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In §1 a concise exposition of the Postnikov system of a CW-complex is
presented to prepare for the rest of the paper. In § 2 fibrations due to Cartan,
Serre, and G. Whitehead, are discussed. In § 3 it is shown that the suspension.
operation S (not exactly the usual one) and the loop operation Q are “dual”
in a sense that for certain Postnikov complexes~Y of a CW-complex with
vanishing lower dimensional homotopy groups, Q& S (Y) is of the same homo-
topy type as Y. This enables us to construct a fibration such that for pairs of
such Postnikov complexes the injection map is homotopically equivallent to
the injection map of a fibre into the total fibre space. In § 4 an exact sequence
is discussed to study a role of Postnikov complexes and invariants in determi-
ning homology and homotopy.

If f: X — Y is a map, the following notations are adopted unless other-
wise stated : 1) f, denotes the homomorphism induced by f between homotopy
groups in dimension p, 2) fx and f* denote the homomorphisms induced by f
between homology and cohomology groups respectively, and 3) the superscript
p on the shoulder of a map denotes the p-th map of a sequence of maps.
The numbers in square brackets refer to the papers of the bibliography at the
end of the paper.

1. Postnikov complexes and self-obstruction cocycles. Let X be an
arcwise-connected CW-complex and let £ be a base point in X. Attaching cells
of dimension (z + 1) to X by maps representing a set of generators of
7. (X, x), we may embed X in a CW-complex X such that =, (X', ) = 0, and
for each p <7, the injection homomorphism =,(X, z) — 7, (X, x) is an
isomorphism onto. By iterated use of the process of killing homotopy of X in
dimensions greater than n, a CW-complex B, is obtained with the following
properties :

1) X is a closed subcomplex of B,, and B? = X", where B? and X" denote
the n-skeleton of B, and X respectvely.
2) (B, x) =0 for each p=n.

%) A part of the paper was submitted by the junior author* in partial fulfillment of
requirements for the degree of Doctor of Philosophy in the State University of Iowa.



300 R. N. SHEKOURY AND H.UEHARA

3) j: X — B, is the injection map, then j,: m, (X, ) > 7, (B,, x)is an
isomorphism onto for each p <.

Thus we have a sequence of spaces {B,: n=2,3,+-+} and B, will be called
a Postnikov complex of type (my, my,+++, m,_,), or simply a Postnikov complex
if there is no ambiguity.

By using Postnikov complexes we shall define the notion of obstruction
cocycles of a map so that we may discuss them in tetms of self-obstruction
cocycles of a space. Unless otherwise stated, all spaces considered in this work
are assumed to be arcwise connected and #n-simple for each integer n =1. Let
X and X be CW-complexes, and let f: X" — X be a given map. Let B, be a
Postnikov complex of type (7,+++, m,_;) for X, then f has an extension
F (X", X™)—(B,, X) which is unique up to homotopy. Hence the induced
homomorphism f,,, : m.; (X, X") — 7, (B,, X) is uniquely determined by
f. Consider the following diagram

Tt (Xn+1, Xn) —@—" Tn+1 (En, X)
P 1 2
Cn+1 (X> = Hn+1 (Xn+1’ Xn) Ty (}_()

where p is the natural homomorphism of homotopy into homology, 5 is the
homotopy boundary operator, and C,,, (X) is the integral group of (n + 1)
chains of X. Define the obstruction cocycle ¢**'(f) to be 9 fu.1 p~'. Although
p is not necessarily one-to-one, c¢"*'( f) is well defined. For X is n-simple.

Let X be a CW-complex and let B, be a Postnikov complex of type
(my, o5+, mu_1). Let i: X*— X be the injection map. Since B = X" by the constr-
uction of B,, ¢ may be considered as a map 7 : Br — X. Consider the obstruction

cocycle ¢! (i) of extending i over B:*.  Then ¢"*'(7) = Qin p', where

Cors (B) = Ho (Bi, X7) <2 oy (I, X 2% (B, X) — m, (X).
This obstruction cocycle ¢**! () will be often denoted by c"*! for the sake of
brevity, and will be appropriately called a self-obstruction cocycle of X after
Adams [1].

PROPOSITION 1.1. Let B,, B, be Postnikov complexes of types (my,+«>,
Tn_y) and (my, e, Toy) for given CW-complexes X, X respectively. Let f : X
— X be a given map and let i: X — B, and 7: X — B, be the injection
maps. Then there exists a map F: B, — B, such that the diagram

B,—* . g

4 |

x——f . %

-~/
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is commutative. Moreover F is uniquely determined by f up to homotopy
relative to X.

PROOF. Since m, (B,) =0 for p=n, iof: X— B, has an extension F:
B, — B, and the commutativity of the diagram is immediate. Let G: B, —
B, be another extension. Decompose B, x I into a CW-complex in the usual
manner, and define H: (B, X 0) U (X x I) U (B, X 1) — B, by

H( 0)=F(¢&) for all £ € B,,
HE 1) =G(§) for all ¢ € B,,
HE t)=1(8) for all £ € X and for all ¢z € I.

Since m,(B,) = 0 for p=n, H has an extension to B, x I Hence F and G
are homotopic relative to X.

PROPOSITION 1.2. Let X and X be CW-complexes of the same homotopy

type, and let B, and B, be Postnikov complexes for X and X respectively.
Then B, and B, are of the same homotopy type.

PROOF. Let f: X — X be a homotopy equivalence and let F: B, — B,
be an extension as is shown in the previous proposition.Consider the commutative
homotopy diagram

m (B — Lo (B

i i,
P I T P
7, (X) B/ N o (X)-

As f,, i,, and i, are isomorphism for p <n, F, is an isomorphism for all p.
It follows from a theorem due to J.H.C. Whitehead [16] that F is a homotopy
equivalence.

COROLLARY 1.3. The Postnikov complexes of type (mwy, +++, ma_y) for a
given CW-complex are of the same homotopy type for each integer n = 2.

PROOF. Let B,, B, be Postnikov complexes for X. Since the identity map
i: X — X is a homotopy equivalence, there exists a homotopy equivalence
@: B, — B, by the above proposition.

Let ¢™!'(f) be an obstruction cocycle of f: X* — X where X and X are
CW-complexes. In the next proposition ¢"*'(f) is expressed in terms of the

self-obstruction cocycles ¢**!, ¢"*! of X and X.

PROPOSITION 1.4. Let F: B, —>;Bn be the extension of f: X — X as in
Proposition 1. 1. Let i: X" — B, be the injection map. Then
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we have (1) ™ f) = c™! Fy iy

and (2) )= (F|X)n ™ iy,

where Fy: H,.,(B:*', X"y —» H,., (B, X"
and in: Hyp (X*, X" — H,., (B, X™).

PROOF. For the proof of (1), refer to Adams [1]. For (2) consider the
commutative diagram

Ty (X1, X7) Jnas — Tass (B X)

Tn+1 (anzﬂ, Xn) }"—H’ T+l (Bm X)

p Pl la

5
H,., (B, X7) . (X)
s FX. N
Hn+1 (Xn+1’ Xn) Tn (X)

Then we have ¢"'(f) =03 Fni1 p7' = (FIX)nOtduiy p~" iy = (F| X)n "' iy
This completes the proof.

Let X be a CW-complex and let B, be a Postnikov complex for X.
Then the self-obstruction cocycle ¢"*!' represents an element ["*'(X) of
H"'(B,; my(X)). By the &-system of a CW-complex X we mean &(X) = {I"*(X):
n=2,3,+++}. The defintion of &(X) depends upon the choice of the sequence
{B,: n =2, 3,+++} of Postnikov complexes for X, but it will be shown in a
proposition that the sequence of complexes plays an auxiliary role in the

definition.
Let £&(X) and £(X) be &-system of CW-complexes X and X , which are

defined by the aid of the sequences of Postnikov complexes {B,}, {B,} for X
and X respectively. For the sake of simplicity let us denote 7, (X), m.(X) by

T, T, respectively.
By a homomorphism ¢@: &(X) — £(X) we mean two sequences of
homomorphisms 6, for each » =1 and w,,,; for each n =2, such that

On: Ty — Ty
and ©ni1 2 HYY (B, ) — HY'(B,; ),
satisfying the condition w,., ({***) = 6 (I**"), where 6} : H**' (B,; m,) —H""' (B,
7,) is induced by 6,. A homomorphism @ between two £-systems is called an

isomorphism if and only if all 4,, ®,,; are isomorphisms.
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PROPOSITION 1.5. If X and X are CW-complexes of the same homotopy
type, then &(X) and $(X) are isomorphic.

PROOF. Let B, and B, be Postnikov complexes for X and X, by the aid
of which &(X) and &(X) are defined respectively. Let f: X — X be a homo-
topy equivalence. By virtue of Proposition 1.2, f determines F": B, — B.,
which is a homotopy equivalence for each integer n=2. As fand F" are
homotopy equivalences, f,: m, — m, and F™*: H"' By 7,) — H"'(By )
are all isomorphisms onto. Define @ = {f,, @1} by 6 = fn and o, = F™,
In order to show that ¢ is an isomorphism, it is sufficient to prove F™* (J"*1)
= f*(I™"), where f%: H"*' (B,; m,) — H"*'(B,; m.). Consider the diagram

man(BEY, X7) > Turs (B X)
\Wn+l By, X% fny ns1 (Bny X)
P l P lé 2
H,., (B, X" ™ (X)
Fi / \fn L
H,., (B3, X" 7 (X)

By definition ¢**!' = 914, p'and "' =3 z?,,ﬂ p~'. It follows from the
commutativity of the diagram that ¢"*' F} = f, ¢"*'. Hence F™*(]**") represented
by ™! Fiis equal to f5(I"*') whose representative is f, ¢"*'. This completes
the proof.

COROLLARY 1.6. The §-system of a CW-complex is uniquely determined
up to isomorphism.

PROOF. In the proof of the previous proposition let X = X, f = identity
map, then we have the corollary.

Let B,, Bu.1, B, and B, be Postnikov complexes for X and X respec-
tively. Given a homomorphism 6,: m, — 7, and a pair of maps F": B, — B,,
F*'. B,,, — B,., satisfying

1) the commutative diagram
Fr+t _
Ty (Bn+ 1) " Tn (Bn+1)

. |

Tn = Ty
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2) Fr| X' = Fr Xt
Then the pair (F", F**!) is called to be regularly associated with &,.

An isomorphism @: & (X) — £&(X), where @ = {#,, w,.1} is called to have
a canonical realization if and only if

1) There exists a sequence of maps F": B, — B, for each n =2 such
that w,.; = F™¥, and the diagram

Fr

-1 (Bn) - 'ﬂ'n—l(En)
T 011—1
Tn—-1 Tn1

is commutative, where the vertical arrows are injection isomorphisms,
2) For any integer n =2 each pair (F", F**!) is regularly associated
with 6,.

PROPOSITION 1.7. Let X and X be CW-complexes. They are of the same
homotopy type if and only if there exists an isomorphism between their So-
systems which has a canonical realization.

PROOF. Suppose X and X are of the same homotopy type. By the Prop-
osition 1.5 there exists an isomorphism @: &(X)— &(X). We wish to show
that this isomorphism has a canonical realization. Let f: X — X be a homotopy
equivalence. Then f defines a homotopy equivalence F": B, — B, for each
integer n = 2 as was shown in the Proposition 1.2. By the proof of the prop-
osition we have the commutative diagram

1;‘n+1
n

Tu(Bs1) To(Buir)
L |
Tn - Tn

for n = 1. Moreover, from the construction of F": B, — B, we have F**'| X"
= Fr| X" This proves the first half of the theorem.

Assume that @: §&(X) — &(X) is an isomorphism which has a canonical
realization determined by a sequence of maps F": B, — B, for n=2. Let
us define f: X - X by f|X"= F*'|X". Then f is well defined because
Fr| Xt = F**'| X" ', Consider the diagram
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T I - T
l i
Fi _
To(Bas1) T(Ba+1)
o |
Ty - T

where the vertical arrows are injection isomorphisms. The upper half of the
diagram is commutative by the construction of f, while the lower half is
commutative because the isomorphism ¢ has the canonical realization. Hence
we have f, = 6, for all n=1. This completes the proof.

2. Fibrations. Let a triple (T, p, B) be a fibre space with a fibre map
p: T — B in the sense of Serre [10]. Then, as is usual, let us call 7T the
(total) fibre space, B the base space, and F = p™*' (p(x,)) a fibre over b = p(x,)

with x, € T. We shall often use a notation

P
0 F T B 0

in case when we have a fibre space in the above sense. Notice that “B — 07
does not mean the surjection of a fibre map p.

DEFINITION 2.1. Given spaces X and Y with a map f: Y — X. A triple
(Y, f, X) is said to have a fibration of the first category, if and only if there
exists a fibre space (T, p, B) and homotopy equivalences o: T — Y, v: B
— X such that the diagram

T——P———»B
TP
Y —— X

is homotopically commutative ; namely fo is homotopic to 7p.

DEFINITION 2. 2. A triple (Y, f, X) with a map f: Y — X is said to

have a fibration of the second category if and only if there exists a fibre space
(T, p, B) such that the diagram

0 T B 0

F
J L
Y X

e
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is homotopically commutative, where 5 and ¢ are homotopy equivalences.

DEFINITION 2.3. Let X and Y be pathwise connected spaces and let
f:Y — X be a map. f is called an algebraic homotopy equivalences if and
only if the induced homomorphism of homotopy groups,

Ft mp(¥) — my (X),
is an isomorphism in all dimensions p.

It is well known that the fibration of the second category is not always
possible for a given triple (Y, f, X) with f: ¥ — X, although any triple can
be fibrated in the first sense. For a given triple (Y,f,X),amap f: ¥ —» X
may be considered to be homotopically equivalent to an injection map in the
following sense. Let M, be the mapping cylinder of f and 7: ¥ — M, be the
injection map. Then we have the commutative diagram

M;

/ '
f
Y —m-> X
where 7 is a retraction. Hence it is sufficient to consider fibrations for a triple
(Y, i, M;) with the injection map 7, so that we have fibrations for the given
triple (Y, f, X).

Throughout the paper we shall use the following notations and fibrations
due to Cartan and Serre [2]. Let A and B be non-empty subspaces of a
pathwise connected space X, and let us denote by P(X; A, B) the space of
paths in X which start at A and end in B. If B consists of a single point, we
abbreviate P(X; A, B) to P(X; A), and we denote by Q(X) the space of all

loops in X with a base point * ¢ X.
Let X be a pathwise connected CW-complex and let B, be the s-th Post-

nikov complex for X. Then a map p*: P(B,; X) — X, defined by p*(0) = «(0) for

o € P(B,; X),is a(s — 1) connective fibre map. Consider a commutative diagram
0

S+1
0 — QB.) — PBus X)L~ X — 0

| L

0 — QB) — PBy;X) L+ X—0

l l l

0 — P(By; Bi.1) — P(B;; Byv)—> {1@}—> 0
0
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with fiberings in the rows. It is easy to see that P(B,; B,,,) is an Eilenberg-
MacLane space K(m(X),s), and that Cartan and Serre constructed a fibration
of the second category (in a weaker sense that o and n are algebraic homotopy
equivalences in the definition 2.3) for a pair (P(B,; X), P(B,.;; X)) in case
when X is a space. '

PROPOSITION 2.4. If (A, B) is a pair of spaces, then P(P(A; B); Q(A))
is of the same homotopy type as Q(B).

PROOF. Let (E?* S*, S7) be a triad which is defined by E? = {(x,, x,)|
i+ =1}, S*= {(z, )|zl +xi=1and x, =0}, S = {(x,, x,)| 2} + x}
=1 and x, =0}. Consider a continuous map ¢@: (I x I, 9(I x I)) — (E?, OE?)
such that @ (I x 1) U (1 x 1)) = (0, 1), (0,0) = (— 1, 0), and @ is topological
elsewhere with the property @(0 x I) = S*, @(I x 0) = S~. Let A be a function
space of all maps f: (E% S*, S7) — (A; A, B). For any path & € P(P(A; B);
Q(A)) there exists a map fi: I X I — A defined by f; (¢, t,) = &(¢,) (¢,) for
any (¢, t,) € I x I Since (0 xI)Cc A, f;(Ix0) c B, and f;((Ix 1)U
(1 x I)) = %, there exists a map Av: P(P(A; B); Q(A)) > A such that A§) =
St 7' € A. Then it is easily seen that A is a homeomorphism. On the other
hand, it is also seen that there exists a homeomorphism u between A and
PQ(A); Q(A), Q(B)). This can be proved in a similar way as before. Since
P(Q(A); Q(A), Q(B)) is of the same homotopy type as (B), the proof is
completed.

PROPOSITION 2.5 Let (A, B) be a pair of spaces. Then a pair (Q(4),
Q (B)) of loop spaces has a fibration of the second category.

PROOF. Consider the following diagram with a fibering in the row

0 — P(P(4; B); 2(A)) — P(P(A; B); Q(A), (A; B)) — P(A;B) — 0

iy -

Q(B) Q(4)

Since 5 and ¢ are homotopy equivalences, we have a desired fibration.
3. Fibration of a pair (B;, B,,,) of Postnikov complexes.

PROPOSITION 3. 1. Given an integer n > 1. Let X be an(n — 1) connected
CW-complex and let B, be a Postnikov complex for X. If s =<2n — 1, there

exists a CW-complex B, such that B, and the space of loops, Q(E), in B,
are of the same homotopy type.

1) The authors have been informed that H.Toda has the same proof of the Proposition 2.5.
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PROOF. If s=n, choose B, as a space of a single point. Then the
theorem holds true, because B, is cotractible to a point. Assume 2n — 1 =5 =

n+1. Let é\s be the suspension of B, (see [ 6], or [11]). To kill homotopy
groups -n',,(ﬁs) for p=2n + 1, we attach to a cells of dimensions greater than
2n + 1 so that we may embed é\s in the resultant complex B.. Then -n-,,(Es) =0
for each p=2n + 1 and the injection map %°: é: — ES induces an isomor-
phism £ : 'n-,,(ﬁs) — rp(ﬁs) for each p = 2n. Let (B,).. be the reduced product
space of B, and let Q(/gs) be the space of loops in é\s Then there exist the
injection map j: B, — (B,)., a canonical map a': (B,). — Q(ﬁs), and the
natural map Q (#°): Q,(/Bs) — Q(Es) induced by %°. Let us denote by ¢° the
composite map Q(k°) a* j. Consider the diagram

Jo o ~ Q@) -
m(B,) — > m((B)x) ————— m(QUB,)) —— = m(QB,)
o |
B o ~ Ba
e Tp+1 (Bs) - 7rP+l(Bs)

where E, = Q «af j, is the suspension homomorphism and Q (&%), = Q- 51 2.
Hence we have @, = Q7' k,,E,. By virtue of the suspension theorem due to
el
James, E,,_, is onto. Since #ry,_(B,) = 0 for s =2n — 1, we have m(B,) =
man(Bs) 2= 0, so that m(Q (B,)) = m,(B,) =0 for each p=2n — 1. Since E, is
isomorphic onto for p = 2n — 2 and £;,, is isomorphic onto for p = 2n — 1, ¢}
is also isomorphic onto for p=2n — 2. By a theorem due to Milnor, Q(B,)
may be considered as a CW-complex, so that ¢° is a homotopy equivalence.
The proof is completed.

PROPOSITION 3.2. Let X be an (n — 1) connected CW-complex and let
B, be a Postnikov complex for X. Then there exists a sequence of CW-

complexes {B,,“, oo Bs, Bsﬂ,- .o Bg,. 1} such that for 2n—1=s=n + 1, B,
and Q(B,) are of the same homotopy type and the commutative diagram

~ ~ 1 ~ ~

Bn+1 e Bs Bs+1 v B2n—1
T jx3 I jx T B+l T p2n-1
~ ~ P A ~

B,y «<— ++o«—B, «—— By, <— ¢+ ~—— By,

‘holds true, where all arrows in the diagram denote injection maps.
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PROOF. Let 7: B,,, — B, be the injection map. From the construction of

A

AN Py
suspension we obtain the injection map #*': B,,; — B, induced by the
injection map ¢ : B;,;; X I — B, X I with the commutative diagram

o

1

By, x 1 — B, X I
T 7\IS+1 l hs
N\
~ is+1 ~
Bs+l - Bs’

where I denotes the unit interval and A’s are identification maps. By the
previous proposition there exists a CW-complex B,,.; such that B,,.; and Q
(Bsn-y) are of the same homotopy type. Assume that the commutative diagram

~

~
Bx+1 MR B2n~—1

T I

Fay ay

s+1 < s B2n—l

has been established. It is sufficient to show that there exists a B, with the
commutative diagram

B, ———— B..,

T ks I ks+1
”\

~ is+l ~

B, ——— = B,,.

Considering I/B\HI as its homeomorphic image under %2°*!, we may attach §s+1
to 1/3\8 by the map 71, Let us denote the resultant complex by §s U B.,H.
Then we may consider ﬁs and EHI as subspaces of §s U B:H. Since we have
(/Es U EHI)Z"“ = (/és)'”'“ from the construction of Esﬂ, Wp(ﬁs U ESH) =m, (ﬁs)
for p = 2n. Killing homotopy groups '11',,(1/3\s U EHI) for p = 2n + 1 by attaching
to ﬁs U T?Hl cells of dimension greater than 22 + 1, we obtain l?s with the
desired properties. This completes the proof.
PROPOSITION 3.3. The diagram

- Q e+l _
2@..) ¢ o (B)

s+1 s
? T s+1 T ¢

Bs+1 - B;




310 R. N. SHEKOURY AND H. UEHARA

is commutative.

PROOF. From propositions 3.1 and 3.2 we have the commutative diagram

Q (B, 26 -~ Q(B,)
o |  ew
~ VEED) ~
Q@) - Q(B)
ast! T T at

(Bs+1)e - (By)
i |7
B, B,

Hence the proof is completed.

PROPOSITION 3.4. Given an integer n>2 and an integer s with
2n — 2=s. Let X be an (n — 1) connected CW-complex and let B, and B;.,
be Postnikov complexes for X. Then the pair (B,, B,,,) has a fibration of
the second category.

PRrOOF. Let (B,, E;H) be a pair of CW-complexes which we constructed
in the Proposition 3.2. By the Propositions 2.5 and 3.1, we have a diagram

0— F - T — PB,; B,,) — 0
7| o
- Q(Z’“) -
UB,.) — QB))
¢s+l I . I ¢s
2
B,,y, — B,

with a fibering in the first row, where 7,0, @**' and ¢* are homotopy equiva-
lences. Since the diagram is homotopically commutative from propositions 2.5
and 3.3, we have a desired fibration.

COROLLARY 3.5. Let (B,, B,.,) be a pair of Postnikov complexes for an
(n — 1) connected CW-complex, where s =2n — 2 and n > 2. Then we have

H(B,, B,.,)= Hy(m,, s + 1) for p=s+ n.

PROOF. Since we have a fibration of the second category for the pair (B,
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B,.,) and since the base space is s connected and the fibre is (z — 1) connected,
we have the desired result.

4. An exact sequence. Let X be an (n — 1) connected CW-complex and
let B, be a Postnikov complex for X. Then we have a decreasing sequence
of Postnikov complexes

Bn+1DBn+2D"'DBsDBs+lD°"-

Defining the groups D, , = H,.(B,) and E, ; = H,.,(B,, B;.;), we have the

usual exact sequence

i j k

s —> s+1, t—1 Ds.t Eu, t Ds+1, t-2 T *°°

Thus the exact couple C(X) = < D, E; i,j,k > is associated with X, where
D=5 Ds;and E= ) E,,.
8,t s,t

Let I'*Y(X) € H**'(B,, m,) be a Postntkov invariant represented by a self-

: _ -1
obstruction cocycle ¢**' = 9ip~!, where C,,, (B,) = H,,, (B!, X*) LN

) 0
. (B, X) 2 Ty 1(Bs, X) — 7, (X). Since ¢**! maps the (s + 1) bounding

cocycles into 0, ¢**'|Z,,,(B;) induces a homomorphism c¢**!: H,,,(B,) — . In
virtue of the universal coefficient theorem there exists an isomorphism

N HY(By,m,) — Hom (H,,\(B,); =) +Ext (H, (B,); m,),
such that A(**!) = I*' + [3*', where [{*' ¢ Hom is the homomorphism o

and 5! ¢ Ext. Then we have

PROPOSITION 4.1. Given an integer n > 1. Then, for any s > n,
1) Ds't = Hs+t (X), Zf t < 0’

2)  E=0,if t=0,
3)  In the diagram

P
Ex,l = 8+1(Bss Bs+1) T T Tsaa (Bs; Bs+l)
| 3
[ s (Bs-H)

P

7 (X),
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all arrows are isomorphisms onto,
4) I = o+ js1, where jsi: Dy, — E ;.

PROOF. 1) is frog X = B;. Since m. (B, B;.;) =0 if k=s, we have
Hurewicz isomorphism P : ., (B,, B,.;) — H,.(B,, B,.;) and E;;, = 0 if £ = 0.

It is obvious that © and i, are isomorphisms. Hence 2) and 3) are proved.
Consider the commutative diagram

Zon(B) 1> H,\ (B, B <2 mn(Bi, Bly) —— mui(Bsy X)

RIS

7rs+1(Bs, Bs+1)

? . N ~
1 / l a
'n‘s (B:+l) .
i
L i l . \ y
Hs+1(Bs) D s+1 (Bs, Bs+x) - Ws(X)
Then, for any x € H,,,(B;) and for any representative x’ of x, we have
BH(x) = ¢H(x) = (@)= 0ip™ j (&)
=4, 0 isip™j (2)

=2 i, p7 j (@)
=0 p i, pj(x)
=0 i[ j (x’)
=0 js,l P(x,)
=0 jm (x)
Hence the proof is completed.

COROLLARY 4..2. Given an integer n>1 and an integer s >n. Let
> (X) be the s dimensional spherical homology group of an (n — 1) connected
CW-complex X. Then we have

77‘.\>(‘}<) / l'IH(Hs-H (Bs)) = ZS (X)
PROOF. Consider the commutative diagram
js,l $y1
Hs+1(Bs) = Ds,l = Es,l > Ds+l,-—1 = Hs(X)
\ e
oo l 7

m(X)
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Let 7 = ks 07!, then 7(m,) = 3" (X). Hence the proof is obtained from the
exact row.
PROPOSITION 4.3.» If s=2n — 2 and n > 2, we have
E o o=H(m, s+1) for l=p=s+n.
PROOF. It is obvious from the Corollary 3.5.

COROLLARY 4.4. If n>2 and s =2n — 2, we have
1) .Eéﬁ = 0,
2) E ;=m/2m,

PROOF. It is obvious from the Prorosition 4. 3.
PROPOSITION 4.5. If n>2 and 2n — 2=s=n + 1, we have
Hs+l/Zs+1 = kemel Of l';-H)

where D ;41 is the (s + 1) dimensional spherical homology group.

PROOF. Consider the diagram

ks+l,l
> Ly s+1
l 1342,-1
—> Liyy T s+1,0 > Lsi10
Il Il
0 1 Z5+1,0 0

l:+l
Ds,l T Ty T
Since E,,=0 from the Corollary 4.4 and E;,;, = 0, #s,5 -, is epimorphic and
Z3410 is monomorphic. It follows from the exactness that j ., = 45110 Zs40 -1
induces the desired isomorphism.

PROPOSITION 4.6. Given n > 2. Let X be an (n — 1) connected complex.
Then we have an exact sequence

A Jan-1

Hzn(Ban) T T Map—1 T Ly '__’H2n~1(an—2)_"77'2n—2'_’Hzn—z‘“_" S
s s i

Hn+3(Bn+2) T Mg > n+2 > n+2(77'n, ") T+ Hn+1 0,

where Joi1 = isi1,0 Isse,-1 and ' is a projection of the Postnikov invariant
I'*' as in the Proposition 4.1.

2) K. Shiraiwa informs us of a proof of the Proposition 4. 3 without the restriction
S=2n— 2.
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PROOF. This is the immediate consequence of the Corollary 4.2, Propo-

sition 4.5, and the exact couple which we considered.
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