on V;‘I (hc) and diagonalizing J. The
dual basis {e!, ..., e?} satisfies
de' =8ne mod st A e, .. ey @bE ADE

for a closed 1-form 8 € s*. Each ¢ could be either a (1, 0)-form or a (0, 1)-form; therefore
J/—Te! A isareal (1, 1)-form. Since

die Ne) =B +8) ne nEd

mod s A (e, e T A @) FsE Aty A @, @ b ADE AL

condition (*1), then implies that every closed 2-form has no component along ¢” Ae”. There-
fore J cannot be tamed by any symplectic form.

Suppose now that J preserves s and s is nilpotent. Then we get
dd“(e' Nel) = (dJE+8) —JE+H A +3) Ae ne

1 1 1

sy Fsiasiatel, ey a @, e
+50 ADE ABE ADBE + DG ADE ABE ABE.
By Re(a;) # 0, we have § + 8 # 0 and d(8 + §) = 0. Hence Lemma 3.1 ensures
dJS+8)—J@E+8)AGB+8) #0.

By (x7), it follows that every dd“-closed (1, 1)-form has no component along e” A'e” and that
consequently J doesn’t admit any compatible SKT metric.

Case 2 : Im(x;) = 0. In this case, we have V;‘I (ho) = VE*1 (hc). Since «g is real-
valued, we have V;;, (hc) = V;,(h) ® C. By using JVy (h) C Vy (h) andpoJ = J o,

mod si A S A (e L dThae

we can construct a bais {eg, ..., ez} such that the action of s on Vo’fl (b) is trigonalized and
Je** 1 = ¢ forevery k = 1, ..., p. For the dual basis {e!, ..., ¢?7}, we have
de' =8ne mod st ael, .. ey @bE ADE

for a closed real 1-form § € s*. Thus

d(e'ne))=28ne' e/ mod S6 A (e, ...,ei_l)/\(ej)+5(’[‘:A(ei)A(e1, A ej_l)—i-bTCAh(’{:/\bTC.

By the condition Re(x;) # 0, we obtain § # 0 and every closed 2-form 2 cannot have
component along ¢>?~! A ¢2P. Using (1), we obtain

2 e2po1, J(e2p-1)) = 2" (e2p—1, €2p) =0

and J cannot be tamed by any symplectic form, as required.
Suppose now that J preserves s and s is nilpotent. Then we get
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dd(e Nel) =2(dIS =208 AS) Aé A el

mod shAasiA(e!, e ALl ey Fshasiatel, e ate!, L el

+5¢ ADE ADE ADE + B ABE ADE ADE.
By Re(ag) # 0, we have § # 0 and dé = 0. Hence by Lemma 3.1, we have dJ§ — 2J8§ A

8 # 0 and from (%) it follows that every dd“-closed (1, 1)-form has no component along
e?P~1 A €27 Therefore J doesn’t admit any compatible SKT metric and the claim follows. O

As a consequence we get the following

COROLLARY 3.2. Let G/I'" be a complex parallelizable solvmanifold (i.e., G is a
complex Lie group). Suppose that G is non-nilpotent. Then G/I" does not admit any SKT-
structure.

PROOF. Let n be the nilradical of the Lie algebra g of G. Take a complex 1-dimensional
subspace a C g such that a N n = {0} and consider a subspace ) C g such thatg =a® h and
n C h. Since a is a subalgebra of g and n D [g, g], b is an ideal of g and we have g = a x b.
By ann = {0}, the action of a on f is non-nilpotent and so the action is not of type (I). Hence
the corollary follows from Theorem 1.1. O

4. Examples. In this section we apply Theorem 1.1 to some examples.

EXAMPLE 1. LetG = C x4 C*" where

amXx

Ox + vV —=1y)(wi, wa, ..., Wan—1, wWam) = (€ wi, e M w, .., e wom_1, e way)

for some integers a; # 0. We denote by J the natural complex structure on G. Then G admits
the left-invariant pseudo-Kihler structure

m
w=v=ldz AdZ+ ) (dwy1 Adwy + dWsi 1 Adwy) .
i=1
Moreover G has a co-compact lattice I” such that (G /I, J) satisfies the Hodge symmetry and
decomposition (see [21]). In view of Theorem 1.1, (G/I", J) does not admit neither a taming
symplectic structure nor an SKT structure. Moreover by Theorem 1.4, G/I" does not admit
an invariant complex structure tamed by any symplectic form.

EXAMPLE 2 (Oeljeklaus-Toma manifolds). Theorem 1.1 can be applied to the family

of non-Kihler complex manifolds constructed by Oeljeklaus and Toma in [23]. We brightly
describe the construction of these manifolds:
Let K be a finite extension field of Q with the degree s + 2¢ for positive integers s, . Sup-
pose K admits embeddings o1, ..., 0y, Os+1, . . ., 0g+2; into C such that oy, ..., oy are real
embeddings and o1, ..., 0g42; are complex ones satisfying o54+; = o444, for 1 <i < 1t.
We can choose K admitting such embeddings (see [23]). Denote Ok the ring of algebraic
integers of K, O% the group of units in Ok and

(’)*I;“‘:{ae(’)*K:ai>Of0ralll§iSS}.



SKT AND TAMED SYMPLECTIC STRUCTURES ON SOLVMANIFOLDS 27

Define [ : O) — RS* by

l(a) = (loglo1(a)l, ..., log|os(a)|, 2log|os+1(a)l, ..., 2log |05+ (a)])
fora € O*K+. Then by Dirichlet’s units theorem, [ ((’)}‘f) is a lattice in the vector space
L ={xeR* : Y3t =0} Let p : L — R’ be the projection given by the first s
coordinate functions. Then there exists a subgroup U of (’)}}Jr of rank s such that p(I(U)) is a
lattice in R*. We have the action of U x Ok on H® x C! such that

(a,b)- (x1 +~/=1y1, ..., xs +~=1ys,21,...,2)
= (o1(@)x1 +01(b) + vV —lo(a@)yi, ..., 05(@)xs + o5(b) + v —log(a)ys,
osr1(@)z1 + o511(D), ..., 0514 (a)zs + 0544 (D)) .
In [23] it is proved that the quotient X (K, U) = H* x C'/U x Ok is compact. We call one
of these complex manifolds a Oeljeklaus-Toma manifold of type (s, 7).
Consider the Lie group G = R* x4 (R* x C') with
B, ... 1) = diag(e, ..., e, e TVTIO btV "Ta

where ¥ = %Zle bixt; and ¢ = Y :_, cixt; for some bjr, cix € R. Let g be the Lie
algebraof G. Then /\ g* is generated by basis {&1, ..., &, B1, .-+ Bss V1 V20 - V2—1, Y2t}
satisfying

da; =0, dﬁz—aiAIB,’,

dysic1 = Vi AVaict + @i Avais dyvai = —@; Ayvaic1 + ¥ A vai s

where V; = %Zle bira; and @; = > i_, cikei. Consider w; = o; ++/—1p; for1 <i <
s and wyy; = yi_1 + /=1y as (1,0)-forms. Then wy, ..., wyy, gives a left-invariant
complex structure J on G. In [20], it is proved that any Oeljeklaus-Toma manifold of type
(s, t) can be regarded as a complex solvmanifold (G/I", J).

Consider the 2-dimensional Lie algebra v, = spang (A, B) such that [A, B] = B and the
complex structure Ji, on tp defined by the relation JA = B. Then the Lie algebra g of G
splits as g = (v2)* x C" and J = Jir,)s @ Jor. Hence the first part of Theorem 1.1 implies
that G/I" does not admit Hermitian-symplectic structures.

On the other hand, (r2)* is not nilpotent and we cannot apply the second part of Theorem
1.1 about the existence of SKT structures. Actually, in the case s =t = 1, the corresponding
Oeljeklaus-Toma manifold M is a 4-dimensional solvmanifold and by the unimodularity any
invariant 3-form is closed forcing M to be SKT. For s # 1 things work differently:

PROPOSITION 4.1. Lets > 2. Then every Oeljeklaus-Toma manifold of type (s, 1)
does not admit a SKT structure.

PROOF. Incaser =1, wehave G =R’ x4 (R® x C) where
D1, ... 1) = diag(el, ..., els, e~ 2(HFt)+V=Tory
Then /\ g* is generated by a basis {«1, ..., &, Bi, ..., Bs, 1, y2} satisfying
da; =0, dB = —a; A Bi,
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1 _ N 1
dV1=§9M/1+€01/\V2, dV2=—</)1M/1+59M/2,

where 6 = a1 + - - - + a5 (see [20]). Let us consider the left-invariant (1, 0) coframe
wi =a; ++/—1p;, forl <i <s
wep1 =y + vV =1y
This coframe induces a global left-invariant coframe on the corresponding Oeljeklaus-Toma
manifold M = G/I". We have
dd (W41 AWg41) = (dJO — JO ANO) A wyt] AWt
and
dJg—JONO =—(a1 NP1+ FagAB)—Bi+-+B) A1+ Fa) #0.

It follows that if £2 is a (1, 1)-form satisfying dd$2 = 0, then £2 has no component along
wy41 A Wwg41. This implies that every dd“-closed (1, 1)-form on M is degenerate, as require.
Hence the proposition follows. O

EXAMPLE 3. In [30] it was introduced the following Lie algebra admitting pseudo-
Kahler structures:
Let g = spang(A;, Wi, X;. Y}, Zj, X, Y}, Z))i=1,2,j=1,2,3,4 Where
[A1, A2l = Wy,
(X1, Y1l =Z1, [X3,Y3] =23,
[A1, X1l = 100X1, [A1, X2l =100X2, [A1, X3 = —10X3, [A1, X4] = —10X4,
[A1, V1] = =200Y1, [A1, Y2l = =200Y2, [Ay, Y3] = 2i0Y3, [A1, Ya]l = 200Ys ,
[A1, Z1] = —10Zy, [A1, Z2] = =102, [Ar, Z3]1 = 1023, [A1, Z4]l = 1024,
(X2, V1] =25, [X4,Y3] = Z4,
(X1, Y[1=2Z], [X5 Y3]=2Z5,
[A2, X111 = 10X}, [A2, X5] = 10X, , [A2, X5] = —10X5, [A2, X411 = —10X},
[Az, Yl’] = —2t0Yl’, [As, Yz’] = —2t0Y2’, [Az, Y3’] = 2t0Y3’, [Az, YA{] = ZIOYA{,
[A2, Z\) = —10Z], [A2, Z3] = —10Z), [Az, Z5] = 1025, (A2, Zy] = t0Z),
(X5, Yil= 23, [X3, 3] =7,
and the other brackets vanish. Then the simply connected solvable Lie group G cor-
responding to g has a lattice (see [30]). We can write g = spang(A;, W;)i=12 X
spang(X;,Y;, Z;, X;., Yj/., Z})j:1,2,3,4 and G has the left-invariant complex structure J de-
fined as
JA1=Az, JW) =W,
IJXi=Xa, JY1=Y2, JZ1 =22, JX3=Xa, JY3 =Y, JZ3 = Z4,
IX\=X5, JY{ =Y, JZ\=2Z), JXs =X, JY3=Ys, JZ=1Z}.
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In view of Theorem 1.1, G/I" does not admit any SKT structure compatible with J.

5. Proof of Theorem 1.2. The proof of Theorem 1.2 is mainly based on the following
proposition which is interesting in its own.

PROPOSITION 5.1. Let G be a simply-connected solvable Lie group whose Lie alge-
bra g is not of type (). Let J be a left-invariant complex structure on G satisfying
adcoJ =Joadc
for every C belonging to a nilpotent complement ¢ of the nilradical of g. Then G does not
admit any left-invariant symplectic form taming J.

PROOF. By Section 2.2, we have

gc = Vo(gc) @ Ve, (gc) & - -+ © Vo, (90)
where 0 is the trivial character and «y, ..., o, are some non-trivial characters. Take a sub-
space a C ¢ such that g = a @ n. Then we have
gc =ac ® Vo(nc) @ Vo, (g9c) @ - - & Vo, (90) -
So we obtain
[ac, Vo(nc)] C Vo(no), lac, Vo (9c)] C Vi, (g0)
and
J Ve (9c) C Ve (80)-
By Lemma 2.4, we may assume that o/ satisfies
Re(ar) #0, Vi, (gc) # 0 and [V, (gc). Va, (9c)] = 0.

Consider the natural splitting

Noe=/\ (a8 Vime) ® Vo) @ & Vi (go) -
Then we have
d(@:) =0

and, by taking into account [a, Vo(nc)] C  Vo(ng), [a, Ve (gc)] C Vi (gc) and
[Ve, (90), Va, (go)] = 0, we get
d(Vy(ng)) C ag Aag @ ag A Vy'(ne)

& P Vi@ Vi) o@DV o) AViae),

(o, 00) #(o1, @)
and
d(VOZ_ (gc)) C ag Aag @ ag A V;{_ (gc)
& P Vi AV eV o) A Vi),
(o o) #(ap,ap)

Hence we have
d(ag Aag) =0,
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and
d(ag A Vg (gc)) Cag Aag Aag @ ag Aag A Vy(ge)
® P abAVi@o A Vi) @@ et AV (ge) A Vg (ne)
(g ap)#(a,0)

and

d(Vg, (gc) A Vg, (80)) C ag Aag AV (ge) @ ag A ag A Vg (g0)
@ ai- A Vo (ge) A V;j(gc) @ni AN ANG.
Combining these relations we have:
(¢) 3-forms in af A Voj‘l (gc) A Va*l (gc) do not appear in d(af A af), d(ag A V;,« (g0))
and d (V. (gc) A Vg, (g0)), excepting d(Vy (gc) A Vg, (ac))-
The non-existence of taming symplectic structures will be obtained by showing that for
any d-closed 2-form §2 there exists a non-trivial X € g such that £2(X, JX) = 0. From now

on, we distinguishe the case where Im(«1) # 0 from the case Im(x;) = 0.
Case 1 : Im(ap) # 0. In this case we have Vo’fl (gc) # Vo’fl (gc). Since J(V(;‘] (gc)) C

V4, (8c), there exists a basis {e, ..., ep} such that the action of ¢ onto V(g ® C) is trigo-
nalized and J is diagonalized. The dual basis {el, ..., eP} satisfies
de' =8 ne mod af Afel, ... e ®nE Ank

for a complex closed form é € ag.. Each ¢’ iseithera (1, 0) ora (0, 1)-form and so v/—1¢! AE
is areal (1, 1)-form. Therefore
die ANe)y=0B+8) e nel

mod ai A (el . e T A@) Fai Ay A @, T FnE AnE Ank.
By Re(a1) # 0, we have 8§ + 8 # 0. Hence (o) implies that every closed 2-form £2 has no
component along e” A e”. Hence

2" e, +e,, Je,+e,) =2 (e, +2y, V—1(e, —¢)) =0

and J cannot be tamed by any symplectic form.
Case2: Im(a;) = 0. In this case we have Vy (gc) = Vjy, (9c)- Since ) is real-valued,
we have Vj; (gc) = Vg, (9) ® C. Since JV,;, (9) C V,,(9) and adc o J = J o adc for any

C € c there exists a basis {ey, ..., ez} such that the action of ¢ on Vo’fl (g) is trigonalized and
Je* =1 = o2k for each k. Let {el, .. .,ezl’} be the dual basis. Then
de' =8 nel mod al Afel, ... e ®nE Ank

for a real closed form § € /\ a*. Hence we have

d(e' Ael)=28ne' ne!  mod a(’{:/\(e,l. o ei_l)/\(ej)+a§kcA(ei)A(e,1. .. ,ej_1)+n(’f:An(’{:/\nTC.
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By Re(1) # 0, we have 6 # 0. Hence by (¢), every closed 2-form £2 has no component
along ¢27~! A ¢2P. Hence we have

2 ep-1. Jerp-1) = 2" (e2p-1.€2p) = 0
and J cannot be tamed by any symplectic form, as required. O
Now we are ready to prove Theorem 1.2.

Proof of Theorem 1.2. In view of [15] the existence of a symplectic form taming J
implies the existence of an invariant symplectic form taming J. Hence it is enough to prove
that there are no invariant symplectic forms taming J. By Proposition 5.1, the Lie algebra g
is not of type (I). Given a nilpotent complement ¢ C g, we define the diagonal representation

ads:g=c¢+n>C+ X > (adc)s € D(g) .

Consider the extension Ady : G — Aut(g). Then the Zariski-closure T = A(Ads(G)) in
Aut(g) is a maximal torus of the Zariski-closure A(Ad(G)) (see [19] and [9]). It is known
that there exists a simply-connected nilpotent Lie group Ug, called the nilshadow of G, which
is independent on the choice of T and satisfies T X G = T x Ug. From [9] it follows that if
J is a left-invariant complex structure on G satisfying J o Ad; = Ad; o J, then Ug inherits
a left-invariant complex structure J such that (Ug, J) is bi-holomorphic to (G, J). Now
every lattice of G induces a discrete subgroup I" in T x Ug such that I' = Ug N I is a
lattice of Ug and has finite index in I" (see [3, Chapter V-5]). There follows that (G/ r,J)
is bi-holomorphic to (Ug /T, J). Hence Ug /T is a finite covering of a Hermitian-symplectic
manifold and, consequently, it inherits an invariant symplectic form £2 taming J. By the main
result of [15] it follows that UG/f is a torus. Hence (G /I, J) is a finite quotient of a complex
torus Ug /I" by a finite group of holomorphic automorphisms and by [5], (G/I", J) admits a
Kéhler metric. O

6. Abelian complex structures. In this section we consider abelian complex struc-
tures providing a proof of Theorem 1.3.

Theorem 1.3 is mainly motivated by the research in [2] where it is showed that a Lie
group with a left-invariant abelian complex structure admits a compatible left-invariant Kéhler
structure if and only if it is a direct product of several copies of the real hyperbolic plane by
an Euclidean factor. Moreover, from [2, Lemma 2.1] it follows that a Lie algebra g with an
abelian complex structure J has the following properties:

1. the center £(g) of g is J-invariant;

2. forany X € g,adjx = —adxJ;

3. the commutator gl = [g, g] is abelian or, equivalently, g is 2-step solvable;

4. Jg' is an abelian subalgebra of g;

5. g' N Jg' is contained in the center of the subalgebra g' + Jg'.

Our Theorem 1.3 can be easily deduced in dimensions 4 and 6 by using the classifica-
tion of Lie algebras admitting an abelian complex structure. Indeed, by the classifications in
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dimensions 4 ([27]) and 6 ([1]) we know that if (g, J) is a unimodular Lie algebra with an
abelian complex structure, then the existence of a symplectic form taming J implies that g
is abelian. In dimension 4 this fact follows from [14]. In dimension 6 we use that the only
unimodular (non-nilpotent) Lie algebra admitting an abelian complex structure is holomor-
phically isomorphic to (s(—1,0y, J), where 5(_1 ) is the solvable Lie algebra with Lie brackets

[fi,etl =[fa.e2l =e1, [fi,e2l=—[f2,e1l=e2,
[fi.esl =[fr,ea]l = —e3, [fi.e4]l = —[f2.e3] = —e4

and the abelian complex structure J is given by
Jfi=fa, Jer=ep, Jez =ey4.

This Lie algebra has nilradical n = spang(e1, e2, €3, e4) and ad. o J = J o ad,, for every
¢ € ¢ = (f1, f2). Since ¢ is an abelian complement of n, Theorem 5.1 implies that (s(1,0), J)
does not admit any symplectic form taming J.

Theorem 1.3 follows from the following

PROPOSITION 6.1. Let (g, J) be a unimodular Lie algebra with an abelian complex
structure. Assume that there exists a symplectic form 2 on g taming J. Then g is abelian.

PROOF. Since the pair (J, £2) induces a Hermitian symplectic structure on every J-
invariant subalgebra of g and g' and Jg' are both abelian Lie subalgebras of g, it is quite
natural to work with g' 4+ g'. We have the following two cases which we will treat separately:

CaseA :g' +Jg' =g

CaseB : g' + Jg' # g.

In the Case A we necessary have g' NJg!' = {0}, since otherwise by using that g' NJg'
&(g), it should exist a non-zero X € J&(g) N gl, but this contradicts Lemma 3.1 in [15].
Therefore

g=g'®Jg',
or equivalently g is an abelian double product. As a consequence of Corollary 3.3 in [2] the
Lie bracket in g induces a structure of commutative and associative algebra on g' given by
X -Y=[JXY].

Let A := (g!, -). Then A%> = Aand (g, J) is holomorphically isomorphic to aff(4) = A® A
with the standard complex structure
J(X,Y) =, —X).
Note that in general the Lie bracket on the affine Lie algebra aff(A) associated to a commuta-
tive associative algebra (A, -) is given by
[()C, )’)» ()C/, y/)] = (Os X - y/ - x/ . y) s

for every (x, y), (x/, ') € aff(A). Moreover, aff(A) is nilpotent if and only if A is nilpotent
as associative algebra. We are going to show now that when aff(A) is unimodular and it is
endowed with a symplectic form taming J, then the Lie algebra aff(.A) is forced to be abelian.
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Since we know that this is true in dimension 4 and 6 we can prove the assertion by induction
on the dimension of A. We may assume that .4 is not a direct sum of proper non-trivial ideals,
since otherwise if 4 = A ®- - - DAy, then aff(A) = aff(A;) ®- - - Daff(Ay) and by induction
we obtain that any aff(.Ay) is abelian. Since A is a commutative associative algebra over R,
by applying Lemma 3.1 in [6], we get that A4 is either

(1) nilpotent, or

(ii) equal to B=B@®R(l)fora nilpotent commutative associative algebra B, where by

1 we denote the unit of A or
(iii) equal to C & R, where R is the radical of .A.

Since aff(C) is not unimodular then we can exclude the case (iii). Moreover, in the case (ii)
aff(A) cannot be unimodular, since

[(1,0), (", y)] = (0, ¥,

for every (x, y') € aff(A). In particular, [(1, 0), (0, 1)] = (0, 1) and then trace (ad(1,0)) # O.
We conclude then that the Lie algebra aff(.4) has to be nilpotent and by [15] aff(.A) has to be
abelian, since it is Hermitian-symplectic.

Let us consider now the Case B in which g' +Jg' is a proper ideal of g. By induction on
the dimension we may assume that g' + Jg! is abelian. Fix an arbitrary J-invariant comple-
ment h of g' + Jg'. We show that [h, g' + Jg'] = 0 proving in this way that g is nilpotent.
Fix X € b and consider the following two bilinear forms on g! + Jg'

Bx(Y,Z):=2(X,Y1,Z), BY(Y,Z):=2(JX,Y],Z).

Since 2 is closed and g! + Jg' is abelian, the two bilinear forms By and BY; are both
symmetric. On the other hand the abelian condition on J ensures that

By(Y,Z)=—-Bx(JY,Z),
forevery Y, Z € g' 4+ Jg'. Thus

Bx(JY,JZ) X, JY],JZ)=—-R2(JX,Y],JZ)

= —BL(Y,JZ)=—-B,(JZ,Y)=-Q(JX,JZ],Y)
= —Q(X,Z1,Y)=—Bx(,2),

forevery Y, Z € g' + Jg! or, equivalently,
QUX,JY),JZ)=—-Q(X,Y],Z), VY.Z eg'+Jg".
In particular
QUX,JY,JIX, JYD) = (X, Y], [JX.Y]), VY. Zeg +Jg".

We finally show that ([ X, Y], [/ X, Y]) = 0 obtaining in this way [X, JY] = 0.
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Indeed,
QUX,YLIJX, YD) = KQ0X,[JX,Y]],Y)
= QY. [X,JX],Y)— /X, [Y,X].Y)
= —20X.YLIUX, YD,

which implies 2 ([X, Y], [/ X, Y]) = 0, as required. Therefore [b, gl + ng] = 0 and g is
nilpotent. Finally Theorem 1.3 in [15] implies that g is abelian, as required. O

7. Almost-abelian solvmanifolds. By [24] a 4-dimensional unimodular Hermitian
symplectic Lie algebra g is Kihler and it is isomorphic to the almost abelian Lie algebra r 75
with structure equations

ler, e2] = —e3, [er,e3] =e2.
Note that indeed a 4-dimensional unimodular (non abelian) Lie algebra g is symplectic if and
only if it is isomorphic either to the 3-step 4-dimensional nilpotent Lie algebra or to a direct
product of R with a 3-dimensional unimodular solvable Lie algebra.

The proof of Theorem 1.4 is implied by the two subsequent propositions. The first one
implies the statement of Theorem 1.4 when g is not of type (I).

PROPOSITION 7.1. Let J be a complex structure on a unimodular almost abelian
(non-abelian) Lie algebra g. If g is not of type (1), then g does not admit a symplectic structure
taming J.

PROOF. Let n be the nilradical of g. Since g is almost abelian we have that n has
codimension 1 and n is abelian. Let £2 be a symplectic form taming J and ¢ the associated
J-Hermitian metric. We recall that this metric is defined as the Hermitian metric induced by
(1, 1)-component 21! of £2. With respect to the Hermitian metric g we have the orthogonal
decomposition

g=n @ spanp (X) .

Since J X is orthogonal to X, J X belongs to g' and thus J X € n. By the unimodularity of g,
we get that [ X, J X] belongs to the orthogonal complement of spang (X, JX) with respect to
g, i.e., to the J-invariant abelian Lie subalgebra

h = spang (X, JX)L.
Since n is abelian, by using the integrability of J we obtain
adx(JY) = Jadx(Y),
for every Y € . We can show that b is adx-invariant. Indeed, we know that
g([X,Y],X) =0, forevery Y € b,
or equivalently

(7.1) QUIX, Y], X) = (X, Y], JX), forevery Y €h.
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Using J(adx(Y)) = adx(JY) we have
QUIX,YLJX)=R2(X,JY],JX).
By (7.1) it follows that
QUX,JYLIJX)=R2UIX,JY],X)=—-2(X,Y], X),
ie., g([X,Y], JX) =0, forevery Y € h. By Section 2.2, we have the decomposition
be = Vo(he) & Ve, (ho) @ -+ & Vo, (o)
where 0 is the trivial character and «y, . . ., o, are some non-trivial characters. Therefore

gc = (X, JX) @ Vu, (be) ® - - @ Vg, (o)

with
[X, Vo, (ho)] C Vi (he), [T X, Vi (ho)] =0
and
JVe; (he) C Ve, (o) -
Thus

J\ gt = Ax, Jx) ® AV (ng) @ V' (g0) @ -+ @ Vi (80)) -
where x denotes the dual of X. Since g is not of type (I), then there exists & € V,, such that

JE=i& dE=aENXx+BiNX,

with Re(a;) # 0 and B; € Vi, (hc) such that B; A& = 0. Therefore x A& A & can appear only
in d(£ A &), but this implies then that £2(Z, JZ) = 0, where Z — i J Z is the dual of £. O

REMARK 7.2. Theorem 1.4 can be generalized to (I)-type Lie algebras by introduc-
ing some extra assumptions on J. Indeed, if (£2, J) is a Hermitian-symplectic structure on a
unimodular almost-abelian Lie algebra g of type I, then we still have the orthogonal decom-
position with respect to the metric g induced by £2'-!

(7.2) g = spang(X, JX) @ b,

with [X, JX] € b, b abelian and adx (h) € b. So in particular, g! € handdx =0 = d(Jx).
Therefore if for instance we require that [ X, J X] = 0, then ¢ = (X) is an abelian complement
of n and J is c-invariant. So if the associated simply-connected Lie group G has a lattice, we
can apply Theorem 1.2 obtaining that (G /I, J) is Kihler.

Using Proposition 7.1 and the previous remark we can prove the following

THEOREM 7.3. Let G/I' be a 6-dimensional solvmanifold endowed with a left-
invariant complex structure J. If G is almost abelian and G /I" admits a symplectic structure
taming J, then G/I" admits a Kdhler structure.
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PROOF. If G is not of type (I), then the result follows by Proposition 7.1. Suppose
that G is of type (I). By previous remark we have the orthogonal decomposition (7.2) with
[X, JX] € b, h abelian and adx (h) < b.

If [X, J X] = 0, the result follows applying Theorem 1.2. Suppose that Y = [X, J X] #
0. Since Y € b, we have that X, JX, Y, JY are linearly independent and they generate a
4-dimensional subspace of g.

If[X, Y] € spang (Y, JY), then £ = spanp (X, /X, Y, JY) is a 4-dimensional Lie subal-
gebra of g. Since € is J-invariant, then £ admits a Hermitian-symplectic structure. The result
follows from the fact the £ is unimodular and then it has to be isomorphic to ‘1,"1,'3/10, but if
[X, J X] # O this is not possible.

If [X, Y] does not belong to spang (Y, JY), then

(X, JX,Y=[X,JX],JY, Z=[X,Y],JZ}

is a basis of g. Note that JZ = [X,JY]. Let {x, Jx,y, Jy, z, Jz} be the dual basis of
{X,JX,YJY, Z, JZ}. We have that g has structure equations

dx =0,

d(Jx) =0,
dy=—-xNJx,

d(Jy)=x A (az+bJ2),
dz=—xANYy,
dJz)=—xNJy,

with a, b € R. Then, by a direct computation one has that
dzNJz)=—xAYANJZH+2ZAXAJTY

and that the term z A x A Jy can appear only in d(z A Jz). Therefore, we must have
2(Z,J72)=0. |
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