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1. Introduction.

1. Let F(x)="aa+ »2—:1 an 3" (ap=rteal) be regular and R F(3)=0 for

Izl <1, then Herglotz proved that

2
1 19+
F(z)=§;;§ %,%dﬂ(ﬂ),
0

where 4 () is an increasing function for 0 < ¢ < 27, so that

2z 2z
= (emdu@)={ mdo), (=012 ),
0 0
where »(0) = — —}; u (27 — 6) is an increasing function for 0 <6 < ?7.

the Hermitian forms:

X, X (d-—v = Ev)l)

® w

Hn (X) = é a,_

are non-negative for #=0,1,2, --..

(1)

»
Hence

(3)

*) Received August 5, 1949.
1) In this paper @ means the conjuga‘'e complex of @,

2) C. Carathéodory: Uber die Va-iabiltitsbereich der Fourierkonstanten von vositiven
harmonischen Funktionen. Rendiconti del circolo mat, Palermo. 32 (1911). O. Toeplitz:
Uber die Fouriersche Entwicklung positiver harmonischen Funktionen. Rendiconti
del circolo mat. Palermo. 32 (1911). I. Schur: Uber Potenzreihen, die im Innern des
Einheitskreises beschrinkt sind. Crelle. 147 (1917'). 0Q.Szhsz: Uber harmonischen
Funktionen und L-Formen. Math. Zeitc. 1 (1918). M. Tsuji: On a regular function,
whose real part is positive in a unit circle, Proc. Japan Acad. 21. No. 3-10. (1945).
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We call such a sequences {a} a positive definite sequence.

Conversely, if Ha(x)=0 for n=0,1,2, ., then |a| <4, so that F(g) is
regular and R F(g) =0 for [g| < 1.9

If Hy(x), Hy(x), -, He-1(x) are positive definite and Hz (x), He+1(x), -
are positive semi-definite, then »(6) is a step-function, so that

k
_ rn 14 &g _ ] . .
F)= = g (Il =1, & + & (G +7), rv > 0). (4)
We remark that
RFR) = %‘ g e, (x=r6 a-,=2) (5)

2. Let f(#) be a bounded measurable function defined for —w < # < w,
such that f(—#)=f(#) and ¢(#) be a bounded measurable function, which
vanishes for large [#|. We call such ¢(#) a function of class (L°).

If for all 4(#) of class (L), the Hermitian forms:

©

H(g)={{ /¢~ 090 g dtds=0, (6)
we ca'l f(#) a positive definite function.
Bochner® proved that, if f(#) is a positive definite function, then

f@A~ S e dy (A),® (7)
where » () is an’ increasing function for — o <A < ®, such that

| () = M= upper limit |/()|. (8)
If we normalize »(\), such that p(— ®©)=0, »(A —0)=2»()), then »(2) is
unique.

Let F () be the Laplace transform of f(#):

©

FR)= (f()erdr, (x = x+ iy), (9)

0

which is regular for x > 0.

3) Bochner: Vorlesungen iiber Fouriersche Integrale. Kap. IV.
4) f(t)~ g (/) means that s (f)= g(#) almost everywhere.
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If % F(3)=0 for x >0, then we can prove (Theorem 5) that f(¢) can be
expressed in the form (7), so that

FR)= | 20 (10)

Conversely, if f(#) is a positive definite function, then R F(g) =0 for x>0,
so that we have (7) and hence

_ 0% >0, 0. 1
RF () Jm '%_Z,Mde(x)_ x > (11
Hence a necessary and sufficient condition, that f(f) is a positive definite
function is that R F (g) = 0 for x > 0.

We remark that in virtue of f(— #) =f (),

RF(R)="h g F (B e=Cuztim gy, g=x+) (12

-

In this paper, we will define a positive definite -sequence of # indices and a
positive definite function of » variables and prove analogous theorems.

2. Positive definite sequence of n indices.
1. Llet g, - be defined for »,, -+, vs =0, + 1, % 2, ---, such that
L ”

a =4 y la
Vg, e =Yy Vg o Yy vy

If for all N=0,1,2, .., Hermitian form:

-V l éM fOI' all Vy, Vg ', Une (1)

N N
(L, ver, 5 ®) = > o (1) 301 vee 5o 36(m) > 2
Hy(oe, oy ) ; ;avl Ty Yy Ty 0 x“1 X Ky = 0, (2)
then we call {av,, ..v,} a positive definite sequence of # indices. Analogous to
(56) of §1, we put

#3030 = 4 (30 > 3) = _Zw; ga

19 ] ees g1V | o0V 0, 4y, 0
b, ' e win

(zp = mae™),  (3)
then by (1), # (g1, > %) iS convergent for |g,] <1 and is real. From (3),

VL ey

( 1 . . .. N
dv1 -V rllwl r;'vnl = —(—2_)_’; gg u(fle_wl’ "ty rne—w") ei‘ylal+""+v”0”"d01 dﬁn' (4)
A -
0
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Writing p,, — @y, instead of 74, 6 in (4) and inserting m,..v, in (3), we see

"11
that 4 (g4, ...,%,) can be expressed by a Poisson integral :
U (7 18‘91, thty 7”0‘3”)
21! . n 2 _ L2
= 7—5 u(pieer, s pudto) T Pa =Tk ey da,
@) k= 1pk — 2pp 74 COS (or — 0p) + 72

O=sr<pp<l). (5)
We put for 0<7,< 1,
Hl\'ll-'n(xfl) ey M)

N
- - V1= 1] oy gV~ tnl 4o(1) 5a(1) oot aa(9) 5a(m)
g ;ﬂvl Bl o Vp—iin 71 7‘” x\/l XH Xv” X(“n,

(O = < 1)1 (6)
then by (4),
Hpp ot (0, o, )
2r

1 w gy o N . o
=__—(27r)" SS u(rle W1 e Wn) kUI ]xgk‘ + xgk) etk 4 o x(Nkveu\,ak,,dal e dOn.

(7)
We will prove:

TuroreM 1. If #, (1, ) 2 0 for 1gul <1, then avys vy, can be expressed
by

2n

Gugy vony v, = SS ¥ V181t +valbn) dy (6, -+, 6,,), (8

where v (¢) is a positive additive set function defined for Borel setse in (6, 60,)
space, such that

2 .
SS dv (01, thty 0,;) é M = upper limit l(lyh ey vy,
0

V1 V2w V)

and such v(e) ic anique.
From (8) and (2), we have

2z P L. )
Hy (%D, -+, 5m) = SSTTl sk 5 ke B e xh Ny (0, 00, 0,) > 0,
o k=1

50 that {av, v} is a positive definite sequence and from (3),
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2 ”

u(rie= 1, o, rye=t0n) = S S_p (1= 731 = 2rp cos (@r — 0p) + r2) dv (@1, 5 @n),

0 k=1

O=rm<1). (9)
Proor. From (4) and (1), we have

2

1 o — B . -1 n oo :
0=dpseeyo= Gy SS u(re=%1, ., 7,6~ %) 46, -+ dO, =< M. (10)
Let ¢ be a Borel set in (6, -+, 0x)-space and we define a positive additive set
function 7, (¢) (0 < p < 1) by

20 (¢) = —(%); §‘§ #(pe=i91, ., pe=3n) dO, --- 40, (1)

Since # >0, we have ve (e) < agy ++r» o < M, so that p, (¢) is uniformly bounded

for 0 < p <1, hence we can find p, < p, < - < p, > 1, such that limy, (¢) =
n—->x

v (¢), where » (¢) is a positive additive set function, such that

525 dv (61, 0n) < M. (12)

Hence from (4),
2

Gvys oo yy = SS ¥ (V101+ ... +Vvngn) Jy (6, On). (13)

Next we will prove the uniqueness of » (). It suffices to prove that if for

all v, -, v,
2

SS G101 %00 4 (8, -, 0r) = 0, (14)

0
then » (¢) = 0 for any Borel set ¢, where 4o (¢) is an additive set function. From

(14),
2n
S...SP(&,, vy 0a) dp (01, -5 O) = O (15)
0
for any trigonometrical polynomial P (6, -+, 6x).

Let 0:0=<6, =27, ,0=6, =<7 o1d Q: 0, SO, =By n =0 =G
0< Br — ar =2z). If O Las pcints ocutside Q,, we replace them by points
in O, (mod. 27z). Let f(6,,+,6,) =1 in O and = 0 outside Q. Then for any
€ >0, we can find, by Fejér’s mean, a trigonometrical polynomial P (6,, -, 6,),
such that 0= P (6,,-,0.) <1 in Q, and [f(ﬂ‘, w3 0n) — P (04, -, 0n)] < e, except
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in a neighbourhood of the bovndary of 0. From this and (15), we see that
»(Q) = 0, if the boundary of Q does not contains a mass. Since any Q can
be approximated by such Q, we see that »(Q) =0 for any (. From this, we
conclude that »(¢) = 0 for any Borel set e.

2. To prove the converse of Theorem 1, we use the following lemmas.

»n
Lemma 1.9 If 7(0) = ay + > (av cOSv0 + by Sinv6) > 0 in [0, 27), then T (6)
v=1

can be expressed in the form:
T (0) = [7o + 71 PLLRS SN Y €192, ‘
Lemma 29 Lot Hy, (50, -+, x®), H (56D, -0, x) e defined by (@) and
() If for all x®, such that | x>+ -+ [} |* =1, (k =1, 2, ),

a< HN (5D, ey W) < B,

then
a = Hp-m(xD, ., xm) < 3.
Proor, Let
by gy, = 01 I 0= <1),
then, for |gz] <1,
#p R+ %) = j(l = (or 7P/ 11 = oy 7 €¥4]* > 0, (k= 73 ¢2%),

so that by Theorem 1,

2n
pprlppmi=b, L, = SS ¢XV101+ ) gy (By, -+, On), (16)
0
hence
2n
Hpr oD, -v, xm) = SS Hyy (ED®, e, D) dp (6, -+, On), (7)
~ 0 B

where E(B) = ¢ x(b), so that

5) L. Fejér: Uber trigonometrische Polynome, Crelle 146 (1916).

6) The case n.=1 was proved by I. Schur: Bemerkungen zur Theorie der beschriinkten
Bilinearform mit unendlich vielen Veriinderlichen, Crelle 140 (1911). O. Szasz: l.c.
2)
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BRI+ o [EPI? = [xPl2 4+ bl =1, (k=1,2,,1),

hence by the hypothesis, a < Hn (™, .-, E®) < 3.
Since by (16),

2

1 = by veeyg = SS av (0, -+, 0),

0
we have from (17), a < Hpven(x®, -, x&"’) =8.
3. We will prove the converse of Theorem 1.
THEOREM 2. If {ay, -, ava} i§ a positive definite sequence, then
#y(00 5 gm) =0 or |zl <1,
Hence by Theorem 1,

27
a, .. =S---Se"«“"1+ vnlnd dy (01, -5 On). (18)

0

where

[

)y Vn

2
SS dv (0, -, Ox) = M = upper limit |, ...
(Y1, -, V) )
0

Raikov? proved that if {@,:,a,} is a positive definite sequence, then it can
be expressed in the form (18).
Proor. Since by the hypothesis, Hy (x¢?, -+, x(®) > 0, we have by Lemma 2
and (7),
0= ngl rn(x(l), vy X(”))
2n

d 2
- (?1 )SS N e N e o 2 ¢Nosl” 6, - 4B,
4 = ;

0

(19)
Let (6% -+, 6°) be any point. For any 8>0, & >0, >0, we define 7 (),
gr (0) as follows :
2, (60)=1for [0 — 6] <8, 7x(0) =0 for [0 — 63 > 8, (20)

7). I. Raikov: Positive definite functions on discrete,commutative groups, C., R. Acad,
Sci, URSS., 27 (1940).
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g @) =1for [0 -0 <8; g(0)=n(>0) for [0 03 =8+&; g,(6) is a
linear function for § < |6 — 6] =8+ &, such that
&8 =1, g(B=E+ ) = (1)

Since g, () is continuous, we can find a trigonometrical polynomial =, (6) of
order N, such that in [0, 27]

[gx(0) — T (0)] < e<m, (22)
then 7, (#) >0 in [0, 2], so that by Lemma 1, for suitable x®
Th (0) = lxgk) + X;k) e+ - x*l'\’f)e"N"[?. (23)
For such x®, we have from (19),
0= H&l ™ (x(l)’ vy x(n))

2r

1 SS /3 (713-”1) ey I e_ie”) ;[E Tk (0&) d01 oo dﬂno (24)
. )

" @y

Hence for ¢ —» 0, 8 =0, 7 — 0,we have

14 "
0= S...Su(rle*“’l, vy Tn e"'”")kl | ve (6%) d6, - dOn
=1
0

= SS (116751, s rn e=¥0) dOy - dOn = (20)* 4 (rie =51, -, 1u £~50n),
10p— 0,5

where |6, — 63| <8, so that #(r,e=%1, -, rs ¢ =¥%) = 0, hence for § -0 we have
u(rie=i, -, rne~")=0. Since (69, --,6°) is arbitrary, #(g;,,zs) =0 for
Izkl <1, which proves the theorem.

3. Positive definite functions of n variables

1. . Let f(¢,,#s) be a bounded measurable function defined for
—w < fp <o (k=1,2,,2), such that

f(_ tl:"‘9_fn) =ﬂt1,"',tn), (1)
ugg?‘tkl/i?it lf(il’ ot =M< .

If for all ¢gs(#) of class (L°), Hermitian forms:

H(qh ttty Qn)-_'— Smgf(il — 5 "',‘fn - fn) ;l:l:(qk (fk) M) )df] "'dJn 20, (2)

then we call (#, -, #») a positive definite function of # variables. Analogous
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to (12) of §1, we put
#f (R0 9 ) = # (R0 5 )
= S:Sf(t“ oy t,) €xp(— %’,([tkl x'k + 7ty yr)) @ty o diny
B Gomwnt i (3)

which is convergent and is real for x; >0 by (1). From (1), we have

©

[ (30 2)| = Ms_s exp(— % | 2] xp) dty - dt, = xin x, (4)
especially, - .
X1t X l”(xl: ey X)) = 20 M, (xk >0)' (5)

For ¢, (#) of class (L") and o}, > 0, we put as (6) of §2,

Hev-on (g, 1 4,)

= SS F(#1— 515t — sp) eXp(— %ll‘k — Sl Gk);L'l; (% (#2) 7& (Jk)) dty - ds,. (6)
2. We will prove some lemmas.
LemMa 3. % (31> 34) can be expressed by a Poicson integral :

u (Zl) ) ?_n)

= [ ot s o b ) T o = (o = 802 + a2 s =
) (:zk=xk+ ?.)/k, 0< oy, < Xxp)
This is an analogue of (5) of §2.

Proor. From
#lor+ iy, s o+ iNg) = Smgf(/v o b exp (= S (14s] o + it M) diy - di

and

[ G = an) o=/ ((en = o)+ (= N g = e ~Clk Con-omrtition,

(% > a3 > 0),
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we have

S-T-S”(ffx 4 iy o F PNR) E(Xk = o) (%% = op)* + (e — Ap)) Ay

L

"

= (£t exp (= X 12 m(l [ oo = o) e i ((ecy — o

k=

P

+ (76 — M) dhk)lh‘x v dt,

= 7n SSJ‘ (£1s oy tu) exp(— ,;.‘,([tk[ xp + ifk)’k)) dty - dt, = mn ”(K‘n ""Z")'

Lemma 4. _Almost everywhere,

T
St t)exp (= % [ 4] %) =T11113 1{; S'"SI(% vy ay) day -+ dan, (o3 > 0),

0

where

ay,
I(ay s ay) = (_Z%t'); SES exp(i%tk MYaulor+ ingy vy o, + V) ANy - ANy
-a,
Hence f(t1, - tn) is uniquely determined by u(3u, >34  Ecpecially, if
u(ZIn Tty zn)E OfOI’ X > 0, fb@ﬂ f(l,'l, tery tn) ~ 0.
Proor. From
4o+ iy ey 00+ iNy) = SS f(rys ) exp(— F;('Tkl ok + ity Np)) dry - dTy,

-

= SS D(1y, ey Ty) €XP (— iA‘-’;'Tk ) ATy - dTyy (7)

-— 0
where

q’(fh“':fn) =f(f1"“’ fn)exl)(“‘zk'fkl ‘Tk)' (8)
we have

©

I (dh ) an) = ;—S'--Sq)('rlv "'97'1»);,]: (Sinak (s — fL))/(Tk - fk)) dry - dr,

n

® e
=%hg...gq)(l1 F wyy ey By Z}n) ' I ((sin gy, ”k),/')k) vy -+ doy,
B=1
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so that

T
](T, tl,...,l'”) = -,1‘,1:,';5.\ I(ﬂ[, tty ﬂn)dﬂ], ty dﬂ"
0"

© "
= —7][71 SS (63} (f] + ?ﬂl,’/T, Ty fn -+ Zz/n/‘T) k’_'l {(sjn ”k) '”k)‘l dﬂl dll,p (’9)

—®

Since [q’(l‘l" 7 l = ,f(fu Ht)| = M and
S (S—in X) dx = 7, (10)
-—‘m X
" we have
(Tt 8,) = M. (11)

From (9). (10),
](T fry s n) (I)(fl""’[n)

=7AKWM+%T'W+%W) (11 £) ] TT (inm)im)? d - g
1

—®

We take IN so large that
S( Siny > dn < &,
w|=N “
then, since |® (¢, + 2u/T, -\ 2y + 20,/T) — D (£, -, £,)| < 2M, we have

L](T’ I SYRRY) fn) - ‘I)(“l’ "t [n)l
N
g% S \lfb(z‘l + 20Ty s by + 20,/ T ) = P (21, s ta)| dtty - du, + O ()

N 2N/ T
- <_27i ) \ g D4+ Ty s by + T) = D1 oy £a)] ATy dTy + O(e).
ZeN|T
. (12)
Since by Lebesgue’s theorem,
oN/T :
;_imT" SS [D(f+ 11y s by +Ty) = Py 5 )] dry oo dr, =0

ZeNT

almost everywhere, we conclude from (12) easily that

1;?1](Ttl’ teey f”) = (D(I«‘p "ty [n) =f(l1, "y fn) CXP(— Ek]tkl o"k)
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almost everywhere.
3. We will prove:
Turorem 3. If w (0 ) = 0 for x, >0, then

©

Ftn ;,,)~S...Sexp(i(z‘1 At Ea M) do (Aay 5 M)

where v(e) is a positive additive set function defined for Borel setse in (M, 5 An)-
space, snch that

S---Sdﬂ(xl, tey 7\”) é M = UPPCT 1im1t ]f(tl’ ) fn)'
—o Ztp<o

and such v (¢)is unique.
Hence by (2),

H(gq, s qn) = S S—IEU S exp (itx Me) gr (2e) dtki dy (A 5 Am) Z 0, (13)

50 that f(try s ta) is a positive definite function and by (3) and
ZI(X’] + i)’lv ey X F U’n)

= on SS —lrl- x"/(xi + (]k = Xe)P)dy (Mg s Am)e (14)
k=1

— @

Proor. By Lemma 3,

#; (R 120

= —1— SQS;[j:(x" - o’k)/((xk - crk)’ + ()/k - Xk)“)u(o-l + l')\,l, "", on + i)\.n)dhl dkn,

7["
(Zk =Xy + ?)’k’ 0< o < xk), (15)
and from # = 0 and (5), we have for T > 0.

Z”Mé Xy o .'Xnu(xh ) Xn)

1

T "
z— SS ('IT s (35 — o8) (3% — o) + ki))a(m + iAo o F IN) AAy - dN,
_p k=1

so that for x, » «,

T
Z”M Z % SS " (0'1 + i)\q, rery Op + i)&n) dk] ce d7\.m

"
-T
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hence

(21:).; SS #(or + Mgy oy o M) ANy dhn = M. (16)

For any Borel set ¢ in (A, -, Au)-space, we define a positive additive set
function »s (¢) (o > 0) by

J—SS 4o+ ing vy o+ VY AN Ay (0 > 0). (17)

vo (¢) = @y

e
Since by (16), 7o (¢) is uniformly bounded for o >0, we can find o, > o,
>+ > an — 0, such that limys,(¢) = » (¢), Where v (¢) is a positive additive set
n—
function, such that by (16)

©

SS dv (s s M) < M. (18)
Hence from (15,) -
oy o5 =2 [ (T4 0 =0 dbumnd 09
Let
2 (ty s ) = Sm S exp (i (b + = £ ) @2 (Mis 5 A), (20)

-

then by (3),

ﬂ; (Zl’ vy = Z”S“-S(’J”I x;,/(x§+ (_y/, —‘Kk)2)>dv(7\l, s An)s

)

so that
Uz (Zl) Mt zn) =uf (5{1’ ) Zn)) or ”f—g(Zh ) z”) =0,
hence by Lemma 4, g(ty, -\ #n) ~ f (#1s -+ #n), OF

F 1y ooy tn) ~ gwg exp (i (fihs + - + £ i) dv (A1 5 An). (21)

Next we will prove the uniqueness of »(¢). It suffices to prove that if

SQS exp (i-(/ﬂ\q + o+ i Xn)) dv (Xla Tty X{') ~0, (22)
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then »(¢) = 0 for any Borel set ¢, where »(¢) is an additive set function.
Let (A2, -, ) be any point. For any §, >0, we define », (A) as follows:
v (\) =1 for [A —A0| < 8,
ve (A = 8) = 1/2, (29)
Vn ()\/) =0 for [X - )\2[ > 8]‘,,

then

o

S exp (i1\) qi (£) d#, (29)

—

1

Vg (7\) = 1/—2—”—

where

0 (8) = 712=” [ exp(=imyum () dr = \/Zﬂ exp(~ind (sind)'t,  (25)

—c

S Iqs (¢) 12t = S 195 (A) |°d\ = 28,4
For any T >0,
T — T
S et gy, (£) dt = \/iﬂ H:sinz‘(x =M §) —sing (A — A0~ ak)]/; dr
2 o
oy TN
VRl Sy, @9
TCA—=A;~84)
hence
T
[ e gyt | =K, @7
T

where K is a constant independent of T and A.
Now by (22),

S;S I‘E (_S: exp (/4e M) gk (£5) dfk) dy (A w5 M)

" £

- STS(T gu (1)) diy zltng-..gexp(ik§ £o M) o (M ooy An) = 0.

- =1
_r7 k=1

In virtue of (27) and Lebesgue’s theorem, for T - » we have from (24)
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SS (TT e (x,,)) do (s 5 M) = S...de(A,, s M) = 0(Q) =0,
—w =1 ))\k—)\k\ésk ’
where Q: [N\, — N =8 (k=1,2,+,n).
From this we conclude easily that »(¢) = 0 for any Borel set ¢.

Remark. By the second mean value theorem, we have from (26)

T gl

K — 20| =>2 2
_-—_T(]Xl ¥ 1)’ (,7\' )\'h, = Sk)’v ( 8)
where K = K (5;) is a constant, which depends on §, only, so that by (27), (28),

© T

[ ] ]emasae ]”dng. (29)
“o ~T

where K is a constant fndependent of T and

f oIt 0 (1) d? r =0 <"%‘i>‘ (30)

A-A=2E -T
4. To prove the converse of Theorem 3, we use the following lemma.

Lemma 5. Let H(qus s qn)s HeV on(qus -5 gn) be defined by (2) and (6). If
for all gy (¢) of class (L), such that S ‘qk ) \2 dt =1,

a=s H(qn Ty qn)é B

then
a = H"1 ° (Qn Tty qn) =86.
Proor. Let
gty -y tn) = exp(— % [24] o4), (0% > 0), (31)
then by (3),
4R ) =27 ,,L[ (x5 4 a)(h + ol + 32) > 0 for x; > 0,

(xp = %% + i4)s
so that by Theorem 3, since g(#, -+, #4) is continuous,

exp(— % [24] 04) = g1y -5 2) = SS exp(élf,, Ae) dv (Mg oy M) (32)
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Hence

@

Hev on(gu -+ q,) = SS H (p1s ++, pn) dv (Ass - M)y (33)

— @

where py (£) = ¢k g, (¢), so that

|

hence by the hypothesis, a < H(py, -+, pr) S 8.

Since

pk(t)|dr~ g‘lqk(t)w—l,

L]

1=g(0,-,0)= SQS dy (A1 -5 )y

-

we have from (33), a < H%" (g1, -+ qn) =< B-
5. We will prove the converse of Theorem 3.

Turorem 4. If f(t, s ) is a positive definite function, then us (1 > 3n)
=90 for x; > 0. .
Hence by T heorem 3,

o

F(tr, s tn) ~ gg exp (’éf" Ne)dv (Ayy 5 A, (34)

v
-

where

SS dy (M, -+ An) £ M = upper limit|f(#,, -, #a) | |
—® tp<®™

Powzner and Raikov® proved that if f(#,,-,#s) is a positive definite function,
then it can be expressed in the form (34).

Proor. Let (32~ %%) (k2 = o2+ iA2, 09 > 0) be any point.
By Lemma 4, almost everywhere,

f(t.h ] tﬂ) eXP("‘ % ltk, O‘g) =7111:1](T’ Z fn)’ (35)

where

8) A. Powzner: Uber positive Funktionen auf einer Abelschen Gruppe C.R. Acad. Sci.
URSS 28(1940). D. Raikov: Positive definite functions on commutative groups with
an inyvariant measure, C, R, Acad, Sci, URSS 28 (1940).
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T
](T; tl, Tty fn) = —;;nggl(a, f], tey fn) dﬂ] i dﬂ;n

0

ay,
I(ﬂ) Fiy ey f") = ( }t‘)” S—S CXP(iEfk 7\%) /3 (G'g + Z.Xu ttty 0'2 + Z)n) (D\l ID\H‘
'° (%)
By (11),
[J(T, tyy - tn)| = M- (37)
We define », (\), g (#) by (23) and (25), then for T’ > 0, ,
TI
SS](T’ }l =Syt — -"")(TTQI: (fk) gk (Jk)>ﬂ’f1 o dsn
_T7 k=1
1 T
= Tn S OSK(ap' *s an) day -+ dan, ,(38)
where
K(ﬂl, try {ln)
1 Wl T 2
(27:)"5 gu(a—“—i— iy s 7 o+ k) <1I=’1!_ST eXp(ztijk) ar (¢4) dty )d)n o A,
(39)
By (29), (30) and (4), we have uniformly for g,
K(ﬂ], Tty [In)
1 T 2
2 "S S”(‘T + Ay e, 0’ + l\n) \ ! ! S eXp(ilk Xk)qk(lk)(lfk >(‘l\4 oo
(17{?, —Apy, Sodp k= 1 oy
+ O(T'-?),
so that by (38),
TI
S...S](T, b= S1y ey dn — ;,,) | | ar (1) @i (;k)>,[;1 e dsn
T
1 nw I 4 |2
- ?f;r)”s Su (6% Ndy, 0y 00 + iAa) <T'ﬁ g exp (itx M) qn (1) dtr | >d)\1 o D
‘AR~ A (=28 ~-T (
+ O(T'-9). (40)

If we make T — », then by (35), (37) and' Lebesgue’s theorem,
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v

ng(h — 5150ty In = fn) €XP(— E [, = il a'g)(;ﬁ- qr (1) m> Aty dsw
T -1
|

n
= (-t ok ) (T
(‘= k=11 _p

IAE=Ag S 28y

2
exp (ity Ag) qr (#2) Aty i A A

+ O(T’-2). (41)

Next we make T’ — w0, then by (24), (27) and Lebesgue’s theorem,

I_]’v:r1 47;1 (41» ooy qn)

x "

= S...gf(fl =5y s te = ) exp(= T[4 - sklv,‘:)('l—

-0

g1 (1) qr '(E)) dty -+ dsn

k=1

Il

., .
S...V (02 + My s a2+ M) (T |2 (xk)r) My - dhn
AR=AZ IS 28 k=1

[ f a0t iy ey o0+ ina) ans e dr
M= Xp S 8

=208, Sn (a4 iy, s o) + i), (10 = A1 = 8)). (42)

qx (#) is not a function of class (L%), but if we put ¢¥(#) = ¢, () for [#| =N
and = Ofor [£] > N, then g (#) belongs to class (L), so that by the hypothesis,
H(gY, -, g") = 0, hence by Lemma 5, Hei % (g, -+, V) =0, so that for N—w,
Hei ou(quy -+, qn) = 0.

Hence from (42), #(o® + i, -, o0+ iN)=0, so that for 8§, -0, we have
#(a0+ A, o, 00 + i) = 4 (30 s ?1) > 0. Since (g%, -, 22) is arbitrary, we
have # (g1, . ) = 0 for x;, > 0, which proves the theorem.

4. Some remarks.

1. Let f(#) be a bounded measurable function defined for 0<#< % and
F (g) be its Leplace transform :

@

FR) = |f@)etdr, (g = x + iy). (1)

0

If we define f(#) for # < 0 by f(#) = f(~ #), then
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0

REQ) = [ SO exp(= (sl x+in) dt =Yem - (2)

—®
'

Hence by Theorem 3 and 4, we have

Turorem 5. If RF(3) =0 for x >0, then

X

f(B)~ S e dy (N), (3)
so that

Y- [ AN

FR= | 5 (4)

-
where v(N) is an increasing function for — o <N < ®, such that

| 0= = uppe i ).

If we normalige v(\), such that v(—®) =0, »(A = 0) = v (N), then v (\) is uniqne.
From this as remarked in the introduction, the necessary and sufficient
condition, that f(7) is a positive definite function, is that % F(g)= 0 for
x > 0. )
Let f(#) be a positive definite function of the form (3), then for any ¢(#)
of class (L"), the Hermitian form:

H(g) = [~[/¢ - )40 g@ dvds 0.

If H(g) >0 for all ¢(#), such that S:ﬂ [g(#)|*dt >0, then we call H(g) a

positive definite form. If H(g,)=0 for a certain ¢, (7), such that S: 194 (2)] dt >0,
then we call H(g) a positive semi-definite form.

Turorem 6, If H(q) is a positive semi-definite form, them »(N) is a step-
Sunction, such that

SO~ T 0o+ 0 =0, =),

where {Mv} have no cluster point in a finite distance.

Proor. Let H(gq,) = 0 for a certain ¢, (#) of class (L"), such that
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ei |qo(f) [xdr>0, (5)

then

cie""‘qf,(z‘)dz‘ =0. (6)

—®

q(,)—SS F = 3)q0(2) 4o (s) dz ds = 5 dv (N)

—®

If at a point A, y(A + &) — »(A — 8) >0 for any & >0, we denote dy(r) > 0.
Let E be the set of A, such that dy(\) > 0, then from (6) at any point A of E,

S ¢ g, (£) dt = 0,
Suppose that E has a cluster point Ay in a finite distance, then there exists
A = Ay (A € E), so that

°§ ¢ g0 (1) di = 0, =12, ). (7)

Let ¢,(#) = 0 for |[¢#| =T, then from (7) we have
T oT

oo [ ey gy (1) di = | & go(r + T)dr = 0.

0

.
'5)

Let

2T
FR) = S e~ q, (¢ + T)dt,

0

then F () is an integral function and F (—i\) = 0, so that F () =0, a fortiori,
% F (y)=0, hence by Lemma 4, g,(¢ + T)~0, or ¢, (#) ~ 0, which contradicts
(5). Hence E has no cluster point in a finite distance, so that »(A) is a step-
function.

2. Let # (g1, s n)s Hjt n(x®, -, x®) be defined by (3) and (6) of §2 and
put for 07, <1,

Min. #(re®®, -, rn 6%) = m(r1, =, a),
0=0p=2n

Max. #(re%, -, 7rn €)= M(ry, s rads
0=0p=2n

and for all x'®, such that [x{¥[? + - + [x{P]? =1 (k=1,2, -, 7), let

(8)
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Min. Hpt a (%0, -

’X‘"') =gN(rl>'"'7’")’ } (9)

Max. H}?l 7y (x(l)’ ey xiﬂ)) _— G.’V (70“ ey 7."').

Since gy (71, +-,7a) decreases and G (74, -+, 7») increases, when N increases, let

En:'gN (7‘1, Tty 7'n) = g(f'n tey Vn),l\}im GN (7’1, Tty 7’n) =G ()’1, sy 7’n),

O=<re <1). (10)
Then we will prove:

THEOREM 7.9 g(ry, s rn) = m(r1, 5 )y G (11,5 rn) = M(r1, =5 7).

Proor. From (21), (22), (23) of §2, we have

2n

S 2:(0)do =28+ O(8) + O (),

0

27 (15[ 4 o+ [240]2) = g T (0) d6 = 5 21 (60)d6 + O (e)

=28+ 0(&) + O(n) + O(e)
so that

[%12 4 oo X = 82 + O@) + O(n) + O(e) (1)
From (24) of §2,

g(rus s rn) H <%xk>{ 4ot lx(k)

\
)
gN (71, "‘)7‘") lT<}xgk)}2+ - }x;\?Dllv’)éH&l rn(x(ﬂ’ ,.‘,X(n‘:)
2n

=——1— ree ~d ... —i0y T
(Zﬂ)”s OS” (rie =50, vy roe=50n) | | 73 (04) A0y - 0.

If we make ¢—0, & -0, » —» 0, we have from (11),
2

, . .
@801 e e 0n) | | 0.)d0, - db,
(2 )"S j e e | L& O

g(fn R rn) (8/’r "=

_(;2” ”g S # (e~ ..., 7=%) 40, - 6, ___‘-(28/;’)n u(ffxe"""l, T 0

9) The cace n=1 was proved by 0. Szasz: l.c. (2).
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where |6}, — 6] 8.
Hence g(ri, -, rm)  u(re=1, -, rue=#%), so that for § >0, g(r, -, r) <
#(rie=%1, -+, rae~%). Since (67, -, 69) is arbitrary,

g(f’u"-, fn)_s_m(h,'“; 7'n)~ (12)

On the other hand, for any x®, such that |x{®[*+ - + [x®]2 =1 (£ =1,2,
-+, #), we have from (7) of §2,
HI\;l ™n (X(l)’ ceey x(”))

2n ”
= _1._ SS ;{(r‘g—iol’ O i9n) I—E,lxgk) + ng) 2%k + e X%‘-’ g‘iNak]l 'd&l _dﬁ,,

2n
= m(ryy ooy v) (277) = SS 'i [ %09 - wes + 5B 6N |2 40, -.. dOn
k
0

=1

= 771(1’1, ae) Tn);';l;(,ng) ,?'l‘ R ,X(A’;) I?> = ﬂl(”]» oty 7'"),

so that gy (ry, -y #n) = m (r1s -+, rn), hence for N— oo,
‘ g(ris s rn) Z m(rs o5 7n)- (13)
From (12), (13), we have g(ry, -, 7s) = m(r(, - ra).  Similarly wa can prove
G (r1y -y rm) = M(ry -y t5).
3. Let #(z1, -+ gy HoV"on(q1s -+, gn) be defined by (3) and (6) of §3 and
we put for o+ >0,

$

lower limit % (o, + i\y, =, o0 + i) = m (o1, -5 o),

—0<Ap<® (14)
upper limit u(o-l + Ay, oy on F l'xn) = M(a'la tty O'n)y

- <Ap<L @

and for all g& (#) of class (L°), such that s [gr (£)12dt =1, let

lower limit Ho1 9n(qy, -5 gn) = g (015 =5 o), } (15)
upper limit Ho1" % (gqy, =+, gn) = G (o1, 5 0") )°

Then
THEOREM 8. g(av, s an) = m (a1, =5 an)y, G (o, ) on) = M (o1, -5 on).

Proor. Let g (#) be defined by (25) of §3, where we take & =8 (k=1,2,
-+, 1), then
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S‘ Iqr () 12dt = 8.

Hence from (42) of §3,
(28)" g(a.s -y on) < Ho1n (g 5 gn) < (28)" (s + iN'1y -y on + iN'n),
or Zloy son)Zu(on +' z‘)\’,,.--y-, on + iXn), so that for §—-0, g(oy, Hon)=
#(oy+ 7Y, -y on 4 200). * Since (A, -+ ,A0) is arbitrary,
glos - on) S m (o, -+ om). (16)
) On the other hand, let ¢x(#) be any function of class (L), such that

3 lgr (£)]2dt =1 and let g (#) = 0 for || = T'. We define », (\) by

. r
v (M) = 71—2—; S e gy (N dt = \T R d (17)

then
°§ [ox (V) [* dX = i§ lqr (2)12dt = 1. (18)

Writing o instead of o9 in (38) of § 3, we have

T B -
- S‘ ](T: tl ) D) In — .S'n) < ' I qk (tk)qk (J‘k)> d;“ ""d.fn
=T k=1 4
T
_ 1
= Tn SOS K(an ey an) dal - dan, (19)
where
- 'h . .
K(ay, s an) = @y S_--‘-Su(al F iy oy o+ PAn)
% . |
( | f 5 exp (7tx M) qr (z‘k)d;k! )dx, dh,
F=t -T i
ap _1
- S...Su(al + 1Ay, 5 o+ FAn) ( ' 12 (Xk)l")dxl i,
@k k=1

By (4) of §3,
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@

.2" —ﬁ( S [ 2% (7\1;)[2‘17%) = —%”.A/[——;

oy, k=1 Oyt On

| I
[ Kew a2 :

so that K(a, ---, an) is uniformly bounded, hence
1.7
;111; T;SSK(dD L) (Zn) ddl o dan = o lig‘:—noK(a“ ) dn)
= SS Zl(O'l + Ay, s om F 17\41) (T; ! Uy (Xk)[2>d7&1 d)\,”

k=

-

= m (o, cm)@j; ? [ vp (xk)Pd)Lk) =m (&1, “ty Om)e

—-%

Hence from (35) of §3 and (19),
Heivon (ql) ] q”)
™

- S_"T'Sf(h = s n = 5) exp (= 218 = 54l o) <kl=|1 qr (t,,)"m)d;,
T ", o

=;‘§:SS](TW‘ —Su o te T ffz)}ul(% (#4) 9 (‘k))dfl - dsp
o

=711,r271""gog K (a1, - an) da, dan = m (o1s -+, on),

so that

g(a'u M) U'n) = .7”(01) Tty 0'")‘

From (16), (21), we have g(ay, -+, on) = m (o1, -+, on). Similarly we can
G (‘71’ ""a'n) = M(‘Tl' "')U'n)'
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(20)

dsn

(1)

prove





