
A NEW CONVERGENCE CRITERION FOR FOURIER SERIES

GEN-ICHIRO SUNOUCHI

(Received September 8, 1953)

Let φ(t) be an even periodic function which is integrable in the Lebesgue
sense and let

φ{t) ~ 2 β

Then the author [2] has generalized Young's convergence criterion as follows:

THEOREM. The Fourier series of φ(t) converges at the point t = 0 to the
value zero, provided that there is Λ A > 1 such that

(1) J φ{u)du = o(tλ), as t -» 0,

and

/(2) J \d{uWu)}\~O(t), O^tSv
0

G. H. Hardy and J. E.Littlewood [1] have generalized the condition (1)
for the case Δ =* 1 in the form:

(3) Φβ(t) = o(tη, as t -> 0
for any β > 0, where Φ $ ) is the β t h integral of Φ(t). Corresponding to
this result, we prove the following theorem which generalizes the above
theorem in the Hardy-Littlewood type.

THEOREM. The Fourier series of ψ(t) converges at the point t = 0 to the
value zero, provided that there is a A>1 such that

(4) Φβ(t)=o(ty), y>β
and

(5) / \d{u*ψ{u)}\ - O(0, O g ί S ^
ϋ

where

Δ - y/β > 1.
For the proof of this theorem, we need following lemmas.

LEMMA 1. // 0 < a <: 1 and C is a positive constant, for C>v >u>,0,

cos ntU - u)«-Λdl = O(»- ),
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Γ sisinnt(t - uf^dt = O(n~Λ).

PROOF. We have

n« I cosnt (t - u)™-1 dt = n« I cosn(u + f) ί*- 1 *

= wΛ I Z05"1 cosww coswί dt — n* I Z06"1 sinnu sinnt dt = / — / ,

say. We have

/.- n* cosnu I t*~ι cosnt dt
o
•ί

/ ί Λ - χ cos ί dt = cosw^l / 2 + / JiΛ'"1

o o T
cos

= ϋΓ + Z? say. Then

and

Thus we have

Since analogous estimations hold for /, we have

n» f cosnt (t - u)Λ-λ
\2{π + 4)/π.

LEMMA 2. For the Fourier series

if
(6)

and

(7) an = O(n~Ύ),
/ϊβ Fourier series converges to zero at t = 0.

This lemma is a special case of Wang's convergence criterion [4J.
PROOF OF THEOREM. From Hardy-Littlewood's theorem, we should prove
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the case Δ > 1 . In view of Lemma 2, it is sufficient to prove

Since the convergence of Fourier series is the local property, we may suppose
that (5) is true f or 0 g t g π.

Spliting up the integral at a = n~lίA, we have

o
say. Let us put

= j φ(t) cosntdt+ I <P(t)cosntdt=

= tΛφ(t), θ(ί)= J
0

then

Our concerning integral becomes

/ = J φ(t)cosnt dt= f m •—£*• dt

= - j θ(ί)dA(t),
Λ

= J -—^dt = ~-χj cosntdt=O{n-H-*).

where

t

Then

- / = J θ{t)dΛ{t)=-- [θ(t)Λ(t)\Z+ J Λ{t)dθ(t)

— Ά

say. Since α = W~Δ~ we have

and

J

t~Adt)
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If β is integral, then the estimation of / is easy, so we suppose that β is
fractional. If 0 < β < 1, then

Φ(/) = o(t1+y-t) = o(t)
and

= i φ(t) cos ntdt
o

= [Φ{t) cos nt% + n f Φ(t) sin ntdt

= Ii + /2,
say, ^where

and

o
Applying Lemma 1,

^n\ sinntίj Φ β(u) (t - u)~* du\ dt
o o

f " Γ*
~ n I Φβ(u) du I sin nt (t — u)~β dt.

0 u

Iz^oίnl Φβ{u)n^ιdu \
o

= θίnsj tfl du\

Thus we get the desired formula, in the case 0 < β < 1,

tfΛ = O(n"A ).

If 1 < /8 < 2, then

/ = [φ(t) cos Λ/]J + n I Φ(t) sin nt dt
o

cos wf J«J + w [Φ a(/) s in wflf - w2 | φa(ί) cos

= /, + / , - 73,
say. From (5), we have ψ{t) = O(f-Δ+1)

Applying a generalized convexity theorem of M.Riesz (see Sunouchi [3J>
to
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Ψ(t) = CKt~Λ+ι) and φβit) = oψ\
we get

Φ(t) = o(t1+1W) = o(t), Φ2(t) = ait**'*-
Therefore

and

72 =

=
for 1 < /8 < 2, and y > β. Concerning to I3, we have

h ~n* I Φ2(ΐ) cos nt dt = w2 J cos wί Jί ί Φβ(u)(t - uγ-^~ι du
0 0 0

Φβ(w) ίfw Γ cos »ί (ί - uy-P-1 dt

= 0{neW+l'\«)= θίnz I
0

Thus proceeding, the proof of the case n < β < n -f 1 (n = 0,13 2,3, ) is now
in hand. Since the proof for integral β is easy, we have completed the
proof of the Theorem.
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