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1. Introduction*

1. Let F Oζ) = Vi Oo+Σan %? (a0 = real) be regular and 9ΐ F (%) ^ 0 for

|ίζ| < 1, then Herglotz proved that

2ic .

( i )

where ^(0) is an increasing function for 0 5Ϊ θ < 2π, so that

| (» = 0,l,2, •••), (2)

where v(θ)= μ,(2τr - θ) is an increasing function for 0 ̂  θ < ?n. Hence

the Hermitian forms:

n

Hn (x)=Έav^ xv xμ, (a-v = a*Y> (3)

are non-negative for n = 0,1,2, ••..

•) Received August 5, 1949*
1) In this paper α means the conjugate complex of a .

2) C. Caratheodory: Uber die Variabiltiitsbereich der Fourierkonstanten von positiven
harmonischen Funktionen. Rendiconti del circolo mat. Palermo. 32 (1911). O. Toeplitz:
LJber die Fouriersche Entwickίung positiver harmonischen Ftmktionen Rendiconti
del circolo mat. Palermo. 3 2 (1911). I. Schur: Uber Potenzreihen, die im Innern des
Einheitskreises beschrankt sind. Crelle. 147 (1917'). O.Szasz: Uber harmoniscben
Funktionen und L-Formeπ. Math. Zeitr. 1 (1918). M Tsuji: On a regular function,
whose real part is positive in a unit circle. Proc. Japan Acad. 21. No. 3-10. (1945).
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We call such a sequences {a*} a positive definite sequence.
Conversely, if Hn (x) ;> 0 for # = 0,1,2, ••-, then \av\ ^oo, so that F(%) is

regular and $ J 7 (ξ) ;> 0 f or [^| < L2>
If Ho(x), H i ( x ) , • ,HΛ-I(ΛΓ) are positive definite and Hk (x), Hft+i (•*•),••

are positive semi*definite, then p(β) is a step-function, so that

F (0 = Σ £ j - ^ , (| .„| _ l, « Φ «, (/ *fl, rv > 0). (4)

We remark that

00

4 ? ^ r !vl ^> k = ̂ β ' «-v = ?v). (5)

2. Let/(/) be a bounded measurable function defined for - oo < / < oo,
such t h a t / ( - / ) = / ( / ) and q(t) be a bounded measurable function, which
vanishes for large [/[• We call such q(t) a function of class (L°).

If for all q(ή of class (L°), the Hermitian forms:

( 6 )

we caU/(/) a positive definite function.

Bochner3) proved that, if f(t) is a positive definite function, then

(7)

where v (λ) is an' increasing function for — oo < λ < co, such that

00

f dv (λ) ^ M = upper limit [/(/) | . (8)
J - « <t< oo

— 00

If we normalize v(λ), such that v (— oo) = 0, # (λ - 0) = v (λ)> then ^ (λ) is
unique.

Let F(ίζ) be the Laplace transform of /(/):

00

F (tζ) = ( /•(/) ί-« Λ, {z = x + (r), (9)
0

which is regular for x > 0.

3) Bochner: Vorleεungen iiber Fouriersche Integrale. Kap. IV.
4) / (ί) ̂  .g" (0 means that f{t) = .g" (ί) almost everywhere.
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If SR F(ίζ) ;> 0 for x > 0, then we can prove (Theorem 5) that /(/) can be

expressed in the form (7), so that

Λ z " / Λ

Conversely, if /*(/) is a positive definite function, then ^KF(iζ)^0 for x > 0,

so that we have (7) and hence

Hence a necessary and sufficient condition, that /(/) is a positive definite

function is that *ft F (ζ) ̂  0 for x > 0.

We remark that in virtue of / ( - / ) = / ( / ) ,

CO

SRF ( ζ) = Va ί f(ήe-(]tiX + ity) dt, (^=x + /j).
— 00

In this paper, we will define a positive definite sequence of n indices and a

positive definite function of n variables and prove analogous theorems,

2 Positive definite sequence of n indices.

1. Let ay ? v be defined for pL, —, vn = 0, ± 1, ± 2, - , such that
L **

— V , ..., — V β V-, ..., V^,* ' V- , ..., V ^ ' = = 1> 2> , \ /
1* W 1 7 * 1 7»

If for all JV= 0,1,2, •••, Hermitian form:

N N

HN{X^1\ ••*, x n^) = • χ^ f ••• ̂ . ί? x ^ 1 ^ x ^ 1 ^ ••• x ( n ) ΛΓCM> ^ 0 , ( 2 )

then we call {avy .... vn} a positive definite sequence of n indices. Analogous to

(5) of § 1, we put

— 00 —00 1, ' " ' »

fe = rA^*), ( 3 )
then by (1), u (sζi, • ,^«) is convergent for | ^ [ < 1 and is real. From (3),

2*

Λ\ = L _ i . . . ( iΛv.P.-iβλ. . . . . r . . / ? - * 0 » ^ / Λ ' v l β i + . . . . + v , A , ) / / 0 . . . . / / / 9 w < ( 4 )



POSITIVE DEFINITE SEQUENCES 145

Writ ing pk - φk, instead of rΛ, θh in (4) and inserting avlt..tvn in (3), we see

that u(%i, ••Mίζn) c a n be expressed by a Poisson integral :

*-1 Pi -

< ^ < 1 ) . (5)

We put for 0 ^ rΛ < 1,

AT

( 0 ^ f , < l ) , (6)

then by (4),

—ΪK^VΓ f f »(rif- ίβ l, •-, r»e-is«) TT | x ^ + *fV«* + - + ί/^e*"*!9//^ - dθn.
\ Δ n ) J J A=i

( 7 )

W e will p r o v e :

THEOREM 1. If u , (^ , •••, ^w) ^ 0 for |«ζΛ| < 1, //;̂ « ^vx,..., vn <r^ ^ expressed

by

2*

-,θn), (8

where v(e) is a positive additive set function defined for Bore I sets e in (θx> •••, βn)

space, such thaΦ

6Tί

[. \dv (^i, ••-, O ^ M = upper limit |* v
J J vVl V2. . , V W )

(ί?) /c uniqu*

From (8) «̂β? (2),

V , *<">)- J- jTT

^vi, •-, v^/ί ^ positive definite sequence and fro?n (3),
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2* n

u{rxe-iQ\ - , rne-iβ») = (•• f J f (1 - rj)/(l - 2rkcos(φ* - θk) + r*)A>(φi> - , Φ » ) ,

( O ^ r * < l ) . (9)

PROOF. From (4) and (1), we have

φ -<1θn^M. (10)

Let ^ be a Borel set in (θu •••, 0w)-space and we define a positive additive set

function pP (e) (0 < p < 1) by

7 ^ , ( ( u(pe% , / ^ S ̂ i ^ Λ . ( Π )
\C7t)n J J

Since // ̂  0, we have pP (e) ^ 0̂> •••> o ̂  Λf, so that z/P (ί?) is uniformly bounded

for 0 < p < 1, hence we can find Pi< p2< *" < Pn-> h such that lim v?n {e) =

j; (̂ ), where v (e) is a positive additive set function, such that

2it

(12)

Hence from (4),

9, - , * „ ) . (13)
vM

Next we will prove the uniqueness of p(e). It suffices to prove that if for

all ply —,vn,

L . f ^Cviβi+ . + v , Λ ) ^ ( ^ , - . , θn) - 0, (14)

0

then v(e) = 0 for any Borel set *?, where dv{e) is an additive set function. From

(14),

j P ( ^ , >~,θ«)dp{θx, -,θn) - 0 (15)
0

for any trigonometrical polynomial P(θl9 ~-,θn).

Let j2 0 : 0 ^ ^ ^ 2 j r , .., C g ^n^Γw ar.d fi: ff^^ft.-^'^ft^ft

(0< βk - ak ^2τr). If J2 tas pcints outside ^ 0 , \^e replεce them by points

in J2O (mod. 2τr). Let /(^i, •••, «̂) = 1 in Q and = 0 outside Q. Then for any

e > 0, we can find, by Fejer's mean, a trigonometrical polynomial P (θly •••, θn),

suςh that 0 g P (θ19 ••-, ^Λ) ̂  1 in QQ and |/(/?p ••-, θn) - P (^, - , 0*)| < e, except
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in a neighbourhood of tfie boundary of Q. From this and (15), we see that
v{Q) = 0, if the boundary of Q does not contains a mass. Since any Q can
be approximated by such Q, we see that v(O) = 0 for any Q. From this, We
conclude that v (e) = 0 for any Borel set e.

2. To prove the converse of Theorem 1, we use the following lemmas.
n

LEMMA 1.5> If r (Θ) - aQ + Σ (av cos vθ + fa sin vθ) > 0 //; [0, 2it\ then T (θ)

can be expressed in the form:

T (θ) - [γ() 4- 7i eiθ + ••• + γ« ί?ίwOί2.

LEMMA 2 6> 1^/ H ^ (x°\ ••• , x ( w )), H^i yn (χ«\ ..., χ^>) / ; ί Λ//wrf /,y (2)

(6). / / > r *// x (Λ), ^ / ^ / I ^ I 3 + - + | Λ ^ | - - h [k = 1, 2,... »),

PROOF. Let

then, for | ζ*| < 1,

so that by Theorem 1,

1 n ~ v p — , v Λ ]'-')
0

hence

0

where f^ = eivθkxck\ so that

5) L. Fejer: ϋber trigonometrische Polynome. Crelle 146 (1916).
6) The case n — 1 was proved by L Schur: Bemerkungen zur Theorie der beschrankten

BΠinearform mit unendlich vlelen Veranderlichen, Crelle 140 (1911). O. Szasz: I.e.
2)
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hence by the hypothesis, CC^HN {ξ°\ •••, ?(n)) g /?.

Since by (16),

•, χ™)^we have from (1?), a ^Hfr' <>ή{χV\

3. We will prove the converse of Theorem l

THEOREM 2. If {a i, " ,tfvw} /V # positive definite sequence* then

Hence by Theorem 1,

2Λ

0

where

J . . J Λ ( ^ , , ^ n ) ^ M - u p p e r limit | * v l , . . . j V J .
0

Raikov7> proved that if (^vi, •••, ί7vM} is a positive definite sequence, then it can

be expressed in the form (18).

PROOF. Since by the hypothesis, HN ( X ° \ •••• X ( M ) ) > 0, we have by Lemma 2

and (7),

2Λ W

... [ u ( r , β " *•», •, r . β - ί β») I I

(19)

Let (<?J, •-.0°) b e any p o i n t . F o r any δ > 0, δ' > 0, 7? > 0, we define vk(θ),

gk (θ) as fo l lows:

vκ (θ) = 1 for \θ - θ\\ g δ, *<» (β) = 0 for \0 - θ%\ > 8, (20)

7). P Raikov: Positive definite functions on discrete.contmut^tive groups, C. R. Acad,
Scir URSS., 2 7 (1940).
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gk(θ) = lfor | 0 - 0 ° | ^ δ ; g*(0) = ??(>O) for \Θ - 0°| > δ + δ' gk(θ) is a

linear function for δ ̂  |0 - θ\\ ^ £ + δ', such that

. & (θ* ± δ) = 1, gk (θl ± (δ + δ')) = 17. (21)

Since gA (0) is continuous, we can find a trigonometrical polynomial τk (θ) of

order AT, such that in [0, 2τt]

l & ( 0 ) - τ * ( 0 ) l < ε < ^ (22)

then τfc (β) > 0 in [0, 2π\ so that by Lemma 1, for suitable x^

Tk tf) = Ixtf) -f x ? ) e i 3 + ••• + x(£>eiNΘ\2. (23)

For such ΛΓ^>, we have from (19),

(24)
\θTt)

Hence for e -> 0, δ' -• 0, 77 -> 0,we have

•• ̂ n - (2δ)» «(fi«-<9'i, - , Yn e~iQ%

where |6>̂  - 0°| < δ , so that u{rιe~i9\ •••, r*e-iθ'») > 0, hence for δ->0 we have

^(r^- ί θ ί, , r n ^ ^ ) > 0 . Since (^,-.^0) is arbitrary, « f c , - , ? . ) > 0 for

|^Λ| < 1, which proves the theorem.

3 Positive definite functions of n variables

1. Let /(A, " ,/n) be a bounded measurable function defined for

— 00 < fk < co (k = 1,2, •••, n), such that

( 1 )

upper limit |/(/i, " ,/n)| = M < 00.

If for all ^r(/) of class (L°), Hermitian forms:

H ( ί i , - , ^ ) = J ..j/(/ι - Ji, - , 7 n - in) Ij^hitk) qk (sk))dh -ds» ^ 0 , (2)

then we c a l l / ^ , ••-,/«) a positive definite function of n variables. Analogous
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t o (12) of § 1, we p u t

= J~ j/fo, - , /«) exρ(- Σ(|/*| xA + //* yk))άh - Λ«
— as

w h i c h is convergent a n d is real for xk > 0 by (1). F r o m (I), we have

( 4 )
n

X\ ' ' Xn
— 00

especially, •

* i-*» | * (* i , - ,* , , ) l^2«M, (x*>0). (5)

For <7ft (/) of class (L°) and σh > 0, we put as (b) of § 2,

- \-\f{tι - si, - ,/» - r » ) e x p ( - Σ |/* - ί jkJ <rΛ) | J U * (/*) f* (J*))<//i •••<&„. ( 6)
J J f) Λ—1 » /

- c o

2. We will prove some lemmas.

LEMMA 3* »(ίζi, ,ίζM) f^» be expressed by a Poison integral*

T h i s is an analogue of (5) of § 2.

PROOF. F r o m

and

00

I (x* - σ » ) j

{χk >σk> 0),
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we have

oo n

f ...f U {<rι -\ λi, •••, σn +• iλn) \\iXk - °k) ((** - σΛ)- + ( yk -
— 00

00 / ft CD

- J J/(Ί, - . A,)exρ ( - 2 14! σ-*)ί jT J (if* ~ **)

LEMMA 4. Λlmosb everywhere^

h, •-,/„) e x p ( - Σ [ 4 | σft) =j[im -^- f.-.f/^, ->, aH) dai- dan> (σk

o

1 r α Λ r

a

Hence /(/ i , ,/M) is uniquely determined by »(ίζi> * >ίζ») Especially) if

in'-'Zώ^Qβr χk >°> then f (h, •••, /Λ) ^ O

PROOF. From

# (o-j + /λi, ••, σM + /λM) = f ...f / " ( T J , •••, τM) e x | > ( - 2 ( | τ Λ | σ Λ 4- /VΛ Xk)) dτx ••• ^ τ r t

— 00

CO

= J J φ ( τ i , ' " . T ^ e x p ί - I S T ^ X ^ ^ T X . . . JτM, (7)
— 00

where

~,tn) = / ( / i , ' " , / » ) e x p ( - 2 1 / Λ | σ * ) $ ( 8 )

w e h a v e

(T,, -,τn) I I (8inah{τh-tt))/(τh - h))dτγ-dτn

- ^ J . . . J Φ (/i + ^i> -, tn + pn) \J^((sin ah vk)/υk) dvγ ••• J ^ M )
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so that

CO _ « ^

- —-„ \ • • • \ Φ (/i + ?*i/T, - , /» + 2 ^ / T ) Γf ((sin «*) **)« </*,-• /&„. ( l ί )
J J ft— 1

— CO

Since [Φ(A, ...,/„)| ^ | /(/ I ; - , /J | ̂  Λί and

oo

[ (ffaxjdx - π, (10)

we have

/i,...,/J|^Λf. (11)

From (9), (10),

= - | s J • • J [ φ (A + 2»i/Γ. , /, + 2«« T ) - Φ (ίi, • • •, /„) ] J T ((sin uk)lukγ duf dun
— 00

We take N so large that

then, since |Φ(/χ + 2ui/T, ••••/« + ?»«/Γ) - Φ(/i, -, /M)| g 2Λf, we have

2ΛT/T

j T2, - , /Λ + τM) - φ ( / x . ..., / M ) | i τ λ ... ̂ /rM + O(ε).

...(12)"

Since by Lebeδgue's theorem,

2N/T

H m T * f f IΦί/ i + Tx,-,/,, f τ Λ ) - Φ (Λ, •• - , / J I dτx^άτn = 0
T->oo J J

-2iV/Γ

almost everywhere, we conclude from (12) easily that

i, • ,/n)exp(- 2 | / Λ | σk)
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almost everywhere.

3 We will prove:

THEOREM 3. If us Oζi> '"> Zn) = ° / ^ xk > °>

00

/(A, •• ,/»)~f ..fexp(/(/ 1λ 1-f •• -f /»λ»))ώ(λ,, - ,λ») ,
— 00

where v(e) is a positive additive set function defined for Bore I sets e in (\ι, •• ,λw)-

space, snch that

00

[~[dv(\i, - ,λn)^M = upper limit |/(/i,-,/»)|
J J -«<ίft<co

^ ^ v(e)is unique.

Hence by (2),

J exp(//»λ*)ί»(/*)Λ*|Λ(λi,-,λ»)>0, (13)
- 0 0 - β o

that f(ti, ",tn) is a positive definite function and by (3) and

^ ...,x»). (14)

PROOF. By Lemma 3,

σn

fe = *k + />, 0 < σk < xk), (15)

and from u ̂  0 and (5), we have for Γ > 0.

2 * A ί > ΛΓj — Xn // (AΓi, - > Xn)

T

> -~, J-J (ft
so that for xk -• oo ,

> — f ...f « (σj + /λj, ••, σn + /λ») ̂  - An,
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hence

00

- 1 - f. .f «(*-! + i\lf - ,σ M + iλn)d\ι - dλn S M. (16)
(2τt)nJ J

For any Borel set e in (λx, .- ,λw)*space, we define a positive additive set

function Vσ (e) (σ > 0) by

t σ>0). (17)

Since by (16), ?;σ (̂ ) is uniformly bounded for σ > 0, we can find <n > σ2

> ••• > cr« ->0, such that lim^σw(^) = p(e), where v(e) is a positive additive set
W-+C0

function, such that by (16)

\ - , λ Λ ) ^ M . (18)
— 00

Hence from (15.)

«/ fo. - . z » ) =2"(•••(("ft * ^ 4 < * " λ * ) 3 ) ) ^ ( λ l > -'λw) (19)

Let

oo

g(tu - , /«)= f-.fexp(/(ί 1λ 1+ - U\n))dv (\19 - ,λ M ) , (20)
— 00

then by (3),

so that

hence by Lemma 4, g(/i,—,/*)~/(/i»—,/»), or

/(A, - > / w ) ~ f f expί/'ί/xλ! + -. 4- /* λn))^(λi,, λn). (21)

Next we will prove the uniqueness of v (e). It suffices to prove that if

00

L.f exp(/</1X1+ ... 4- / « λ » ) ) * ( ^ ,λn)^0, (22)
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then v(e) = 0 for any Borel set e, where v(e) is an additive set function.

Let (λj, , λ°) be any point. For any 8k > 0, we define pIt (λ) as follows :

Mλ) = l for | λ - λ ° | <δ Λ ,

vu (λj ± Sh) = 1/2, I (23)

^(λ) = 0for I λ - λ J | >8 Λ , )

then

00

vh (λ) = - ^ j exp (,7λ) ί Λ (/) Λ, (24)

— 00

where

j exp (- it\) vk (λ) Jλ - ^ 2 exp (-/AJ) (sin /8ft)//, (25)

J lί Wl Λ- j |
— CO —CO

For any T > 0,

> J ίf'λ qh (t) it = V-l J [ s i n / (λ - λj + δ*) - sin / (λ - λ° -
-T Ό

hence

r

J e*qk(t)dt\^K, (27)
- T

where ]C is a constant independent of T and λ.
Now by (22),

n T

[( J exp(/
= 1 -Γ

-co ^ = 1 - Γ

( f t ) ( ( P '̂ 2 4 λΛ) Λ(λ,, -, λn) = 0.

In virtue of (27) and Lebesgue's theorem, for Γ->^o we have from (24)
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where β • I** - λ°| ^ δΛ (£ = 1, 2, ••,«).

From this we conclude easily that p(e) = 0 for any Borel set e.

REMARK. By the second mean value theorem, we have from (26)

J ^ q k ( / ) d tJ ( 2 8 )

where K = K (Sk) is a constant, which depends on Sk only, so that by (27), (28),

( ί eitλqk(t)dt Vλ^iC, (29)

where K is a constant independent of T and

T

j I j ^i*(/)*|V-o(-^- f). (30)

4. To prove the converse of Theorem 3, we use the following lemma.

LEMMA 5. Let H(qi9 •••,#«), Hσι σn(qu ' ,qn) be defined by (2) and (6). If
oc

for all q
k
 (t) of class (L°), such that f q

k
 (t)

 2
 Λ - 1,

then

PROOF. Let

g(t» - , tn) = exp(- Σ \tk\ σh), (σk > 0), (31)

then by (3),

»g Cζi. - . ?•) = 2" j T (ίί* + «r*)/ί(ίf* + > 0 for if, > 0,

so that by Theorem 3, since g(tι, •••»/») is continuous,

exp(- 2 (32)
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Hence

Hi- *»(&, -> &) - j J ϋipu -,p«) A(λi, - , λ«), (33)
— CO

where pk (/) — f itkk qh (/), so t h a t

2 αo

hence by the hypothesis,

Since

we have from (33), a g Hσr σn(qu ..., ^Λ) g β*

5. We will prove the converse of Theorem 3,

THEOREM 4. If f(fu ~, tn) is a positive definite function^ then u/(ϊζiy ~,*ζn)

Hence by Theorem 3,

^^)*(λn-,λn), (34)
1

f. .f Λ>(λi, - , λ » ) ^ M ^ upper limit / ( / Σ , ...,/w)
J J -«<fΛ<»

— 00

Powzner and Raikov8^ proved that if /(A, •••,/*) is a positive definite function,

then it can be expressed in the form (34) •

PROOF. Let (tζj, —, ̂ °) (^ = σ£ + /λj, σ° > 0) be any point.

By Lemma 4, almost everywhere,

/(/ i , , /n)exp(- Σ |/*| σJ)-lim/(T,/!,•••,/»), (35)

where

8) A Powzner: IJber positive Funktionen auf einer Abelschen Gruppe C. R. Acad. Sci
URSS 28(1940). D. Raikov: Positive definite functions on commutative groups with
an invariant measure, CtR,,Acad, Scit URSS 2 8 (1940).
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J(T, h, - ,/n) = -j-n[> -[ I {a, fly ~, tn) dai - dάn>
o

1

By (li),

We define ^A (λ), ^ (/) by (23) and (25), then for T > 0,

i ••• d s n

= -j i^ l -.l K ( β \ , •••, dnjddi ••• dan,

where

K(au ~,an)

•, <r° + Λ») k)dh

By (29), (30) and (4), we have uniformly for a^

J exp(//Λ

(39)

(37)

(38)

(39)

OCΓ-2),

so that by (38),

M

, /n - Λ.) (TJ

\T'

(40)

If we make T -^ oo, then by (35), (37) and Lebesgue's theorem,
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[ - Ί> "'> *« ~ '») e x P ( ~ 2 [/* -

1

^λΛλJ|

exp(//ΛλΛ) #

+ o(r-2).

Next we make T' -> w, then by (24), (27) and Lebesgue's theorem,

Hσi 'σn(qi, ~-,qn)

( | 7 I Vk

\" \ «(<r°+ Ax, ••-, σ° + ?Xn)d\ί ••
J o J 1 Λ

, σ° + /λ'n), (|X* - λ j | ^ δA) (42)

^ (/) is not a function of class (L°), "but if we put q% (t) = qu (/) f° r 1/1 ^ N

and = 0 for |/ | > Ny then ^^ (/) belongs to class (L°), so that by the hypothesis,

H(q*, •••, qξ) ^ 0, hence by Lemma 5, Hσi σn{q*> •••, ^ ) S°, so that for N->oo,

Hence from (42), u(σ\ + A^, •••> σ°+ /X)^0, so that for δft -*- 0, we have

«(σj+ AJ, -,σ° + /λ°) = »(!ζj, ..., ζθ)$:O. Since (•$ - , ^ ) is arbitrary, we

have u{tζiy " i ίζn) ̂  0 for ΛΓ/; > 0, which proves the theorem.

4. Some remarks

l Let f(t) be a bounded measurable function defined for Oίg / < oo and

F ( ζ) be its Leplace transform :

^t, (r^H». (1)

If we define/(/) for / < 0 by /(/) =/(^tj, then
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( 2 )

Hence by Theorem 3 and 4, we have

THEOREM 5, If 3t F (ξ) ^ 0 /<w ΛΓ > 0, then

( 3 )

(4)

z> (λ) /j ## increasing function Jo? - oo < λ < oo,

00

{ dv(λ)^M- upper limit /(/)
J - X < ί < 00

//* ^^ normalise v(X), such that ^(—oo) = 0, ;^(λ - 0) = ^(λ), then v{λ) is unique.

From this as remarked in the introduction, the necessary and sufficient
condition, that /(/) is a positive definite function, is that 1KF(^)^0for
x>0.

Let/(/) be a positive definite function of the form (3), then for any q(t)
of class (Lϋ), the Hermitian form:

If H(q) > 0 for all q(t), such that Γ \q{t)\2dt > 0, then, we call H(q) a
px

positive definite form. If H(q^ = § fora certain qQ(t), such that I \qo(t)\dt>Q>
then we call H(q) a positive semi-definite form.

THEOREM 6, If H(q) is a positive semi'definite form<> then v(X) is a step'

function, such that

V

where {Xv} have no cluster point in a finite distance.

PROOF. Let H(q0) = 0 for a certain qo(t) of class (L°), such that
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then

oo a

J qa{t) dt>Q,

o) = j] / ( * - •>) ίo (/) ft is) it ds = j dv (λ) J ,** ί β (/) it

( 5 )

0. (6)

If at a point λ, v (λ + δ) - v (λ - δ) > 0 for any δ > 0, we denote dv (λ) > 0.
Let E be the set of λ, such that *fo (λ) > 0, then from (6) at any point λ of E,

Suppose that JE has a cluster point λ0 in a finite distance, then there exists

λv -> λ 0 (λv e JE), so that

( 7 )

Let 0 for |/ | ;> T, then from (7) we have

T

Γ eit

r- r

2T

f eiτχy qo
0.

Let

then F ( ζ) is an integral function and F (-/λv) = 0, so that F (%) = 0, a fortiori,

S F f e ) ^ 0, hence by Lemma 4, q0(t+T)~ 0, or #0 (ή r °> which contradicts

(5). Hence E has no cluster point in a finite distance, so that ^(λ) is a step-

function.

?. Let Ufa, ->ίζ«), Hfr' fn{χv\ .., Λ OO) be defined by (3) and (6) of §2 and

put for 0 ̂  rk < 1,

Min. u(rιeiθ*, •••, r« *̂θw) = /^(fi, •••, rw), ")

(8)
Max.

and for all *'«, such that |^0*Wa+ - + 1,2,-,»), let
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M m . Hff- rn (XC1), -.., X'n ) =gN (Γi, - , Γn),

Max. Hn rn(χ^\ •••, χ*J) = GΛ r (ri, —, r»)

Since gN(rlf > ,rn) decreases and GJV (fi, •••,;"«) increases, when N increases, let

limgtf (ri, •••, rn) = ^ ( r i , •••, r«), lim GN (fi> * I rn) = G (/Ί, •••, r»),

( O ^ r * < l ) . (10)

T h e n we will prove L

THEOREM 7.9) ^ ( n , —, rn) = m{ru - , rn), G ( r n •-, r«) = M ( n , - , f * ) .

PROOF. From (21), (22), (23) of § 2, we have

so that

From (24) of § 2,

= j τ»

2δ+O(80+O(i?)+O(β),

0(δ') + O(v) f- O(β).

If we make ε-*0, S' -*• 0, ?? -»0, we have from (11),

2*

\in)

- , Γ n

(Π)

9) The cace n~\ was proved by*O. S zasz: I.e. (2).
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w h e r e \θ'k - θ°\ ^ δ .

H e n c e g(ru ••-, m)S u(ri€-iθ\ •••, rn*-'*'»), so that f o r S - * 0 , ^ ( n , •••, rn) ^

u(rιe-iθi, '-,rne-i9n). Since (^o, v , 0°) is arbi trary,

~,rn). (12)

O n t h e o t h e r h a n d , f o r any ΛΓC^, s u c h t h a t \x^\2 -f ••• + \x$ψ = 1 (k = 1,2,

•••,#), we have f r o m (7) of § 2 ,

2it

-., rM) (2τt) -» J...J j j "
o Λ = 1

2* n

so t h a t gN ( n , •••, m) ̂  Λ?/(ΓI, •••, ΓΛ), hence for 2V-> oo,

g(n> •• ι Γ n ) > / ^ ( Γ i , •-, Γn). (13)

F r o m (12), (13), we have g ( n , •••, fn) = w ( n , •••, r Λ ) . Similarly wa can prove

3. Let u(zi> '->&)> Hσl"σ«(qι, -,&) be defined b y (3) a n d (6) of § 3 a n d

we p u t for σk > 0,

lower limit'/* (σL + i\ly •••, <r« + /λw) == /^ (σu •••, σ M), \
χ

upper limit u{<rι + A x , •-, σ« + /λ») = M ( ^ , •••, σ«),
<λfc<eo

CO

and for all qh (t) of class (L°), such that f \qh (ή \2dt - 1, let
— 00

l o w e r l i m i t H σ i " σ n ( q 1 } •-., ^ M ) = g {σly •••, σ w ) , | ( ,

upper limit H ° Ί σ «( ί i , - , qn) = G (σ!, - , σ«) Jφ

T h e n

THEOREM 8* g(σu •••, <rw) = m(σλ, •••, σw), G(<Γi, •-, σM) = M(<rx, ••, σn).

PROOF. Let ̂  (/) be defined by (25) of § 3, where we take Sk = δ (k = 1,2,

••-,»), then
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00

f !ί*(ί)!sΛ = "δ.
— CO

Hence from (42) of § 3,

li ..-, σn) ̂  H σ i • σ n ( ^ , .», qn) ^ (2δ)» a

o r ^ ( σ i , •-, σ«) g »(σ i + A Ί , ; - , σ n + /λ'»), so t h a t for δ -> 0, ^ ( σ 1 ? •••, <rw) ^

« ( σ ! + /λj, -.-, σ« + /λ°). Since (λj, •• , λ°) is arbitrary,

g(<Γi, "^crw) ^ ^ ( σ - i , --^σ-n). (16)

On the other hand, let qk (t) be any function of class (L°), such that
CO

I \«h {t)\2dt - 1 and let qk (/) = 0 for | / | ^ T'. We define vk (λ) by

T'

vk (λ) = - ^ j β<» ί Λ (/) i t = ̂ L = J
- T'

then

ί * ( / ) I 8 Λ - 1 . (18)

Writing σft instead of σ° in (38) of § 3, we have

[» [j(T,tι-Sι,-,t* - J*.) (I I 4k{tk)qk(sk))dtL,--,dsn

Γ

^-^J...jiC(^,...,^) fa-dan, (19)
o

where

τ

By (4) of §3,

— τ

(J_Γ I j e x P ('V* λΛ) ̂  (/,) dh \
— T"

J...J « (o-i + Λα,.... σ« + iX
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I K(a» -,«.)! 5S _*L_TT( f
— x

so that K(au - ,an) is uniformly bounded, hence

T

lim — [..A K(aι> " ,an)dai '"Jan = lim
T->co 1 n J J α x β n

0
x

Vk

Hence from (35) of § 3 and (19),

T' n

= ί f / ( / l - Sn -ytn - Sn)exp(~ 2 \tk - Sk\ σk)(\ | t
J J ft \ Λ = 1 "

T'

jj
T

l im-^--f ...f

so that

' σn

(20)

(21)

From (16), (21), we have g(σly •• , crw) = ^(σΊ, ,<τM). Similarly we can prove

MATHEMATICAL INSTITUTE, TOKYO UNIVERSITY.




