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Abstract. E. Cartan proved that conformally flat hypersurfaces in st forn > 3
have at most two distinct principal curvatures and locally envelop a one-parameter family of
(n — 1)-spheres. We prove that the Gauss-Codazzi equation for conformally flat hypersurfaces
in §% is a soliton equation, and use a dressing action from soliton theory to construct geometric
Ribaucour transforms of these hypersurfaces. We describe the moduli of these hypersurfaces
in §* and their loop group symmetries. We also generalise these results to conformally flat
n-immersions in (2n — 2)-spheres with flat and non-degenerate normal bundle.

1. Introduction. An immersion f : M" — (N, g) is conformally flat if there exists
a flat metric in the conformal class of the induced metric f*g: that is there exists a smooth
function u : M — R such that 2 f*g¢ is flat. In this paper, we assume M is a simply
connected open subset of R".

The history of conformally flat immersions is long, the search for conformally flat sub-
manifolds being a natural task in conformal geometry. The study of conformally flat Ayper-
surfaces in S"*! dates back to Cartan [4] who demonstrated that the only such hypersurfaces
for n > 3 are the channel hypersurfaces; envelopes of a 1-parameter family of (n — 1)-spheres.
In particular these have, at most, two distinct principal curvatures. For n = 2 the problem is
uninteresting as every surface is conformally flat. For n = 3, however, there are more varied
conformally flat hypersurfaces; not only are there the channel examples, there also exist hy-
persurfaces with 3 distinct curvatures. These were first discussed by Hertrich-Jeromin [7, 8],
who moreover described the link between conformally flat hypersurfaces in $%, curved flats in
the space of circles in S*, triply orthogonal systems, and Guichard nets. Finite gap solutions
for conformally flat hypersurfaces in $* were also discussed in [6]. The classification of these
hypersurfaces, however, remained unknown.

Given a conformally flat immersion f : M" — S§27=2 \ith flat normal bundle, we
embed $2"*~2 naturally in the light-cone £*"~!-! of isotropic vectors in a Lorentzian R>*~1-1,
and construct a flat lift F : M" — £20=L1. this F is immersed, has flat induced metric, and
flat normal bundle. Since both are flat, the tangent and normal bundle decomposition of the
trivial R?"~!1-bundle is a curved flat [5] in the pseudo-Riemannian symmetric space

U/K=02n-1,1)/(0O(n) x O(n —1,1)),
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the Grassmannian of space-like n-planes in R**~1-1. We are thus immediately in the realm of
integrable systems.

Curved flats in U/K with a good co-ordinate system give rise to Terng’s U/ K -system
[11], which is constructed as follows: suppose that 7 is the involution of the Lie group U
defined by 7(g9) = I,,,ngl,j},, where I, , = (I(’)’ _(in) and I, is the n x n identity matrix. Then
K is the fixed point set of 7 in U. Let u = £+p denote the £-eigenspace decomposition of dz,.
K then acts on p by conjugation. Let a be a maximal abelian subalgebrain p, and {ay, ..., a,}

a basis of a. The U/K -system defined by a is the following system for & : R" — a' N p:
(11) [alsExj]_[ajsExl]_[[alsE]v[ajsE]]:Os l;é.]v

where a is the orthogonal complement of a with respect to the Killing form.

Unlike in the Riemannian symmetric case, not all maximal abelian subalgebras in p
are conjugate under K; there are both semi-simple and non-semisimple such subalgebras.
We note that two maximal abelian subalgebras in p conjugate under K give rise to equiv-
alent U/K-systems, while two non-conjugate maximal abelian subalgebras in p give non-
equivalent U /K -systems.

The normal bundle of an immersion is termed non-degenerate if the dimension of the
space of shape operators at each point is equal to the co-dimension. An immersion has uniform
multiplicity one if it has flat normal bundle and distinct curvature normals (equivalently all
curvature distributions have rank one). It follows from the definition that an n-dimensional
submanifold in R?*~-! with flat and non-degenerate normal bundle has uniform multiplicity
one. We prove that a conformally flat n-immersion into §*"~2 with uniform multiplicity one
gives rise to a flat n-immersion in the light-cone £2"~!! with flat non-degenerate normal
bundle, and that the converse is also true. To study conformally flat n-immersions in $2*~2
with uniform multiplicity one is thus the same as to study flat n-immersions in £2*~1"1 with
flat non-degenerate normal bundle. The Gauss-Codazzi equations for these flat immersions
amount to the U/K-system with U/K = O2n — 1,1)/O(n) x O(n — 1, 1) defined by a
semi-simple maximal abelian subalgebra a. The converse holds similarly: given a solution to
the U/ K -system defined by a, we obtain (up to constant scaling) an (n — 2)-parameter family
of flat lifts, each of which gives rise to a conformally flat immersion in $2"~2 with uniform
multiplicity one.

Because of this correspondence, all the machinery of soliton theory applies: loop-group
dressing of solutions to obtain new conformally flat immersions or simply dressing vacuum
solutions to obtain more complex explicit conformally flat immersions; existence results such
as Cartan-Kéhler and inverse scattering, etc. In particular we have the following.

(1) We may dress solutions by special, simple elements, whose action may be calcu-
lated explicitly by residues. The action of such elements is seen to be by Ribaucour trans-
forms on conformally flat immersions: corresponding immersions envelop (have first-order
contact with) a congruence of n-spheres in such a way that principal curvature directions on
the envelopes correspond under the congruence.
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(2) Local analytic conformally flat n-immersions in S>"~2 are determined by n> — n
functions of one variable.

(3) The Cauchy problem for the U/K-system with rapidly decaying initial data on a
regular line can be solved globally (recall that a € a is regular if ad(a) : at Np — Eisa
injective). Although the resulting n dimensional submanifolds may have cusp singularities,
the frame is globally defined and smooth.

(4) The moduli space of such immersions has a loop group symmetry.

If the normal bundle is degenerate and the curvature distributions E; (common eigen-
spaces of the shape operators) have constant ranks, then we show that all but one of the
E;’s have rank one. If, in addition, these immersions are assumed to have line of curva-
ture co-ordinates, then the Gauss-Codazzi equations are the U/K -system defined by a non-
semisimple maximal abelian subalgebra a in p. Conversely, given a solution of the U/K-
system defined by a, we obtain an (n — 2)-parameter family of flat lifts, each of which gives
rise to a conformally flat immersion in $27=2 with flat normal bundle, but not with uniform
multiplicity one. When n = 3, these give channel immersions. Loop group dressing still
works, and we can construct channel immersions from any germ of an 0(2n — 1, 1, C)-valued
holomorphic map at A = oo that satisfies the reality condition associated to U/K .

We summarize our results for conformally flat hypersurfaces in S* below.

(a) Suppose that f(x) is a conformally flat hypersurface in S* with three distinct prin-
cipal curvatures, x being the line of curvature co-ordinates, and that 1 = Z?zl h?dx?
is flat, where I is the induced metric for f. Let gl,(3) denote the space of 3 x 3 matrices
whose diagonal entries are zero, and & (x) € gl,(3) be defined by &; = (hi)x;/h; fori # j.

Then & = (735 gOT ) is a solution of the O(5, 1)/0(3) x O(2, 1)-system defined by the Cartan

subalgebra a spanned by

0 e .
. = : < < =
{a, (—Je,-i 0) c1l<i<n,J 12,1}.

(b) Given a solution & of the O(5, 1)/0(3) x O(2, 1)-system defined by a and a con-
stant non-zero null vector ¢ in R>!, first solve the following compatible linear ODEs with
parameter A:

(W)n)xl' ZW(al+)"[alaE])a 1 fl Sna W)\(O)zld‘

0\ . . L .
Then ¥ = (% ;)2), and Fe = ¥ ( o o) is a flat immersion in £3-! that projects down to

a conformally flat hypersurface f. in S*. Moreover, if Z is the solution associated to the
hypersurface f as in (1), then, up to conformal transformations, f is equal to f, for some null
vector c.

(c) Given a conformally flat hypersurface in S* and a O(5, 1)-valued holomorphic germ
g at & = oo in §? satisfying

93 =g, Tiag(—Izz =g,
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we can construct a new conformally flat hypersurface in S*. Moreover, if g is rational with
two poles, the new hypersurface is a Ribaucour transform of f.

(d) Fix aregular element b = Z?:l bie;; € a. Given any real analytic &y : (—¢&, &) —
gl,(3) (or & : R — gl,(3) such that &j is rapidly decaying with L' norm less than 1), it is
proved in [11] there exists a unique solution & = (735 SOT) of the O(5, 1)/0(3) x 0(2, 1)-
system defined on a ball of radius r < ¢ in R? (resp. on R3) such that E(tby, ..., thy) = & (t)
forallt € (—r,r) (resp. t € R).

(e) Statements (a) through (c) hold for conformally flat channel hypersurfaces in s4 by
replacing Cartan subalgebra a by a non-semisimple maximal abelian subalgebra in p.

Most of the results for conformally flat n-immersions in $"~2 with uniform multiplicity
one hold for conformally flat n-immersions in §2n=2+k with flat normal bundle, n curvature
normals such that the orthogonal complement of the subbundle spanned by n curvature nor-
mals is flat. There exist line of curvature co-ordinates and a correspondence between such
immersions and solutions of the O(2n +k — 1,1)/0(n) x O(n + k — 1, 1)-system.

The paper is organised as follows. In Section 2, we generalise Hertrich-Jeromin’s work
on conformally flat immersions of hypersurfaces in $* to n-submanifolds in $2*~2; we out-
line the light-cone model and how conformally flat immersions in the sphere correspond to
genuine flat immersions in the light-cone, then consider the curvature distributions of corre-
sponding maps and how their fundamental forms compare. The link between conformally flat
immersions and the U /K -system is detailed in Section 3, and we explain its generalisation to
conformally flat n-immersions in $2*~2+k in Section 4. We give a discussion of the dressing
transformations of a ‘negative loop’ on the space of solutions to the U/K -system and their
associated conformally flat immersions; certain dressing transforms are shown to give rise to
geometric Ribaucour transforms in Section 5. In the final section, we show that solutions of
the U/K -system defined by a non-semisimple maximal abelian subalgebra give rise to the
channel immersions.

2. Flat lifts, curvature spaces and co-ordinates. In this section we give defini-
tions and explain, via the light-cone model, the correspondence between conformally flat
n-dimensional immersions in $%"~2 and flat n-dimensional immersions in £>"~1'1. We also
show the existence of line of curvature co-ordinates for conformally flat n-immersions in
5272 with uniform multiplicity one.

The light-cone model. The light-cone model of the conformal m-sphere is now well-
understood, its prime advantage being that it linearises conformal geometry in S™: the fun-
damental objects of the theory, subspheres S C §™ and their intersections, become the ge-
ometry of the Grassmannians Gjn'f X (R™+1.1) of definite signature planes. Hertrich-Jeromin’s
book [9] contains an excellent introduction to this, as does Burstall’s discussion of isothermic
surfaces [2].

Let I,,4+1,1 denote the diagonal (m +2) x (m +2) matrix diag(1l, ..., 1, —1) and (x, y) =
xTIm_HJ y the Lorentzian bilinear form on RmMHLL

£ = (v e R (x,x) = 0)
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is the light-cone of isotropic vectors in R”*!-!1. Fix a choice of unit time-like vector 7y. The
restriction of (, ) to td- is positive definite, and hence td- is isometric to the Euclidean R™*!.
Let S denote the set of unit vectors in tOL, then the map

D S" - L"THL x s x4

is clearly an isometry which, since each isotropic line £ < £+ intersects the plane td- + 1
exactly once, diffeomorphically puts a metric on the projective light-cone P (£"*!:1). How-
ever, any other choice of unit time-like 7, gives a different diffeomorphism and induces a
different metric. Indeed the following compound map is seen to be a conformal diffeomor-
phism from one m-sphere to another (throughout we use ( ) for the span of a collection of
vectors, usually dropping the brackets when referring to the perpendicular space to the span
of a single vector):

DS = pLmthly = osmcypt

X > (x +10) —> —(x +10)/(x + 10, 1)) — 1,

dx? ! dx?/(x + 1o, 1)) .

For this reason the projective light-cone is known as the conformal m-sphere.

FIGURE 1. The projective light-cone as a conformal sphere.

All geometric properties of S™ that are genuinely conformal are detectable directly in
the light-cone and do not depend on the choice of 7y, as can be seen by the following theorem.

THEOREM 2.1 (Liouville). The action of O(m + 1, 1) on the light-cone, and thus on
any choice of m-sphere S™ C tol, is said to be by Mobius transformations. For n > 3 all
(even local!) conformal diffeomorphisms of S™ are Mdbius.

Liouville’s theorem allows us to treat submanifolds of the conformal sphere similarly
to those in metric geometry: the existence of submanifolds up fo isometry is replaced by
up to Mobius transforms; in the light-cone picture these really are isometries. In particular,
starting from submanifolds in £”+1!, we need not worry about specific choices of #, since
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examining the submanifold via any other choice merely amounts to a Mobius transform. We
will, however, tend to assume that a fixed choice has been made, if only so that we may anchor
discussions in a genuine S™.

DEFINITION 2.2. Givenamap f : M — S™ C tg-, aliftof fisanymap F : M —
Lm0 such that f + to € (F). A flat lift is a lift such that the induced metric [dF|? on M is
flat.

REMARKS 2.3. To facilitate computations, we set up notations for moving frames of
flat lifts F : M" — R*—L.1, Suppose that g = (e, ..., ex,) isan O(2n — 1, 1) frame on M
such that ey, ..., e, are tangent to F(M). Let wy, ..., w, be the 1-forms dual to ey, ..., e,.
ThendF = Y !, wie;. Write

2n
deA = Z WBAEB .
B=1
Then g~'dg = (wap) and
wpAeB +eawap =0, where Ip,_1 1 = diag(ey, ..., €2m),
2n
dwap = — ZCUAC AN@CB .
Cc=1
The shape operator is Ae, = —m(dr)(dey), the tangential component. The two fundamental

forms and the normal connection are:

n

n 2n
2
Ir = E ;i , Ip= E E W Wy,i€q
i=1

i=1 a=n+1
2n
Vleaz Z wgeep, n+1<a=<2n.
B=n+1

We may now state the main correspondence of the paper (due to Hertrich-Jeromin [8]
when n = 3).

THEOREM 2.4. A conformally flat immersion f : M" — S?"2 with flat normal
bundle has a flat lift F - M" — L£>'~V1with flat normal bundle. Conversely, any immersed
F : M" — L2V with a flat, definite signature, metric |dF|? and flat normal bundle is a
flat lift of a conformally flat immersion f : M"™ — S*'=2 with flat normal bundle.

REMARK 2.5. For reference we collect some important relations. If e?“I 7 is flat, we
will define, in the proof, a flat lift F* as below; similarly, given a flat lift ' and a choice of 7y,
we recover a conformally flat f. Everything is related by the following notation:

F=—-e(f+1), f=- —t, €= (F, 1.

(F, 1)

Since +F project to the same f, we can always assume that (F, t) is positive.
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The locations of the normal bundles viewed as subbundles of the trivial bundle are as
follows, where both decompositions are orthogonal:

M" x RN = (df) @ (f) ® (to) ® Ny = (dF) ® Nr .

It is important to note that Ny C Np N F L. The metric |[dF|? will almost always be definite:
the only time this doesn’t happen is if some tangent direction is parallel to F itself (any-
thing else forces a contradiction by requiring either a 2-dimensional isotropic or time-like
subspace of 52"’1’1). It follows that, for us, the metric on the normal bundle Nf is always
non-degenerate and of signature (n — 1, 1).

PROOF. (1) Suppose that eZ“If is flat and define F := —e“(f + t9). Then dF =
duF — e"df, and thus F is an immersion. Moreover [ = |dF|2 = eZ”If is flat, hence F is
a flat lift, with positive definite tangent bundle. As is well-known, the bundle (dF') is then flat
(the induced connection is F-related to the Levi-Civita of [r on M).

Now let e;|7_, be parallel orthonormal sections of (dF') and n; |;’;% parallel orthonormal

sections of the normal bundle N ¢. Moreover let F be the unique isotropic section of Ng such
that (ﬁ, n;) =0and (ﬁ, F) = 1. By the flatness of Ir and N, there exist 1-forms such that
the moving frame equations are

0 o wr
o 0 0 -—n
-»; n; 0 0
—w; 0 0 0

d(ei,nj,F,ﬁ)z(ek,nl,F,ﬁ)

Here I = Zi a)l.z. The Maurer-Cartan equations quickly yield dw; = 0 and dw;; = w; A 1;,
from which we conclude that

a)iAdnjz—da)iAnj =0 foralli, ;.

Since the w; form a base of T*M it follows that the 7; are closed and thus the normal bundle
Np is flat.

(2) Suppose that an immersed F has flat tangent and normal bundles. Then f :=
—F/(F,t9) — ty is easily seen to be immersed. Now let N; I;'z_lz be any space-like parallel
orthonormal sections of (F, dF)'. Defining

N;, #
n; :=N; — M F
(F, 1)
itis easy to see that the n; are a parallel orthonormal frame of Ny and hence f has flat normal
bundle. )

We have now reduced the study of conformally flat #-immersions in $2"~2 with flat
normal bundle to the study of flat n-immersions in £2"~!'! with flat normal bundle.
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Curvature distributions and flat non-degenerate normal bundle. Suppose that F
has flat normal bundle and that the curvature distributions of F have constant rank: that is the
tangent bundle of M decomposes orthogonally and smoothly as

14
TM:@E,-,

i=1

where each E;(x) is an eigenspace of all the shape operators A,(x) and the ranks of the
E; are constants. We say that F' has multiplicity (m1, ..., mp) if rank E; = m; for each i
(F thus has uniform multiplicity one if p = n and m; = 1 for all i). To each curvature
distribution there corresponds a curvature normal v; € I'Np such that Ay|g, = (v, v;)Id
(see e.g., [10]). Suppose that (eq, ..., e,) is an O(n) tangent frame consisting of principal
curvature directions and (e,+1, ..., €2,) a parallel O(n — 1, 1) normal frame. Moreover let
wiqg = Aigw; forl <i <nandn +1 < a <2n. Then

2n
Vi = E EqliaCy .

a=n+1
LEMMA 2.6. If F is an immersed flat lift whose principal curvatures along any paral-
lel normal fields have constant multiplicities, then its curvature normals are mutually orthog-
onal. If the curvature distribution E; has rank at least two, then the corresponding curvature
normal v; is isotropic.

PROOF. Since F is flat, the Gauss equation implies that

2n
Z Wig N 0gj = (i, vj))w; Awj =0,
a=n+1

which yields (v;, vj) = 0. Distinct curvature normals are therefore orthogonal, and repeated
curvature normals are necessarily isotropic. a

It is now an (almost) obvious corollary that there can only be one distribution of rank
at least two. A full discussion will wait until Section 6. Note that a flat immersion F' with
flat normal bundle is non-degenerate if and only if all curvature distributions have rank 1
(uniform multiplicity one) and all curvature normals are non-zero: Theorem 2.8 will show
that this second condition is vacuous.

Non-degeneracy and line of curvature co-ordinates. The following theorem de
scribes how immersions with non-degenerate normal bundle come equipped with line of cur-
vature co-ordinates.

THEOREM 2.7. Let F : M" — L*'~ U1 be flat with flat non-degenerate normal bundle
and curvature normals vy, . . ., v,. Then there exist curvature line co-ordinates x1, . .., X, on
M. Moreover F and 1f can be written entirely in terms of the curvature normals as
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v
D e
= (vj, vj)
" dxl.2

e = Z |(vi, vi)|

i=1

Q2.1

PROOF. Firstrecall from Lemma 2.6 that the curvature normals are non-isotropic. Since
(2.2) mnpde; = wiv;,
it follows that
2.3) marydv; = —w;j(vj, vje; .
Since {v;} is a frame of N, there exist functions p; such that F = )" ujv;. However

dF =) wje;. Putting this together quickly gives ;1; = —(vj, v;)~".
Assume g; = sgn(v;, v;). Let n; > 0 be defined by

(2.4) n? = & (vi, ;) = |(vi, vi)l .

Now n;jw; = (einfl v;, de;). By (2.2), (2.3) and the fact that e; and nfl v; are unit length, it is
immediate that
d(niw;) = &;(d(n; 'vi) ) de;) =0,
where (p 2 ¢)(X,Y) := (p(X),q(Y)) — (p(Y), g(X)). The w; are independent, thus we have
co-ordinates x;. Since the w; diagonalise the fundamental forms of F, it follows that the dx;
do similarly and are thus curvature line co-ordinates. The expression for I is then immediate.
O

Comparing curvatures. Since dNy L (f) and df L Ny, it follows that if n; are
parallel sections of Ny then {f, n;} are a parallel frame for the Euclidean normal bundle
(fY®ONyCMx tOL. f therefore has flat normal bundle when viewed as an immersion into
R?n=1 — tol. It also therefore has an orthogonal curvature distribution; moreover §2n=2 will
inherit a curvature distribution from R?*~!. A priori we now have three curvature distributions
on M: the next theorem tidies things up. We also have curvature normals for F and f which
we would like to relate.

THEOREM 2.8. Let f : M" — $*"=2 be a conformally flat immersion with flat normal
bundle and F = —e™"“(f + to) flat lift. Then we have the following.

(1)  The curvature directions (on M") induced by F and f are identical.

2) Ifwv, vf, viR are corresponding curvature normals of F and f (the latter as a map
into =2 and R*~! = td‘, respectively), and e;, €; the corresponding curvature directions,
then we have the relations

€ =—e +e "(e,t0)F
2.5)

S u R
vy = —e'nN v = + f.

(3) All curvature normals of F are non-zero.
(4) F has non-degenerate normal bundle if and only if f has uniform multiplicity one.
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PROOF. Let e; be orthonormal curvature directions for F' and define €; as in the theo-
rem. The €; are orthonormal, and we calculate that
e'df =duF —dF = sz‘éi —e (e, to)wi F +duF = Zwiéi ,
i i

hence the €; frame (d /). Moreover
ﬂNf-dé,' = —andei = —a)ianv,- s
mpdé; = (dé;, f)f = —(&,df) f = —e "o f,
hence the €; are curvature directions for f. It follows that the curvature normals for f as a
map into §2"=2 are vf = —e "7y, v;. We thus have (1) and (2).
For (3) and (4) we calculate explicitly:

n
TN Vi = Vi — Z(vi, €)e; — (vi, ) f + (vi, to)to
j=1

n
= v — ) (i, e (&), 1) F)(—e; + e "(ej, 10) F)
j=1

(2.6) — (vi,e " F +19)(e ™" F + o) + (vi, to)to
n
=y —e Z(ej, fo)e; + )
j=1

n
4 e (Z(e/’, 0)> +1—e*(v;, t0)>F-

j=1

Supposing that v; = 0, we readily obtain

n n
o = Z(ej, to)ej —e " (Z(ej, 10)* + 1>F.
j=1 j=1

However taking the norm squared of both sides results in the contradiction

n
—1=) (e, 1)
j=1

It follows that v; cannot be zero, yielding (3).
By (2.6) we have that

2.7 vis—vjs.zv,-—vj—ef"(v,'—vj,to)F.

If the vf are distinct, then the v; are distinct and, by Lemma 2.6, orthogonal. Rearranging

and taking the norm squared of (2.7) yields |v; — v;| > 0, hence no pair of v; are parallel
isotropic. The v; are thus all non-isotropic and N is non-degenerate. Conversely, if vis = ij.,
then v; — v; € (F), so that either v; = v; is a repeated curvature of F, or F' € (v; — vj).
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The latter case yields a contradiction, for it would require that dF" € {(w;, w;) only. This
establishes (4). O

REMARKS 2.9. Observe that if f has distinct curvature normals, then N is automat-
ically non-degenerate: (vf, R v,f) = TN, (v1, ..., vy). Indeed the proof shows that vf — vf
if and only if v; = v;. All curvature normals of F' are non-zero, hence the only way Ng
can be degenerate is if F' has a repeated non-zero curvature, necessarily isotropic. Thus F is
non-degenerate if and only if it has uniform multiplicity one. By contrast, f may have a zero
curvature normal (the curvature line being a geodesic) whether F is degenerate or not. The
multiplicities of f are however identical to those of any flat lift.

When F is non-degenerate we may obtain further relations from (2.1) and (2.5):

dx?
Ir = e—ZMIF — e—2u i ,
! ,Z.|(v,-,v,»>|
dx?
IS.= —2u —zv§=1R | P
F= T =
1
dx?
= e Uy Ip=—e ! —L N,
NrtF Z|(Ui,vi)| Ny S

i
We will say more on the curvature distributions of conformally flat immersions with
repeated curvature normals in Section 6.

3. The U/K-system. We prove that the Gauss-Codazzi equation for flat n-immer-
sions in £2"~11 with flat normal bundle and good’ co-ordinates is the O(2n — 1, 1)/0(n) x
O(n — 1, 1)-system.

The U/K-system [11] is a general construction common to any symmetric space. We
give its construction for the case U = O(2n — 1,1) and K = O(n) x O(n — 1, 1): these
will be viewed as matrices where g € U if and only if gTIQn,l,lg = Iyu—1,1. K is then
represented by the block n x n diagonal matrices. The Lie algebras of U and K will be
written u and €, while the Killing perp of £ will be denoted by p. As is well-known, U/K
is a pseudo-Riemannian symmetric space defined by the involution 7(§) = I, &1, }l with
+-eigenspaces

0 &7y

t=o0(n) xo(n—-1,1), PZ{(_E 0

) ;& GE[(H)}, J=Ti—11.

Moreover,
(& €], [p,plCE, [EplCp.

The conjugation of K on p is

(m 0>*<0 sTJ>= 0 gt&lig!
0 @) \-¢ 0 —pEg ! 0 '
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Let a be a maximal abelian subalgebra in p, and ay, ..., a, a basis of a. The U/K-
system defined by a is the PDE (1.1) for & : R" — a N p. It is known and can be easily
checked that the following statements are equivalent:

(1) & is asolution of the U /K -system.

(2) The following one-parameter family of o(2n — 1, 1, C) connection 1-forms is flat
forall A € C:

n
3.1 6, = Y _Cai + [a;, EDdx; .
i=1
(3) 6, =>7_ (ra; + [a;, E1)dx; is flat for some A € R \ {0}.
We call 6, the Lax pair of the U/K -system, and a solution @, : R" x C — O02n—1,1,(C))
to @, 'd®; = 6; satisfying the U/K -reality condition,

(3.2) D, =5, P=0_;,

an extended flat frame for the solution = of the U /K -system. The following are clear.

(a) We may normalise the extended flat frame at a base point, e.g., @, (0) = Id, which
will be called the normalised extended flat frame. Choosing a different extended flat frame
merely affects submanifold geometry by rigid motions (equivalently Mobius transforms of
S2n—2).

(b) If &, is an extended flat frame, then &, € O2n — 1,1) forallr € R and @g €
Om) x O(n—1,1).

There are both semisimple and non-semisimple maximal abelian subalgebras in p. These
comprise n conjugacy classes, each of which give rise to non-equivalent U/ K -systems. We
will show in this section that the U/K-system defined by a semisimple abelian subalgebra
in p is the Gauss-Codazzi equation for flat lifts of conformally flat immersions with uniform
multiplicity one. In Section 6 we will see that solutions of a U /K -system defined by a non-
semisimple maximal abelian subalgebra give rise to conformally flat immersions with one
multiplicity greater than one.

THEOREM 3.1. Suppose that F : M" — L£**~ V1 is a flat immersion with flat non-
degenerate normal bundle, induced metric Ip = Z?:l hfdxl.z, and that (xy, ..., xy) is a line
of curvature co-ordinate system. Let W = (e1,...,e,, 01, ...,W,) bean O2n — 1, 1)-frame
such that the e; are principal curvature directions and the w; are parallel to the curvature nor-
malsof F. Let U/K = 02n—1,1)/0(n) x O(n—1, 1), u = €+ its Cartan decomposition,

and
0 DJ .
a= {(—D 0 ) ; Ddlagonal}

a Cartan subalgebrain p, where J = 1,1 1. Set & = (§;;), where

B {(hl-)x‘,./h,-, i,
§ij = .
0 i=j.
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Then E = ( 0 & ) is a solution of the U / K -system defined by a,

—-JE O

(33) [alsExj]_[ajsExl]+[[alsE]v[ajsE]]:Os l;é.]v
and

n

wldw = (a; + [ai, 1) dx;,

i=1
where a; = (*(Zii eiéj)for 1 < i < n. Moreover, let g = (gol ;)2) in K be a solution of
g’ldg = Zl’f:l[a,’, E1dx;, then there exists a constant null vector ¢ € R" ! such that

_ 0

F=w(, ).

Conversely, any solution & to the U /K -system locally determines, up to Mobius trans-
forms, an (n — 2)-parameter family of flat immersions in L2"~11 with flat non-degenerate
normal bundle in the following way. Let & be a solution to the U /K -system (3.3) and @,
an extended flat frame for the Lax pair 0, = Y i_(Aa; + [a;, E1)dx;. Then ®y is of the

. _ . 0 .
form (g' 0 ) and, ifc € R" L1 s a constant non-zero null vector, then F := &1 ( -1, ) is
0 g 9 ¢

(locally) a flat lift of a conformally flat immersion into S*"~2. Moreover F, its fundamental
forms and curvature normals v; are given explicitly by

n n
F=Y qu, Ir=Y gldx,
i=1 i=1

n
2 -1
Ip=-— Zgi‘b'dxi U, v =—€iq; Wi,
i=1

where @1 = (e1,...,e,, Uy, ...,U,) andgz_lc= (ql,...,q,,)T.

PROOF. Let vy, ..., v, be the curvature normals for the flat lift F : M" — £2n—L1
We may assume that (v,, v,) < 0. Define (as in (2.4))
/2 1

e =sgn(v;, v;), n; = |(v;,v;) u=n; v;.

Then (uy, ..., uw,)isan O(n — 1, 1) normal frame. Let (eq, ..., e,) be an O(n) tangent frame
consisting of corresponding principal curvature directions. It is clear that

A —=48J
— ! —
0:=v d':(f—<(S B )

where J = 1,11, § = diag(dxy, ..., dx,) and the Lie algebra valued 1-forms A, B are the
connection forms for the induced flat connections on (dF) and Nr. The flatness d0+6 A0 = 0
reads

34 dA+AANA=0=dB+BAB=8ANA+BAS.

By considering where the dx; A dx; terms appear in the third equation, it is not hard to see
that A;;, B;jj € (dx;, dx;) and that there therefore exists a unique map

& : M" — {off-diagonal n x n matrices},
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such that
A=8c—&ETs, B=o8sT —JgsT.

The first two equations of (3.4) constitute a system of PDEs in the entries of £. Indeed writing
E = (_35 SoT) and )", a;dx; = (9 37, we see that [a;dx;, Z] = diag(A, B). Itis straight-
forward to see that & isamap & : M" — pN al = [€, a], and is thus a solution of the
U/K-system (3.3).

Since N is flat, and the normal connection 1-form defined by the normal frame (u; .. .,
uy) is B, there exists go : M — O(n — 1, 1) such that g{ldgz = B and

—1
(€nt1,...,€p) =1, ..., U)g,

is a parallel normal frame. Since F is a null parallel normal section, there exists a constant
null vector ¢ such that

-1 0
F=(ept1,...,e)c=y,...,u)g, = @( -1 ) .
9 €
Conversely, let = be a solution to the U/K -system and @, and extended flat frame for
the Lax pair 6, = Zl’»lzl (ajr+[ai, E])dx;. Given an isotropic non-zero vector ¢ in R" 11 the
0 \. . . . S . -
map F = @ ( 4! c) is immersed precisely in the generic situation when all n entries of g, le
are non-zero. Such an F is clearly a flat lift. Since the resulting conformally flat immersions
f is independent of the scaling of F', we therefore have a distinct conformally flat immersions
in any choice of $?*~2, and for every point in the projective light-cone P(£"~ 1) = §"=2. O

We recall below some known approaches to constructing solutions to the U/ K -system.

Dressing [12]: Given a solution we may apply dressing actions to find new solutions to
(3.3). We shall pursue this in Section 5.

Cartan-Kéhler [13]: The U/K-system is unchanged with respect to the substitution
(ai,x;) + (bj,yj) where bj = > pijai, yj = Y.; p/'x; for any constant invertible
(pij), where (p;j)~' = (p"). Almost any choice of (p;;) will result in b; being regu-
lar (adb; : p N at — ¢ injective). The corresponding exterior differential system is in-
volutive, hence we may apply the Cartan-Kihler theorem: given local analytic initial data
o : (—&,&) = pNal,thereisa unique local analytic solution Z to (3.3) which satisfies
Z(y1,0,0) = &o(y1). Note that dim(a- N p) = n? — n.

Finite gap solutions [5]: Local analytic solutions of the U /K -system can be constructed
from the finite gap integration scheme by solving a sequence of commuting integrable ODE
systems. These solutions can be expressed by theta functions.

Inverse scattering [11]: If b; € a is regular then, given rapidly decreasing initial data
Zop : R — p N at with small L' norm, there exists a unique global smooth solution & to the
U/K-system (3.3) such that &(y1, 0, ...,0) = Ep(y1).

We will compute the dressing action of the simplest type rational loops in Section 5.
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REMARK 3.2. The discussion on constructions of solutions of the U /K -system given
above and in Theorem 3.1 imply that local flat n-immersions in £2"~!'! with flat, non-
degenerate normal bundle and uniform multiplicity one are determined by n> — n functions of
one variable (the restriction of &£ to a regular line). We state this more precisely. Fix a regular
element b = Z?:l bia; in a. Given a real analytic map & = ((§0)ij) : (—¢&,&) — gln)
such that (§p);; = 0 for all 1 < i < n, there is a unique solution = of the U /K -system (3.3)
defined on an open subset of the origin of R" such that Z (tby, ..., th,) = (—Jgo(f) go((;)T )-
The same statement holds if we replace &y by a rapidly decaying smooth map on R whose L'
norm is less than 1. For each solution of the U/K -system, Theorem 3.1 gives a family of flat
n-immersions in £2"~1"1 parameterised by the light-cone of R"~!-1.

Note that although inverse scattering yields global solutions = to the U/K -system, the
induced flat lifts will (generally) have singularities and thus not be global immersions R" —
£2= 11 Tnverse scattering does not, therefore, give us global conformally flat immersions.

4. Conformally flat n-immersions in S2"*%~2,  An immersion f : M" — §2"+k=2
with flat normal bundle is said to have uniform multiplicity one if it has constant multiplicities
and each curvature distribution has rank one. It is easy to see that the proofs of the existence
of flat lifts and line of curvature co-ordinates still work for these immersions. Let vy, ..., v,
be the curvature normals for a flat lift F', N, = (v,-);‘:1 the curvature normal bundle, and
le- the orthogonal complement of N, in Nr. Note that Theorem 3.1 holds if we replace the
U/K-system with the O2n +k —1,1)/0(n) x O(n + k — 1, 1)-system and assume that Nj-
is flat. We state the analogous results below.

THEOREM 4.1. Let f : M" — S*k=2 pe a conformally flat immersion with flat
normal bundle and uniform multiplicity one. We then have the following.

(1) Thereisaflatlift F : M" — L2 %=L for £ with flat normal bundle and uniform
multiplicity one.

(2) There exist line of curvature co-ordinates for F.

The symmetric space O(2n+k—1,1)/0(n) x O(n+k—1, 1) is defined by the involution
T(€) = In,,,+k§I;}1+k, and the 1 eigenspaces of T are ¢ = o(n) x o(n +k — 1, 1), and

o= {( 0 é) - eg[(n’n_|_k)}, where  J =TIpq4x-11.

—JE' 0
Set
ay = {ai)j_y, where a; =e€inti — entii,
a_ = (b;)7_,, where b; =ejniitri — Eilnthtisi-
where ¢; = 1 fori < n and ¢, = —1. Then both a,, a_ are maximal abelian subalgebras in
p, and

aiﬂp={(_§’§, f)) ;s=<s,~,~>egl(n,n+k),a-,~=o,1si5n},
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atnp= {( 0 (5)) s E= (&) egln,n+k), & iyi =0} .

—JEg
THEOREM 4.2. Let F : M" — L*"k=L1 be q flat lift of f with flat normal bun-
dle and uniform multiplicity one, v1, ..., v, the curvature normals for F, and a4 as above.

Suppose that the induced connection on the subbundle le‘ of N is flat, where Ny = (v;)_,.
() If (vi,vi) > 0 forall 1 < i < n, then there exists a solution & : M" — ai N p of the
O2n+k—1,1)/0(n) x O(n+k—1, 1)-system defined by ay and an O2n+k — 1, 1) frame
D =(e,...,e,,U1,...,Uyyk) Such that

(1) e; are principal curvature directions, u; = v;/(v;, v,-)l/2 for1 < i < n, and
(duj,u;) =0ifn <i,j <n+k,

2) @ 'do =" (a +lai, EDdx;.
(i) If (vy, vy) < O, then there exists a solution & : M" — atn p of the O2n + k —
1,1)/O0(n) x O(n + k — 1, 1)-system defined by a_ and an OQ2n + k — 1, 1) frame ® =
(er,...,ey, 0y, ..., Uytk) such that

(1) e; are principal curvature directions, w; = v;/|(v;, v,-)ll/2 for1 <i < n, and
(duj,u;) =0ifn <i,j <n+k,

) @ 'do =" (b + [bi, EDdx;.

. _ 0
Moreover, there is a constant null vector ¢ € R" =11 quch that F = @ <g71c), where
>

Yiilai, Eldxi =g 'dgand g = (% ;).
Conversely, let £ be a solution of the O2n +k — 1,1)/0(n) x O(n +k — 1, 1)-system
defined by a (resp. a_), ®; an extended flat frame for the Lax pair of & and ¢ € R"* =11 g

null vector. Then &y = (90' ;)2), and F = @4 <g291c) is flat with flat normal bundle, uniform

multiplicity one, and the subbundle Nj- is flat.

5. Dressing action and Ribaucour transformations. We first give a brief review
of the dressing action (cf. [12]) for the U/K-system. Then we construct simple elements
in the rational loop group with two poles that lies in the negative loop group, give explicit
formulae for the dressing action of simple elements on solutions of the U/ K -system and the
corresponding action on the flat lifts of conformally flat #-immersions in $>"~2. We prove
in the end of the section that the dressing action of simple elements on flat lifts are Rib-
aucour transformations enveloping n-sphere or n-hyperboloid congruences (see Remark 5.4)
and moreover project down to Ribaucour transforms via n-sphere congruences of conformally
flat n-immersions in §2" 2.

Throughout U¢ = O(2n — 1, 1, C) where complex conjugation is across the real form
U c UC. t will refer both to the symmetric involution of U€ which defines the symmetric
space U/K and its derivative at the identity, whose eigenspaces are &, p.

Fixe > 0. Let O, = {A € P'; 7! < A < o0}, and L(U) the group of holomorphic
maps from O, \ {oc} to UC that satisfy the U/K reality condition (3.2). Let L*(U) denote
the subgroup of g, € L(U) that is the restriction of a holomorphic map on C, and L™ (U)
the subgroup of g € L(U) that is the restriction of a holomorphic map defined on O, such
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that g_ (oo) = Id. The Birkhoff Factorisation Theorem implies that the multiplication maps
LT (U)x L™ (U) — L(U)and L~ (U) x L™ (U) — L(U) defined by (g4, g—) — g+ g— and
(9—, g+) — g—g+ are injective and the images are open dense. Hence the big cell

OW) := (LY (U)L™(U)) N (L™ (U) N LT(U))

is open and dense. The local dressing action of L™ (U) on L+ (U) is defined as follows. Since
the big cell O(U) is open and dense, given g+ € L*(U), there generically exist §+ € L*(U)
such that g_gy = §+§_. Then g_tig, := g, defines a local action of L~ (U) on L™ (U): this
is the dressing action.

It is proved in [12] that the dressing action of L™ (U) induces an action of L™ (U) on the
space of solutions of the U/ K -system:

THEOREM 5.1. [12] Let @, be the normalised flat frame of the Lax pair of a solution
& of the U/K -system, and g € L™ (U). Then

(1) there exists an open subset B of the origin in R" such that the dressing action
of g at ®(x), @(x) = gi®(x), is defined for all x € B, in other words, we can factor
gP(x) = D (x)§(x) with ®(x) € LT(U) and §(x) € L~ (U) forall x € B,

(2) @, is the normalised frame for a solution of the U | K -system, which will be denoted
by gt &.

In general it is difficult to calculate explicitly the dressing action of a given g € L™ (U)
on LT(U). It is, however, now standard theory that if ¢ € L™ (U) is rational [12, 1, 2],
then the dressing action of g on L™ (U) can be computed explicitly via residue calculus.
Moreover, the action of a rational ¢ € L~ (U) with minimal number of poles (a so-called
simple element) often corresponds to known classical transforms (e.g., Backlund transforms
of pseudospherical surfaces, Darboux transforms of isothermic surfaces, etc.).

Let 7 be conjugation by p = I,, ,, choose a scalar « € R* UiR*, and an isotropic line
£ such that either

(5.1) <R UlandaeeR*, or {<R"®iR" "'anda €iR*.

Let L = ¢€ and suppose in addition that pL # L (equivalently pL X L). Let 77 denote
projection onto L away from p L. In fact, if £ = (v) with |v| = 0 and (v, pv) = 1, then

L =wl p, Tyl = pvvl .
Define the simple element py 1 by

A—a n +A+a
T T
At L (LepL)* A—a

(5.2) Pa,L(A) =

Then

oL -

Pa,L = Go,pLY—a,L » where goz,L()\) =1+ L -

A—a
It is easily checked that p, ; is an element of L™ (U).

Let & : R" — a* Nyp be a solution to the U/K -system (3.3). An extended frame @ of
the Lax pair 6, (3.1) of & is called the normalised extended frame if @, (0) = Id. Since the
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solution of an ODE depending on a holomorphic parameter is holomorphic in that parameter,
the map A — @, (x) lies in L™ (U).

Using the dressing action of g, ; computed in [12], or alternatively from [1, 2], we get
the following:

THEOREM 5.2. Let @) (x) be the normalised extended frame for a solution of the
U/K = 0@2n —1,1)/0n) x O(n — 1, 1)-system, and pq.1, the simple element defined by
(5.2). Then there is an open subset B of the origin in R" such that & (x) := Pa, LHD (x), the
dressing action of pa.1 on @ (x), is defined for all x € B. Moreover,

() Lx)= dﬁ(;l(x)L and « satisfy (5.1),

(2

B (x) = paL#P() = pa L PP, 1)
is the normalised extended frame of a new solution of the U / K -system,

(3)  Pa.LiP(x) is well-defined if &7 (x)L # p(@; ' (x)L).

PROOF. If & € R, then @, is real and in O(2n — 1, 1). So «, L(x) satisfy (5.1). If
o = is for some real s, then

Diy = pP_j5p = qu_isp .

So if we write @;; = (Z; Zﬁ ), then 71, n4 are real and 1, 3 are pure imaginary matrices. A
computation shows that «, L (x) satisfy (5.1). In other words, p oL (x) satisfies the U/ K -reality
condition.

To prove that é(x) lies in Lt (U), we expand pO[,Lngp_1
a,

in a power series about

-1
97 @)L
A = «a and check that it is in fact holomorphic and invertible there. The twisting condition
ensures that the same is true at A = —o, hence pO[,Lg_kp_1 e is a map into LT (U).
a,9; (o

Unique factorisation finishes things off.
Let p = Py (x)- Then

(5.3) &~ 'dd = porp' —dpp!.

Expand the above equality at . = oo, noting that 6, is a degree one polynomial in A, to obtain

that limy oo A '@~ 1d® = (9737} is bounded. Hence @~ 'd® is degree one in A and is

thus the Lax pair of a new solution of the U /K -system. a

We now write down explicit formulae for the action of p, ; on F and the frame of F.
Recalling Section 3, we note that a flat lift ' can be written

F=¢1<_01>,
9, €

where @, is an extended frame and @9 = (¥ ;)2). Set

—1 T
m:= g, c=(my,...,my) , @ =(e,...,e,,uq,...,Uy).
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Then
n
F = E mju; ,
j=1
and ey, ..., e, are principal curvature directions, u; is parallel to the curvature normal v; of
F, and llj = —8jmjvj.

Assume that o # £1. We cancel the factor of py, 1 (1) from the definition of the dressed
frame & (x) and write

~ 0
P -1
pa,LﬁF =F= ‘plpa’q}(;]L(l)Pa’q);lL(O) <921c>

(1)paq¢;1L(0)¢;1 F.

(5.4)

-1
=
1pa,q>;1L

(Note that the factor p, 1 (1) € O2n — 1, 1) is an isometry of R?~11 hence Fis equal to
@ ( g;%) up to an isometry.)
Introduce the notation @, Iy = (( v%/ )), where choices are normalised such that [W|? =

—|Z|? = 2: it is easy to check that W = W and Z = sgn(a?)Z. We have

2

I+ wwl  ——* gy
1 pa— R ——
p —1 ()") = ) J = Infl,l 9
o, Py L ar a2
r I— AN
)\2 _ Ol2 zw )»2 _ a2
from which we write
o? T ar T
I+ ww — wz'J
~ 22 _ o2 )
D, = D,
oA T a? T
Az_azZW 1_7)\2_01222 J
Write
= a 0
¢1:(e11 7en1u17 1un)7 ¢0=< ~> £
0 ®»
and set
~ = 0 - -1 - -
:¢1 ~—1 ) m = 2 c:(mls 7mn)
9 €
Then
~ 1 -1 OlWi aW
(5.5) € =Pip, oo, (NP & =€+ 7P ( 7 ) ;
L ] N o Z; w
(5.6) u; = qjlpa’(p;lL(l)(pl u =u; — o2 Dy <O{Z> >

5.7 ﬁ1j=mj+(Z,m)Zj,
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. (Z,m) [
(5.8) F=F+ D aWie + Ziui )
i=1

l—«

where W, Z are written with respect to the standard bases of R", RL1
The above formulae imply that

F—F//é,-—e,-J_ﬁj—uj//ﬁ,-—u,-.

More is true, for F and F envelop of a congruence of n-spheres or n-hyperbolae and are, in
fact, Ribaucour transforms of each other (defined next).

DEFINITION 5.3. A congruence of n-spheres (resp. n-hyperbolae) is a map into the
space of n-spheres in a spaceform. An enveloping submanifold of a congruence is a subman-
ifold which has first-order contact with the congruence, i.e., each sphere (resp. hyperbola) is
tangent to the submanifold it touches.

REMARK 5.4. An n-sphere in R?"~!:! can be written as ¢ 4+ {x € V; (x,x) = r?}
for some space-like (n + 1)-dimensional linear subspace V, ¢ € V-, and a constant r. This
n-sphere lies in the light-cone £>*~ ! if and only if (¢,¢) = —r2. An n-hyperbola can
be written as ¢+ {x € V; (x,x) = —r2} for some Lorentzian (n 4+ 1)-dimensional linear
subspace V, ¢ € V=, and a constant r. This n-hyperbola lies in £2*~1-! if and only if (c, ¢) =
r2. Note that the projections of both n-spheres and n-hyperbolae in £~ to §2"=2 are

n-spheres (we will explain this more clearly in Remarks 5.7).

REMARK 5.5. It can be easily seen that a generic n-dimensional congruence of n-
spheres (or n-hyperbolae) has exactly two enveloping submanifolds M, M* and a map ¢ :
M — M*, so that for each p € M there is a n-sphere (or n-hyperbola) C(p) in the congru-
ence such that M and M™* are tangent to C(p) at p and ¢ (p), respectively. We will also call
the map ¢ a congruence. The congruence ¢ is said to be Ribaucour if the lines of curvature
on M map to lines of curvature on M*. Otherwise said, the lines of curvature correspond
and the tangent line through p in the direction e; (p) meets the tangent line through ¢ (p) in
the direction d¢ (e; (p)) at equal distance. This is the definition given of Ribaucour transform
in [1] for isothermic surfaces.

THEOREM 5.6. Let o € C and L an isotropic line in C*"~ 1 satisfying (5.1), and
Da.L be the simple element in L™ (U) defined by (5.2). Then the dressing action F +— F =
Pa.LiF defined by (5.4) is a Ribaucour n-hyperbola congruence in L2~V if a is real, and a
Ribaucour n-sphere congruence in £~ 11

(1) F—Fc¢ (Ig orO'I )£2n—l,1 and €; — e; is parallel to F— F foralll <i < n,

where the e; and €; are principal curvature directions for F and F respectively,

(2) if F is a flat lift of a conformally flat immersion f in S*'~2, then F is a flat lift of
another conformally flat immersion f in "2, and the transform f — f is a Ribaucour
transform in §*"~2.

if a is pure imaginary. Moreover,
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PROOF. Note that F and F envelop an n-sphere (or a n-hyperbola) congruence if there
exist vector fields £ normal to F and & normal to F satisfying the following conditions:

() F+é=F+Eand (8 =CE.0), )

2) (er(x),...,e,(x),E(x)) = (€1(x),...,e,(x),&(x)), which will be denoted by
V(x),

(3) F(x)— F(x) € V(x).

The above conditions imply that both F and F are tangent to the quadrics in the affine
space F(x) + V(x),

(y—c(x),y —cx) = (EW®),EW),

at F(x) and F (x), where the centre c(x) = F(x)+&(x). If V (x) is space-like then this quadric
is an n-sphere, and if V (x) is Lorentzian then this quadric is an n-hyperbola. Since F(x) is
null, there exists a time-like #o(x) such that the quadric lies in the affine space fo(x) + V (x).

We have seen that

F_F=— (Zm)( ZW/emLZZu,)
éi_ei_l—(x ( ZW/e/ ZZju/),
w — Z—ixia;<ZW/e/ —G—CXZZ u/)

where (%)) = &, 'L and is normalised so that [W|> = —|Z|> = 2 and m = g{lc. It
follows from the formulae for F — F and €, — e; that

~ (Z, m)

F—-F= € —e),

i

for each i. Equate the coefficients of the e; and u; in F—F=¢-Eto get

n
(5.9) Y eEiZi=m,2), &=§&+(ZmZz,
i=1
where £ = Y7 &uwand & = Y7 &,
Case 1: o € R. Then Z is real (5.1). Use the condition that e; (x) lies in V (x) to see that
£ has to be parallel to }; Z;ju;, hence § = f }°; Z;u; for some real function f. It follows

from (€, &) = (£, &) and (5.9) that £ = (Z, m)/2. So
1 .
§j=5ZmZ;=-¢;.

Since £ is time-like, it follows that V (x) is Lorentzian. This shows that F' and F envelop a
congruence of n-hyperbolae and

1 - . 1 L
%‘ZE(Zam)ZZjllj, éz—E(Z,m)ZZjuj.

j=1 j=1
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Case 2: o € iR. Then Z = iy for some y € R"~!'!. We can use the above argument to
obtain

~ 1
& =& = —30.myy;.

Since y is space like, so is V (x). In other words, F and F envelop a congruence of n-spheres.

It is easy to check that both the n-spheres and the n-hyperbolae lie in £2*~ 1. As a
consequence of Theorem 5.2, F is a flat lift of a new conformally flat f in $2*~2 with identical
line of curvature co-ordinates for F. O

REMARKS 5.7. The discussion of congruences in $2*~2 is particularly beautiful in
the light-cone picture (e.g., [2]). A congruence of n-spheres may be viewed as a map S :
M" — G:_Z(Rzn_l*l) into the Grassmannian of positive definite (n — 2)-planes; P(stn
£2n=bly = p(crthly = g7 The condition that (F) envelops S then becomes very simple:
S L (F,dF). Burstall-Calderbank [3] generalise the notion of Ribaucour in this setting by
demanding simply that a general codimension congruence with two enveloping submanifolds
(F), (F) is Ribaucour if and only if the bundle (F, I*:) is flat.

We may restate the above theorem in a more invariant manner, that views the hyper-
bola and sphere congruences as sub-quadrics of the quadric P(R**~11) = §2"=2 Each
ST =V @ Fx) = V(x) @ ﬁ(x) is a signature (n + 1, 1)-plane, hence S : M" —
G;z (R?"~1.1) is an n-sphere congruence in the conformal $?*~2, enveloped by (F), (F) :
M" — P(L* L1y = §27=2 'We may moreover calculate the flatness of the bundle (F, F )
to see that the enveloped congruence is indeed Ribaucour in the sense of Burstall-Calderbank
[3].

Since the notion of enveloped sphere congruence is conformally invariant, the theorem is
true in any Riemannian §%*~2 C td- we choose. Specifically: let f < $2"~2 be conformally
flat with uniform multiplicity one, F a flat lift and f the projection of the transform Do, L¥F
by a simple element; then f, f envelop a congruence of n-spheres and have corresponding
curvature directions. To summarise, we have the following theorem:

THEOREM 5.8. Simple elements act by Ribaucour transforms on conformally flat im-
mersions with uniform multiplicity one.

Returning to flat lifts, we may also rephrase the construction of Ribaucour transforms in
terms of a system of first order PDE: in particular, given a flat lift F, « € R* UiR*, and

Ly = (Yp) = << Wo )>, such that ¢, £ satisfy (5.1), the Ribaucour transform of F by P,

Zy 05 (Lo

may be constructed.

THEOREM 5.9. Let F, ¥, x, E be as in Theorem 3.1, i.e., ¥1 = (e1,...,€e,, Uy, ...,
w), ¥ = (% 0), F=a(y), andm = gy 'c,and 0, = Y/_, (ha; + la;, ENdx; the Lax

pair of the solution & of the U/K-system. Given « € R* UiR* and £ = (Yy) satisfying
(5.1). Then we have the following.
(1)  The following system for C*"-valued maps Y has a unique solution:

(5.10) dY = —6,Y, Y(0)=7Y,.
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(2) «and (Y (x)) satisfy (5.1), where Y is the solution to (5.10).
(3) Choose W, Z so that (Y) = (%)) with |W|> = —|Z|* = 2. Then

= (Z,m)
F—F:=F+ l—az(zj:awjej +Ziui)

is the Ribaucour transform given in Theorem 5.6 by p , -1 (o)’

PROOF. System (5.10) is solvable because 6, is flat. The rest follows. O

If we apply the dressing action of simple elements to the vacuum solution & = 0 repeat-
edly, then we can construct infinitely many families of explicit conformally flat n-immersions
in §2"~2 with uniform multiplicity one.

Permutability. We may easily obtain a permutability theorem for Ribaucour trans-
forms, or at least those that arise via simple element dressing. By Theorem 5.2, combined
with linear fractional transforms x — (x — «, 8)/(x + «, ) we see that

-1 -1
Pa.psm(@LPBMPy a0 Pg oy, (BIMPa.LPg p »

are pole-free and invertible at ¢/, £ respectively. Putting these together and applying Liou-
ville’s theorem (holomorphic functions on P! are constant) we see that in fact

(5.11) Po.pp (@ LPBM = PB.py(BIMPa,L -

Applied to our discussion, we see that given two Ribaucour transforms via simple elements,
there exists a common fourth immersion which is simultaneously a Ribaucour transform of
the first two (and is not the original immersion).

6. Channel immersions. In this section, we consider conformally flat n-dimensional
immersions into $2"~2 with some multiplicity greater than one. The curvature distributions
of such immersions have constant ranks and are smooth. Their flat lifts into £2*~ ! also
have constant multiplicity. We show that in fact all but one curvature distribution has rank
one. Such submanifolds envelop a p-dimensional family of (n — p)-dimensional spheres;
they are the analogues of the channel hypersurfaces in $*, and hence will be called channel
immersions. Unlike the uniform multiplicity one case, we do not know whether line of cur-
vature co-ordinates exist for such immersions. If line of curvature co-ordinates do exist, then
the Gauss-Codazzi equations for such an immersion is the U/K-system defined by a non-
semisimple maximal abelian algebra in p. Conversely, solutions to these U/K -systems give
rise to conformally flat immersions with one multiplicity at least two.

Recall first Theorem 2.8, which says that a conformally flat immersion f and any flat lift
F have identical curvature distributions.

THEOREM 6.1. Suppose that f is conformally flat with flat normal bundle and con-
stant multiplicities, with at least one multiplicity k > 2. Then the curvature distributions are
smooth and there is precisely one curvature distribution of rank at least two so that f has
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multiplicity (1, ..., 1, k). We may therefore write

p
T™™M =(PEOSE,
i=1
where rank E; = l,rank E =k =n — p.

Let F be any flat lift of f and let v, ..., vp, v be the curvature normals of F. The v; are
space-like and orthogonal, v is isotropic and orthogonal to the v;, and all are non-zero. Any
flat lift F has degenerate normal bundle and the formulae of Theorem 2.8 relating curvature
normals of f and F still hold. Moreover the distribution E is integrable, and the leaf of E
through any point is contained in a copy of S"™P C S*'2. Indeed the repeated curvature
normal v& of f is a parallel section of Ny ©® (f) over E and the (n — p)-sphere in question
has (Euclidean) radius 1/|vE| < 1.

PROOF. First recall, from Theorem 2.8, that f and any flat lift F' share the same cur-
vature distributions, and that any distribution of rank at least two has an isotropic, non-zero
curvature normal for F. If there are two such then they must be scalar multiples, since two
orthogonal non-zero isotropic vectors contradict the fact that maximal isotropic subspaces of
R> 11 are lines. The part of flat differentiation d that maps (dF) <> Nr between tangent
and normal bundle is well-known to be a 0(2n — 1, 1)-valued 1-form N such that I p = NdF.
Since F is parallel in Np, it follows that dF = N'F. Applying this to the supposition that
there are two isotropic curvature normals which are non-trivial multiples of each other gives
a contradiction.

For the remainder, we appeal to a theorem of Terng [10] which states that the curvature
distributions of f are integrable and that the leaf of E through any point is an open subset of
a (n — p)-plane or an (n — p)-sphere. Since, for us, the leaf must lie in 5§22 we necessarily
have (part of an) (n — p)-sphere. Indeed one may see that f + (v®/|vR|?) is constant on
any leaf of E, hence the (n — p)-sphere has radius 1/ |vR|: since v® is parallel, this radius is
independent of E. a

The following theorem can be proved in the same way as for Theorem 3.1.

THEOREM 6.2. Let f, E1,..., Ep, E be as in Theorem 6.1, F be a flat lift of f, and

V1, ..., Vp, U the corresponding curvature normals of F. Suppose that F is parameterised by
line of curvature co-ordinates (xi, . .., x,). We then have the following.
(1) There exists an O2n — 1, 1) frame @ = (e1,...,e,, Uy, ..., u,) withey, ..., e,

principal curvature directions, and w; = v;/||vi|| for 1 <i < p, and v = u,—1 + U,41.
2) o ldo = (—?BT g), where § = Zle eiidx; + Z?=p+1(ej,n71 —ejn)dx;.

3) Set
a;i = (_;)eii e(;,-) fori<p, and,
aj=< 0 ej’”_l_ej”> forp+1<j<n.
_(en—l,j“‘@nj) 0
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Then a, = {(a;)}_, is a non-semisimple maximal abelian subalgebra in p and D = Yo ai
dx;.
(4) There existsamap & : M — aﬁ; N p such that (‘8 g) = Z:’:I la;, E1dx;. In other
words, & is a solution of the U / K -system defined by a,.
. _ 0
(5) There exists a constant null vector ¢ € R"™ "1 such that F = @(g—lc). Sety :=
2

g2_1c =1, ...,y Thenlp = Z'}:l yjz.dsz..

Conversely, given a solution E of the U/K -system defined by a, and a constant null
vector ¢ € R~V let ®; be an extended flat frame for the Lax pair of E. We then have the
following.

M P0=(F )

(i) Writey := g;'c = (y1,...,y)T and &1 = (e, ..., e, w1, ..., ). Then F =
D (3) is a flat immersion with degenerate flat normal bundle and constant multiplicities, F

is parameterised by line of curvature co-ordinates,

n p n
IFZZyidxiz, IFZZyidxl-zll,’—i- Z yjdx/zv,
i=1 i=1 j=p+1

and the curvature normals are v; = yi_lu,- forl <i<pandv=u,_1 + u,.

The discussion of dressing and Ribaucour transforms goes through exactly as in Section
5 for channel immersions that have line of curvature co-ordinates. Since, by (5.3), logarith-
mic derivatives of dressed frames have the same p-part, and thus similar second fundamental
forms, it is clear that dressing a channel hypersurface yields another. Similarly, by the corre-
spondence of Theorem 6.2, we also get dressing and Ribaucour transforms of solutions to the
U /K -system defined by non-Cartan maximal subalgebra a,,.

We may also repeatedly apply the dressing action of p, 1, to the vacuum solution & = 0
to construct infinitely many families of conformally flat channel immersions. These immer-
sions are given by explicit formulae because the extended frame for the vacuum solution is

exp(Y_7_ airx;).
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