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The object of this paper is to treat the convergence of the series

for a > 0, where sl(x) is the nth modified partial sum of the Fourier series
of f(x), and is to derive an approximation theorem of infinitely differentiable
functions.

1. THEOREM 1. // the function

(2) g(t)~<Px(t)/(2tan(t/2))

where φx(t) = f{x + t) + f(x — t) — 2f(x), is Π-integrable and

(3) f
0 0

for a p > a + 1 > 1 , then the series (1) converges for a (1 > a > 0). // (3)
holds with p (2 < p < 3), then (1) converges for a ~ p — 1.

The ZΛintegrability of (2) is stronger than the Dini's condition and (3)
holds when

o

for 3. β >a. This is stronger than the convergence criterion due to Pollard.
We shall now prove the theorem,

^ / - n-l

_^ _ — \ sin ntdt.
o k=0

Let us put

2πJ£ φx(t ~π + 2kπ/n)
n ]^2rtan(/ - n + 2πjkn)\2y

which is the Riemann sum of g(f) = <Px(t)/(2tan(t/2)) in the interval ( — π,
n). By the assumption, g(t) is integrable. If g(t) is continued periodically
and is expanded in Fourier series such that
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then

p=-oo

Hence

/

2rr/n

Fn(t) sin ntdt

o
2rrln2rrln

= ~ \ (Fn(t)-'C0)sinntdt,
7t J

/

U/n

(Fn{t)~c0Ydt

= Jf/ (Fn(t)-C0Ydt

Λ φ O

= ^ - Σ cln,

since FM(/) has the period 2πjn.

oo

j ^ ^ ft I O.n\A/J

where

It is known that

(4) σ«{v) = O(v«) {a > 1),

(5) σ*(v) = O(v«+€) (1 > ^ > 0)

for any £ > 0.2>

If 0 S α ̂  1, we put p = (α 4- £) + 1 < 2. Then, by (5), we have

1) Cf. Marcinkίewicz and R. Salem, Fund. Math, 30(1949).
2) The author learned these relations from J. Uchiyama. He proved more precise

results than (5).
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(6) τ\s*Λ{x)-f{x)Vn*^ const. 2 M""^-
v = — o o

On the other hand,
f co

lίfίί + A) -ί/(ί)l*Λ =42cJs i r f»A,

o

ft"
o o

^ const.

Hence

const fft, ff
0 0

Thus we get the first part of the theorem. The second part may be proved
similarly, using (4) instead of (5).

2. THEOREM 2. // the function g(t) is k-times differentiable and
belongs to LΛ, and if further

(7) fpoQW+IQ-gQiHW d t d h < O Q

0 0

for ap>a — 2k-\-lϊ>l, then the series (1) converges for a (2k <Ξ a % 2k
4-1). // (7) holds for p = a -f 1, 2& -f 1 < α < 2k + 2, £/te« (1) converges for

such cc.
For the proof we use the notation of the proof of Theorem 1, then

we have (6). Further we have

I itf vh.

0 0

> const. 2 \
— oo

Hence, for cc and ί in the theorem.
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<8> 2 «-|<W - m\' S const. ^ k ^ ^ p J ^ W Λ Λ .
« = 1 Ό * •

Thus the theorem is proved.

3. THEOREM 3. Iff(x) is differentiάble infinitely many times and

A* = m a x \f*Xx)\ (k = 0,1,2, . . . . ) ,

series

converges uniformly, where

f[x+t)^£-dtl ^ d t
— it -niε

and

ψ(ri) = 2 ri°IΨ(k).

Especially there]is a trigonometrical polynomial tn(x) of order n such that

(11) tn(x)
uniformly.

For, since we can verify that (8) holds for

t
0

instead of sl(x)'-f(x) and g{t), we have
CO CO

(12) ΣδS(*)?>(«)= Σ δ *
n-l »-i

^ const. 2 ί ^ τ W + τ^y"Y)l J J - i>~ g

fc=l 0 0

If we p u t

m a x |^i(fc)(Λ:)| = Bk (k~ 0 ,1 , ),

then
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2 W W S cons,. IB L , { Λ_ + _ L _ }.

Now,

g<*\t) = (
dt"\t

+ /(*)- 2f(iίKχ-t)-~)

| φ . I ̂  + ̂ L__ j

where 0 < θ < 1, 0 < ff < 1. Hence
Bk<i2Ak+1/(k + 1).

Thus we have

= const.^
Jc

which is finite by the assumption.
For the proof of (11), it is sufficient to put

/

* . (*nit

Λ . .N s i n tit iM.il s i i x v 1±f(x + t)—-—dt j I —-— dt.
—x -n-Λ

For example, let us consider the function

and let sn(x) be the nth partial sum of the series.
Then

(13) fix) - Sn(x) - O(l/β ),
which is the best approximation. A little weak estimation is derived from'

our theorem. For A* = max \t<*\x)\ = θ ( 2 ^ ) - °^!>' a n d t h e

v AU = ^ ( ( * + 2)iy

converges when ψ(2k) = {(ife -f 2)\}2k~Λ (0 < α < 1) and then it is sufficient to
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take

Hence φ(n) = Σ2vwV#^~fc&4+6 ~ e2n/ήi+e.
Thus (11) becomes, for any £ > 0,

/„(*) - /(*) = o(n*+ /έ*)f

which is weaker than (13) a little.
Secondly, let us take ψ(k) = k\, then 9̂ (w) = *̂*. In this case, Theorem 3

becomes :
If Afc ^ const. 2**!/** ( ^ = 1 , 2 , ), then there is a trigonometrical poly-

nomial tn(x) of order n such that

Further, if

Ajc ̂  const. (2k)l,

then there is a trigonometrical polynomial £n(#) of order n such that

1 2 = 1

for any <? > 0, and then

f(x) - /„(*) =
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