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1. Fundamental theorem I. Put

(L1)  Fls)= 2 anexp(—as) (s =0 +it, 0 <M< <+ < N> + ).
n=1

Let (1.1) be simply convergent for o >0. In this present Note, by the
systematic method based upon A. Ostrowski’s criterion of singularities, we
shall study the relation between singularities of (1.1) and coefficients {a,}.
We begin with some definitions.

DerFNITION 1. Let {a.} be real. We say that the sign-change occurs be-
tween {@u,-1, @}, provided that '

(i) @y, %0, an,—1 =0 and a,-a..-,<0.
or
(ii) Ay, =0, @y = Ungmy = Q3 = -+ = Qppps1. =0

and @y, *@n,-» < 0.

DeriNiTION II. We call that the sequence of coefficients {a,} has the
normal sign-change, provided that the sign-change occurs between {a,, -1,
ank} (k=1,2,----) with hm O\mk - 7\4nk-1) > 0.

k>eo

DEerFINITION III. We say that the sequence of coefficients {a,} has the
normal sign-change in the sequence of intervals {[;} (L.I; =0, £ = j),
provided that the subsequence {a,,} ( = 1, 2, ----), whose exponent \,, belongs
to {L;}(k =1, 2, ----), has the normal sign-change in the sense of Definition 2.

Our fundamental theorem states as follows.

FunpaMENTAL THEOREM 1. Let (1.1) be simply convergent for > 0. Then
s = 0 is the singular point for (1.1), provided that there exist two sequences
{%:} (0 < 2 N ), {v&} (x:7eal) such that

(a) lim 1/, - log

koo

> R(@neexp(—iv)| = 0,0

(@RISA, <z

b) gm /(%] = 0, where o: the number of sign-changes of R (a, exp(—ivyy)),
ME L4l —w), (%IA+ )] (0<w<1),

(¢) the sequence R(a, exp ( —iy)) A\n € {Ii}) has the normal sign-change
in{li} (k=1,2----).

2. Lemmas. For its proof, we need some lemmas.

13 {«] is the greatest integer contained in x:
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LeMMA 1. Under the assumptions (b) and (c), we have

(i) lim (rys1 —7,) >0, lim |7, — au| >0,
v—>o0 v, >
(ii) lim »/7, =0,

v->on

provided that {r,} is the sequence arranged in the order of magnitude of
{1/2 - (i + An-1)}, where between R (a, exp( —iy)) and R (@.-, exp( — iyy))
My, M€ L;; R=1,2, ----) the sign-change occurs.

ProoF. On account of (¢), (i) is evident. Taking suitable subsequence,
if necessary, we can suppose that

%411 < 2[x]-1 4+ 0)/(1—w), (k=1,2, ----).

Accordingly,
1/2 * Ex/;-l»lj > Ex}:]
[%+13A — @) >[%I(1 + ), so that ;- I; = 0,7 =% j.
By virtue of (b), for any given & ( >0), there exists k(€) such that
2.2) Oper < €/4+ [%4r] for r 20.
Hence by (2.2) and (2.1),

2.1

(2.9) D o < E[4 e D [Heaid < E/A [Hpar] 2 1/20 < E/2 + [Har ]
i=0 i=0

i=0
For sufficiently large = »(€), we have evidently
k-1
2.9 L0 < &2 (X, 7 Z7(E).

i=1
By (2.3) and (2.4).

1Y%l Do < € for m = k(&) + 7(&),
i=1

so that

n

2.5) lim 1/[%,]- > i = 0.

m->oc0 i=1
If rel, v=0o,4+ 04404+ 0,, 0,0, Therefore,

.
0< v/r, <1/[xJ1 — @) 2 o:>0 as v > o,
i=1

so that
lim »/7, = 0. q.e.d.

V=)o

LeEMMA 2. Put 9(z) = [| @ — 22/#2). For any given €( >0), we kave
v=1
(i) [#(2)] < exp (€]z]) Jor |z| > Ry(¢),
(ii) exp ((— &) < |PA)| < exp (Enn) for X, > RJ8).
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By Lemma 1 and Carlson-Landau’s theorem (717, [2] p.271)®, we have
_easily Lemma 2.

LeEMMmA 3. Put

(2.6) G(s) = > @ P(na) exp( — Aas).

n=1
Then, G(s) is also simply convergent for o > 0.

0. Szasz ([3] p. 102) proved this lemma under the condition lim log 7#/A,=0,
n-yoo

but S.Izumi ([4] p. 513) showed that this condition is not necessary. Here
for the completeness, we shall give its new proof.

Proor. By T. Kojima’s theorem ([5] p. 3), the simple convergence-
abscisses o», o¢ of (1.1) and (2.6) are given by

) | |
or = lim l/x-logl‘ E anj =0,
L—yco

2.7 (B)EA, <o
ce=1lm 1/x -log| > @&P() | .
EDe (T)=A, <2
By (2.7), for any given &( >0), we have
(2.8) f > au| <exp(e[x]) for [x] > Ny(&).
(E)=SEA, <»

By Abel’s transformation,

ne—

S arin) = 2 ariuw = 2 #0w — 20l )

(@)S=A, < n=ny n=ny i=np

+ P(N\a,) (% ai):

so that by (2.8) and Lemma 2, i

| ne-1 Apyq

T atw | s explerad) [ [19@1dt + 12001}

C(RISEA, <2 n=n
2.9) ‘ "

< exp (E[x]) {f |2'(t)|dt + exp (Ex)} for [x] > Max{R,, N,}.
)

Since #'(z) has the same order and type as ®(z), for any given &( > 0),
(2.10) [#(2)] < exp(€lz])  for[z] > Ry(&).
Hence, by (2.9) and (2.10)

|

> a®P()

L (EIEA, <p
so that by (2.7) o¢<2€. Letting €50,
(2.11) o =0.

< 2exp (&([x] + x)) < 2 exp (2 &x),

2) Vide references placed at the end.



288 C. TANAKA

By (2.7), for any given &( > 0), we obtain

(2.12)

> ap (M)\ < exp((oe + &) [x]) for[x] > N&).

(D=, <@

By Abel’s transformation,

ne ng-1
D =2 @) PO = 2 {1/PO) — 1/PAasr)}
(€252 VR <] n=ny n=ny

(3 a0+ 1000 - (3 aind),

t=ny i=ny

so that by (2.12), (2.10) and Lemma 2,

3.

(L)=N, <%

< exp (o6 + € [X)]exp (2 £2) [ 17 @1at + exp (ex)}
)
< 2 exp((ge + ELx] + 3 Ex).
Hence,
O0=0cr<og+4&.
Letting £ > 0,
(2.13) 0=oe
By (2.11) and (2.13), ¢ = or = 0. q.e.d.
LeMMA 4 (A. Ostrowski, [6], [2]pp.12-16). For s=0 to be singular
point for (1.1), it is necessary and sufficient that we have

lim |Ou(e, @; F)[Pm 21,
M->c0
where
Onlo,w; F) = 2 @y Anae/m)™ « exp ( — Aua)
T -wEN S (1 +w)
(>0, 0<w<1
LEMMA 5. If s = 0 is the regular point of (1,1), then (2. 6) is regular at
s=0.
From Lemma 2 and Cramer-Ostrowski’s theorem ([2] pp. 49-52, {77, £87),
immediately follows Lemma 5.
3. Proof of fundamental theorem I. Since R (as exp ( — i) ¥ ),
MmE I, (=1, 2,----) has the same sign by Lemma 1 and Lemma 2, we
have easily

10¢ip(1, @3 G) | = | exp (— ive) Owp (1, @5 G)]

=

> R (@nexp (— iye) P (hn) An/ L% €xp( — An)

Ap€ly

= ] > R(anexp (— ive)PAn) Ane/[ %) PeXPp (— An)

(Fp)=EAp <7

3.1)
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> e 1,

> R(awexp(— 7)) P (An)

@r)SA, <2

On the other hand, by Lemma 2,

> R (@ exp(— iy) P 0w - 1P0w)|

(rE)=h, <t

> R(anexp (—im))

(T)=N, <7

S| 2 R(@exp(—ive) P () ‘ exp (Ex),
(r)SEN, <7
so that ’
!
(3.2) | 2 R@exp(—in))POa) Zexp(—&x)| 2 Rl@nexp(— im)|.

@p)EA <Tk (tp)SEAn <ty

By (3.1) and (3.2),

[0@y(1, @;G)| = exp(—1— Exk)! 2 R(a.exp(—im)

@SN, <tp

Hence, by the assumption (a),

1/(zx)

2 R(a, exp (—ivi)

()= <2

- limexp (— (1 + &x)/[x]) = 1 - exp( — &).

IEm | Ogy (1, @5 G)[V0 = 1im
k-»o0 k—>eo

Letting € >0, lim|O¢,d, w; G)|Y» =1. Therefore,
A=—>oo

lim | Ou(1, @ G)[" Z Tim | Ogsy (1, w3 GRiew = 1.
M->c0 —>co

Thus, by Lemma 4, s =0 is singular for (2.6),so that by Lemma 5, s=0
is also singular for (1.1). q.e.d.

4. Fundamental theorem II. The next theorem is more suitable for
the application than the Fundamental Theorem 1.

FUNDAMENTAL THEOREM II. Let (1.1) be simply convergent for ¢ > 0. Then
s = 0 is the singular point for (1.1), provided that there exist two sequences
{Onits v}, (i :7eal) such that

(a) {TIITI/M,‘ - log |k (@, exp (— iv)| =0,
.
(b) lim o/ At = 0, where oy: the number of sign-changes of R (a, exp (—iy;)).
k=>00
(c) the sequence RN (ayexp ( — i) An € 1) has the normal sign-change in { I}
(k=12 ----).

Proor. Taking account of the Fundamental Thorem 1, it suffices to
prove the existence of a sequence {x,} such that
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(i) ol =] (k=12 ---)
(4.1 N
) (ii) lim 1/x. . Iog, Z R(a,exp( — z'ry,‘))[z 0.
koo CeRISA <Tp
Let us put
4.2) A = lim 1/x-log| > R(a.exp(— ifyk))’ )

T=poc
A=< d+ 1k =12, - (=A<

Then, by T. Kojima’s theorem ([57]), we have

!

> a,exp(— i'yk), = lim1/x log
T->o00

A< 1im1/x - log 2 a,| =0,
wyoe (SN, <n (=N, <
so that
4.3) AZO.

On account of (4.2), for any given &€( >0), there exists N(&) such that

(4.4)

2 N(an, exp ( — i’)’k))[ < exp ((A + &) D) for Dau,1 > N(E).

g dShn < +1

Now, if [An,] = Auy-1 < Au; We have

R (@n exp( —iye) = 2 R (a,exp(—iv) — > R(asexp( — iyy)).

An g JENSAny, g dSAp=hn -1

If Anp 1 < D] < Ay, We get

R(an,exp(—ive) = 2 R(awexp(— iyy)).
M )EN SN\
In any case, by (4.4)
| R(@n, exp ( —ivi)| < 2exp((A + &) Ay )  for Dhm,] > N(&).
Hence by the assumption (a),

0= ?rfil/?mk <log | M@, exp( — ivi)] <A + &
)

Letting €0,
4.5) oA
By (4.3) and (4.5)
A =0,
from which (4.1) immediately follows. q.e.d.
(to be continued)
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