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A TRANSFORMATION FORMULA
FOR APPELL’S HYPERGEOMETRIC FUNCTION F;
AND COMMON LIMITS OF TRIPLE SEQUENCES
BY MEAN ITERATIONS

KE1IITI MATSUMOTO

(Received June 19, 2009, revised January 25, 2010)

Abstract. In this paper, we give a transformation formula for Appell’s hypergeometric
function Fy. As applications of this formula, we show that some common limits of triple
sequences given by mean iterations of 3-terms can be expressed by F.

Introduction. It is known that the hypergeometric function

(a, n) (B, n) 2
(v.m)(1,n)

oo

Fla,B,y;0) =)

n=0

satisfies the Gauss quadratic transformation formula:

2a _ l l 2\ _ . 4z
(1+2) F<a,a ﬁ+2,ﬁ+2,z>—F(a,,3,2,3,(1+Z)2>.

By substituting b/a = (1 — z)/(1 + z), @ = B = 1/2 into this equality, we have
(a+b)/2 a

F(1/2,1/2,1;1 — 2ab/(a + b))?)  F(1/2,1/2,1; 1 —b2/a?)’

which means thata/F(1/2,1/2,1; 1 — bz/az) is invariant under (a, b) — ((a+b)/2, \/E).
This invariance implies that a/F(1/2,1/2,1; 1 — b?/a®) coincides with the arithmetic-
geometric mean of a and b. By using Goursat’s list of transformation formulas in [3], we
give a table of double sequences by mean iterations and expressions of their common limits
by the hypergeometric function in [4]. It is shown in [7], [8] and [6] that transformation for-
mulas of hypergeometric functions of multi variables imply expressions of common limits of
multiple sequences by mean iterations. And these transformation formulas are extended to
ones with a parameter in [9].

In this paper, we give a transformation formula for Appell’s hypergeometric function
Fi(a, B1, B2, v; 21, z2) of two variables z1, zz in Theorem 1.1. As applications of Theorem
1.1, we show that some common limits of triple sequences given by mean iterations of 3-terms
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can be expressed by Fi. Let (a,, by, ¢,) be a triple sequence with initial (a, b, ¢) given by the
mean iteration of 3-terms:

A/ an (+/ bn"‘ﬁ) vV bn(«/a"‘«/an) «/a(«/an"‘\/z)
(an+11 bn+11 Cn+1) = 9 5 .
2 2 2
Theorem 2.2 states that its common limit can be expressed as
a
Fi1(1,1/2,1/2,3/2;1 —b/a,1 —c/a)
For the case b = c, the triple sequence (a,, by, ¢,) reduces to a double sequence with initial
(a, b) given as

bn n bn
(dns 1. burt) = (¢anbn, */_(Ji * J—)) .

It is studied in [1], [2] and [4] that its common limit can be expressed as a/F (1, 1,3/2; 1 —
b/a).

We also express common limits of modified triple sequences (a,, b}, c,,) in Theorem 2.4.

1. Transformation formula. Appell’s hypergeometric function F; of 2-variables
71, 22 with parameters «, B1, B2, v is defined as

(a,ny +n2)(B1,n1)(B2,12) n, ny
(y.ni+n)(,n)(1,np) 1727

RICN:INRZEE

ny,ny=0
where z = (z1, z2) satisfies |zj| < 1 (j =1,2),y #0,-1,-2,... and (o, n) = a(x +
1)---(@+n—1) =TI (a¢+n)/I (). This function admits an integral representation of Euler
type:
Fi(a, B1, B2, v; 2)

ey r'y) /1
= A= A=) P = )P

@Iy —a Jo
For properties of Appell’s hypergeometric function Fj, refer to [5] and [10].

dt
t(l—1)"

THEOREM 1.1. We have a transformation formula for F:
p
(—py2f 21+ 22 F 3+p 1+p 14+p 3~|—3p'1_21_2
—F< Ltp 1+p 3+3p | al+2n) 1_Z2(1+Zl))
I R I u+z ua+zn )’

)

where (21, z2) is in a small neighbourhood of (1, 1) and the values of (z122)1 P2 and
((z1 +22)/2)P at (z1,z2) = (1, 1) are 1.

PROOF. Consider the following vector-valued functions

t dFy dF t Gy 9G
(F()s —01 —0) ) (G()s —01 —0> )
0z1 022 dz1 022
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where Fy(z1, z2) and Go(z1, z2) are the left- and right-hand sides of (2), respectively. Each

of them takes the value (1, —p/6,—p/6) at (z1,z2) = (1, 1) and satisfies an integrable
Pfaffian system

dF(z) = (§1dz1 + $22d22) F (2) ,

where §21 and 2, are

0 1 0
p(+p)za(l+z122) (1+p) (22— (23 —2H)—2323)  2p (14+p)za(1-23)
221(1—23) (21 +22)? 2z21(1-2) (23 —23) 2+ 2(0-z) (1 -23)

—p(1+p) z1((1—p)z1+2pz2) —2((1—p)z2+2pz1)
2(z1422)? 222(z3—23) 221(z23—23)
and
0 0 1
—r(1+p) zi((1—p)z1+2pz2) —2((0—p)z2+2pz1)
2(z1422)? 222(z3—23) 221(z23—23) ,

p(+p)zi(+z1z2)  —(1+p)zi(1—23) —(14+p) (23— 1) (225 —23) —z323) L2
20(1-2)(z1+22)?  2(1-23)(z7—23) 222(1-23)(z3 —23) 21+22

respectively. Thus we have Fy(z1, z2) = Go(z1, z2). For a way to get the connection matrix
£21dz1 + §22dz2, refer to the proof of Proposition 1 in [6] and Section 4 in [9]. O

By putting p = 1 for the equality (2) in Theorem 1.1, we have the following.
COROLLARY 1.2. For (z1, 22) in a small neighbourhood of (1, 1), we have

721+ 2 113 2 2
F 15_7_7_;1_ 51_
2 1( 2’22 r A

_al+z) 1— 22(1 +11)>

113
:Fl 17_1_1_;1 ’
222 71+ 22 71+ 22

2. Common limits of triple sequences. Let R be the multiplicative group of posi-
tive real numbers. We define a map m : (R’jr)3 — (R’jr)3 by

m(xy, x2, x3) = (m1(x1, X2, X3), ma(x1, X2, x3), m3(x1, x2, x3))

(LI SR, SR
2 ’ 2 ’ 2 '

A triple sequence (a,, b,, c,) is given by (ag, bg, co) = (a,b,c),a > b > c > 0,

(3) (an+la bn+la Cn+1) =m(ay, by, cp) .
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LEMMA 2.1. The sequences {a,}, {b,} and {c,} converge and satisfy

lim a, = hm b, = hm Cn -
n—0o0 n— n—

PrROOF. Ifa, > b, > c, then

an(fan = B+ far = &)
: >

an — an+1 =
n n bn bn n— bn
an+1 — b1 = ﬁ(ﬁ o) >0, bpy1—cpy1 = \/—(\/a_z o) >0
ot — JEW@ JG+J_ ﬁ%
] —

Thus we have
a>ay > apy1 2 by =1 2 > c.

Since the sequences {a,} and {c,} are bounded and monotonous, they converge. By

M(@—\/C_n)_ \/E an — Cp

_ = = < = —

an+1 — Cp41 ) \/%‘i‘\/a ) = 2(an cn) s
we have lim;,_, oo (a, — ¢;) = 0. Since a, > b, > ¢, forany n € N, {a,}, {b,} and {c,} have
a common limit. O

This common limit of the sequences {a,}, {b,} and {c,} is denoted by u(a, b, c).

THEOREM 2.2. The common limit u(a, b, c) of the triple sequence (3) can be ex-

pressed as
a

Fi1(1,1/2,1/2,3/2; 1 —b/a,1 —c/a)
PROOF. By putting (z1, z2) = (v/bn/an, /cn/ay) for Corollary 1.2, we have
\/b_n+\/aF<zﬁ c_n): (f(@+¢—> m(@+¢—>)

2 /an an’ ap A an (V by + \/E) an (Vby + ﬂ)
where F(z1, z2) denotes Fy(1,1/2,1/2,3/2,1 — z1, 1 — z2). This equality implies

wla,b,c) =

an N i ai N ap
F (bu/an,cn/an)  F(bi/ai,ci/ai)  F(bo/ao, co/ao)
Since
. . b, cn
lim a, = u(a,b,c¢), lim |(—, —)=({,1), F{,1)=1,
n—o00 n—o00 an ay
the sequence a,,/ F (b, /ay,, cn/an) converges to w(a, b, c) asn — oo. O

REMARK 2.3. It is known that the arithmetic-geometric mean of a and b can be ex-
pressed by an elliptic integral. The common limit u(a, b, c) of the triple sequence (3) can be
expressed by an incomplete elliptic integral, since we have

F<1113' )_1/1 dt
N2 227275, JTond—znd=-an
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Let m") be a map from (R )3 to (R )3 given by
m") (x1, x2, x3) = (ml (xl,xz,x3),m2 (xl,xz,x3),mgr)(x1,x2,x3)),
where r € R% and
m(r)(xl,m,m)=,’/m'(X{,x§,x§), i=1,23.
We give a triple sequence (an, "> c ) by (ao, bé, cO) (a,b,c),a>=b=>c=>0,
(4) (an+1’ bn+1’ n+1) - m(r)(an’ b;z’ Cn)

Note that the triple sequence (a,, b,,, c,) for r = 1 is equal to (an, by, ¢») in (3) and that
(an, s C ) for r = 2 is given as

a (b +c) [b(c+a) [c (a,+b)
(@pp1s byg1s Cur) = <\/ . "2 - ,\/ = n2 =y "2 = .
THEOREM 2.4. The triple sequence (a/,

w(a, b, ¢) can be expressed as

nwa, b, c) =

- n, c w) has a common limit. This value

a
{/Fl(l, 1/2,1/2,3/2; 1 —=0b"/a",1 —c"/a") ‘
In particular, ,u(’)(a, b, c) forr = 2 is given as

1w P(a,b,c) =

a
VFI(1,1/2,1/2,3/2; 1 = b2/a2, 1 — c2/a?) .
PROOF. By argument similar to the proof of Lemma 2.1, we can easily show that

(a,,b), c,) has a common limit. By putting (z1, z2) = ((b},/a,, )’/2 (c)/a), )'/2) for Corol-
lary 1.2, we have

/ / /
ay — .= ay )
VE@ )" (€ fa)") JP@ar rayn Py hfap
For these equalities, consider the limit as n — oo. O

COROLLARY 2.5. We have an infinite product expression:

113 = ( a, \"
<1§§§1_Z{,1_Z£)=l—[<a, >7

n=0 n+l

where 0 < 7o < z1 < 1, r € R*, and the triple sequence (a/
initial (a, b, c) = (1, z1, 22).

c)) is given in (4) with

n’ }’l’

PROOF. The infinite product [];2(ay/a;, ) converges to a/ w(a, b, c). Theorem
2.4 implies this corollary. O

For the case b = c, the triple sequences (ay, by, ¢,) and (a;
the double sequences with initial (a, b) given as

b, n b, b/ b/

- n,c ") for r = 2 reduce to
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respectively. It is shown in [4] that their common limits @ (a, b) and /,L(z) (a, b) can be ex-
pressedasa/F(1,1,3/2; 1 —b/a) and a/\/F(l, 1,3/2; 1 — b2/a?), respectively. Refer also
to [1] and [2]. Note that these expression can be obtained by Theorems 2.2 and 2.4 together
with the integral representation (1).
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