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BIHARMONIC INTEGRAL C-PARALLEL SUBMANIFOLDS
IN 7-DIMENSIONAL SASAKIAN SPACE FORMS
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Abstract. We find the characterization of maximum dimensional proper-biharmonic
integral C-parallel submanifolds of a Sasakian space form and then we classify such subman-
ifolds in a 7-dimensional Sasakian space form. Working in the sphere s7 we explicitly find
all 3-dimensional proper-biharmonic integral C-parallel submanifolds. We also determine the
proper-biharmonic parallel Lagrangian submanifolds of C P3.

1. Introduction. As suggested in 1964 by Eells and Sampson in their famous paper
[17], the biharmonic maps  : (M, g) — (N, h) between Riemannian manifolds are a nat-
ural generalization of harmonic maps. The harmonic maps are critical points of the energy
functional

1
EW) = EfM""”'Z vg

while the biharmonic maps are critical points of the bienergy functional

1 2
Ex(y) = Ean(w v,

where () = trace Vd is the tension field that vanishes for harmonic maps. The Euler-
Lagrange equation for the bienergy functional was derived by Jiang in 1986 (see [25]):

n(Y) =—At () — trace RV (dy, T(¥))dy
=0

where 72(v) is the bitension field of . Since any harmonic map is biharmonic, we are
interested in non-harmonic biharmonic maps, which are called proper-biharmonic.

An important case of biharmonic maps is represented by the biharmonic Riemannian
immersions, or biharmonic submanifolds, i.e., submanifolds for which the inclusion map is
biharmonic. In Euclidean spaces the biharmonic submanifolds are the same as those defined
by Chen in [13], as they are characterized by the equation AH = 0, where H is the mean
curvature vector field and A is the rough Laplacian.
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Pursuing the founding of proper-biharmonic submanifolds in Riemannian manifolds the
attention was first focused on space forms, and classification results in this context were ob-
tained, for example, in [8, 11, 13, 16]. More recently such results were also found in spaces
of non-constant sectional curvature (see, for example, [12, 23, 28, 29, 33]).

A different and active research direction is the study of proper-biharmonic submanifolds
in pseudo-Riemannian manifolds (see, for example, [2, 3, 14]).

During the efforts of studying the biharmonic submanifolds in space forms, the Eu-
clidean spheres proved to be a very giving environment for obtaining examples and classi-
fication results (see [7] for detailed proofs). Then, the fact that odd-dimensional spheres can
be thought as a class of Sasakian space forms (which do not have constant sectional curvature,
in general) led to the idea that the next step would be the study of biharmonic submanifolds
in Sasakian space forms. Following this direction, the proper-biharmonic Legendre curves
and Hopf cylinders in a 3-dimensional Sasakian space form were classified in [24], whilst in
[19] their parametric equations were found. In [20] all proper-biharmonic Legendre curves
in any dimensional Sasakian space forms were classified, and it was provided a method to
obtain proper-biharmonic anti-invariant submanifolds from proper-biharmonic integral sub-
manifolds. Also, classification results for proper-biharmonic hypersurfaces were obtained in
[21].

The goals of our paper are to characterize the maximum dimensional proper-biharmonic
integral, and integral C-parallel, submanifolds in a Sasakian space form, and then to use these
results in order to obtain the 3-dimensional proper-biharmonic integral C-parallel submani-
folds of a 7-dimensional Sasakian space form. The paper is organized as follows. In Section
2 we briefly recall some general facts on Sasakian space forms with a special emphasis on
the notion of integral C-parallel submanifolds, and also present some old and new results
concerning the proper-biharmonic submanifolds in odd-dimensional spheres. Section 3 is de-
voted to the study of the biharmonicity of maximum dimensional integral submanifolds in
a Sasakian space form. We obtain the necessary and sufficient conditions for such a sub-
manifold to be biharmonic, prove some non-existence results and find the characterization
of proper-biharmonic integral C-parallel submanifolds of maximum dimension. In Section
4 we classify all 3-dimensional proper-biharmonic integral C-parallel submanifolds in a 7-
dimensional Sasakian space form, whilst in Section 5 we find these submanifolds in the 7-
sphere endowed with its canonical and deformed Sasakian structures introduced by Tanno in
[30]. In the last section we classify the proper-biharmonic parallel Lagrangian submanifolds
of CP3 by determining their horizontal lifts, with respect to the Hopf fibration, in §7(1).

For a general account of biharmonic maps see [26] and The Bibliography of Biharmonic
Maps (http://people.unica.it/ biharmonic/).

CONVENTIONS. We work in the C*° category, that means manifolds, metrics, connec-
tions and maps are smooth. The Lie algebra of vector fields on M is denoted by C*°(T M).
The manifold M is always assumed to be connected.
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2. Preliminaries.

2.1. Integral C-parallel submanifolds of a Sasakian manifold. A contact metric
structure on an odd-dimensional manifold N2"*+! is given by (¢, &, n, g), where ¢ is a tensor
field of type (1, 1) on N, & is a vector field, 5 is a 1-form and ¢ is a Riemannian metric such
that

PP=—T+n®&, nE) =1
and

geU, V) =gU, V)—nWU)n(V), gU,eV)=dnU,V) forall U,V € C*(TN).
A contact metric structure (¢, &, n, g) is called normal if
Ny +2dn®& =0,
where
Ny(U,V) =[oU, V] —oleU, V] —¢lU, V] + ¢2[U, V] forall U,V € C*(TN),

is the Nijenhuis tensor field of ¢.

A contact metric manifold (N, ¢, &, n, g) is regular if for any point p € N there exists a
cubic neighborhood such that any integral curve of £ passes through it at most once; and it is
strictly regular if all integral curves of & are homeomorphic to each other.

A contact metric manifold (N, ¢, &, n, ¢) is a Sasakian manifold if it is normal or, equiv-
alently, if

(V@) (V) = g(U, V)E —n(V)U forall U,V e C®(TN),

where V¥ is the Levi-Civita connection on (N, g). We shall often use in our paper the formula
VLA,’ & = —pU, which holds on a Sasakian manifold.

Let (N, ¢, &, n, g) be a Sasakian manifold. The sectional curvature of a 2-plane gen-
erated by U and U, where U is a unit vector orthogonal to &, is called gp-sectional curva-
ture determined by U. A Sasakian manifold with constant ¢-sectional curvature c is called a
Sasakian space form and is denoted by N(c). The curvature tensor field of a Sasakian space
form N(c) is given by

RY(U. VYW = ((c +3)/H{g(W. VIU — g(W, U)V} + ((c = D/H{n(W)nU)V
—n(W)n(V)U + g(W, U)n(V)§ — g(W, VIn(U)§
+9(W, oV)pU — g(W,oU)pV +29(U, oV)pW}.
The classification of the complete, simply connected Sasakian space forms N(c) was given
in [30]. Thus, if ¢ = 1 then N(1) is isometric to the unit sphere 8§27+ endowed with its

canonical Sasakian structure, and if ¢ + 3 > 0 then N (c) is isometric to $2**! endowed with
the deformed Sasakian structure introduced by Tanno in [30], which we present below.
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Let $"*! = {z € C"*'; |z| = 1} be the unit (2n 4 1)-dimensional Euclidean sphere.
Consider the following structure tensor fields on §2H g0(z) = —Jz for each z € S21,
where 7 is the usual complex structure on C"*! defined by

1 1.1 1
Tz = (—=y, ..., =yt Xt o anth

forz = (x', ..., x"t1, y! ...yt and gy = 507, where s : T.C" ! — T.82"*! denotes
the orthogonal projection. Equipped with these tensors and the standard metric g, the sphere
§2*1 becomes a Sasakian space form with @g-sectional curvature equal to 1, denoted by
52n+1 (l)

Now, consider the deformed Sasakian structure on g2+l

1
n=ano, €=;§0, =9y, g=ag+ala—1)n ®no,

where a is a positive constant. The structure (¢, &, n, ¢) is still a Sasakian structure and
(S ¢, £, 1, g) is a Sasakian space form with constant ¢-sectional curvature c = 4/a—3 >
—3, denoted by $>"*!(¢) (see also [10]).

A submanifold M™ of a Sasakian manifold (N Zn+1 @, &, 1n, g) is called an integral sub-
manifold if n(X) = 0 for any vector field X tangent to M. We have ¢(TM) C NM and
m < n, where T M and N M are the tangent bundle and the normal bundle of M, respectively.
Moreover, for m = n, one gets p(NM) = T M. If we denote by B the second fundamental
form of M then, by a straightforward computation, one obtains the relation

9(pZ, B(X,Y)) = g(¢Y, B(X, 2))

for any vector fields X, Y and Z tangent to M (see also [6]). We also note that A¢ = 0, where
A is the shape operator of M (see [10]).

A submanifold M of N is said to be anti-invariant if £ is tangent to M and ¢ maps the
tangent bundle to M into its normal bundle.

Next, we shall recall the notion of an integral C-parallel submanifold of a Sasakian man-
ifold (see, for example, [6]). Let M™ be an integral submanifold of a Sasakian manifold
(N?'*H! @, £, 7, g). Then M is said to be integral C-parallel if V' B is parallel to the charac-
teristic vector field &, where V- B is given by

(V1B)(X,Y,Z) =VyB(Y,Z) — B(VxY, Z) — B(Y,VxZ)

for any vector fields X, Y, Z tangent to M, V6l and v being the normal connection and the
Levi-Civita connection on M, respectively. Thus, M™ is an integral C-parallel submani-
fold if (VJ-B)(X, Y,Z) = S(X, Y, Z)§ for any vector fields X, Y, Z tangent to M, where
S(X,Y,Z) = g(pX, B(Y, Z)) is a totally symmetric tensor field of type (0, 3) on M. It is
not difficult to check that, when m = n, V-B = 0 if and only if B = 0, i.e., M" is totally
geodesic.

Now, let M™ be an integral submanifold of a Sasakian manifold N 2"“, and denote by
H its mean curvature vector field. We say that H is C-parallel if VLiH is parallel to &, i.e.,
V)%H = 0(X)&, where 6 is a 1-form on M. As we shall see, 6(X) = g(H, ¢ X) for any vector
field X tangent to M.
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In general, a Riemannian submanifold M of N is called parallel if VLB = 0, and we
say that H is parallel if V-H = 0.

The following two results shall be used later in this paper and, for the sake of complete-
ness, we also provide their proofs.

PROPOSITION 2.1. If the mean curvature vector field H of an integral submanifold
M" of a Sasakian manifold (N2+L ©, &, 1, g) is parallel then M" is minimal.

PROOF. Let X, Y be two vector fields tangent to M. Since
9(B(X.Y).§) = g(V{Y.§) = —g(Y, V¥ §) = g(¥, ¢X) =0
we have B(X, Y) € ¢(T M) and, in particular, H € (T M). Then
9(VxH.§) = g(V{ H.§) = —g(H,V{§) = g(H.¢X).

Thus, if V- H = 0 it follows that g(H, ¢ X) = 0 for any vector field X tangent to M, and this
means H = 0, since M has maximal dimension. O

PROPOSITION 2.2. Let (N2"+1, 0, &, 1, 9) be a Sasakian manifold and M"™ be an in-
tegral C-parallel submanifold with mean curvature vector field H. The following hold:

(D V)J(-H = g(H, 9 X)&, for any vector field X tangent to M, i.e., H is C-parallel,;

(2) the mean curvature |H | is constant;

(3) ifm =n,then A*H = H.

PROOF. In order to prove (1), we consider {X;}/”, to be a local geodesic frame at
p € M. Then we have at p

(VEB)(Xi. Xj, Xj) = V. B(Xj, Xj) = g(B(X;, X}), 0 X)E
and, by summing for j = 1, ..., m, we obtain V)%[_H = g(H, ¢ X;)&. Then, for (2), we have
X(|H») =29(H, V¥ H) = 29(H, 9X)g(H, &) = 0

for any vector field X tangent to M, i.e., |H| is constant.

For the last item, we assume that m = n. As Vf}’ & = —@X, from the Weingarten
equation, we get A = 0, where Ag is the shape operator of M corresponding to &, and
Vyé = V&= —pX. Thus

n n
AYH ==Y "V, Vi H == Vi (9(H, X))

i=1 i=1

== Xi(g(H,X)§ = ) _(g(H,pX))V},§

i=1 i=1

== Xi(g(H, X)) + Y (9(H,9X)pXi

i=1 i=1

=—Y Xi(g(H,pX;)é + H .
i=1
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But, since Vﬁ}’[_ pX; = (pV)I}’t_ X; + &, it results

Xi(g9(H. X)) =g(V{ H.0X;) + g(H. ¢V} Xi + &)
=g(—ApX; + V;t. H,¢Xi)+ g(H, 9 B(Xi, Xi))
=0.
We have just proved that ALH = H. |
2.2. Biharmonic submanifolds in $2**!(1). We shall first recall the notion of Frenet
curve of osculating order r as it is presented, for example, in [27]. Let (M™, ¢g) be a Riemann-
ian manifold and y : I — M a curve parametrized by arc length, that is |y’| = 1. Then y

is called a Frenet curve of osculating order r, 1 < r < m, if for all s € [ its higher order
derivatives

Y'©) = VpyNs) . (V) s (VYD)
are linearly independent but
V') = Vo), Yy, s (Ve (VL))

are linearly dependent in T, M. Then there exist unique orthonormal vector fields
E1, Ey, ..., E, along y such that

V7E| =«1Ey, V5rEy=—kiEi+2E3, ..., V5E.=—k_1E_1,
where E; =y’ =T and«y, ..., k,—] are positive functions on I.

REMARK 2.3. A geodesic is a Frenet curve of osculating order 1; a circle is a Frenet
curve of osculating order 2 with k| constant; a helix of order r, r > 3, is a Frenet curve of
osculating order r with «1, ..., k,—1 constants; a helix of order 3 is simply called a helix.

In [24] Inoguchi proved that there are no proper-biharmonic Legendre curves in $3(1)
whilst in [20] we found the parametric equations of all proper-biharmonic Legendre curves in
$2"*1(1), n > 2. These curves are given by the following theorem.

THEOREM 2.4 ([20]). Lety : I — (8" 9o, &, 10, 90), n = 2, be a proper-
biharmonic Legendre curve parametrized by arc length. Then the parametric equation of
y in the Euclidean space (R¥12 (,)) is either

y(s) = % cos(«/zs)m + % sin(«/zs)eg + %63 ,

where {e;, Je; }i j=1 are constant unit vectors orthogonal to one another, or

1 1 1 1
(s) = —=cos(As)e; + —= sin(As)er + — cos(Bs)e3z + — sin(Bs)es ,
Y V2 V2 V2 V2

A=14+k1, B=+vy1—k1, k1 €(@O1)

and {ei}?zl are constant unit vectors orthogonal to one another, satisfying

(e1, Te3) = (e1, Jea) = (e2, Te3) = (e2, TJea) =0, Aler, Jez)+ Bles, Jeq) =0.

where
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REMARK 2.5. We note that if y is a proper-biharmonic Legendre circle, then E, L
oT and n > 3. If y is a proper-biharmonic Legendre helix, then go(E2, ¢T) = —Al{e1, Je2)
and we have two cases: either E» L ¢T and then {e;, Je j}?’ =1 is an orthonormal system
in R”"*2, son > 3, or go(E2, 9T) # 0 and, in this case, go(E2, ¢T) € (—1,1) \ {0}.
We also observe that ¢ T cannot be parallel to E>. When go(E2, ¢T) # 0 and n > 3 the
first four vectors (for example) in the canonical basis of the Euclidean space R>"*? satisfy
the conditions of Theorem 2.4, whilst for n = 2 we can obtain four vectors {eq, e2, e3, e4}
satisfying these conditions in the following way. We consider constant unit vectors ej, e3
and f in RS such that {e1,e3, f. Te1, Te3z, J f} is a J-basis. Then, by a straightforward
computation, it follows that the vectors e, and e4 have to be given by

B
e2=:FXJel+a1f+Ol2~7f, es=+Jes,

where o1 and oy are constants such that a% + a% = 1 — B%?/A? = 2«1/A?. As a concrete
example, we can start with the following vectors in R®:

e1=(1,0,0,0,0,0), e3=(0,0,1,0,0,0), f=1(0,1,0,0,0,0)
and obtain 3
62=<07a1705_25a250>7 642(0,0,0,0,0, 1)5

where a% —l—a% =1— B%/A%

The classification of all proper-biharmonic Legendre curves in a Sasakian space form
N?"*1(¢) was given in [20]. This classification is invariant under an isometry ¥ of N which
preserves £ (or, equivalently, ¥ is ¢-holomorphic).

In order to find higher dimensional proper-biharmonic submanifolds in a Sasakian space
form we gave the following theorem.

THEOREM 2.6 ([20]). Letr (N2t1 0, &, 1, 9) be a strictly regular Sasakian space
form with constant ¢-sectional curvature ¢ and leti: M — N be an m-dimensional integral
submanifold of N, 1 < m < n. Consider the cylinder

F:M=1xM-— N, F(t,p) =¢:(p) = ¢p(1),

where I = S' or I = R and {¢:}se1 is the flow of the vector field €. Then F : (M,§ =
dt* +i*g) — N is an anti-invariant Riemannian immersion, and is proper-biharmonic if and
only if M is a proper-biharmonic submanifold of N.

Working with anti-invariant submanifolds rather than with cylinders, we can state the
following (known) result.

PROPOSITION 2.7. Let M+ be an anti-invariant submanifold of the strictly regular
Sasakian space form N 2"H(c), 1 < m < n, invariant under the flow-action of the char-
acteristic vector field &. Then M is locally isometric to 1 x M™, where M™ is an integral
submanifold of N. Moreover, we have

(1) M is proper-biharmonic if and only if M is proper-biharmonic in N
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(2) ifm = n, then M is parallel if and only if M is C-parallel,
(3) if m = n, then the mean curvature vector field of M is parallel if and only if the
mean curvature vector field of M is C-parallel.

PROOF. The restriction & N of the characteristic vector field & to M is a Killing vector

field tangent to M. Since M is anti-invariant, the horizontal distribution defined on M is
integrable. Let p € M be an arbitrary point and M a small enough integral submanifold
of the horizontal distribution on M such that peM.ThenF : I xM — F( x M) C
M, F(1, p) = ¢:(p), is an isometry. As M is an integral submanifold of the horizontal
distribution on M , it is an integral submanifold of N.

The item (1) follows immediately from Theorem 2.6, and (2) and (3) are known and can
be checked by straightforward computations. O

As a surface in a strictly regular Sasakian space form which is invariant under the flow-
action of the characteristic vector field is also anti-invariant, we have the following corollary.

COROLLARY 2.8. Let M?bea surface of N*"*1(c) invariant under the flow-action of
the characteristic vector field &. Then M is locally isometric to I X y, where y is a Legendre
curve in N and, moreover, M is proper-biharmonic if and only if y is proper-biharmonic in
N.

Now, consider M2 a surface of N2"t1(¢) invariant under the flow-action of the char-
acteristic vector field £ and let T = y’ and E» be the first two vector fields defined by the
Frenet equations of the above Legendre curve y. As V{,F/atr(F ) = —@(t(F)), where VI is
the pull-back connection determined by the Levi-Civita connection on N, we can prove the
following proposition.

PROPOSITION 2.9. Let M2 bea proper-biharmonic surface of N>+ (c) invariant un-
der the flow-action of the characteristic vector field &. Then M has parallel mean curvature
vector field if and only if c > 1 and ¢T = L£E>.

COROLLARY 2.10. The proper-biharmonic surfaces of S+t (1) invariant under the
Sflow-action of the characteristic vector field &y are not of parallel mean curvature vector field.

We shall see that we do have examples of maximum dimensional proper-biharmonic
anti-invariant submanifolds of $%"*!(1), invariant under the flow-action of &y, which have
parallel mean curvature vector field.

In [31] the parametric equations of all proper-biharmonic integral surfaces in $°(1) were
obtained. Up to an isometry of §°(1) which preserves &y, we have only one proper-biharmonic
integral surface given by

L
V2

The map x induces a proper-biharmonic Riemannian embedding from the 2-dimensional torus
T2 =R? /A into S3, where A is the lattice generated by the vectors (2, 0) and (0, V27).

x(u,v) = (exp(iu), iexp(—iu) sin(«/zv), iexp(—iu) cos(«/zv)) .
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REMARK 2.11. We recall that an isometric immersion x : M — R"*! of a compact
manifold is said to be of k-rype if its spectral decomposition contains exactly X non-constant
terms excepting the center of mass xo = (Vol(M )t f 1y X vg. When xo = 0, the submanifold
is called mass-symmetric (see [13]). It was proved in [8, 9] that a proper-biharmonic compact
constant mean curvature submanifold M of " is either a 1-type submanifold of R"*! with
center of mass of norm equal to 1/+4/2, or a mass-symmetric 2-type submanifold of R"*!.
Now, using [4, Theorem 3.5], where all mass-symmetric 2-type integral surfaces in S°(1)
were determined, and [11, Proposition 4.1], the result in [31] can be (partially) reobtained.

Further, we consider the cylinder over x and we recover the result in [1]: up to an isom-
etry of S>(1) which preserves &y, we have only one 3-dimensional proper-biharmonic anti-
invariant submanifold of §° (1) invariant under the flow-action of &,

y(t,u,v) =exp(—it)x(u, v).

The map y is a proper-biharmonic Riemannian immersion with parallel mean curvature vec-
tor field and it induces a proper-biharmonic Riemannian immersion from the 3-dimensional
torus 73 = R3 /A into S5, where A is the lattice generated by the vectors (27, 0, 0), (0, 27, 0)
and (0, 0, \/in). Moreover, a closer look shows that y factorizes to a proper-biharmonic Rie-
mannian embedding in §°, and its image is the Riemannian product between three Euclidean
circles, one of radius 1/ +/2 and each of the other two of radius 1 /2. Indeed, we may consider
the orthogonal transformation of R® given by

—t4+u —t—u

V2 oV2

T(t,u,v) = ( v) =" u',v)

and the map y becomes

yi(t',u', V) = %(exp(iﬁt’), iexp(iv2u’) sin(v/2v'), i exp(iv2u’) cos(v/21)) .

Then, acting with an appropriate holomorphic isometry of C*, y; becomes

l‘/ roIN 1 ~\/§/ 1 so ) / 1 so ) />
', u,v) = <E exp(iv2r), 5 exp(i(u’ —v1)), 7 exp(i(u’ +v')

and, further, an obvious orthogonal transformation of the domain leads to the desired results.

3. Biharmonic integral submanifolds of maximum dimension in Sasakian space
forms. Let(N 2+l o, &, 1, g) be a Sasakian space form with constant ¢-sectional curvature
¢, and M" an n-dimensional integral submanifold of N. We recall that this means n(X) = 0
for any vector field X tangent to M. We shall denote by B, A and H the second fundamental
form of M in N, the shape operator and the mean curvature vector field, respectively. By V-
and A+ we shall denote the connection and the Laplacian in the normal bundle. We have the
following theorem.
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THEOREM 3.1. The integral submanifoldi : M"* — N?"*1 is biharmonic if and only

if

=0,

3 3n—3
A ALTH + trace B(-, Ay-) — cnt )4+ - H
' 4trace Agt 5 () +n grad(|H|*) = 0.

PROOF. Letus denote by VV, V the Levi-Civita connections on N and M, respectively.
Consider {X;}_; to be a local geodesic frame at p € M. Then, since 7 (i) = nH, we have at

p

n n
(3.2) (i) = —At(i) — trace RN (di, T (i))di = n{ Z VY VY H - Z RN (X;, H)Xi} )
i=1 i=1

Using the Weingarten equation,
VY H =V H—Ay(X;)
and the Gauss equation, we get around p

VY VY H=VyVy H— Ay n(XD) = Vx A (Xi) = BOXi, A (X0) .

Thus, at p, one obtains

1 n
—~Az(i) = Zv)’}’[_vg’iﬂ
(3.3) " i=1
= —ALtH — trace B(-, Ay-) — trace AV(L)H(') —trace VAg (-, ).

The next step is to compute trace VA g (-, -). We obtain, at p,

n n
trace VAR () = ) Vx Ap(X) = ) Vi, (9(An (X)), X))X))
i=1 i,j=1

=Y Xi(g(Au(X), X)X, = Y Xi(g(B(X;, X;), H)X,
i,j=1 i,j=1

n
= D Xi(g(V{ Xi, H)X;,
i,j=1
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and then

n

trace VAu () = Y {g(VX, V¥, Xi. H) + g(V{ Xi. V¥, HD))X;
i,j=1

n n
= D> gV VY Xi, DX+ Y g(B(X;, X0), Vy, )X
i,j=1 i,j=1

n n

Y 9(VE VY Xi DX+ ) g(Ags 5 (X0, X)X,
i,j=1 ij=1 '

n
= D 9(VX, VR, Xi, H)X, + trace Avin ().
i,j=1
Further, using the expression of the curvature tensor field R", we have

n
trace VAg () = ) g(Vy, Yy Xi + RN (Xi, X)) Xi + V¥, x 1 Xis H)X;
i,j=1
+ trace AV(L)H(')

(3.4) . .
= > gV VX )X+ Y gRN (Xi, X)) X;, H)X;
ij=1 i,j=1
+ trace AV(L)H(').
But
n
N yN y, .
> 9(Vy, VR, Xi, H)X
ij=1
n n
= Y g(V¥ B(Xi, X)), )X + Y g(V},Vx, Xi, H)X;
(3.5) i,j=1 ij=1
n n
=ny g(V§,H H)X;+ Y g(Vx;Vx, Xi + B(X;j, Vi, Xp), H)X;
j=1 ij=1
n
= erad(|HP)
and
n
> gRN(Xi. X)) Xi, H)X,
ij=1
(3.6)

n
= Z g(RN (X;, H)X;, X)X = (trace R™ (di, H)di)" .
i,j=1
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Replacing (3.5) and (3.6) into (3.4), we have
_n 2 N s o T
trace VAg(-,-) = 5 grad(|H|") + (trace R™ (di, H)di) ' + trace AV(J_)H(')
and therefore

o trace Ay /() + trace VA -, ) =2trace Agy () + 5 grad(|H )
+ (trace RN (di, H)di) " .

Now, let {X;}?_, be a local orthonormal frame on M. Then {X;, X, 5}?,/‘:1 is a local
orthonormal frame on N. By using the expression of the curvature tensor field and H €
span{pX;;i =1, ..., n} one obtains, after a straightforward computation,

c+3 3(c—1)
— H+ 1 g(pH, Xi)pX; .

RN (X;, H)X; =

Hence

n
trace RV (di, H)di = Z RN (X;, H)X;

i=1

(c+3)n " 3(c—1)
=— H+ H, X)X
48) 7 ; 9P H. X)pX;
(c+3)n 3(c—1)
=— H— H
4 4
:_c(n+3)4+3n—3H’

which implies (trace RV (di, H)di)" = 0.
From (3.2), (3.3), (3.7) and (3.8) we have

3)+3n-3
c(n+ )4+ n o

1
—1(i) = — AYH — trace B(-, Ay) +
n

—2trace Ay () = % grad(|H[*) ,

and we come to the conclusion. O

COROLLARY 3.2. Let N*"T1(¢) be a Sasakian space form with constant ¢-sectional
curvature ¢ < (3 — 3n)/(n + 3). Then an integral submanifold M" with constant mean
curvature |H| in N*"*1(c) is biharmonic if and only if it is minimal.
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PROOF. Assume that M" is a biharmonic integral submanifold with constant mean cur-
vature |H| in N2"*1(¢). It follows, from Theorem 3.1, that

cn+3)+3n-3

g(AtH, H) = —g(trace B(-, Ay-), H) + 1 |H|?
cn+3)+3n-3 "
= 1 |HI> =" g(B(Xi, Au X)), H)
i=1
cn+3)+3n-3 "
= 1 |HI> =) " g(AuXi, AuX:)
i=1
3 3n—-3
e L TS WES
4

Thus, from the Weitzenbock formula
1
SAIHIP = g(ATH, H) = |[V2HI?,

one obtains
cn+3)+3n-3
3.9) 1 |H|> = |Aul* — |[VTH|> = 0.
If c < (3 —3n)/(n + 3), relation (3.9) is equivalent to H = (0. Now, assume that ¢ =
(3 —3n)/(n+ 3). As for integral submanifolds VLiH =0is equivalentto H = 0, again (3.9)

is equivalent to H = 0. O

COROLLARY 3.3. Let N*'t1(¢) be a Sasakian space form with constant ¢-sectional
curvature ¢ < (3 — 3n)/(n + 3). Then a compact integral submanifold M" is biharmonic if
and only if it is minimal.

PROOF. Assume that M" is a biharmonic compact integral submanifold. As in the proof
of Corollary 3.2 we have

cn+3)+3n-3
g(A*H, H) = 7 |H|> — |An|?
and so A|H|*> < 0, which implies that |H |2 is constant. Therefore we obtain that M is
minimal in this case too. O

REMARK 3.4. From Corollaries 3.2 and 3.3 it is easy to see that in a Sasakian space
form N?"*1(c) with constant g-sectional curvature ¢ + 3 < 0 a biharmonic compact inte-
gral submanifold, or a biharmonic integral submanifold M" with constant mean curvature, is
minimal whatever the dimension of N is.

PROPOSITION 3.5. Let N*'t1(¢) be a Sasakian space form and i : M"* — N?"+1 pe
an integral C-parallel submanifold. Then (12(i)) T = 0.

PROOF. Indeed, from Proposition 2.2 we have |H| is constant and V- H is parallel to
&, which implies that AV)% g = 0 for any vector field X tangent to M, since Ag = 0. Thus we
conclude the proof. |
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PROPOSITION 3.6. A non-minimal integral C-parallel submanifold M" of a Sasakian
space form N*"1(¢) is proper-biharmonic if and only if ¢ > (7 — 3n)/(n + 3) and
c(n+3)+3n—7H

4
PROOF. We know, from Proposition 2.2, that ALH = H. Hence, from Theorem 3.1
and the above proposition, it follows that M" is biharmonic if and only if
3 -7
cn+3)+3n H
4
Next, if M" verifies the above condition, we contract with H and get
cn+3)+3n—
4
Since Ay and H do not vanish it follows that ¢ > (7 — 3n)/(n + 3). o

trace B(-, Ay-) =

trace B(-, Ag-) =

7
|Anl* = |H|*.

Now, let {X;}? | be an arbitrary orthonormal local frame field on the integral C-parallel
submanifold M" of a Sasakian space form N2+l (c),andlet A; = Ayy;,i =1,...,n,bethe
corresponding shape operators. Then, from Proposition 3.6, we obtain

PROPOSITION 3.7. A non-minimal integral C-parallel submanifold M" of a Sasakian
space form N**1(c), ¢ > (71— 3n)/(n + 3), is proper-biharmonic if and only if

g(A1, A1) ... g(A1, Ap) trace A trace A
: : : = ]
g(An, A1) ... g(Au, Ap) trace A, trace A,
where k = (c(n+3) +3n —17)/4.

4. 3-dimensional biharmonic integral C-parallel submanifolds of a Sasakian space
form N’(c). In [6] Baikoussis, Blair and Koufogiorgios classified the 3-dimensional inte-
gral C-parallel submanifolds in a Sasakian space form (N7(c), ¢, &, 1, g). In order to obtain
the classification, they worked with a special local orthonormal basis (see also [15]). Here we
shall briefly recall how this basis is constructed.

Leti: M3 — N7(c) be an integral submanifold of non-zero constant mean curvature.
Let p be an arbitrary point of M, and consider the function f, : UM — R given by

Jpu) = g(B(u,u), pu),

where UyM = {u € T,M; g(u,u) = 1} is the unit sphere in the tangent space T, M. If
fp@) =O0forallu € U,M, then, for any vy, v2 € U, M such that g(v, v2) = 0 we have that

g(B(vi,v1),ov1) =0, g(B(vi,v1),9v2) =0, g(B(vi,v2),9v1) =0.

Now, if {X1, X, X3} is an arbitrary orthonormal basis at p, it follows that trace Ayx;, = 0,
forany i € {1,2, 3}, and therefore H (p) = 0. Consequently, the function f}, does not vanish
identically.
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Since UpM is compact, f, attains an absolute maximum at a unit vector Xi. It follows
that
9(B(X1, X1),¢X1) >0,  g(B(X1, X1), 9X1) = [g(B(w, w), pw)|,
g(B(X1, X1),ow) =0, g(B(X1, X1), 9X1) = 29(B(w, w), 9X1),

where w is a unit vector in 7, M orthogonal to X. It is easy to see that X is an eigenvector
of Ay = Ayx, with corresponding eigenvalue A;. Then, since Aj is symmetric, we consider
X5, and X3 to be unit eigenvectors of A; orthogonal to each other and to X;. Further, we
distinguish two cases.

If X» # X3, we can choose X> and X3 such that

g(B(X2, X2),9X2) 20, g(B(X3,X3),0X3)>0,
9(B(X2, X2), X2) > g(B(X3, X3), 9X3) .

If A» = A3, we consider f1,, the restriction of f), to {w € Up,M; g(w, X1) = 0}, and we have
two subcases:
(1) The function fi, p is identically zero. In this case, we have

9(B(X2, X2), 9X2) =0, g(B(X2,X2),9X3) =0,
9(B(X2, X3),9X3) =0, g(B(X3,X3),9X3)=0.

(2) The function fi,, does not vanish identically. Then we choose X; such that
f1,p(X2) is an absolute maximum. We have that

g(B(X2, X2), 9X2) >0, g¢g(B(X2, X2),9X2) > g(B(X3, X3),9X3) >0,
g(B(X2, X2),9X3) =0, ¢g(B(X2, X2), ¢X2) > 29(B(X3, X3), 9X>).

Now, with respect to the orthonormal basis {X, X, X3}, the shape operators A1, Ay = Ayx,
and A3 = Ayx,, at p, can be written as

A& 0 0 0 x» O 0 0 A3
41D A= 0 A& 0 |, A=| 2 a B |, A3=| 0 B pu
0 0 X3 0O B pun M ou 6
We also have Ag = Ag = 0. With these notations we have
4.2) M >0, A =lal, A =18, A1 =20, A1 =223

For A2 # A3 we get
“4.3) >0, §>0 and «a >34,
and for A, = A3 we obtain that
4.4) a=B=u=56=0
or

4.5) a>0, §=>0, a=>§, B=0 and o >2u.
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We can extend X; on a neighbourhood V), of p such that X;(g) is a maximal point of
fq : UyM — R for any point g of V.
If the eigenvalues of A have constant multiplicities, then the above basis {X1, X2, X3},
defined at p, can be smoothly extended and we can work on the open dense subset of M
defined by this property.
Using this basis, in [6], the authors proved that, when M is an integral C-parallel subman-
ifold, the functions A;, i € {1, 2, 3}, and o, B, 1, § are constant on V). Then, they classified
all 3-dimensional integral C-parallel submanifolds in a 7-dimensional Sasakian space form.
According to that classification, if ¢ + 3 > 0 then M is a non-minimal integral C-parallel
submanifold if and only if either:
Case 1. M is flat, it is locally a product of three curves which are helices of osculating
orders r < 4, and Ay = (Az —(c+3)/4) /A, 2o = A3 = A = constant # 0, « = constant,
B = 0, u = constant, § = constant, such that —m/Z <A<0,0<a <A, a>2u,
a>8>0,(c+3)/4+22+au—pu?>=0and (BA* — (c+3)/4) /M) + (@ + n)> +8> >0,
or
Case I1. M is locally isometric to a product y x M?, where y is a curve and M? is a
C-parallel surface, and either
(D) M=2o=-A=+c+3/2V2),a=pn=38=0,8==LJ30+3)/4V2).
In this case y is a helix in N with curvatures k; = 1/+/2 and k = 1, and
M? is locally isometric to the 2-dimensional Euclidean sphere of radius p =
V8/(B(c+3)), or

2 a1 =G —=(c+3)/4)/r Ay =23 =X =constant, « = f = =8 = 0, such
that —v/c +3/2 < A < 0 and A% # (c +3)/12. In this case, y is a helix in N with
curvatures k1 = A; and ko = 1, and M? is the 2-dimensional Euclidean sphere of
radius p = 1/+/(c + 3)/4 + A2

Now, identifying the shape operators A; with the corresponding matrices, from Proposi-
tion 3.7, we get the following proposition.

PROPOSITION 4.1. A non-minimal integral C-parallel submanifold M of a Sasakian
space form N’ (c), ¢ > —1/3, is proper-biharmonic if and only if

3 trace A 3e 41 trace A
(4.6) < Z A,2> trace Ao = —— | trace Ay ,
i=1 trace A3 trace A3

where matrices A; are given by (4.1).
Now, we can state the theorem.

THEOREM 4.2. A 3-dimensional integral C-parallel submanifold M3 of a Sasakian
space form N (c) is proper-biharmonic if and only if either:
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(1) ¢ > —1/3 and M3 is flat and it is locally a product of three curves:
e a helix with curvatures k1 = (A% — (c +3)/4)/» and k> = 1,
o a helix of order 4 with curvatures k1 = ~/A%2 + a2, kp = (a/k1))VA2 + 1 and
k3 = —(AJk1)VAZ + 1,
o a helix of order 4 with curvatures k1 = A2+ u2+82, ko = (8/k1)
VA2 +u? 41 and k3 = (k2/8)/A2 + u2, if § # 0, or a circle with curva-
ture k1 = /A2 + u2, if§ =0,

where A, o, |4, 6 are constants given by

3 3)2
(3)\2 - %) (3)\4 —2(c+ DA% + G Jlr6 ) ) + 2@+ )P +8H =0,
Tc+5
(a+u)<5)»2+a2+,u2— et >~|—M82=0,
4.7
Tc+5
8<5A2+52+3u2+au— C: ):0,
+3
C4 +A2+au—u2=0
suchthat—«/c+3/2<)»<0,0<a§(Az—(c+3)/4)/k,a2820,a>2/L
and A\*> # (c +3)/12;
or

(2) M3 is locally isometric to a product y x M?* between a curve and a C-parallel

surface of N, and either

(@) ¢ =5/9,y is a helix in N7(5/9) with curvatures ky = 1/+/2 and ky = 1,
and M? is locally isometric to the 2-dimensional Euclidean sphere with radius
\/5 /2, or

®d) ¢ e [(-7+ 8«/§)/13, +00) \ {1}, y is a helix in N7 (c) with curvatures
k1 = A2 = (c +3)/4)/x and k3 = 1, and M? is locally isometric to the
2-dimensional Euclidean sphere with radius 2/~/4\2 + ¢ + 3, where

dc + 4+ V13c¢2 + 14c — 11

if c<l1,
(4.8) A<0 and 2= 12
de+4—VIBE + 1de—11
2 if c>1.

PROOF. Let M3 be a proper-biharmonic integral C-parallel submanifold of a Sasakian
space form N (c). From Proposition 4.1 we see that ¢ > —1/3.
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Next, we easily get that the equation (4.6) is equivalent to the system

: > 3c+1
(ZM)(ZA?— 5 )+(a+m(axz+ux3>
i=l i=1

+(B+8)(Br2+623) =0,
3
(Zki)(akz+uk3)+(a+u)<2A§+a2+3132+uz+135_ 3¢+ 1)
(4.9) i=1 :

+u(B+8)>=0,
3

(3" 0) B2+ 833) + e + )2

i=1
3c+1
+(ﬂ+5)<2x§+52+3u2+ﬂ2+au— > ):0.

In the following, we shall split the study of this system, as M? is given by Case I or Case
II of the classification.

Case I. The system (4.9) is equivalent to the system given by the first three equations
of (4.7). Now, M is not minimal if and only if at least one of the components of the mean
curvature vector field H does not vanish and, from the first equation of (4.7), it follows that 22
must be different from (¢ + 3)/12. Thus, again using [6] for the expressions of the curvatures
of the three curves, we obtain the first case of the theorem.

Case II. (1) In this case, the second equation of (4.9) is identically satisfied and the
other two are equivalent to ¢ = 5/9. Thus, from the classification of the integral C-parallel
submanifolds, we get the first part of the second case of the theorem.

(2) The second and the third equation of (4.9) are satisfied, in this case, and the first
equation is equivalent to

(c+3)?%

-2 A2
(c+ DHr+ T

0.

This equation has solutions if and only if

TB [T ),

ce (-
and these solutions are given by

_ 4c+4+£ V132 + l4c — 11
- 12

Since ¢ > —1/3 it follows that ¢ € [(—7 + 8\/5)/13, +00). Moreover, if ¢ = 1, from the
above relation, it follows that A> must be equal to 1 or 1/3, which is a contradiction, and
therefore ¢ € [(—7 + 8\/§)/13, +00) \ {1}. Further, it is easy to check that 22 = (4e +

13¢2 4 14c — 11)/12 < (¢ + 3)/4 if and only if ¢ € [(=7 + 8+/3)/13, 1) and A% =
(4c +4 — 132+ 1d4c — 11)/12 < (c + 3)/4 if and only if ¢ € [(=7 + 8+/3)/13, +00) \
{1}. O

)\'2
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5. Proper-biharmonic submanifolds in the 7-sphere. In this section we shall work
with the standard model for simply connected Sasakian space forms N7 (c) with ¢ +3 > 0,
which is the sphere S endowed with its canonical Sasakian structure or with the deformed
Sasakian structure introduced by Tanno.

In [6] the authors obtained the explicit equation of the 3-dimensional integral C-parallel
flat submanifolds in §7(1), whilst in [22] we gave the explicit equation of such submanifolds
inS7(c),c+3>0.

Using these results and Theorem 4.2 we easily get the following theorem.

THEOREM 5.1. A 3-dimensional integral C-parallel submanifold M> of 8’ (c), ¢ =
4/a — 3 > =3, is proper-biharmonic if and only if either:
(1) ¢ > —1/3 and M? is flat, it is locally a product of three curves and its position
vector in C* is

A S 1
X(M, v, lU) = \/ﬁ exp (1(5”))51
1

+«/a(u —a)2u — ) exp(—i(u — (n — )v))&

1
+———————exp(—i(Au + pv + p1w))&;
~api1(p1 + p2)
1
+——————exp(—i(Au + pv — pw))&s,
vapa(p1 + p2)

where p12 = (V4uQCu —a) + 82+ 68)/2 and A, a, 11, 8 are real constants given

by (4.7) such that —1/\Ja <A < 0,0 < a < (AZ —1/a)/A, 0 >§>0,a > 2u,

A2 # 1/(3a) and {&; }?z | is an orthonormal basis of C* with respect to the usual

Hermitian inner product;

or
(2) M3 is locally isometric to a product y x M?* between a curve and a C-parallel

surface of N, and either

(@) ¢=5/9,y isahelix in S’(5/9) with curvatures k1 = 1/~/2 and k» = 1, and
M? is locally isometric to the 2-dimensional Euclidean sphere with radius
V3 /2, or

(b) ¢ € [(=7 + 8V3)/13,+00) \ {1}, y is a helix in S7(c) with curvatures
k1 = (A2 = (c +3)/4)/x and ky = 1, and M? is locally isometric to the
2-dimensional Euclidean sphere with radius 2/~/4)\2 + ¢ + 3, where

4o+ 44132 + 1de — 11
12

de+4— V132 + 1de — 11
12

if c<l1,

r<0 and A=

if c¢>1.
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Now, applying this theorem in the case of the 7-sphere endowed with its canonical
Sasakian structure we get the following corollary, which also shows that, for ¢ = 1, the
system (4.7) can be completely solved.

COROLLARY 5.2. A 3-dimensional integral C-parallel submanifold M> of S™(1) is
proper-biharmonic if and only if it is flat, it is locally a product of three curves and its position
vector in C* is

x(u, v, w):—% exp(—iv5u)&) + }exp( (J_ ‘f ))5

e )

en((f B B

where {&; }?:1 is an orthonormal basis of C* with respect to the usual Hermitian inner product.
Moreover, the x,-curve is a helix with curvatures k| = 4\/5/5 and Ky = 1, the xy,-curve is
a helix of order 4 with curvatures k1 = ~/29/3/10, k2 = 9v/2//145 and k3 = 2+/3//145
and the xy-curve is a helix of order 4 with curvatures k1 = \/5/«/5, Ky = 2\/5/\/1—0 and
K3 = +/3//10.
PROOF. Since ¢ = 1 the system (4.7) becomes

G222 =D+ 2% @+ w?+8) =0,

(@4 wW (A +a? + p* —3)+us* =0,

8(5A* + 8% +3u* +ap—3)=0,

Mrap—pr+1=0

5.1

with the supplementary conditions

A2 —1 1
(5.2) —1<1<0, 0<ac< — «a>8>0, a>2u and A% # -

3
We note that, since « > 2, from the fourth equation of (5.1) it results that u < 0.

The third equation of system (5.1) suggests that, in order to solve this system, we need
to split our study in two cases as § is equal to O or not.

Case 1: § = 0. In this case the third equation holds whatever the values of A, o and u
are, and so does the condition & > §. We also note that @ # —u, since otherwise, from the
first equation, it results A> = 1 or A> = 1/3, which are both contradictions.

In the following, we shall look for « of the form &« = wu, where w € (—00,0) \ {—1},
since ¢ > 0, u < 0 and @ # —pu. From the second and the fourth equations of the system
we have A2 = —(0? + 3w — 2)/((w — 2)(w — 3)), u?> = 8/((®w — 2)(w — 3)) and then o> =
8w?/((w —2)(w — 3)). Replacing in the first equation, after a straightforward computation, it

can be written as
8(w + 1)3(1 — 3w)

=0
(@ —=3)3(w—-2)
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and its solutions are —1 and 1/3. But w € (—o0, 0) \ {—1} and therefore we conclude that
there are no solutions of the system that verify all conditions (5.2) when § = 0.
Case 2: § > 0. In this case the third equation of (5.1) becomes

522+ 82 +3u> +au—3=0.

Now, since ¢ > 0 and ;< 0, we can take again « = wu, with w € (—00, 0), and then, from
the last three equations of the system, we easily get A> = —(w” + 5w +2)/((w — 1)(w — 2)),
a? =80 /((w — 1)?*(w —2)), u> = 8w/((w — )*(w — 2)) and 8% = 8(w + 1)?/(w — 1)2.
Next, from the first equation of (5.1), after a straightforward computation, one obtains

16(w + 1)3(w + 3)

=0,
(0 —2)(w—1)3
whose solutions are —3 and —1. If @ = —1 it follows that A2 = 1 /3, which is a contradiction,
and therefore we obtain that w = —3. Hence
2 1 2 27 2 3 2
A==, a"=—, pu"'=— and 6" =2.
5 10 10

AsA < 0,a > 0, < 0and § > 0 it results that A = —1/4/5, @ = 34/3/4/10, u =
—+/3/+/10 and § = +/2. It can be easily seen that also the conditions (5.2) are verified by
these values, and then, by the meaning of the first statement of Theorem 5.1, we come to the
conclusion. O

REMARK 5.3. A proper-biharmonic compact submanifold M of §" of constant mean
curvature |H| € (0, 1) is of 2-type and mass-symmetric (see [8, 9]). In our case, the Rie-
mannian immersion x can be written as x = x| + xp, where

s o (o Sy )

x2(u, v, w) = —%exp( 1\/_u)81—|—%exp<<\/l_ i‘/f ))5

Sl B

and Axy = 3(1 — |H|)x1 = x1, Ax2 = 3(1 + |H|)x2 = 5x3, |H| = 2/3. Now, Corollary 5.2
could also be proved by using the main result in [5] and [11, Proposition 4.1].

REMARK 5.4. By a straightforward computation we can deduce that the map x fac-
torizes to a map from the torus 7° = R’/A into R®, where A is the lattice generated by

the vectors a; = (617/+/5, V37/3/10, w//2), ar = (0, =357 /36, —7/~/2) and a3 =

0,0, —4m/ \/5), and the quotient map is a Riemannian immersion.
By the meaning of Theorem 2.6 we know that the cylinder over x, given by
y(t,u, v, w) = ¢ (x(u, v, w)),

is a proper-biharmonic map into §”(1). Moreover, we have the following proposition.
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PROPOSITION 5.5. The cylinder over x determines a proper-biharmonic Riemannian
embedding from the torus T* = R*/A into S”, where the lattice A is generated by a; =
(27/+/6,0,0,0), ar = (0, 27//6,0,0), az = (0,0, 27/+/6,0) and as = (0,0, 0, 277//2).
The image of this embedding is the Riemannian product between a Euclidean circle of radius
1/+/2 and three other Euclidean circles, each of radius 1/~/6.

PROOF. As the flow of the characteristic vector field & is given by ¢,(z) = exp(—it)z
we get

y(t,u,v,w) = —% exp(—i(t + x/_u))& + 16 (1( — %v))ﬁg
. V2
+%exp<1(—t+% \/—i —37 ))53
—I—%eXp(( t+7u+J£_v+ V2 ))54,

where {&; }?:1 is an orthonormal basis of C* with respect to the usual Hermitian inner product.
Now, we consider the following two orthogonal transformations of R*:

L L +£ lw—t
2 10 25

2 N6 o v2.o
NPV A S
NS oB Ly

2 Al

1 1 f 1 ,
N TR WA R

and

Qt’%—iu’:f

Ve V6 ’
—Qt/—l—i/—ﬁv’:ﬂ,

NN N
—Qt’—l—iu’%-ﬁv’:f),

Vo V6o V6

w =w

Then we obtain

y(, i, 0, w) = —% exp(—i(v61)E) + % exp(i(V/6i1)E + — 7 exp(l(«/—v))&

+% exp(i(v/2))Es .
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which ends the proof. |

REMARK 5.6. We see that y can be written as y = y; + y2, where y (¢, u, v, w) =
exp(—it)x1, ya(t, u, v, w) = exp(—it)xz, and Ay; = 2y, Ays = 6y, the mean curvature of
y being equal to 1/2.

REMARK 5.7. It is known that the parallel flat (n 4+ 1)-dimensional compact anti-
invariant submanifolds in §2*+! (1) are Riemannian products of circles of radii r;, i = 1,
n 4+ 1, where Z;n+11 rl2 = 1 (see [32]). The biharmonicity of such submanifolds was solved in
[33].

6. Proper-biharmonic parallel Lagrangian submanifolds of CP3. We consider the
Hopf fibration = : $2"*!1(1) - CP"(4), and M a Lagrangian submanifold of CP". Then
M=x 1(M ) is an (n + 1)-dimensional anti-invariant submanifold of $27+1 invariant under
the flow-action of the characteristic vector field & and, locally, M is isometric to S! x M". The
submanifold M is a parallel Lagrangian submanifold if and only if M is an integral C-parallel
submanifold (see [27]), and it was proved in [18] that a parallel Lagrangian submanifold M
is biharmonic if and only if M is (—4)-biharmonic.

We recall here that a map v : (M, g) — (N, h) is (—4)-biharmonic if it is a critical
point of the (—4)-bienergy E>() — 4E (), i.e., ¥ verifies 12(¢) + 4t () = 0. Also, areal
submanifold M of CP" is called Lagrangian if it has dimension » and the complex structure
J of CP" maps the tangent space to M onto the normal one.

Thus, in order to determine all proper-biharmonic parallel Lagrangian submanifolds of
CP3, we shall determine the (—4)-biharmonic integral C-parallel submanifolds of S7(1).

Just as in the case of Theorem 3.1 we obtain the following theorem.

THEOREM 6.1. The integral submanifoldi: M3 — S7(1) is (—4)-biharmonic if and
only if
A+H +trace B(-, Ay) —TH =0
4 trace AV(J_)H(') +3grad(|H|>) =0.
Therefore it follows the next proposition.
PROPOSITION 6.2. A non-minimal integral C-parallel submanifold M3 of S’ (1) is
(—4)-biharmonic if and only if
6.1) trace B(-, Ay-) = 6H .
Now, we can state the theorem.
THEOREM 6.3. A 3-dimensional integral C-parallel submanifold M3 of 8 (1) is (—4)-
biharmonic if and only if either:
(1) M3 is flat and it is locally a product of three curves:
e a helix with curvatures k1 = (A% — 1)/x and k> = 1,

o a helix of order 4 with curvatures k1 = ~A%2 + a2, kp = (a/k1))VA2 + 1 and
K3 =—(A/k)VAE +1,
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o a helix of order 4 with curvatures k1 = A2+ u2+82, ko = (8/k1)
VA2 +u? 4+ 1and k3 = (k2/8)/A2 + u?, if § # 0, or a circle with curva-
ture k1 = /A2 + u2,if§ =0,

where A, «, L, § are constants given by

BGR2 =DM =82+ D)+ A* (@ +n)? +8) =0,
@+ w2 +a?+u?> =7+ ps*=0,

(6.2)
S5A 4+ 82 +3u> +au—7) =0,
1+A2+apu—pu2=0
such that —1 <)u<O,0<Ol§()\2—l)/)»,OlZSEO,Ol>2/Land)»2751/3;
or

(2) M3 is locally isometric to a product y x M?* between a helix with curvatures k| =
(V13=1)/v12 = 3J/13 and k> = 1, and a C-parallel surface of S’ (1) which is lo-
cally isometric to the 2-dimensional Euclidean sphere with radius \/3/(7 — +/13).

PROOF. Itis easy to see that the equation (6.1) is equivalent to the system

3 3
(D2 (XS 42 = 6) + (@ + @iz + uas) + (B + ) (BAz +533) = 0,
i=1 i=1

3
(Zki)(akz + uaz) + (@ + w22 + o + 382+ U2 + B — 6)

(6.3) i=1
+u(B+8)>=0,

3
(in)(ﬂ)\z +833) + Bla+ 102+ (B+8) (222 + 6 +3u + B2 + ap — 6)
i=1

=0.

In the same way as for the study of biharmonicity, we shall split the study of this system,
as M3 is given by Case I or Case II of the classification.

Case 1. The system (6.3) is equivalent to the system given by the first three equations of
(6.2) and, just like in the proof of Theorem 4.2, we conclude the result.

Case I1. (1) It is easy to verify that this case cannot occur in this setting.

(2) The second and the third equation of system (6.3) are satisfied and the first equation
is equivalent to 34* — 812 + 1 = 0, whose solutions are A2 = (4 + +/13)/3. Since 1% < 1
it follows that A> = (4 — +/13)/3 and this, together with the classification of the integral
C-submanifolds, leads to the conclusion. O

Using the explicit equation of the 3-dimensional integral C-parallel flat submanifolds in
S7(1) (see [6]), we obtain the following corollary.
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COROLLARY 6.4. Any 3-dimensional flat (—4)-biharmonic integral C-parallel sub-
manifold M> of 8" (1) is given locally by

x(u,v,w) = exp(—i(Au — (u — a)v))&

A 1 1
(G ==

1
+——————exp(—i(Au + pv + p1w))&
p1(p1 + p2)

1
+———exp(—i(Au + pv — pow))&s ,
v p2(p1 + p2)

where p12 = (V4uQRu —a) +82+£68)/2, -1 <1 < 0,0 <a < W —=1D/ra>8>0,
o > 2u, A2 # 1/3, the tuple (., a, 11, 8) being one of the following

\/4—\/5 \/7—«/@ \/7—«/50
<_ 3 6 6 )
45+21f
5+2v3 21+ 1143
\/523 + 139J— \/79 17/13 \/14 + 2J—
V6+«/_

and {c‘,’l-}l.= | is an orthonormal basis of C* with respect to the usual Hermitian inner product.

or

PROOF. In order to solve the system (6.2), we first note that, since « > 2u, from the
fourth equation it results ;1 < 0.

The third equation suggests that we need to split our study in two cases as § is equal to 0
or not.

Case 1: § = 0. In this case the third equation holds whatever the values of A, o and u
are, and so does the condition o > 8.

If « = —p we easily obtain that the solution of the system is
4—-+/13 7— /13 7— /13
e T3 T T M T

In the following, we shall look for « of the form ¢ = wu, where w € (—00,0) \ {—1},
since « > 0 and u < 0. From the second and the fourth equations of the system we have
A2 = —(0* + To — 6)/((w — 2)(w — 3)), u? = 12/((w — 2)(w — 3)) and then o =
120% /(@ — 2)(w — 3)). Replacing in the first equation, after a straightforward computation,
it can be written as

30 + 160° — 580" — 1400° + 5310 — 4440 4+ 108 =0,
which is equivalent to

(0 — 2)*°Go”* + 28w’ + 420* — 84w +27) =0,
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whose solutions are 2, —3 £ 2+/3 and (—5 =+ 2+/13)/3. From these solutions the only one to
verify the supplementary conditions is @ = —3 — 2+/3, for which we have

1 45+ 213 6
A=— ) o = ) M= - .
5423 E 21+ 113

Case 2: § > 0. In this case the third equation of (6.2) becomes
502482 +3u> +au—7=0.

Now, again taking @ = wpu, this time with w € (—o0, 0), from the last three equations of the
system, we easily get

2 0? + 90 +2 5 120°
= =, o0 = .
(w—1(w—2) (@—1)2%(w—-2)
2 12w 2 R0+ 1)?
(@-DXo-2)’ (@ —1)?
Replacing in the first equation of the system we obtain the solutions —2 4 +/3 and —4 & /13,
from which only w = —4 — +/13 verifies the supplementary conditions. Therefore, we obtain

1 523 + 1394/13

= e a = T
6+ /13 138

__|o-1vis o 144213

H= 38 07 3

and we are done. O

REMARK 6.5. By some straightforward computations we can check that the images of
the cylinders over the above x are, respectively: the Riemannian product of a circle of radius

V(5 —+/13)/12 and three circles, each of radius /(7 + +/13)/36; the Riemannian product
of two circles each of radius /(3 + +/3)/12 and two circles each of radius /(3 — +/3)/12;

the Riemannian product of a circle of radius /(5 + +/13)/12 and three circles each of radius

(7 — ~/13)/36.
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