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1. Introduction. H. Samelson conjectured, in his paper [1] that the

Whitehead product in homotopy groups satisfies an analogous relation to

the Jacobi identity in Lie algebras. This is stated also by A. L. Blakers and

W. S. Massey [6]. We refer to the relation as the Jacobi identity in Whitehead

products.

The present paper proves the identity for elements of dimension > 1.

For this purpose we introduce a new product in homotopy groups of an

H-space (See section 3 below and J. -P. Serre [2]) by means of the product

operation of the space. We call the product an H-product. It is connected

to the Pontrjagin product of homology groups (cf. L. Pontrjagin [4], H. Hopf

[5]) and is interesting itself (see section 3, Proposition 2 below).

This product is bilinear for elements of dimension ;> 2 and is not asso-

ciative but under some additional conditions1^ satisfies a modified form of

the Jacobi identity. In the lacet spaces [2] the relation holds and is translated

to the Jacobi identity in Whitehead products of the original space, using

certain isomorphisms. These isomorphisms are Eilenberg's suspension for

homotopy groups (see section 2 below) in a fiber space of paths starting

from a fixed point.

2. Preliminaries. Let X be an arcwise connected topological space

and Xo be a fixed point in it. We consider a space whose elements are paths

beginning at x0 with compact-open topology and denote it by E. A mapping

which associates each element of E with its terminal point, is continuous

and denoted by P. Moreover it it well known that E is a fiber space with

a base space X, projection P and a fiber, the lacet space Ω J relative to

x0 (see J. -P. Serre [2]).

Let p and n be integers such that 1< p <; n,f be a mapping from an n-

dimensional cube /" (an w-fold product space of / = fθ; 1]) into X such that

f(In) = x0 where in is the boundary of In. Under these notations we define

a mapping TPf of In~ι into Ωj by the formula

(1) TPf(Xh .Xn-iXt) =/(#!, . ..#„_!, t, Xp, . . . . , tfn-i),

(this definition has its sense if only the faces xp = 0 and xP = 1 of In go into

Xo). TP is one-to-one and induces a homomorphism of πn(X, Xύ) into πn-i(Ωχ,

x0) for n > 1, where x0 is also a constant path / -> xυ € X. We also denote
this homomorphism by TP. Let 2P be the inverse of TP;

(2) Σ ι Λ * i , '-, XP-U t, XP) .... * „ - , ) = f(xu . . . ., Xn-iXt),

where f is a mapping of I"1'1 into Or, then we have

1) §5, Theorem 3 in this paper.
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(3)
A homomorphism of homotopy groups induced by ΣP is denoted by ΣP

PROPOSITION 1. Tp is an isomorphism of 7rn(X,x0) onto τrrt-i(Ωχ, ΛΓO)
2> and

Σp in its inverse.

The proof is trivial. Moreover we have the relations TP = ( — l)p+QTq

(1 < p, q <Ξ ri), Tn = 3 P"1 which were shown by H. Samelson [1], where 3 is the
boundary homomorphism of the homotopy group πn(E, ίlχ, #0)to πn-iiΩx, xQ)
(this is an isomorphism onto, P* is an isomorphism of πn {E, fλr, x0) onto τrro(X, ΛΓ0)
induced by the projection P. Hence a relation TP = ( — l^+^aP*-1 holds.

Tw is the transgression and Σ* the Eilenberg's suspension for n and (n
— 1) dimensional homotopy groups (cf. J. -P. Serre [2, pp. 453J). For the

sake of convenience we write T, Σ instead of Tn, Σ* respectively.
REMARK. The isomorphism Tn was given by W. Hurewicz [9] for the first

time.

COROLLARY 1. If A is a subset of X containing x0, then for n > 2 we have

τrn(X, A, x0) ^r 7rn-i(ί2x, ΩA, X0).

The isomorphism is induced by TP (p < ή).

PROOF. Consider the exact homotopy sequences of pairs (X, A, x0) and
(ίljr, ίλi, %o)> TP induces a homomorphism of the first sequence to the second.
In fact, in the diagram (w > 2)

— > TtriXy XQ) — > πn(X, A, XQ) —> πn-i(A, XQ) — > πn-ι{X, xυ) — >

iT,P

Λ 9 i.
> πn-i(Ωχ, Xo)—>πn-Λ(Ω,x, Ω j , x0) —>πn-2{ΩA, XQ) —>τr n _ 2 (ί lχ, x0) — >

homomorphisms of each square are commutative. Making use of Proposition
1 above and the five lemma (Eilenberg-Steenrod [7]), our result is obtained
immediately.

COROLLARY 2. For a triad (X A, B, x0), where x0 ζ A ft B, and for n > 3,
we obtain

πn(X;At B, X0) ̂ r ^ . r f f l j ; Ω,A, ΩB, XQ)

The isomorphism is induced by TP{2 < p < ή).

The proof is analogous to that of the Corollary 1 above.

3. A new product in homotopy groups of the JΓ-spaee.
DEFINITION 1. We call a space X with a product operation V, satisfying

following conditions, an .//-space and denote it by (X, V):

2) If Πx is arcwise connected i. e. X is a simply connected space, we can take x$ as
the base point ot homotopy groups of Ωx without any loss of generality. Even if X
has not this property, as for isomorphism Tp, it is enough to consider the arcwise
.connected component containing XQ, therefore the condition is not so restrictive.
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(H.I). The mapping(x,y) ^x\ly is a continuous mapping of the space X
x X into X.

(H. 2). There exists a. fixed point x0 € X such that #0V x0 = Xo and the
continuous mappings of X into itself: #-> # V ff0. tf->#0 V # are homotopic
to the identical mapping of X by two fixed homotopies Hfo, t\ Hr(x, t) which
leave the point #0 invariant (cf. J. P. Serre [2, PR 474]).

REMARK. This definition is somewhat different from that of J. -P. Serre.
The latter treats the homology theory, therefore it does not need to fix:
the point x0 and the homotopies of (H. 2).

For example, Topological groups and lacet spaces become ϋf-spaces.
In topological groups the operation of multiplication is regarded as V, the
unit element as xQ and the two homotopies of (H. 2) are trivial. In lacet
spaces an ordinary product of paths [10, VIII, § 46, pp. 217-8] is considered
as V, a fixed constant path as x0 and the two homotopies of (H. 2) are
these induced by a homotopic transformation of parameters, which remove
the constant path at one end point [10, VIII, § 46, pp. 217-8]. These homoto-
pies in lacet spaces play a fundamental role to prove the modified form of
the Jacobi identity for the H product (see Theorems 1,2).

Let I b e a n arcwise connected space and /„, gn be mappings from the
w-dimensional cube Γι into the space X such that the restrictions of these

mappings on ϊn agree, i.e. fn\ϊn = gn\Ίn. Similarly to the theory ofS.Eilen-
berg [8; §1], we define a mapping d(fn,gn) of an w-dimensional sphere Sn

to X as follows: ά(fn,gn)\Il is induced by fn9d(fn,gn)\Il is induced by gn,
where /*, Π are two copies of ln identified on the boundaries and represent
upper and lower hemispheres of Sn respectively. Hence we have /J UII =
Sn and /£ (\I1 = Sn~ι, the latter is an (n — 1) dimensional equatorial sphere
of Sw. We take (0, , 0) € Sn~ι as a pole of Sn and describe an element of
τΓn(X, Xo) determined by d(fn, gn) as d(/n, gn)>

We define here that the two singular n-cubes (i. e. continuous mappings
of Euclidean w-cubes) fnj'n are the same if there exists a homeomorphism
λ of the Euclidean w-cubes preserving its orientation such that fn = j ' n \ .
For any singular w-cubes /„, gn and a homeomorphism λ of the w-cubes such

that/ n | / w = gnMl"t w e c a n define a mapping d(fn,gnX) and an element
d(/*«, grX) of πn(X, xQ) determined by it.

Now let / be a mapping from P into X such that/(/iJ) = x0 and g be that

from lq into X such that g('/q) = *o Let α be an element of πP(X, x0) deter-
mined by / and β be that of π<iX, x0) determined by g. We define a mapping
f\g of Ipxίq into X by a formula

for # € Ip,y € iQ. We deform a partial mapping J\/g\(IpxIq) to a mapping
which coincides with/(#)on Ipx Iq and with g(y) on Ipxl'. This is established
as follows. The mapping f\Jg on /p x lq is always a constant x0, therefore we
apply the homotopies (relative to x0) of condition (H. 2) to both of P x I* and
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Ip x Iq independently and obtain the desired hotnotopy. Thus we have
extended the mapping f\ίg of PxIqx0 identified with Pxlq to that of P x
Iq x 0 U (P x F) x I = Tp+η. We denote it by fVg. P+« is homeomorphic to
a (P + #)-dimensional Euclidean cube3>, hence /V ΰ determines a singular
cube.

Let λ fl,7 be a homeomorphism of P x Iq x T onto ίq x Ip x ΐ defined by
λ n,9 (x,y, t) = 0>, #, t) for all # € P,y € 7β and £ € 7. We consider d(fVg,

(i)€ 7tP+Q(X,x0)le. a homotopy class of d(/V#,(#V/")λi>,f/)byhomo-

topies which map the point (0, . . . . , 0) x (0, . . . . , 0) x 1 € ~P+Q = Pf* (] ΓV
always to tfo It is shown that the element is uniquely determined by α, β
and this operation is linear for elements of dimension > 1.

Let f be another mapping of a and g' be that of β. Let F{x, t) and G(y, t)
give these homotopies f~jf, g ~ p'relative to x0 (x € P,y € Iq and t 6 /). We
define a mapping of / " x IQ x 0 x /LK/27 x I")' x I x I into X"by the formulas

Fix, t)\/G(y, t), ifxxyx0xt^PxIqx0xI,

Hi(F{x, t),s), \ί x x y x s x t ^ P x Iq x I x I,

H,{G{y, t\s\ \ί xxy x sxt ζP x Iq x Ix L

This gives a homotopy f^g ^/'Vg' which maps (0, , 0) x (0, , 0) x 1

always to x0. The homotopies of the mappings /V^feVΛλp,,, defined above

agree on the boundary P+Ί. Hence we obtain the homotopy

d(/Vg, (gVfϊλ*Λ) - d(/'W, (ί/V/')W

relative to x0. This proves that d(/Vg, (gV/^p.q) is determined by a and β.
Let aclt a2 be elements of πP{X, x0) such that a = aλ + #* and /,, /2 be

mappings of 719 into X such that fΊ(p) = Λ(/9) = % We define a mapping
/*i,2 b y

/i, /#», . . . . , XP) = /I(2ΛΊ, . . . . , Xp) if 0 S xx ^ 1/2,

= / 2 ( 2 ^ - 1, ΛΓp) if 1 / 2 ^ ΛΓx ̂  1.

This belongs to a. Let Sp+q be a (£ + ̂ -dimensional sphere. We shrink its
equatorial sphere to a point and identify the two spheres thus obtained

with two copies [ί*?9 U / ^ L J / Γ * U 7-^L of iζ™ [} I*F\ where the points
[(1,0, . . . . , 0)x (0, . . . . ,0)x 1J,, [(0, ....,0) x (0, . . . . , 0) x 1L coincide with
the point shrunk. We describe the shrinking followed by d{fχ?g, (gVfi) λP>(/)
and d{f^Jgy{gVf^p,q) on the two spheres respectively, as F l ί 2 .

Next we identify the part 1 x T ^ " 1 x I of [ΫΓΊi with 0 x P+q~λ x I

of [Ip+% and retract it to 1 x (p**-1 χ θ x P+q~ι x 1). This is a deformation

retract. Similarly we consider this operation for [F-+Q]h [1*-%. A space

thus obtained is clearly homeomorphic to Il+q [} 7_+9.
Let θ be a composite mapping of identifications and homeomorphisms

. 3) A homeomorphism is given as follows : we project the set /*> X 1^ χθ{j(lp x
J«) x / to a hyperplane ^>+g+i = 1 from a point (J,.... ,$,2).
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stated above, from Sp+q onto 7++9 U 7-+Q. We have easily

where this homotopy maps the point (0, , 0) x (0, .. ..', 0) x ' l always to
Xo. Since the degree of θ is 4-1, F],2 and d(fh2Vg, (gVfi^p.q) represent the
same element of πP+q{X, x0). If ω(oc{) is an automorphism of 7rp+q(X, XQ) induced
by a closed path F 1 ) 2 | [7x (0, ..-.,0) x (0, ....,0) x 1], = /, |7x (0, 0),F1)2

determines

For p > 0 ω is trivial.
Similarly this holds for β. Thus the linearity is proved.

DEFINITION 2. To any elements a €τr
P
(X,x

0
), β€πq(X,x0) we associate an

element ( — l)pd(fvg, (gVf)^q) of πp+<p£, x0) arid call it an /^-product of a
and β and denote it by < a, β > .

We show some properties of this product in the following Propositions.

PROPOSITION 2. Let h be the Hurewicz natural homomorphism of πn(X, XQ)
into Hn(X) and * be the Pontrjagin product. We have the relation

(4) ' h < a, β > = ( - iγ{ha*hβ - ( - iγqhβ*ha}.

PROOF. If we regard the mappings fVg, (gVf)λp,q, d(fVg, (gVf) λp q) as
cubic singular cycles we ljave

d(fvg, (gV/)\Piq) - /V<? - ( - l)pqgVf.

By means of a natural deformation retract we obtain the relation fVg
"^fMg (homologous) and this determines ha * hβ. Thus the result is proved.

PROPOSITION 3. If a topological group G is abelian, then the H-product
in homotopy groups of G is trivial.

This is a direct consequence of the Definition 2.

4. A relation between the Jϊ-product and the Whitehead product.
In this section, we consider how to derive the Whitehead product from our
/jΓ-ρroduct Let Xbe an arcwise connected space and f be a mapping of Ip+1

into X such that f(ϊp+1) = *0 and g be that of Iq+ι into X such that g(ϊq+i:)
= x0 where x0 is a fixed point of X. Let a and β be elements of homotopy

groups determined by the mappings / and g respectively i. e, a € πp+j(X, x0),
β 6 τrq+ι(X, X0).

The Whitehead product [a, β] of a and β (see [3]) is defined as an
element of 7ΓP+q+ι(X, x0) determined by a mapping h of (Ip+1 x Iq+iy- into X
such that

h(x,y) = /(*) if x € 7 p + 1^

= £f(.v) if Λ:€ > + 1 , ^ € 79+1.

For the sake of convenience, we describe the mapping h as [/, g].
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PROPOSITION 4. In every H-space the Whiiehead product is null.

PROOF The mapping fVg gives a null homotopy of h = [/, g\.
Let / ' be a transgression of the mapping /, namely a mapping of P

into a lacet space Ωx of X based on x0 such that f\P) = ΛΓO

4>, and similarly
gf be a transgression of g i. e. T/ = /', Tg — ^'. The elements of homotopy
groups determined by / ' and g' are Ta € τrP(Ω,χ, x0) and Tβ £ TΓ^OX, tfo) We
denote them by a! and βf respectively.

THEOREM 1. Let α, β be as above. Then we have the formula

(5) T[tf,/3]= <TayTβ>.

PROOF. We deform the mapping Σd{f'V<>f,(QrVJ')λ>i>,<i) and will show that
the element of πP+q+i {X, x0) determined by it, coincides with ( — iγ\a, β].

Now, we construct a mapping [φs]+ of E = Ip+q x 7(0 <; s<; 1) onto
itself. (It is not always necessary that the mapping is continuous). On P^q

x t, for any x x y € {P x Iq)' we map the line segment with end points
(1/2, , 1/2) x (1/2, . . . . , 1/2) x O x i ^ x j ' x O x / onto a broken line segment
(tree) with vertices (1/2, . . . . , 1/2) x (1/2, . . . . , 1/2) x 0 x t,x xy x'O x t, xx
y x 5(1 - 20 x t for 0 < t g 1/2 and ontp that λwith vertices (1/2, ...., 1/2)
x(l/2, ....1/2) x 0 x t,xx y xθxt,x x y x s(2t - 1 ) x t, for 1 / 2 ^ / 2 1 ,
linearly about length. On P+Q x / x /, for any x € P- lp, y € I\ 1/2
<:t<^l, in x xy x I x I we map the interval x x y x [0,2t — 1] x t onto the
interval x xy x [s{2t — 1), 2ί — 1] x t linearly, and the interval x x y x r x
[0, 1/2(1 + r)] onto the line segment with end points xx y x (r -f 5(1 - r)) x
0, # x jy x r x 1/2(1 H- r) (0 ̂  r ^ 1), linearly about length. For ΛΓ ^
ii}, 3/ 6 /2 — /2 the mapping is denned similarly by inverting the value
t. For any x € P, y € ίq we map the interval x x y x [0,1 — 2t] x ί onto #
x 2 x [s(l - 2/), 1 - 2t] x ί f or 0 < t ^ 1/2 and x x jy x [0,2£ - 1J x t onto Λ;
x y x |>(2ί — 1), 2t —l]x t for 1/2 g ^ S l linearly. We define a mapping
[^J- by lφs"\-{x,y, s, t) = [φs]+(%,y, s, 1 - ί)

Let Sp+3+1 be a (^ + q + 1 )-dimensional sphere represented by two copies
£+, E-oί the cube E by identifying their boundaries and φs be a mapping of
ς p+i+i o n t o itself. It is one-to-one for s-values 0 <Ξ 5 < 1, but is not continuous
on P x Ίq x / x /. However ΐΣdtf'Vg', (g'Vf) λplβj φjι is defined for 0 ̂  5
^ 1 and continuous and gives a homotopy of the mapping

There exists a homeomorphism of φi(E+) onto (7P x Iq) x (/ x 0 U 1 x /)
U (/* x Iq)' x (the triangle with vertices (0,0), (1,0), (1,1) in / x /) as follows :
for any x €/29, y € Iq line segments ^(Λ x j xOxtO, 1/2]) and φ^x x y x 0 x
[1/2,1]) go onto xxyx7x0 and x xy x 1 x / obviously piecwise linearly.
For(#,3>) 6 (P x 7Q)#, Î(ΛΓ xyxlxl) which is # x ^ x (the triangle with
vertices(l, 0), (0,1/2), (1,1) in 7 x 7) goes onto x x yx (the triangle with vertices
(0,0), (1,0), (1,1)) by an affine transformation which maps the vertices (1,0), (0,1/2),

4; XQ means also the constant path I -» XQ £• X.
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(1,1) to (0,0), (1,0), (1,1) in / x / respectively. Under this homeomorphism

line segments φix x j ' X s x l O , 2

 S])> Φ\x X J / X S X ί"~|~̂ » *]) * o r a n y x

^ jp _ jpf y £ p go onto the broken line segment with vertices x x y x 0 x

0, xxyxlxs,xxyxlxl and φλ (x x y x s x μ), — ^ IV W^xjy xsx

j ̂ -y-^, l l ) f o r a n y x € / p , ^ € / z — P g o o n t o t h a t w i t h v e r t i c e s ^ x ^ x O x

0, * x ^ x ( l - s ) x 0 , *

Γ ^ S , l ] ) ) f o r a n y # € /p, J> € /Q go onto that with vertices Λ X J I X O X O ,

# x y x (1 — s ) x O , Λ X ^ x l x s , x x ^ x l x l , piecewise linearly.Similarly
φι(E-) is homeomorphic to Ipxlq x (0 x / U / x 1) U (P x /Q)* x (the triangle
with vertices (0,0), (0,1), (1,1) in / x /). These induce a homeomorphism
φf of <pι(Sp+q+1) onto (F x P x I x /)'. Let φ be a mapping φf followed by
the transformation η: (Ipxlq x I x I) -> (P x I x Iq x 1) defined by η(xty,s,
t) = (x,s,y,f). This is a homeomorphism with the degree ( — l)p. From the
construction the relation

[Σ<ί(/W, (/ V/0 λ,,β)] ^Γ1 = If, 0\Φ

is obtained. Therefore for any a* € πjgίx, x0), β' € ?rβ(Ωχ, x0) we have

and this means that for any a £ πP+ι{Xt x0), β 6 7rq+ι(X,x0)

T[a, β] = < Tec, Tβ > .

5. The Jaeobi identities in homotopy groups. Let X be an
arcwise connected i/-space and x0, Hh Hr ht those of Definition 1.
We suppose that mappings / : P -» X} g:Iq->Y, h: F -> X, ftp) = g(j )

= h{Γ) = x0 represent a £ πP(X, xo)} β € πq(X, x0), γ € ?Γr(X, Λ:0) respecti-

vely. Let F b e P x 0 U J" x IP where /j, is [0,1] with the index p. Briefly we

set P xθ= P9P x IP = Op, hence P = P [) Op. First we construct two

mappings Ffχg}^y F^g^hOί a(p + q + r)-dimensionalcube Ep,g>r = P x 7 3 x f

into X as follows. Let x be an arbitrary element of p. We have # = X for

x € / p x 0 and x ~~x x tP(x ζip, tp € IP) for Ίc 6 Op and similarly for ~y ζ~ϊq,

Γ ^ 7^ We define

(6) Ff,(g.h)(x,ytz) F(Mh(x,y,lz)
f(x) V (^(^) V Λ(2)) . (f(x) V ̂ (^) V h(z) on P x /9 x JT,
f(x)\ί Hr(h(z),tq)

H1{Hι{g{y\tr)JtP)

Hif(x), tq) V Λ(2) on P x O7x Γ,
«(/U) V g{y\ tr) on P x Px Or,
Hr{g{y\ tP) V A(«) on Op x I1 x F,

on Op x OΊ x F
>, /p), /r) on Op x P x Qry

tq), U) on P x OΊx Or,
on O p x θ 3 x Or,
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on P x OΊ x Or, F/,(^Λ) maps all points of the triangle with vertices xxyx

0 X 2 X 0 , x x y x 1 x z x 0, x x y x Q x z x l(x € P, y ζ I*, z € Γ) to f(x) V
xQ a n d all points of a l ine segment connecting xxyxlxzxt, xxy x t
xz x 1 to Hι(f(x), t). On Op xOΊx Γ we define F c r,α)> Λ by a method analogous as

above. T h s s e t w o mappings a g r e e on the boundary EP,q>r of EPΛr. Moreover
w e define such a p a i r of mappings for every o r d e r of suffixes f,g,h.

LEMMA 1. If X is a lacet space, x0 is a constant path and Ht, Hr are
homotopies induced by a homotopic transformation of parameters which remove
the constant path x0 at one end {see section 3), then Ffcg,h^ F<j,gχh are homotopic

leaving the mapping? on the boundary EPtQir fixed. This holds good for any
order of f}gsh.

PROOF. For any points of EP)Q)r paths of its images by the two mappings
change each other by means of a homotopic transformation of parameters
and we can define this transformation continuously on the whole Eq,Pyr.

Let Cj,+r be a (q + r)-dimensional cube and pD be a mapping of it onto

/ Γ 7 U Wr, which maps C&r to (0, ...,0) x (0, ...,0) x 1 and is a homeo-

morphism on C^+r - C|>+r. We set

and denote its inverse image sphere by Sp+q+r. Similarly we can define

D <?, <h,f> >, D<h, <f,g>>

We construct a mapping fg,r of [F x F}+[) [72 x7 r ]_ onto^/Γ U ^ U

(0, , 0) x (0, , 0) x 1 x / int he following way. First we define a mapping

[ί3)r]+from [7* x F\ onto /f" U (0, ••••,()) x (0, . . . . ,0) x 1 x /by

y x z if jΓ= y ζ Iq, z = z £ Γ.

[iq%r]+(x xy)= - yx zxtq if y = yxtqζOΊ, ~z= z^Γt

y x z x tr if y= y x Iq, sΓ~ z x tr € Or,

In O2 x Or, for any y € Λ 2 € F and 0 g / S 2 w e identify the line segment
{y x t2 x z x tr \tq + tr = t} to a point represented by y x t x z x 0 for 0 <;
t <; 1 and by j> x 1 x z x (t - 1) for 1 <; t <: 2. Let £7 be a neighborhood of
(0, . . »,0) x (0, 0) on I2 x Γ\ consisting of all points whose distances
from (0, . . . . , 0) x (0, . . . . , 0) are less than 1/2. For any (y, z) $ U we identify
) / x l x 2 X / t o j / x l x 2 x 0 . In £7 for any (y, z)€i ϋ let 1%Z be a line segment
with end points yxlxzxl, (0, 0) x 1 x (0, . . . . , 0) x 1 and l'y%z be that
connecting y x 1 x z x 0, (0, , 0) x 1 x (0, , 0) x 0. We consider a
homeomorphism of / M onto l'^z \) (0, , 0) x 1 x (0, , 0) x / such that the

part of lyίZ from (0, . . . . , 0,) x 1 x (0, . . . .0) x 1 to its center goes onto (0, ..
.., 0) x 1 x (0, . . . . , 0) x / and the other part onto l'yz linearly. We identify
every line segment connecting the two points corresponding under the above
homeomorphism to its end point belonging to l'yz U (0, — , 0) x 1 x (0, ,

0 ) x / . We map (0, . . . . , 0 ) x 1 x (0 , 0 ) x / o n t o (0, . . . . , 0 ) x ( 0 , . . . . , 0 ) x

1 x / in the obvious way. Thus [ihr\+ is defined on the whole [Iq x lr]+.
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Similarly [iq,r]- is defined.
Let CF

+r be a (q -f r)-dimensional cube and pF be a homeomorphism of

it onto a (# 4- 7>dimensional cell I'-J Γ/̂ + r U / £ + r l Let f£r be a mapping of

Cj,+r onto C&+rsuch that ιff,r /?^= PaίJ.r T n i s i s uniquely determined in Cγr

— Cj.+r and is extended naturally to a mapping of CF

ψr. We construct a

mapping pF of q + ' onto [/* x 7 r]+ U [/y x IΊ-by pΛu x 0) = />*{«) on Cγr x

0 χ« £ C£+rj and defining pX& x t) on C£+r x / 'as a point dividing the line

segment with end points, pAu)(u e Cq/r) and (0, . . . . , 0) x 1 x (0, . . . . ,0) x 1

in the ratio t: 1 — t. A mapping pD of C£r onto [P+r U Iq_+rl U (0, . . . . , 0; x

(0, .. ..,0) x 1 x / is defined by

~pD{v x θ ) = pD(υ) on Q + r x 0(v € Q + r ; ,

j5i x t) = px/ί;) x * on C£+r x /(^ Ξ C^O

Let ίJ|Γ be a mapping of Q + r onto C£+r defined by

ΪJr(w x 0) .•= ilr(ύ) on Q + r x 0,

\r{u x ί) = ̂ » x / on Q + r x /.

Easily we have

There exist two mappings F1} F2 of P x CF

+r induced by Fft(g^, Ff^h^

and F(g,l0J,F<ih,Q)yh respectively. We set F<ft<g,h» = d(Fu F2) and describe its
inverse image sphere by SF

+q+r. Similarly F<g, <*,,.?> s and F<Λ, </,&>> can be
defined.

We construct a mapping i of S | + Q + r onto S^+Q+r as follows:

T^ x « ) = ^ x i ί lu) if x ~ x€ P, H ζ Cl+r,

= Λ: x ξjΰ) x t iίJ= x xt € Oι\ ~u ^Cγr x 0,

= Λ; x ι£ r(κ) x t if ¥ = Λ? x tP e OPM = uxΐc ξ.Cγr x

such t h a t tP = ί and /c € [0, /J or fe € [0, / ] , fc =. ί.

i induces mappings of [P x C|+r]+ onto [P x Cj>vr]+ and of [P x Cj,+λ]_onto

[P x C^rl- i. e. mapping of SF

+q+r onto Sp

n

+q+r.

LEMMA 2. ίFβ ^αyβ //zβ following relation,

where this homotopy maps the point (0, , 0) x 1 x (0, ,0) x 1 x (0, ,0)
x 1 € Sp

F
+q+r always to x0.

PROOF. The mapping i is an identification imapping ix of the four parts
of S^"HZ+r induced by that of EP^r above, followed by an orientation prese-
rving homeomorphism of ίj(SS.*β+r) onto S^+q+r. Changing the values on each
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line segment of S^+q+r which is identified to a point by /„ for the value of
its end point continuously in regard to a parameter T ( O ' S T SIX./></*>^Λ>> h
F<fi<g)h>>a.)re homotopic rέlative to the point x0, where the base point of
S%+q+r is (0, . . . . , 0 ) x 1 x (0, . . . . , 0 ) x l x(0, ..,..,0; x 1.

REMARK. In lactet 'spaces, this lemmav is" ρrt>ved directly, using the
homotopic transformations of parameters of paths (see the proof of Lemma

1).
Since i is a mapping between the (p + q + r)-dimensional spheres with

the degree l,D<f,<gth^>, F<f,<o,h»represent the same element of πP+qt.r(X,Xo)'
For the mappings of F's the following result is obtained*
LEMMA 3. Let άF be an element of a homotopy group represented by a

mapping F of a sphere. We have the relation
(8) dF<j,<*>» + ( - l)*«+r>d F«r, <κf» + ( - i r w > d F < h χ <ft9>> = 0..

PROOF. Let λg ̂ Γ,., be a homeomorphism of EP,qrronto ZJV,g\r'({&<Z,r}' ~

{&,(?, f'Y) defined by the permutation (p>,Q*,vψ) of (p, q, r) and λ ^ > r / j be

a homeomorphism of S£+9+rinduced by λ;>^ r / . Let Γ\ be a space consis-

ting of three (p -f q + r)-dimensional spheres which are copies of S£ + 9 + r

and have a base point (0; ;0) x 1 x (0, , 0) x 1 x (0, , 0) x 1 in common.

Let G be a proper identification of a (p + q 4- r)-dimensional sphere Sp+q+r

to Γ\ followed by F < / < M > > , F<^, <Λχ>> λj;«{ and F<Λ, </jg>> Λ̂  ̂ S o n e a c h SF+q+r

respectively. S%+q+r consists of four inverse images of EptQtr under 1 x ~ρF

(1 = identity mapping of /*). We identify each inverse images in Γ3 to copies

of Ep)(ι,r. Let Γ2 be a space constructed by this operation from Γ l β Then

F<χ, < ,̂fe>>is this identification followed by the mappings Fχ^gh^} Fjr,(/i)9)λ^J J,

F/hσ,gλrlp[q andFΛl(α,/)λ;;J;; from four copies of Z?P>gr respectively. Similarly

such decompositions hold for F<9)</ij>>λ^f J and F</?M</,g>>X ;̂Q., Moreover, six

pairs of mappings from copies of EPtq,r on Γ2 i.e. F/,(9Λ) and F(/,^, Fg^χy

'λ.glίlp and Fcgjoj^q^pt e t c agree on the boundary F P β, r respectively. Let Γ3 be
a space obtained by identifying the boundaries of each two copies of EPιQ>r

on Γ2 paired as above. The space consists of six spheres identified properly
on their equatorial spheres. Hence G is a composition of the identification

SP+q+r o n t o Γ s a n d t h e s i χ m a p p i n g S d(FM(fJό, FCU)yh), dίF^o,^;?^ Λ w /
λj ^ p, etc. of six spheres on Γ3 respectively. The latter is homotopic to
the constant mapping x0 by Lemma 1 and the homotopy extension property
of a finite polyhedron [11, pp. 501J.

THEOREM 2. Let X be an arcwise connected space and ί lx be Us lacet space
based on a fixed point x0 £ X. For any three elements a ^ πp(Ωx, xQ), β € τrq

(ίλr, Xo), 7 € TΓΓCΩX, xd) we have the Jacobi identity in H-products :

+ ( - l ; c r + 1 ) g < % < a, β » = 0

PROOF. From (7), (8) and Definition 2 the relation follows easily, using
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the bilinearity of //-product for elements of dimension > 2.
COROLLARY 2.1. The Jacobi identity in Whitehead produdts for elements of

dimension > 1 holds i. e. for any set of elements ar € 7rP+λ(X, x0), βf € πq+^X,
x0) and </ € πr+i(X, x0), where p,q,r > 0, we have the relation

(W) ( " 1>(p+1)lTα/. l&> 7'J] + ( ~ i) ( w ) iΐ/3', W, α'J]
^ ' + (-l) ( r + 1W,[α',/3']] = 0.

This is the Samelson's conjecture.
PROOF. From Theorem 2, this is immediately shown using Theorem 1.
When we take a topological space as an /f-space (See section 3, example),

the result of Theorem 2 is also obtained. The procedure of the proof of
this fact is analogous to that of Theorem 2 and more easy.

The proof of theorem 2 can be applied for the i7-sρace in which the
result of Lemma 2 is satisfied. Therefore the theorem is stated in the
following general form.

THEOREM 3. Let X be an arcwise connected H-space and *b, Hb Hκ be those
of Definition 1. / / for any mappings f: P -> X, g: Iq -» X, h: Γ -> X such that

f(ip)=g(i) = h(ϊr)=zχ0 we have the homotopy Ff^g^ — F<j^h leaving the

mappings on Ep,Qtr fixed and similar relations for all permutations of suffixes
ff y, h, then the Jacobi identity in H-products (9) holds.
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