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In this paper, we shall study the projection of norm one in W+*-algebras
following [7]. Firstly, we obtain the general decomposition theorem of a
projection of norm one 7 from a W+-algebra M to its C*-subalgebra N
showing that N is decomposed into the maximal W*-representable direct
summand and the rest. Restricting ourself to the case of NN being a W+-
representable *-subalgebra, we prove that = is decomposed into three parts
by three orthogonal central projections z;, z», 2z of N. The first component
is a normal projection of norm one from M to Nz;, the second singular one
to Nz; and z;, 2; are maximal central projections having these properties.
In the last section we discuss on the o-weak continuity property of = and
the relation to the other continuity. We can prove that 7 is o-weakly con-
tinuous if and only if the kernel of 7 is o-weakly closed.

1. Preliminaries. Consider a W*-algebra M, its conjugate space IM*
and the space M, of all o-weakly continuous linear functionals on M. We
define the operators R, and Ls on M* for each a € M such that

<x%Rp>=<2xa, > and < x,Lap > = < ax,p >
for all a € M, ¢ € M*. The following properties are easily verified : Ropa+un
= ARs + pRo, Loasnry = MNLa + Ly, Ray = RuR), La» = LyLa, where a and b are
arbitrary elements of M and A, ¢ complex numbers.

A subspace of IM* which is invariant both for every R, and every
Ls is called an invariant subspace. It can be shown that there exists a
one-to-one correspondence between the o-weakly closed ideal m of M
and the closed invariant subspace V of M, such that m = V° and V = m’
where V? and m° denote the polar of V and m in M and M, respectively.

A positive linear functional ¢ is called singular if there exists no non-
zero positive normal linear functional ¥ such as ¥ < @; we denote the
closed subspace generated by all singular linear functionals on M by M;.
M; is an invariant subspace of M*. It can bz shown that any closed
invariant subspace V is decomposed such as

V=WVNM,) C-P‘ (VN M), in particular M* = M, @ Mz,

the sum being /*-direct sum.

A uniformly continuous linear homomorphism 7 from a W*-algebra M to
a W+-algebra N is called singular if ' (N,) < Mj;, where ‘7 denote the
transpose of . We can prove that a positive singular mapping = from M
to N has the property that there exists no non -zero normal linear homo-
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morphism 7’ such that 7'(a) <m(a) for all positive element a € M. Cor-
responding to the decomposition of a linear functional on a W*-algebra it
can be shown that any uniformly continuous linear homomorphism from a
W+-algebra to the another is decomposed into the o-weakly continuous part
and the singular part. Some of these proofs are found in [6].

A C*-algebra is called W*-representable if it is faithfully representable
as a W*-algebra on some Hilbert space H.

Through our discussions we assume that a C*-algebra has always a
unit.

2. Decomposition of the projection of norm one. Let N be a C*-
algebra in which each upper bounded increasing directed set of self-adjoint
elements has a supremum in N. We define a “normal”’ linear functional on
N as usually.

LEMMA 1. The set V of all finite linzar combinations of normal lincar
Sfunctionals on N is a closed invariant subspace of N*.

Proor. Let {@,} be an upper-bounded increasing directed set of self-
adjoint elements in N with @ = sup a,. It is clear that we have b*ab = sup
17 @

b*asb for any invertible element b.
Now, for any element ¢ € N there exists a peositive number X > & such
that Al + ¢ is invertible. Hence
A1 + o)*a(Al + ¢) = sup(Al + c)*a, (A1 + ¢),
o
and we get
sup < (ALl + c)*a, (Al +¢), ¢ > = < (AL + ¢)*a(Al + ¢), @ >
@
for every positive element @ € V.
On the other hand,
<Al+o)aAMl +c),p > =M< a,p > +A < c*a, p >
F+AL g, p >+ < crac, @ >,
<Al+co)*aAl +c),p > =N <a,@ > +A< c*a,p >
+Aa<Lac,p >+ <ctac,p > .
Then a usual computation applying Schwarz’s inequality shows that < ¢*a,
@ > and < &6, > converge to their corresponding terms. Therefore, we
get that < c*a,c,p > converges to < c*ac, > for every positive ¢ € V
and for any c € N, i.e. sup < c*a,c,p > = < c*ac,p >. Therefore, we
@
have L*R,V <V for all ¢ € N. Then an equality
4L4*Ro = L(a+b)* R(am) - L(a.—h)r* R(a-b)
~+ iLa—iv) *Ra-15) — iLca+iny* Rearivy
proves that LR, V< V for all @, b € N. Thatis, Vis an invariant subspace
of N'*.
Denote by V the norm-closure of V and suppose a = sup a, for an upper-
o
bounded increasing directed set {@,} of self-adjoint elements in N. Since
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< ay,@ > converges to < a,p > for every ¢ € V and since {a,} are unif-
ormly norm-bounded, we see that < a,,¥ > converges to < a,¥ > for all

¥ e V; especially for any positive element ¥ € V we have sup < @,V >
o

= < a, ¥ >, that is, ¥ is normal. Thus every positive element ¥ € V
belongs to V. By [4: Theorem 1] V is algebraically spanned by positive
elements in V, so that V is contained in V and V is closed.

LeEMMA 2. Suppose N is a C*-algebra above-mentioned. Then N is a direct
sum of a W+-representable algebra and a C*-algebra on which no normal linear
Junctional exists.

Proor. Consider an invariant subspace V in Lemma 1. The polar V?° of
Vin N is a closed two-sided ideal of N. Let {¢,} be a maximal family of
orthogonal projections of V¥ with e = sup ¢,. We have e € V0.

o

It is clear Nec V°. Suppose there exists an element ¢ in V? such that
b=a—ae=+0, then we can get an element ¢ as cb*b becomes a non-zero
projection of V°. Moreover cb*be = 0. This contradicts the maximality of {e,}.
Hence V° < Ne, which implies V! = Ne. As V?is self-adjoint, V? = Ne = eN.

Now, for a self-adjoint element @, ez € eN = Ne, so that eae = ea = ae.
Hence e is a central projection of N.

By [3], N(1 — e¢) is W*-representable and the decomposition N = N(1 — e)
+Ne is a desired one.

With these preparations we show the following

THEOREM 1. If 7 is a projection of norm one from a W+-algebra N to its
C*-subalgebra N, 7 is decomposed into m, and 7. by a central projectionz of N
where ™, is a projection of norm one from WL to a W*-representable algebra Nz
and w, a projection of norm one from M to N(1 — 2) on which no normal linear
Junctional exists.

ProOF. As in the proof of Theorem 4 in [7], N is a C*-algebra in which
each upper-bounded increasing directed set of self-adioint elements has a
supremum in N. Hence there exists, by Lemma 2, a central projection z of
N such that Nz is a W*-representable algebra and N(1 —z) a C*-algebra
on which any non-zero normal linear functional does not exist. If we put

m(a) = m(@)z ma) = m(a)1 —z) for all e € M,
then we have the decomposition 7 = 7, + 7, as stated above.

In the following lines we restrict ourself to the case 7 = m;. Letw be a
projection of norm one from a W*-algebra M to a W*-representable
*-subalgebra N. N is the conjugate space of a Banach space Ny, the space
of all o-weakly continuous linear functionals when we represent N on a
Hilbert space H so as N to be a W*-algebra on H. We can consider o(N,
N.)-topology on N. If = is continuous in ¢(M, M,) and «(N, N,)-topologies
we say also that 7 is o-weakly continucus. Thus, 7 is o-weakly continuous
if and only if = is normal [2]. Moreover, we denote also the space of all
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singular linear functionals on a represented W*-algebra of N by N3. If =
satisfies the condition r(N,) < Mj, 7 is also called singular. With these
considerations we have

THEOREM 2. Let 7 be a projection of norm one from a W+-algebra M to
its W*-representable *-subalgebra N, then there exist three central projections
21, 29, 23 in N with 2, + 2, + 23 = 1 such that if we put m(a) = w(a)z:(i = 1,2,
3) for a € M, m; is a normal projection of norm one from M to Nz, and m: a
singular one from M to Nz.; 21 and z, are maximal central projections havirg
these properties.

Proor. Put V = '7"1(M,) N N, then V is an invariant subspace of Ni.
In fact, by [7; Theorem 1] m(axb) = an(x)b for every a,b € N so that

L X, (LaR V) > = < aw(0)b,V > = < w(axb),V > =< x, LaRm(V) >
for every @,b € N and x € M.

The polar V9 of Vin N is a o(IN,N,)-closed two-sided’ ideal. Hence
there exists a central projection z; of N such that V° = N(1 — z,). Put m(a)
= m(a)z; for all a € M, then <@, ‘m(N,) > = < m(a)z, Ny, > = < 7(a), R,
N, > =<m@),V>=<am(V)> for all @€ M, because V = V®%bipolar
in N,) = (N1 — z))° = R,N,. Therefore "m(Ny)< M, i.e. = is normal.
Moreover one can easily verify that 7, is a projection of norm one from M
to Nzl.

Next, suppose that there exists a central projection % such that if we
put 7(@) = m(a)h, 7, is a normal projection of norm one. Since mr{(N,) < M,
an equality

< a,'m(N,) > = <@ N, > =<7m@), RN;,>=<a m(RN,) >
implies RN,V = R,N,. Hence h=z.

As for 7r-i(M;) N N, we proceed the same computation and get 7.(a) =
#(a)z; where (fr (M) N N, = N1 —2,) :

Now it is clear that z, and z; are orthogonal. We set 23 = (1 — z)(1 = 2)
und define 7y(a) = w(a)z; for all @ € M. This yields the decomposition of =
described in our theorem.

REMARK. If 7= 0 we can further decompose this projection into normal
part and singular part and both are non-zero N-modul linear homomor-
phisms but these are no more projections of norm one from M to certain direct
summands of N. Moreover the normal part is an onto-mapping. But we

omit all these proofs here.

3. The continuity of the projection of norm one. We begin with
the following '

LemMA 3. Zet M, N, and = be the same as in above discussions, then we
have "~ '(M,) < N,.

Proor. "r—1(M,) is a closed invariant subspace of N* as shown in the
proof of Theorem 2, hence
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for=1(IML,) = ' (M,) N N, g;) fr-1(M,) N Ny

Take a positive element @ of 77-}(M,) | Ni. then r(p) is a normal
linear functional of M. Therefore if {a,} is a bounded increasing directed
set of self-adjoint elements of N and ap = sup a, in M we have sup < Gy, @ >

—sup < may), ¢ > = sup < @y, () > = < a, 'm(p) > = <'n-(ao) @ >. We
get however, (@) = supa,, in N, so that @ is normal on N and this

implies @ = 0.
Hence we get '~ {(M,) N Nz =0 by {4: Theorem 1], which leads to

tr-1(M,) < N,.

THEOREM 3. Zet M be a W*-algebra, N a W*-representable *-subalgebra,
o a projection of norm one from M to N and m = m + w2 + w3 1S the deconspos-
tion mentioned above. Then

1° or s normal if and only if w~1(0) is o-weakly closed ;

20 gry = 0 ¢f and only if w(0) is o-weakly dense in M.

Proor. 1° It suffices to prove the sufficiency. Put V = ‘or—}(M,) and let
771(0)° be the polar of 7-1(0) in IM*. Then we have, by the classical theorem
of Banach space, ~(0)° = (IN*). Therefore 7-%0)° N M, = ‘r(N,) N M, =
tar(V).

Now, from the hypothesis, (=—1(0)° N M,)* = M/n~%0) (the factor space
of M by = !(0)) because 7~1(0)° 1 M, is the polar of #»-!(0) in M,. We
represent an element of M/7~!(0) by « for @ € M.

If we assume, for somee € N, < a, ¢ > =0forall p € V then < a,¢ >
=< 7@, p>=<a, T(p)>=<a’'n(p)>forall p€V. Hence a=0
i.e. a € 7w~(0) which implies @ = 0. Therefore V is ¢(N,, N)-dence in N, by
Lemma 3. On the other hand V is a closed subspace of N, whence V =
N.. This completes the proof.

20, If #; = 0 then z, in Theorem 2 is zero, so that (V (| N,)° = ¥? = N.
Hence V =0 and this implies '7(V) = 71(0)° | M, = 0. Therefore =-1(0),
the o-weak closure of 7 (0),is M for =-(0) = (=10 N M,)’ = M

The above argument is invertible so we get the sufficiency of 2V.

At the last, we summarize the conditions for the continuity of a
projection of norm one. For the convenience we assume that N is a W*-
subalgebra of M.

THEOREM 4. Let w be a projection of norm one from a W*-algebra M ¢o
its W*-subalgebra N. Then the next six conditions are equivalent ;
1% 7 is o-weakly continuous ;
2 7 is stronmgest continuous ;
3resp.4%) a is a-weakly (resp. weakly) continuous on the unit sphere of M :
5(resp.6°) 7 is strongestly (resp. strongly) continuous on the wunit sphere
of M.
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19 implies 2° by 3° of Theorem 1 in [7]. 1° 232 49,2252 6°

are trivial ones.

Take a o-weakly continuous linear functional @ of N, then ¢ is strongly

continuous on the unit sphere of N, so that if = is strongly continuous on
the unit sphere of M ‘m(p) is strongly continuous on the unit sphere of M.
Therefore w(p) is o-weakly continuous on M, that is, = is o-weakly con-
tinuous. Hence 6° implies 1°. Thus all proofs are completed.
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