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1. In the present note {fi(w)}, £=1,2,...., will denote a sequence of
independent random variables defined on a probability space (2, B, P) and
each #i(w) have the uniform distribution on the interval [0,1], that is, for
0=x=1

Plti(w) < x] = %D
For each o let #; n(w) be the i-th value of {f;(w)} (1 <j=< n) arranged in the
increasing order and let, for all =,

ton(@)=0 and Zpsn(o)=1.

Further let f{#), 0 < ¢ <1, denote a Borel-measurable and integrable function.
It is an interesting problem, proposed by K.Ito, whether the following
Riemann-sums

1.1 S(@) = 2f(te,(@)(Er41,8(@) — ti,n(e))

i=1
1
converge to f f(t)dt or not, in any sense. In [2] we proved that under
0

certain local conditions, we have
1
1.2) P[lim Su(@) = f (@ dt} =1.
N—->co
0

In this note we prove the following
THEOREM 1. If fit) € Li(0,1) p > 1, then (1.2) holds.
For f(t) € L(0,1) we can not prove whether (1.2) holds or not.

Q. Letus put, for 1<i<nand =12 ....,

(2. 1) dt,n(w) = tj+l,ﬂ((l’) - tl(w)} if ti((") = tl,”("’) (.7 = 1: 2,....,m)
and
2.1) d; () = t(w) — t;-1,n(w), if t(w) = ;o) (G7=1,2....,n).
Then we can write
2.2 Su(@) = 2d; n(0)f(ti(w))

i=1
and

1) For the notations and definitions in the theory of probability see [1].
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n Ag,n(w) t1,p(w)

(2.2) f f)dt = D | f(tw) + wdu + | f2)dt.
0 t=1 0

LEMMA 1. We have, for 0 h <1,
Pldin<hl=1—(1—hy,
Proor. By (2.1), we have _
Pldin< Bl = P[(@in < )Nt =1 —HB)+ Plt: >1— hl

1~h
= f P[di,n< h!ti = x]dx + h.
0

where P(E|F) denotes the conditional probability of E under the hypothesis
F. '
From the independency of {#;}, it is seen that

Pldin < hlt: = 2] = p{ ¢, €% %+ h)|t: = x]

7 Jj=1
Ji

= P{\nj t;€x %+ h])]
g ‘
=1- P[fn\(tfé [ % + k) ]
5
=1—1—h)y-1

Thus we obtain

1-h
Pldin < h] = f {1—A—=hy-)Ydx+h
0

=1—@1-h)"
From this lemma, it follows that
(2.3) P[M d >3—1‘?gl]<ép[d >3l°g"]
. 1@25 i,n = 7n = - i = n
3logn \* ,
=n (1 - ——n——) = 0(1/n%) (n— + o).
On the other hand, for any €(0 < & < 1), we have
o P[Sdusi-¢|=Praza

i=1

n

=P[[\(t,ge)]

i=1

2) We write simply d;,» for d;n(«) and so on,
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=(1 - &n,
Hence we have

oo

EP[Zdi,n§1 —‘8} < oo,

n=1 i=1
and this implies
(2.4) P[ lim > din = 1] =1.
nyee 77T
LEMMA 2. Let x and ¥y be any two numbers.
1° If0<x<1—y=<1, then we have
Pl@in <NE: < )] = 2{1 — (1 —p)"-1).
2° If0<y<x=<1, then we have
Pl(din <)NE#: = 0] =1 — x{1 — (1 —y)*-1}.
ProOF. By the independency of {#;}, we have

Il

Pl(din < 9N < 2)] fP[di,n<y|t;=z]dz
0

r

f P[ Q(t,é [2,2 + )|t = 2) ]dz

0 J*i

I

T

= f P[Q(“ €[z,2 +y))}dz

j=1
0 J=i

= f {1—-—@Q—y)y1}dz

o =2{1—-1 =y}
In the same way, we can prove 2°.

LEMMA 3. Let x, Y1, % and ¥, be non-negative numbers and satisfy either
the condition

(2.5) >N+ and %+ % <],
or the condition
(2.5) »>%0+% and y,+n<1

Then we have, for i + j,
P[(di,;n < )N (dsn < W) |t: = 3, E5= 3]
=1—-10—x)*—(1 '—‘yl)”-‘ + A =2 =32
Proor. We prove the lemma under (2.5), for under (2.5) the proof is

analogous.
It is seen that
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(2.6) Pl(di,n < ) (@0 < Y |ts = %, t; = 9]
=Pldin< %|t; =%, ty=3]+ Pldjun< |t = %3,t; =]
— Pl(di,n < 2)U(dsn < 3|2 = %2, 5 = 3.].
By (2.5), we have
2.7) Pldin < %t = %3, t5=34]

n
= P[U(tké [, % + 2)) |t = 23, 2 =ny
k=1

k=i, j

= PL\:] (e € [% %+ xl))} =1—(1 —x)s

ki, j
and

2.7) Pldjn <Nlti=%, t;=3]=1—(1 —x)*
And in the same way, it follows that
(2.8) Pl(din < 2)U(dsn < YD)t = %5, t = 3]

= P—U(tlc € [%, % + x21)) U ,,,L_! n€[Y2,3: + )t =3, )= J’:]

k=i, meet, S
= P[\Jte€lmmt ) y\ ) (tn € Dasa+ )|
kg et g

= P\ J(t € [, %+ %) o (b € [, 3, +y1))]

- k=1
k=i, J

=1- P{ ﬂ(fk € [%, % + %) and (% é_[yz,yz +J’1))}
k=1
k=i, j
=1—0—x —x»n)y2
By (2.6)(2.7)(2.7") and (2.8), we can prove the lemma.

3. Let us put
(3.1) Qn = {w: Max di,n < 7$Lodg_n]
1=isn n .
LEMMA 4. If f(t) satisfy the following conditions
1
3.2) f ABydt =0
0
and
1
(3.2) f it)dt < +oo,
0

then we have, for n =6,
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nll3

1
f s:ap< A logny f £t at,
0

where A is a constant mdependent of f(t) and n.

Proor. We divide the proof in several steps.
1°. We have, by (3.1),

3.3) f dinf (t:)dP < 531—:’,;&— f rityap
Q, a
- Ql:_f”_)“ f 1 7@ at.
We have, for 7 =3, 0
f di,ndy, nf ()2 ) AP
Oy

(f + f + f + f di,ody f(EYE,) dP.

z,ét;ét,-ra_, n t,) n+a,.,. t4> z,M, n t.<t,§t4+dpn
From the definitions of di,, and d;n it is seen that
[w; t;StiSty+dyn] = [0; ts=t;+ dynl
and
[w; i<ty Sti+din]l [w; t; =t + di,n].
Thus we have

f oy fEOAE ) AP
( f + f + f -+ f )d¢ ndj nﬂtl)f(tj) dapP.
t‘-t_,+d4,n tj>l‘+d‘ n t¢> tﬁ'd; n ‘J'%"‘"m:

By (3.1) and the independency of {#:}, we have

( f + f |de,ads 0SS5 AP

Qn
tymtyg+dy,n t,-g‘q.a,m

< (Bogny [eoneiap

3loz n

Ite=t4l <

3) If P[(E-ENF)Y(F-FNE)]=0, then we write Ex=F.
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- (3oen f A2 d f T oy

310*’"
n

J?(“’gn ff(t)dt)

IA

Thus we obtain

(3.4 ‘ f dindy w1 f(E ) AP I

<J7 (31°g n ) f Ft)dt + ‘( f f d,,,.d;,»f(t,)f(;,mp .»

s> r,+a, n t,>1,+d‘ n

2°. We have, by (3.1) and the independency of {t:},

( f + f |denidy, S O ) AP

1> ty+dgn t >r +dgn
ey ol 3‘+a‘, wid

(3lozm Y ( f + )lf(tn)f(t;)ldé

126>1-2 12tz -3l02n "'" L

I

IA

(Preny f | At))|dP f fit)|dP + f |fito)] de 1P )

logn 3loan
120512550 12>1- 200

1
12 p
g(ils)g_n) . f Pt
n .
0
Let us put
Ei=[a (60> it £) 1+ din <D (dhn < 212820 (g, < 31082

and

E;—[w (1> din + ) (ts + dyyn <1)n(d,,.< Sljzg”)n(d,,,.< _—_3103”)]

IA

n
then we have, by (3.1),

! f f di nds, (LS (E 5) dP’

En 9n

< f | ooy f (EE )| AP

(O-0,)NE;
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S(?L—lgf%"—)2 2": f | Ait)f(25)| dP.

- k=l .
k=i og n
g, a2

From the definition of d;,», we have for 2 +7 and k * j

f \ftoRe)|dP < f AL )| dP

3 lo,.,
3 lo-' n Min(tp~t. )25
dg,n — 1= mm 2
m==t,j,k
lmatk

_ P[Mm (tn — 10 > 21087 ] [ 1neorepiap
Q

ISmsn
mi,
tpnty

<(1 3l°g” ff(t)dt<K1—ff(t)dt
where K is a constant independent of n and f(¢#). Hence we have

[ f f iy o SEORE AP <K(3]Og”) f £ de,

By ENQ,
and

( f — f )d,,,d;,nf(tt)ﬂt;)dPJ gK‘?i“’n%—”"‘ bf lfmdt.

ENQp
By (3.4) and the reasons in 2°, we have, for 7 = j,

(3.5) l f oty o EOAE ) dPl
Qn

< ko (logny” Df ot + ( ! + Ef )i f00(E5) AP,

where K’ is a constant independent of f(¢) and n.
3°. We define four dimensional sets whose points are (x;, ¥, %, ¥:) as
follows :

D-E[ng1< :))l—ongzz“, 0=n< ?»_lg;lglz_’ 0§xz<1—x1: 0§yz<1—y1]

Di=[»+5.<xIND,
D =[x+ % < »:IND,
and
D;=[%~Nn=y=<%+x1ND.
Then any two of D,, D; and D, are disjoint and
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D = D,UD;UD.,.
On the other hand by Lemma 3, we have

( f + f )d,,,.d,,,J(t:)f(t,)dP= ( f f f f + f f f f )xlylﬂxz)ﬂyz)
Ey Ey Dy D{
-P[(dt,,.<x1)n<d;,»<y1)

- (f f f f * f f f f ) (n —2)(n — 3wyl — % — 3" L) (92)d6dy,d%dy,
- (f f f f B f f f f )(" —2)(n =3Iun(l —x "J’x)”"f(xa)f(.}'z)dxldyldx,dy,.‘

By Fubini’s theorem, we have

te=2y,t5 =9, ]dxxdyldxzdya

f f f (n —2)(n —3)un(1 —x —yl)""v’(xz)f(ya)dxldyld:adyz]

3102‘” alogn

1-71 1-y1
‘ f o dn f n—2)(n—3)x(1 —x —y)"* dxl fxa)dx, | f(v)dy, |-
0 0
3 log n

Since <1 for n =6, we have, by (3.2),

U f f (n — 2) (1 — mH(1 — 21 — 3" M) :)dndy,dx.dy, l

3logn 3!0 n

1-7y

1
l fyl dylf (n—2)(n -3l — x5 —y )" ‘dxx S(%) dxy f Sy,

310 rn 3lo-vn

< 3/2 dy, (n —2)(n =3l — 2 — )" ~*dxn f f@) dt)
0 0

< (ﬂ"f—”)’of FApat.

We divide D, in two disjoint subsets such that

D=t —Nn=m=1-y, 1—=-n=x+%)ND
and

Di=@m—n=nm=xu+xn 1-n>nx+2)ND.
Then we have, for n =6,
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, f f f f (n — 2)(n — 31 — 1 — )" (%) A9:) dx, dy, dx, dy,

D,
Zﬂo:ri 310"’75
1-71 1-11
] f dy, f (n =2 (n — 5l — 52—y~ ds, [ ) s [ Si3 s
1-n1-n1 Z2—-U1
Slngn 31024

f Yidy, f (mn—2)(n —3)x(l — 2 — )" dx f f(xz)(l — %) 2dx,

1-n1~-z1

f f“‘(t)dt)
3logn 3logn 1ow n

= (fyl dylf (% + y)V3(n — 2)(n — )xy(1 — %, — y1)*~dx, f f‘(t) at

0

=vz () f Fwa.
0

and

‘f f f f (n —2) (n — 3L — % — 2SI )dxidyidady,

3logn Slogn

. l1-y1-21 Z3+71
fy1 dylf (n—2)(n —3)x(1 — 2, — )" ‘dxlfﬂxz) dxzf 1) dy,
0 z2-1

3logn 3logn

= ( f J1adn f (n —2)(n — 3)m(x + A — % —yl)"“dxx)( f JAG) dt)
0 0 0

1
. 5/2
0
Hence we have, for n =6,

([ + [)tnsateonerar| = (282 )" [ Fwa
5 E 0

By (3.3), (3.5) and (2.2), we can prove the lemma.

(3.6)

4. For the proof of Theorem 1 stated in §1, it is sufficient to prove the
following Theorem 1’. Because if f f(it)dt =0, then by (2.4’), instead of f(¢),
1]
we may take the function f(¢) such that
1

7@ =Sty — f Fbat.
0
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THEOREM 1. Let f(t) be a function such that
1
4.1) ff(t)dt =0
0
and for some p, 1< p=<2,
1
4.1) f /@) |*Pdt < +co.
0
Thern we have

P[limS, = 0] = 1.

N->oo

Proor. Let us define the functions fi(¢), 2= 1,2, ...., as follows:

_ [f1t) — a, if A < B4,
4-2) o= {00 AN =k,
where
4.2") ay = ff(t) dt.
17(t)] <k1/4

Then we have, by (4.1)(4.1’) and the definition of fi(),

1
4.3) f flt)dt =0,
0
1
4.3) f fit)at = f f(t)dt — a2
0 7)) <1/t
< f St = o0& ") (b~ + ),
I7(ty | <kli4
and
1 p-1
4.3 la| = ff(t) dt < flf(t)l‘"dt ? fdt ?
I7()|=K1/4 Ir(e) 1 zxl /4 Ity |=k1/4
=0k ") (B~ + o).

By (2.2), we have

flSL-IdPg éidi,klﬂtt>—fk(t¢)ldP+ {i(;:;dt,kfk(m)zdp}

Qr

1/2

By the definition of fi(¢) and (4.3”), it follows that

k
p f dix|f(t:) — fulti)|aP

t=1 0y
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= Zf'akldt AP + Zfdtklf(i;)ldp

i=1 s =1 Qx

logk \ _ log
= |lawl + 0 W) = O(k(?—l)'4 ) (B~ + o).

By Lemma 4 and (4.3’), we have

{.[<2 dy, o fi(ts) ) dpP } 13 = (A(loillli)ﬁl flf“(t) dt))l 2

0 i=1
log k)5/4
0('*(‘155/3*) (k> o+ o).

Since 0 < p — 1< p/2 for 1< p <2, we have

f'S’“'dP< 3, [autnes ~ earae + { [ (S aneo)ar)”

i=1 L Q i=1
_ (log k)5't
= o( e ) (> + o)
Therefore if we take an integer « such that a(p — 1)/4 > 1, then
< ol gp— o~ (og kPN _
4.9 > f s ap =0 (3 (28R = ow.
k=1 Qxa ‘ k=1
On the other hand, by (3.1) and (2.3), we have
- 1
@4 > P~ 0l = 0( 2 4z ) = O
k=1
By (4.4) and (4.5), we can prove that
(4.5) Pllim S;# = 0] = 1.
) koo
Next let us put
o (k+1 %=1
o= [\ Q,
n=k%
then we have
o ; o (k+1)% -1 '
4.6) 2 PIQ—-0Q] < 2 2 O(1/n%) = 0Q).
k=1 k=1 n=k%
It is seen that
4.7) wg?ﬁfma |Sn — Se®|
k+1% -1
é 2 ISn - Sn—l I
n=k%+1 ‘

On the other hand by (2.2), we have
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S, = {d,.,,‘f(t,.), ?f tn = tin,
@n n{fitn) — f(tn — &, )} if 2o+ ti,n.
By the definition of ¢,,,, we can see that
[@; ta %ty 0] ~[0; dy 4 < tn],
Therefore we have, by Lemma 2,

IA

(Ben) ( f itw) — Fitn — ;,,.)llvdP)””

Ay <tn

< (ﬁ%gﬁ)(fl n—-1)( —y)"ﬂdyyf ) —ftx—y)lvdx)”"

s2(25)([ o)

By (3.1), we have

[ tottarzar )= (252 ([ weorar)”
0

{f | ftE) =St — d 1 dp}”’“

ty=l1,9

%
tp=l1,n
Hence we obtain that
(4- 8) <f ls’s - Sn—ll”dP,>l/p = O(:lof—ri) (’n-—* -+ 00),

By (4.7) and (4.8), we have
(k+1)%-1

» 1/» logn
M _se =o( X 'E7)
(f{k“sr?i{(k+1)“ " ,} dP) 2 n

n=k%+1
(log k){(k + 1)* — k"}) _ (log k) > + o).
0( kB o k (

Thus we obtain that

had P
(4.9) > ( Max  |S, — s,cml) dP < +co.

k=1 L ¥sn<x+1)®

k

By (4.6) and (4.9), we can prove that
(4.10) e o 1Su—Sw]-0] =

PLk”5n<(k+1)
By (4.5) and (4.10), we can prove theorem.
5. In this paragraph we prove the following.

THEOREM 2. If f(t) € L(0,1), then we have, for any € >0,
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lim P

N-yoo

Sn—flf(t)dt}>e} =0.

Proor. It is sufficient to prove that

5.1) I,.=f Sn—ff(t)dt’dP=o(1) (n — + o),
Q 0 ’

By (2.2) and (2.2'), we have

I.= éf{f%l}(t‘) — ft; —u)Idu}dP—l— fifr}zu)du
=g "o a0

(5.1) can be shown easily, by the first two Lemmas in §2 and the fact

daP.

1
f it + u) — fit)|dt = o(1) (u— 0).
v
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