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Introduction. Let Sk(ΓQ(N), X) be the space of integral cusp forms
of Neben-type X and of weight k with respect to Γ0(N). We associate
with a cusp p of Γ0(N) a matrix ap(eSL2(R)) such that ap{<^) — p.
Assume that k is an even positive integer. Then every / e Sk(Γ0(N), X)
has the Fourier expansion (/1 [ap]k)(z) = ΣϊU a{

n

p)eZπinz/^ at p for some β > 0.
The numbers {aip)}n=ί are called the Fourier coefficients of / at p.

When we apply Rankings method to the Dirichlet series corresponding
to an automorphic form in Sk(Γ0(N), X), certain explicit relations between
the Fourier coefficients at all cusps are needed. In this paper, we deal
with the problem: Given the coefficients at one cusp, can all coefficients
at other cusps be determined? Recently, by using the W matrix in
Atkin-Lehner [2] and Hecke operators, Asai [1] solved the problem posi-
tively in the case where JV is square-free. If JV is not square-free, we
cannot immediately apply his argument.

In §1, by a different method, we give an affirmative answer to the
above problem in the case N = Aq with q prime. §2 and §3 are prepara-
tory sections, where we describe certain properties of Eisenstein-Epstein
functions and Maass' theta functions and, in the last section, we give an
application of the result in §1 to the Doi-Naganuma lifting in the case
of QCl/ϊςr) with a prime q = 3 (mod 4). The basic references for this
subject are Asai [1], Doi-Naganuma [3], Naganuma [5], Shimura [7] and
Zagier [8].

1. Fourier coefficients at various cusps. Throughout this paper, we
use the following notations. Let N be a positive integer and let X be a
Dirichlet character modulo N. Put

Γ0(N)= \[a

G

 b

d)eSL2(Z) c = 0 mod N

We let φ denote the complex upper half plane. Assume that / is a
holomorphic function on φ. Put (f\[σ]k)(z) = (detσ)k/2(cz + dykf{σ{z))
for σ = (J fj e GLt(R). We denote by Sk(Γ0(N), X) and by S°k(Γ0(N), X)
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the space of integral cusp forms of Neben-type 1 and of weight k with
respect to Γ0(N) and the subspace of new forms in the sense of Atkin-
Lehner, respectively. For a prime p, we define the Hecke operator
T(p, 1) on Sk(Γ0(N), 1) by

p 0

0 1,»

p-1

• Σ /
3=0

l i

P Pik

Let q = 3 (mod 4) be a prime and take N to be iq. For a divisor M
of 4q, we define the matrix aM by

aM =

1 0

0

4 1

4ft

1

(!

- 1

0

0

if M = 1 ,

if Λf = 4 ,

if M = q ,

if M = 4^ ,

if M = 2g ,

if Λf = 2 ,

- 4f = 1. Here we notewhere f, (O, f' and p' e Z, 4p — qξ = 1 and
that aM normalizes Γ0(4q).

Let f(z) be a new form of Sft(Γ0(4qr), (^)) with the Fourier expansion
f(z) = Σ»=iα»^<Λ2 (α, = 1), so that f\T(p, (?)) = o,/ for each prime p.
We now determine /Itα^]* in an explicit form. First, we recall some
well-known facts (cf. [4]).

Let N be a positive integer and let q be a prime such that q\N.
We easily obtain the natural isomorphism (Z/NZ)X = Π<,IΛΓ (Z/NqZ)x, where
Nq is the g-factor of JV. We denote by X, the induced character modulo
N.. Define 7,( e SL2(Z)) and 7̂ ( e SLt(Z)) by

( * )

and

Ύq = •

we put

7°
[l
β
lo

- 1
0

0

1

(modiSΓ, 2),

(mod (N/NqY)

and y' Ξ

0

1

- 1

0
(mod (N/NqY)
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(N* °\ -α ,
\0 1/

The following theorem is well-known (cf. [4]).

THEOREM. ( i ) There exist two isomorphisms

So /ΊΓ (\τ\ y\ WQ** {
k\J- oUVλ Λ) > *

and

Si(Γ0(N), 1) Ά Si(Γ0(N), ( π χ,)z.).

(ii) Let f be an element in Sk(Γ0(N),X). Then / | [ ^ ] * =

Q )/ where χ<= u^χ^'
(iii) Suppose that f is a primitive form in the sense of Atkin-

Lehner and Xq is a primitive character. Then gq is also a primitive
form and f\[ηq\ = χq(-l)άe

qwQίq)Q-{ek/2)9q, where w(Xq) = Yfa^
l

Nq = qe and gq(z) = Σ ϊ U Kq)e2τcinz with

if P^Q >

if P = Q

for every prime p. Moreover \aq\
2 = qk~ι.

Now we can prove the following:

PROPOSITION 1.1. Let f{z) be a primitive form of Sk(Γ0(4q), $)) with
the Fourier expansion f(z) = Σϊ=i ane

2πίnz- Then

where fp{z) = Σ ϊ = 1 ane
2πinz .

PROOF. First we observe that N = 4q and Z = (4^). Let τ2, τff, %» and
r]q be matrices satisfying the conditions (*), (**) and let

, ,(N/N2 0\ / ? 0'

Then we see that Y2 and rj[ satisfy the conditions (*), (**) of the above
theorem again.

By (ii), we see that f\[aiq]k = / | [ % # ] * = f\[Vfl*\k- Therefore, it is
sufficient to determine /1 [η2]k, f \ [%]fc | [ηq]k. By (iii), we have / | [ % ] f c =
d£-2ϊ)2-kg, where g{z) = Σϊ=i ^ υ e 2 7 r ί Λ Z with
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( — V if pΦ2
\ p I

if p = 2 .

It should be noted that g is a primitive form. We have

and

where h = Σ«=i α with

α<2) =

if

—)<~ if 2> = ί ,

hence αi2) = α κ . The proof is complete.

PROPOSITION 1.2. Under the same conditions as in Proposition 1.1,
we have f\[aM]k = ^-"a,Σ?=iα^e^2"-11*.

PROOF. By Proposition 1.1, we see that

and

Note that

-2q -

4<? 0

Then we have fP\[aiqa2q]k(z) = / , ( - l / 2 - llAqz){^qYh/tz'h. We put /,(*)
/? }(«)+/? }(«), where /?>(») = Σ : = o α 2 n + 1 e 2 d ( 2 Λ + m and /«>(«) - Σ - i M 2 f f < ( 2 Λ

Since / is an eigenf unction of Γ(2, (^)), we see that

ό / i | ! " " = oj>(2z)

So we have

= {/^ι>(-l/2 - l/4qz)



DOI-NAGANUMA LIFTING 199

= {2αf/,(-l/2gs) - fp(~

Hence / | [αJ 4 (s) = α4ςα4g(4^)-(fc-1)(21-fcα2/(^/2) - /(*)). By (iii), we have
1 and α2α2 = 2k~\ Therefore we obtain the desired result.

PROPOSITION 1.3. Under the same conditions as in Proposition 1.1,
we have f\[aq]k = iάqq~{k~ι)/2Γq\ where f{q\z) = Σn=ι aLQ) e2zίnz is a primi-
tive form with

. . - • v

= *)a, if (p,2) =

for every prime p.

In order to prove Proposition 1.3, we need the following lemmas.

LEMMA 1.1. T(p, Ci))ccq = {^)aqT{pf $)) for every prime
T(p, (ϊ))^4 = (τ)aiT(p, (Ϊ)) for every prime

LEMMA 1.2. Let f(z) - ΣSU α ^ 2 ; m ι z be a primitive form of Sk(Γ0(Aq)t

($)). Then f(q) is also a primitive form of Sk(Γ0(4q), (f)) and / ( 9 ) | T(p, (?)) =
a{

P

q)f(q) for every prime p.

These lemmas can be proved by an argument similar to that of Asai
[1] and we omit the details of the proofs.

PROOF OF PROPOSITION 1.3. By Lemmas 1.1 and 1.2, we have f\[aq]k=
Xf{q). For each heZ/qZ ( ί l (mode)), we can take jeZ/qZ such that
i(l + 4hξ') = 1 (mod q). Then we can see

(1 h\ (1 j\(q 0\

with σj 6 Γ0(4g) and σj = (I qp, *_ ^,^j so that

f-JL_) = (1) .
\ qp' - 4f'i / \ q I

If λ = l(mod ?), then (J J)αg = σ'aΛ J) with σ' e Γ0(4q) and
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qψ - 4£' / \ q

Now, by the definition of the Hecke operator T(q, (?)), we have

Q - l

•Σ
» = 0

ϊ-1

-1 Σ/

1 fc'
0

/

i i\/? o\
0 (// \\J ±1 \k

1 1

0 q

0

= /y*/2"1 V i
g

\0 l^j*.

(-y)Xi ^ j CtΛ

9 β πι'Λqz .

On the other hand, we see that

/1 Γ(g, (?))I[aq\ - αg/1[aq]k = aqX ±a^e^nz .

Comparing two Fourier expansions, we obtain the required result.

2. Maass' theta function. We consider the real quadratic field F =
<2(τ/4g) of class number one. Let ξm (meZ) be a Grossen character of
JF7 defined by ξm(α) = |α/α' | t m ; r / l o g ε o for an ideal α = (α), where εo(>l) is the
fundamental unit in F. Let g(z; ξm) be a real analytic automorphic
function attached to the L-function of F, that is,

9(z\ ξm) - x

where 2; = a? + i?/ 6 φ. It is well-known (Maass [6]) that βr(̂ ; f m) has the
following properties:

(1) g(z; ξm) = 0(i/δ)(resp. 0(i/"δ/)) uniformly in x, as τ/-> ̂ (resp. i/->0),
where δ, δ' > 0,

(2) ff(7(2P); ξJ - (?)(/(«; ί J for each

7 =

and

( 3 ) g(a,q(z); ξm) = g(z; ξm) .

Let M be a positive integer with M\£q and Λf Φ 2, 2g and define the
function g{M)(z; ξm) by
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9ιu\z , f J = e

χ ( ^ ) ) ,

where

_ ( 1 if J l ί = l or 4g, f 1 if J f = l or 4g,

\i if M = 4 or q , * ( — 1 if Λf = 4 or q,

ψM(p) = 1 if Λf = 1 or 4<? and

if M — 4 and q for each prime ideal p.
By an argument similar to that in §1, we can obtain the following:

PROPOSITION 2.

(1) g(aM(z)', ξm) = g<*\z; ξm) if M = 1, 4, 9 or 4gf

(2) g(a2q(z); ξJ - i/ 2 ξJ»MΦ\ ί J - </(*; £ J ,
where pi = (2).

3. Eisenstein-Epstein functions. We define S x and S as follows:
S x = { ( α , β ) e Z 2 | ( α , β ) - l , α β ^ 0 } and S = S x U{(±1, 0)}U{(0, ±1)}. Let
k be an even posititive integer and M a positive integer with M\4q. Put

J&jf(ί5, s, k)iq = (l/2)y8 Σ G"3 + v)*|/ί« + v|-(2s+fc) ,

where z = x + iy e Q and seC. The series on the right hand side is
absolutely convergent for Re s > 1, and moreover it can be continued
analytically to the whole s-plane. We put

EM(z, s, k)4q\[a]k = {(fiz + d)l\cz + d\)kEM(a(z), s, k)iq

for all

a

c

We can prove the following lemma.

LEMMA 3.1.

( 1 ) E2(z, 8, k)4q = E&, s, k)iq I [a2q]k,
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EM(z, s, k)4q = M'E^z, 8, k)iq\[aM]k if M = 1, 4, q or Aq ,

( 2 ) #,(3, s, fc)4g I [aiq]k = ^- s^2 ρ(2;, s, fc)4g.

P R O O F . We shall prove (2). We p u t

S% = {(μ,v)eS\ \(μ,4q)\ = 4q/M) .

Consider the isomorphism φ: Stg —> Sg such that φ(μ,v) = (2v,—(μ/2q)).
Then we have

% s , f e ) 4 9 | [ s L

= q~8E2q(z, β, fc)4ρ ,

which completes the proof. Since we can prove (1) by an argument
similar to the proof of (2), we omit the details of the proof. In order
to get the functional equation of {EM(z, s, k)iq}Mliq, we define another
function E*(z, s, k) by

E*(z, s, k) = (l/2)π-*Γ(s + k/2)ζ(2s)ys Σ (μz + v)k\μz + v\~{28+k) ,
(μ,κ)eS

where ζ(s) is the Riemann zeta function. We have the following (cf.
Shimura [7]).

LEMMA 3.2. The function E*(z, «, k) = π-°Γ(s + &/2)ζ(2β) x Σ*u* ^ ( « ,
s,fc)4g cα^ 6e continued to the whole s-plane as an entire function satisfying
the functional equation

E*(z, s, k) = JS7*(s, 1 - β, fc) .

4. Rankin's method and the Doi-Naganuma lifting. Let f{z) —
Σ =i flWβblM be a primitive form in Sfc(Γ0(4g), (if)) and put

ίl if 1 = 1,4, g or 4g,
where β j r = ( 2 . f ^ =

For each integral ideal α of F, we define Co in the following manner:
For a prime ideal p in .F, we put

C, = Ct. = α(p) if W = (p) and t» # ^ ,

C, = α(j))2 +2p*-' if p = (p),

C, = a(p)+Ί&) if ί)2 =

and define
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Cu = C, C,.-i - JVφ)*-ιC,.-i (β ̂  2) ,

C. = Π C , H if α = Π « * .

Put Z?(s; f J = Σ.£.(α)Cίtf(α)- and

-D*(s; £ j = (2τr)-2'(49)'Γ(s + imjr/log eo)Γ(8 - imπ/log εo)D(s; f J .

We can prove the following theorem.

THEOREM. In the above notations, D*(s', ζm) can be continued to the
whole s-plane as an entire function and it satisfies the functional
equation D*(s; ζj) — D*(k — s; ζm). Furthermore,

D(s; Q = Σ a(n)n-' Σ φί)n-s.
n=l n=l

PROOF. We put

D*(8') = f yk/2f{z)^UE^{zf 8', k)y-*dxdy ,
jD0Uq)

where D0(4q) denotes a fundamental region for Γ0(4q). Then we can [see

(***) D*(s') = πfc/2i)*(s; ί J , (β = β' + (fc - l)/2) .

In fact, we have

Here

ίjr(β') = (4g)~8/τr"8T(s' + fc/2)ζ(2s')\ yk/2f(z)g(z; ξm)EM(z, s', k)Aqy~2dxdy .
JDQUQ)

First, we compute /2(s') By Lemma 3.1 (1), we have

-β/ζ(2s')τr-sT(S' + k/2) \ y

x Efc, s', k)tq I [aM]ky-*dxdy

= (49)-'ζ(2β')3r-T(β' + Λ/2) \ y
Ja2q(D0(4q))

a2q(D0(4q))

xfir(«; f.)I[«»]» x ^i(*. «', k)iqy-*dxdy .

Since α2, normalizes Γ0(Ίq), we have

-'ζ(2β0π-T(β' + fc/2) ( y»f \ [a^lg(a^(z); ξm)
DQUq)

^z, 8', k),Qy~2dxdy

8'ζ(2s')τr-8T(s' + fc/2) Γ Γ / l t e
Jo Jo
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By Proposition 2, we have the following (cf. [3]):

/,(«') = πk/2(AqYk-ί)/2(2π)~2T(s + imπ/log εQ)Γ(s - imπ/log εo)g-β2~s

x £ (t> )C(2s k + 1) ŷ  a (n) ί 3^ ί (<
^ ° n=l 2 9 \iV(o)=n m

Next, by virtue of Lemma 3.1 (2), we see that

Iw(β') = 4-s'ζ(2s')^"s'^(s' + A?/2) ( yV()g&U
JDQUq)

x JE^Z, S', fc)^ I [a^y^dxdy

= 4-β'ζ(2s')π-8T(s' + fc/2) ί Vk/2f(z)gWΊ3 \ foi1]*
Jα4ϊ(Z>0(4g))

x ^(2;, s', k)4qy~2dxdy

= 7Γfc/24(fe-1)/2(2τr)-28Γ(s + ίmπ/log εo)Γ(s - imπ/log eo)2-fmφ0)

xζ(2s - fc + 1) Σ αt(w) ( Σ U α ) V s .

By a similar argument, we obtain

/„(«) = π;fc/2(4ί?/M)ίί!-1)/2(27r)-2'Γ(s + imπ/log εa)Γ(s - imπ/log e,)e;1

x (49/M)-sζ(2s - fc + 1) Σ α^(%)( Σ f-(a)^(o))n-

for Af= l,4,g or 4g. Moreover, by the propositions in §1, we have
(***) and we are done. We omit the details of the remainder of the
argument.

As a corollary we have

COROLLARY. Suppose that f is a primitive form in Sk(Γ0(4q), (!)).
Then

is the Dirichlet series associated with a Hubert modular cusp form of
weight k with respect to GL2(DF).
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