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1. Throughout this paper we suppose that each function is defined in
(-— TΓ, TΓ), integrable and is periodic with period 2τr. If a function W(x), which
is defined in (0,τr), is extended to (— TΓ, TΓ) as an even function, we denote it
by Wc(x), and if extended as an odd function, we denote it by Ws(x). For a
given function f(x), we shall denote its conjugate function by f(x)

We shall be concerned with the following types of transformations Ts and
TH of a function f(x);

At)

and

T%^x) = o

 1

 / o Γf(t)dt s F*(x).
2 tan x/2 Jo

These transformations were discussed explicitly or implicitly by Bellman [l],
Boas and Izumi [2], Hardy [4], Kawata [6], Loo [7] and Sunouchi [8]. Here we
have the following results:

(l) If g(x) is odd and integrable, then

THf(x) = Γ £& dt = F(x)
Jx 2tanί/2

Gs{x) = (TEg)s{x)

is also integrable in (— TΓ, TΓ);

(ii) / / Γ \g(x)\(\og¥l/x)dx < °o, then
Jo

G*(x) = 7τξgUx)
is integrable.

These results, which are somewhat better than Loo's theorems ([7], Theor-
ems 4 and 7), can be proved easily by using the following lemma due to
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Hardy [5]:

If 9(χ) is °dd and is integrable in (— TΓ, TΓ) and

[cos2^--g(x))< oo,

then g(x) is integrable in (— TΓ, TΓ).

To make statements simple, we denote the class of functions which are
even and integrable in (— TΓ, TΓ) by Lcl. Similarly we use Lsl, Z,Coβ, and LSoo, by
which we mean that classes of odd-integrable functions, even-measurable
bounded functions and odd-measurable bounded functions, respectively. For
an operator T from one of these spaces to an other, we denote its adjoint
operator by T*. Here we consider an operator T such that Tg=Gs, where g
is odd. Then Goes' general transformation theorem [3] says that if Tζ:(Lsl9Lcl),
then T * € (LCco, LSoa). However by the result (i), we have T € (Lsl Lcl), and
hence we have T* € (LCoo, LSoo). This means that

(iii) if an even function f(x) belongs to the class L^,
then

belongs to the same class L^.

Applying this kind of argument to the result (ii), we may have

(iv) if an even function f(x) belongs to the class Loo,
then

Fix) = (THf)c(x)

satisfies

/

it

exp{\\Fc(x)\}dx < oo, for some λ>0.

The purpose of this paper is to prove the above results (iii) and a more
general result than (iv) directly, that is, to prove the following theorems which
are more general than Loo's results ([7], Theorems 12 and 17).

THEOREM 1. Suppose that f(x) is even and periodic with period 2τr. If
f{x) belongs to the class L^, then

2tan x/2

belongs to the same class.

ff(t)dt
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THEOREM 2. Under the same assumption of Theorem 1, we have that

the adjoint transformation

ΐ fit) -dt
2 tan t/2

belongs to the class L .

2. Before proceeding to prove Theorems 1 and 2, we recall the definition

of conjugate function f(x) of /(V),that is,

χ t ) d t

2 tan t/2

= — Γ f® w dt = lim f (x),
ir I-* 2 tan (x - t)/2 ^+o J

where

- 1 Λ* -fir

fix) =~ —[ -£?-

7Γ U_« Jβ+.J 2 tanGε-f)/2

= f" ̂ (a: - ί; θ)/(ί)Λ,

d t

2 tan t/2

Ά dt

where

( M ; S) = 2

0 f or u € [ - 6, 6].

Now we proceed to prove Theorem 1. Define a function L(t;x) by

for t € [0, xl
L(f;x) | Λ for ί € { [ - 7 r , 7 r ] - ( 0 , ^ ) } .

Then we have, for each x > 0,

Γ
Jo

By a theorem of Zygmund ([9], vol. 1, p. 279), f£t) has an integrable majorant

which is independent of 8, and so by the theorem of Lebesgue we have

Γf(t)dt = lim Γ L(t; x)J\(t)dt
Jθ €^ϋ J-it
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= lim Γ L(t; x) Γ Γ K(t - u; έ)f(u)du\ dt

= lim Γf(u) [Γ K(t - u; S)L(t; x)dtj du.

Again by the theorem of Zygmund and by the boundedness of f(u), we have

fj(t)dt = Γ f(μ) [lj™ f* Kit - u; a)L(t; x)dtj du

4
7Γ J_

= — Γf(u)log

sin(^ — u)/2

sin w/2

sinpr — ^)/2'

du

u)/2

(sin u/2)2
du.

Hence we have

u)/2

(sin u/2)2

= 2C(sin V 2 ) Γ*lΏX'2)

 /Λ 2 \ 2 / QΛ v 1 — y sin2 ΛΓ/2

= 2C(sin x/2)K\x), say.

So we have to prove K\x) = O(l) as Λ: -> 0.

Putting X = l/sin ~^—, we have

du

log

(*) = ί X

J.I . X

+ Γ =
0 Ίsay, where

— ΐ
- 1 Λ

log , as X ^ + oβ,

and

r dy

1) Note Csin (α;—u) /2)] Csin (Λ +W) /2J = sin2#/2 — sin2w/2 and transform the variable u
by y = (sin «/2) / (sin#/2).
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»x dt

h y*

which completes the proof of Theorem 1.

By the same way as in the proof of Theorem 1, we can prove Theorem

2. Let us define a function M(t; x) by

— cot for t € \x, 7r]
M(t; x) =

0 for t € {[— 77%7r] — Dr, w]}.

Then we have

JrΛ ~f(t) r* Γ r* 1

1 J w , — dt = I M(t; x) lim / K(t — u; έ)f(u)du dt
x 2 tan t/2 i-% L e->o J _ Λ J

= lim Γ M(t; x)dt Γ K(t - w; S)f(u)du

= lim Γ f(u)du Γ K(t - u; β)M(t; x)dt

— / /(^) du lim I K(ί — u; S)M(t; x)dt L
Here we have

J-TC

r,τr)-(U-e,W + e) t a n ( ί — U)

47r Λ*, «)-(»-•,«+•) *• tanw/2 \ tan (t — w)/2 tan t/2 /

which tends to, as 6 -» 0, for u=^=x and =f= 7r,

log
I cos u/2 sin w/21 TΓ — x

2τr tan w/2 | sin (x — u)/21

Hence we have the following formula

r 7(t) j .

Air

Γ
Jx 2tanί/2

_ _1_ Γ* f(u) j [cos M/2»sin «/2[

2τr J_* tan M/2 | sin(a; - «)/21

Γf(u)du
J -Tt

*7Γ — X



TRANSFORMATIOS OF CONJUGATE FUNCTIONS 279

2 tan u/2
log

sinpr 4- &)

7Γ — X

2τr

sin(:r — w)/

f *f(u)du.

du

For our purpose, we have only to prove that

sinpr + u)/2

Jo 2 tan M,/2
log = O(χ).

We have

cot ιι/2

s\n(x — w)/2 1 — cot x/2 tan u/2

and so transforming the variable u by y = (cot x/2) (tan u/2), we get

cot

say, where

log

log

1 +

+y

1 - y

2 cot J :/2 T

+ 2 ^ / o ^ i Λ . 2 - ^(cot2 x/2) + y

- y

Γ l Λ 3 Λo<

= + + ί
JQ Ji J3

, = f1-^ log ΓJJL2LJ
Λ ,y L 1 — y J

y

and

= r j -
h y y —

which completes the proof of Theorem 2.
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