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Introduction. 0.1. Let G be a connected linear algebraic group, V
a finite dimensional vector space and o a rational representation of G
on V. We call a triple (G, p, V) a prehomogeneous wvector space if there
exists a proper algebraic subset S of V such that V — S is a single G-
orbit. The set S is called the singular set of (G, p, V). When G and
V have structures over a field K such that o is defined over K, the
triple (G, p, V) is said to be defined over K. An arithmetic significance
of the theory of prehomogeneous vector spaces lies in a conjecture due
to M. Sato that one can associate a system of Dirichlet series satisfying
certain functional equations with a prehomogeneous vector space defined
over an algebraic number field. This conjecture was taken up by Sato
himself and Shintani in [14] under the hypothesis that G is reductive,
S is an absolutely irreducible hypersurface and (G, p, V) is defined over
the rational number field @. In this case, according to their results,
one can associate with such a triple (G, p, V) a system of Dirichlet series
in one complex variable which satisfies a functional equation similar to
those of classical zeta functions such as the Riemann zeta function, the
Epstein zeta function, etc. If we remove the assumptions above on the
group G and the singular set S, it is natural to consider Dirichlet series
in several complex variables. The purpose of this paper is to present
a definition of zeta functions in several variables associated with a
prehomegeneous vector space satisfying certain mild assumptions and
to establish the conjecture of M. Sato for such zeta functions.

Igusa [6] posed a problem to associate a zeta function with a poly-
nomial mapping with coefficients in an algebraic number field. Our result
may be regarded as a partial answer to his problem.

0.2. Now we give a summary of this paper. For a prehomogeneous
vector space (G, p, V) defined over an algebraic number field K, we are
able to obtain a prehomogeneous vector space Ry ,(G, p, V) defined over
Q by restricting the field of definition K to Q. The zeta functions
associated with (G, p, V) should coincide with those associated with
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Ry (G, 0, V) for various reasons. Hence, without loss of generality,
we may assume that (G, o, V) is defined over Q. Let P, ---, P, be Q-
irreducible polynomials defining the Q-irreducible components of S with
codimension 1. It is known that there exist Q-rational characters
X, --+, X, of G such that

P(o(g)x) = Xi(g)P(x) 1=1i=mn)

for all g€ G and for all x €V, namely, the polynomials P, ---, P, are
relative invariants of (G, p, V). Let Gi be a subgroup of the real Lie
group Gy containing the connected component of the identity element
and let Vy — Sg= V.U --- UV, be the Gi-orbit decomposition. We fix
a matrix expression of G and a basis of V compatible with the given
Q-structure of (G, p, V) and such that o(G,)V,CV,. Put

I'={9geG,NGLEX(9)=1 A =1=n)}.

Let L be a I'-invariant lattice in V, and set L,=LNV, 1 =<1 = ).
Denote by I'\L; the set of all I'-orbits in L,. Let G, be the isotropy
subgroup of G at a point x in V and denote by G¢ the connected com-
ponent of the identity element of G,. Put G =G, NGgand ', = G,NT.
We assume that the group of Q-rational characters of G¢ is trivial for
all  in V, — S,. Then, for any X in V, — Sy, the invariant volume of
G}/I', is finite. For any rapidly decreasing function f on Vg, consider
the integrals
af Lo =\, Mol 3 femdg
GR/[‘ =1 zxeL—S

and
oifi9) = | MIP@If@ds Q=isy)

where dg is a right invariant measure on G; and dx is a Euclidean
measure on V. The functions @, ---, @, have analytic continuations to
meromorphic functions of s in C*. By a routine argument, we have at
least formally the formula

(0-1) 2(f, L 8) = 3, 6(L; )0 fi s — 9)
for some 0 in Q. Here &, ---, & are the Dirichlet series defined by
§llss) = 3. @) | P) [~ -+ [P@)|[ A =i=v, seC")

where p(x) is the volume of G;/I’, with respect to a suitably normalized
Haar measure on Gf. The Dirichlet series &, ---, & are called the zeta
fumnctions associated with (G, o, V). We always assume that &, ---, &,



ZETA FUNCTIONS 439

are absolutely convergent when Res, ---, Res, are all sufficiently large.
Then the formula (0-1) is justified in a domain on which both &’s and
@,’s are absolutely convergent.

If the representation p is irreducible, then we have at most one
irreducible relative invariant up to a constant factor. So we are inter-
ested in a triple (G, p, V) such that p is reducible. Especially we consider
the case where (G, p, V) is decomposed into the form (G, p, V) = (G, p, D
0, E@D F) over Q and the singular set S is a hypersurface in V. The
invariant subspace F is called a Q-regular subspace of (G, o, V') if there
exists a relative invariant P(x, y) (x € E, y € F') with coefficients in @ such
that the Hessian

0P

0Y: 0Y;
of P with respect to the variable y in F' is not identically zero. We
assume the @Q-regularity of F. Let F'* be the vector space dual to F.
Denote by pF the representation of G on F'* contragredient to p,. Put
o*=p,Ppr and V* = E@ F*. As a consequence of the Q-regularity
of F, the triple (G, p*, V*) is also a prehomogeneous vector space which
has a natural @-structure. The assumptions imposed on (G, p, V') are also
satisfied by (G, p*, V*) with the only possible exception of the assumption
on the convergence of the zeta functions. Moreover it can be seen that
the singular set S* of (G, o* V*) is also a hypersurface in V* with »
Q-irreducible components and VF — S§ is decomposed into v orbits under
the action of Gf. Let X¥, ..., X* be the Q-rational characters of G
corresponding to Q-irreducible relative invariants Q,(z, y*), - - -, Q.(z, ¥*)
defining the Q-irreducible components of S*. Then there exist an » by
n unimodular matrix U = (u,;;) and an n-tuple A of half-integers such
that

H,,(z, 4) = det (=20 —(a, 3))

X(@) =TI X:@™ (Lsism) and detpfor = T %(0)* .

Let M and N be I'-invariant lattices in E, and F, respectively. Let
N* Dbe the lattice dual to N. Put L= M@ N and L* = M@ N*. For
the triple (G, p*, V*) and a rapidly decreasing function f* on V¥, define
Z*(f*, L*;s), &X(L*; 8) and @f(f*;s) 1 <1 < v)as for (G, p, V). Finally

we assume the absolute convergence of &F, ---, £*. Then we have
(0-2) Z*(f*, L*;5) = 3, 61 (L% $)0(f*; s — 6%)

where 0* = (6 — 2\)U. Denote by B and B* the domains of absolute
convergence of Z(f, L;s) and Z*(f*, L*;s) respectively. Let D (resp.
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D*) be the convex hull of (B*U™ 4+ \) U B (resp. (B — A)U U B*) in C .
Notice that (D — \)U = D*. Set

O(f;8) = “(D(f;8), -+, D.(f; 9)
and
O*(f*;8) = ((@F(f*;8), -+, DX(f*;8)) -

We define the partial Fourier transform of f* with respect to F'* by
the formula

ff*(x, y) — SF' f*(x, y*)e2”\/:1<y,yt>dy* .
R

THEOREM 1. There exist a v by v matriz A(s), a Gamma factor (s)
and non-zero complex mumbers c,, -+ -, ¢,, which are independent of f*,
such that

o(F1*9) = I e (@2nV =D V() ADP*(f*; (s + W)

where d*(s) = s,deg,. Q,(x, y*) + --- + s, deg,. Q.(x, ¥*) and all the entries
of A(s) are polynomial fumctions in exp (ws,) —1), exp(—mns, ) —1), - - -,
exp (7s,V —1), exp(—ms,/ —1).

This theorem is a generalization of Sato [11, Theorem 4], Sato and
Shintani [14, Theorem 1] and Shintani [16, Theorem 1.1].

Set

&(L; 8) = (&L 8), - -+, &.(L; 8))
and
g*(L*; 8) = “&r(L*;8), - -+, EX(L*; 8)) -
The following is the main theorem of the present paper.

THEOREM 2. (i) The Dirichlet series &(L;s), ---, &(L;s) (resp.
EX(L*;8), »++, £X(L*; 8)) have analytic continuations to meromorphic func-
tions of s im D (resp. D*).

(ii) There exists a polynomial b(s) (resp. b*(s)) in s such that b(s —
0)&(L; 8), « -+, b(s — 0)&,(L; 8) (resp. b*(s—0*)&X(L*; 5), - -+, b*(s—0%)gX(L*; 5))
are holomorphic functions im D (resp. D*).

(iii) The following functional equation holds for se€ D:

o(N*)EXL*;5 (s —MU) = I=I1 el (=2 —1)"C7v(s — 0) *A(s — 0)&(L; 8)

where v(N*) = S dy*.

F'R/N"

Theorem 2 is derived from Theorem 1 and the integral representations
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(0-1) and (0-2) of the zeta functions. Under the additional assumptions
that G is reductive and V itself is a Q-regular subspace, the domains
D and D* coincide with C", and hence, the associated zeta functions are
continued meromorphically in the whole of C*. It is another consequence
of Theorem 2 that the zeta functions satisfy at least the same number
of functional equations as the number of Q-regular subspaces. As is
seen in examples, it frequently occurs that (G, p, V') has several Q-regular
subspaces.

0.3. This paper is devided into seven sections. In §1, §2 and §3,
we investigate elementary properties of prehomogeneous vector spaces
and their Q-regular subspaces. The zeta functions are introduced in § 4.
Generalizing the method used in [11] and [14], we prove Theorems 1 and
2 in §5 and §6 respectively. The final section is devoted to the study
of concrete examples. The examples treated in §7 are rather easy ones.
Further applications of Theorem 2 will be seen in subsequent papers
([23], [24]). Another summary of this paper is found in [26].

0.4. The author would like to thank Professor M. Sato and the late
Professor T. Shintani for their helpful advises and encouragement.

Notation. As usual, Z, @, R and C are the ring of rational integers,
the rational number field, the real number field and the complex number
field, respectively. For any non-zero real number «, sgn« is x/|x|. For any
complex number x, we put e[x] = exp2r1 —1z. Let R be a commutative
ring with an identity element. We denote by M(n; R) (resp. M(n, m; R))
the set of » by n (resp. » by m) matrices with entries in R. For any
matrix A, denote by ‘A the transposed matrix of A. We use the symbols
tr A and det A, respectively, as abbreviations for the trace and the deter-
minant of Ae€ M(n; R). For an affine algebraic set X defined over a field
K, we denote by X, the set of K-rational points on X. If G is an
algebraic group of matrices defined over Q, the group of integral matrices
with determinant +1 contained in G is denoted by G,. For any finite
dimensional real vector space V, S2(V) is the space of rapidly decreasing
functions on V. For any smooth manifold X, C;°>(X) is the space of smoth
functions with compact support on X. Let (X, ¢) be a measure space.
Denote by L'(X, p) the space of p-integrable functions on X. We denote
by I'(z) the Gamma function and {(z) the Riemann zeta function.

1. K-structures on prehomogeneous vector spaces. Let (G, p, V) be
a triple of a connected complex linear algebraic group G, a finite dimen-
sional vector space V over C and a rational representation o of G on V.
A triple (G, p, V) is called a prehomogeneous vector space (briefly a p.v.)
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if there exists a proper algebraic subset of V such that V— S is a
single G-orbit. Then S is called the singular set of (G,p, V). By a
generic point, we mean a point in V — S. For a rational character X
of G, a non-zero rational function P on V is called a relative invariant
of (G, p, V) corresponding to X if P(p(g)x) = X(g)P(x) (for all ge G and
for all xe V).

For any subfield K of C, if G and V admit K-structures such that
o is defined over K, then (G, p, V) is said to be defined over K. From
now on we fix a K-structure on (G, p, V). Identify V with C* (s = dim V)
and G with a closed subgroup of GL(r) defined over K. We may assume
that all the entries of p(g) € Aut (V) = GL(s) (g € G) are rational functions
on G with coefficients in K. Let Gal(C/K) be the Galois group of C
over K. The canonical action of ¢ in Gal(C/K) on a rational function
R on C7 is denoted by R°. Let P(x) be a relative invariant corresponding
to a rational character X of G. Then, for any ¢ in Gal(C/K), we have

1-1) P(o(g)x) = X(9)P°(x) (9eG, xzeV).

LEMMA 1.1. Let (G,p, V) be a p.v. defined over K and S be its
singular set. Denote by S’ the union of the irreducible components of
S with codimension 1. Then both S and S’ are defined over K.

PrROOF. For an x €V, denote by G, the isotropy subgroup of G at
x. It obvious that G, = (G,)° for all 0 e€Gal(C/K). By the proof of
[18, § 2, Proposition 2], = is in S if and only if dim G, > dim G — dim V.
Since dim G,, = dim(G,)° = dim G,, S is stable under the action of
Gal(C/K). This implies that S is defined over K (cf. [2, Chapter AG,
Theorem (14.4)]).

Let S, ---, S, be the irreducible components of S with codimension
1. Then §'=8,U ---US,. Since the singular set S is defined over K,
S? (0 € Gal (C/K)) is also an irreducible component of S with codimension
1 for every ¢. Hence S’ =S8 for any ocecGal(C/K). Thus S’ is also
defined over K.

Let G, be the normal closed subgroup of G generated by the com-
mutator group of G and the isotropy subgroup G, at a generic point 2.
By the prehomogeneity, the group G, is independent of the choice of =z.
Let X(G) be the group of rational characters of G. Denote by X, (G)
the subgroup of X(G) consisting of elements whose restrictions to G,
are trivial:

(1-2) X,(G) = {Xe X(G); X|g, = 1} .
It is known that the group X,(G@) coincides with the group of rational
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characters corresponding to relative invariants of (G, o, V) (cf. [13, §4,
Proposition 19]). Denote by X,(G)x the subgroup of X,(G) consisting of
rational characters defined over K.

LEmMMA 1.2. Let (G, p, V) be a p.v. defined over K.

(i) There exists a finite Galois extension L of K such that any
relative invariant coincides with a rational function with coefficients in
L up to a constant factor.

(ii) Let P(x) be a relative imvariant corresponding to a rational
character X of G. Then P(x) coincides with a rational function with
coefficients in K up to a constant factor if and only if X € X, (G)g.

PrROOF. (i) As in the proof of Lemma 1.1, let S, ---, S, be the
irreducible components of S with codimension 1 and put S'= S, U --- U S,.
Since the algebraic set S’ is defined over K, we may take a finite Galois
extension L of K as a common field of definition of S, ---, S,. For each
S;, let P,(x) be an irreducible polynomial with coefficients in L such that
S; = {x e V; P(x) = 0}. Then, by [13, §4, Proposition 5], the polynomials
P(x), ---, P,(x) are relative invariants and any relative invariant P(x)
is of the form

P(x) = cP(x)™ --- P,(x)"» (ceC, m,, ---,m,eZ).

This proves the first assertion.
(ii) If P(x) has coefficients in K, then, by (1-1),

P(o(g)x) = X*(g)P(x) (o€ Gal(C/K)) .

Since the characters X and X° correspond to the same relative invariant
P(x), X° = X for all 0 € Gal (C/K). Hence X € X,(G)x. Conversely, suppose
that X is defined over K. By (i), we may assume that P(x) has coeffici-
ents in a finite Galois extension L over K. Then the equality (1-1) im-
plies that P(o(g)x) = X(g)P°(x) for arbitrary o e Gal(L/K). By [13, §4,
Proposition 3], there exists a non-zero constant ¢, € L* such that P’ = ¢,P.
It is obvious that ¢,. = ¢%,. According to Hilbert-Speiser’s theorem, one
can find a constant ce L* such that ¢, = (¢°)'¢ for all o€ Gal(L/K).
Then (¢P)° = ¢P for all o€ Gal(L/K). This completes the proof.

Let S, ---, S, be the K-irreducible components of S with codimension
1and P, ---, P, be polynomials with coefficients in K defining S, ---, S,,
respectively. Denote by X, ---, X, the rational characters of G cor-
responding to P, ---, P,, respectively.

The next lemma follows from [13, §4, Proposition 5].
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LeEmMMA 1.8. These P, ---, P, are algbraically independent relative
invariants and any relative invariant P(x) with coefficients in K is of
the form

P(x) = cP(x)™ - - P,(x)" (ceK, my -, m,eZ).

These polynomials P, ---, P, are determined uniquely up to constant
factors in K. We call the set {P, ---, P,} a complete system of K-irre-
ducible relative invariants of (G, o, V).

The following lemma is an immediate consequence of Lemma 1.2 (ii),
Lemma 1.3 and [13, §4, Lemma 4].

LEMMA 1.4. The group X,(G)x is a free abelian group of rank n
generated by X, ---, X,.

2. Direct sum of prehomogeneous vector spaces. 2.1. Let K be
a subfield of C. Let G be a connected linear algebraic group defined
over K. Let p, and p, be K-rational representations of G on finite dimen-
sional vector spaces E and F respectively. Put V=E@F and p =
0. p,. Here p is, by definition, the representation of G on V given
by the following formula:

0(9)(x, ¥) = (0.(9)x, p(9)y) (9€G, (@, ) eEDF =7V).

For an z € E, denote by G, the isotropy subgroup of G at x: G, = {g € G;
0.9)x = x}. Let G? be the connected component of the identity element
of G,. If xis a K-rational point in E, then both G, and G2 are defined
over K (cf. [2, Chapter 1, Proposition (1-2)]).

LEMMA 2.1. Assume that (G, p, V) is a p.v. with the singular set S.

(1) The triples (G, p, E) and (G, p,, F') are p.v.’s defined over K.

(ii) For a K-rational generic point = of (G, o, E), the triple
(G2, p,, F') is a p.v. defined over K, whose singular set S, is given by

S,={yeF; (= y)eS}.

For an irreducible component W of S with codimension r, put
W.={yeF;(x y)eW}.

If W, is non-empty, it is of pure codimension r in F.

ProoF. The first part of the lemma is obvious. Let us prove the
second part. Denote by G, , the isotropy subgroup of G, at ye€ F. Then

G.., = {9¢€G.; 0.9y = y} = {9€G; p9)=, ¥) = (x, v)} .
It is clear that the group G, , N G? contains the connected component of
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the identity element of G,,. Hence dim(G,,NG?)=dimG,, and
dim G2 = dim G,. Therefore, by [18, §2, Proposition 2], the triple
(G2, p,, F') is a p.v. and y is a generic point of (G, p,, F') if and only if

(2-1) dim G, — dimG,,, = dim F'.

Since «z is a generic point of (G, p,, E) and dim G — dim G, = dim E, the
equality (2-1) is equivalent to the following: dimG — dimG,,, = dim V.
This implies that (G, p,, F') is a p.v. with a generic point y if and only
if (x, y) is a generic point of (G, p, V). Hence (G¢, o, F) is a p.v. and
S, ={yeF;(, y)eS}). It is obvious that (G¢, p, F) is defined over K.
Finally let W} be any irreducible component of W,. Since z is a generic
point, dim W} + dim F < dim W. Hence we have

r=dimV —dim W < dim F' — dim W .

On the other hand, W, is the intersection of two irreducible varieties
W and {x} X F and each component of W, is of dimension not smaller
than dim W + dim F — dim V = dim F — ». Thus we obtain » = dim F —
dim W.

Let (G, p, V)= (G, 0, p,, E®D F) be a p.v. For a relative invariant
Q,(z) of (G, p, E), put Q(x, y) = Q,(x). Obviously Q(x, y) is a relative
invariant of (G, p, V) independent of the second component y € F. The
mapping @, — @ gives rise to a natural one to one correspondence between
relative invariants of (G, o,, E) and relative invariant of (G, p, V) inde-
pendent of y. In the following we do not distinguish them.

Fix a K-rational generic point « of (G, p,, E). Let P be a relative
invariant of (G, p, V) which corresponds to X € X,(G)x. Then, as a func-
tion of y, P(x, y) is a relative invariant of (G¢, o, F') which corresponds
to X|s., the restriction of X to G;. Hence X lo: € X,,(G?)x for any X € X,(G)x.
Define a homomorphism

a: X(G)g — XPZ(G:? )x

by the formula a(X) = X|;:. A character X is in the kernel of a if and
only if it is a rational character of G which corresponds to a relative
invariant P(z, y) with coefficients in K of (G, p, V) independent of the
second component y. Hence Ker @ = X, (G)x. Set

(2-2) X,10,(G2)x = the image of a in X, (G?)x .

This is the group of rational characters of G,y which correspond to rela-
tive invariants of (G, 0,, F') with coefficients in K obtained from relative
invariants of (G, p, V) by restricting them to {x} x F.
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Put » = rank X,(G)x and r = n — rank X, (G)x. Let{P, ---, P,}bea
complete system of K-irreducible relative invariants of (G, p, V). Then
exactly n — » of P.’s are independent of the second component y. We
may assume that P,,,, ---, P, are independent of y. The set {P,,,, ---, P,}
is a complete system of K-irreducible relative invariants of (G, p, E).
Let X, ---, X, be rational characters of G corresponding to P, ---, P,
respectively.

LEMMA 2.2. Fixz a K-rational generic point x of (G, o, ). Then,
as functions of y, Pz, y), -+, P.(x, y) are algebraically independent.

PROOF. Assume that P(z, v), ---, P.(x, y) are not algebraically inde-
pendent for a generic point x of (G, o, E). Then, by [13, §4, Lemma
4], there exists an (m,, -+, m,) € Z" — {(0, - - -, 0)} such that X™ ... Ar =1
on G7. Hence X --- XrreKera = X, (G)x. Since X,(G)x is generated
by X,,, -+, X,, we have a non-trivial relation

Xrl.--x;nrzxmr'kl...x’:’ﬂ_

r+1
This contradicts the fact that P, --., P, are algebraically independent
(cf. Lemma 1.3).

COROLLARY. The group X,,,(G;)x is a free abelian group of rank
r generated by Xlg:, -+, X,|e:.

LEMMA 2.3. The following three assertions are equivalent.

(i) a is surjective, namely, X,,(G?)x = X, (G;)x-

(ii) Any relative invariant Q(y) of (G2, p,, F') with coefficients in
K is of the form

¢ P(e, p™ (ceK, my, -, meZ).

(iii) Foranyi=1, ---, r, Pz, y) is a K-irreducible polynomial in y.

PrOOF. The equivalence of the first and the second assertions is quite
obvious. We shall show that the second assertion implies the third.
Assume that Pz, y) = Q.(y)Q,(y) for some polynomials @, and @, in y
with coefficients in K. Then, by Lemma 1.3, @, and @, are relative
invariants of (G¢, p,, F') and, by the assumption, they are written as
follows:

QY) = ¢, I_I1 Pz, y)™i (c,eK, my;€Z, k=1,2,5=1,---,7).

Since @, and @, are polynomial functions in y and z is a generic point
of (G, p,, E), the rational functions [[5-, P/ and [[’-, P have no poles
in (£ — S;) X F where we denote by S; the singular set of (G, p, E).
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Hence the exponents m,; are all non-negative integers. As a function
of y, (Ili=1 Pj(z, y)™itm™4). P(w, y)~* is a constant and we have

n

(}1 P}""'”'“)-Pf‘ =¢ [l Py

J=r+1

for some ¢ce K and some wu,,, -+, u,€Z. Since m,; are non-negative,
this equality implies that

u,~=0, m,,,-=0 (j'-';t'l:), {mli,mzi}={1’0}'

Therefore the polynomial P,(x, y) of y is K-irreducible for any ¢. Finally,
it follows from Lemma 2.1 (ii) that any irreducible component of the
singular set of (G¢, p,, F') with codimension 1 is contained in the set of
zero-points of [J%-, Pz, y). Hence, by Lemma 1.3, the third condition
implies the second.

Let F'* be the vector space dual to F' and pf be the representation
of G on F* contragredient to p,. Put

V*=EQF*, p* = p0,Dp .
We call p* the partial contragredient representation of p with respect
to F. Fix K-structures of (G, o, ) and (G, 0., F') and identify F with
C™ (m = dim F'). We identify F'* with C™ via the symmetric bilinear
form
Y, ¥*) =Yyl + -+ + Ynlm -
Then p and p* are K-rational representations of G on F'* and V*,

respectively. For any relative invariant P of (G, p, V), define a rational
mapping ¢, of V — S into V* by

(2-3) éx(%, y) = (=, grad, log P(x, ¥))
where
1 0 1 0
log P = P el —— % Pp ]
grad, log P(z, y) ( B 3) o, (@, ¥), -+, P& 9) 0. (x, y))

The mapping ¢, is independent of the choice of a basis in F. If P has
coefficients in K, ¢, is defined over K. Moreover we have

(2-4) ¢:(0(9)(x, ¥)) = P*(9)¢s(w, ¥) ((x,y)eV — 8, ge@G).
Put

Hy(,v) = det (00w 0)

If there exists a relative invariant P of (G, p, V) such that H, (x, y) is
not identically zero, then F' is called a regular subspace of (G, p, V).
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Moreover, if P can be taken so that P has coefficients in K, we say that
the subspace F' is regular over K or K-regular. We call a p.v. (G, p, V)
regular over K if V is a K-regular subspace. When K =C, (G, o, V) is
simply called regular instead of regular over C. This terminology is
consistent with [13, § 4, Definition 7]. If F' is a K-regular subspace, the
p.v. (G;, p,, F') is regular over K for any K-rational generic point 2 of
(@G, o, E).

Basic properties of p.v.’s with a regular subspace are summarized
in the next lemma which follows from Lemma 1.2 (ii) and [13, § 4, Prop-
osition 10, Remark 11].

LEMMA 2.4. Let (G, 0, V)= (G, 0,P ., EDF) be a p.v. with a K-
regular subspace F'.

(i) The triple (G, p*, V*) = (G, 0. D p¥, ED F*) is a p.v. with a
K-regular subspace F'*.

(ii) For an (x,y)eV — S, put (x, y*) = ¢p(x, y). If Hp, does mot
vanish identically, then G,, = G, ..

(i) Xu(@)x = Xu(@)x and X,(G2)x = Xp(G2)x for any K-rational
generic point x of (G, o,, E).

(iv) Let S and S* be the singular sets of (G, o, V) and (G, po*, V*)
respectively. For a X € X, (G)x = Xopu(G)g, let P and Q be relative invari-
ants of (G, p, V) and (G, p*, V*) corresponding to X and X' respectively.
If H,,, does mot vanish identically, ¢, is a biregular rational mapping
defined over K of V — S onto V* — S* and the inverse mapping of ¢
18 given by ¢,. v

(v) The singluar set S of (G, p, V') is a hypersurface if and only
if the singular set S* of (G, p*, V*) is a hypersurface.

LEMMA 2.5. Denote by det p,(9) the determinant of 0.g) in F. If
F is a K-regular subspace, then det p,(g)* € X, (G)x.

ProOF. Let P be a relative invariant of (G, o, V) such that H, , is
not identically zero. Then an easy computation shows that P"H;’ (m =
dim F") is a relative invariant of (G, p, V') corresponding to det o,(g)".
Since p, is assumed to be K-rational, it is clear that det o,(g)* is a K-
rational character of G.

2.2. Let (G, p, V) be a p.v. defined over a subfield K of C. Assume
that (G, p, V) is decomposed into the form (G, 0. D 0. D s, V.P V. D V)
over K and V, is a K-regular subspace. Denote by V;* the dual space
of V; and by pof the representation contragradient to p,. Then the triple
@G, 05, V*) = (G, 0.Do.Dp*, V.OV,PVY) is also a p.v. Let Sand S*
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be the singular sets of (G, p, V) and (G, p*, V*) respectively.

LEMMA 2.6. The following assertions are equivalent.
(1) V.V, is a K-regular subspace of (G, o, V).
(2) V, is a K-regular subspace of (G, p*, V*).

ProoF. Put V¥ =V, Vi@ V¥ where V} is the vector space dual
to V,. For a relative invariant P of (G, o, V), we define two mappings
6p: V—-—S—V*and ¢p: V — S— V* by

(e 1 1
op(, Y, 2) = (x 7 grad, P(x, y, 2), 7 grad, P(z, y, Z))
and

op(x, 9, 2) = (x, Y, % grad, P(z, vy, z)) .

By the K-regularity of V,, we can find a P with coefficients in K such
that ¢, is a biregular rational mapping of V — S onto V* — S*. Put
Q(z, y, 2*) = P(¢5'(x, y, 2*)). The function @ is a rational function on V*
defined over K and is a relative invariant of (G, p*, V*). Let ¢, be the
mapping of V* — S* into V* defined by

po(x, ¥, %) = <x, %— grad, Q(x, y, 2*), z*> .

We shall prove the equality ¢, = ¢oo¢pr. Since P = Qog¢p, wWe have
@5 Lw,y9= (26w v, 2) + 3 (2L 6ha, v, 2)

0Y: 0Y; o0z
o (1 oP
o ( P on )(x, Y,2) .

It is clear that the character of G corresponding to @ coincides with that
corresponding to P. By Lemma 2.3 (iv), the mapping

¢;2(x, Y, Z*) = (xr Y, _% gradz' Q(x; Y, z*))

is the inverse mapping of ¢>. Hence we have
< oQ
0z
and the second term of the right hand side of (2-5) is equal to
(33) = Pap 2og)
The function P is homogeneous in z (cf. [13, §4, Proposition 3]). By

)@@, 4, ) = —Pla, 3, 2)-2,

0
—P
; o 0Y;
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Euler’s identity, we obtain

L v = (L )@y QsisdmVy.

Y oy

The equality ¢, = ¢,°¢» follows immediately from this identity. Either
of the conditions (1) and (2) yields that (G, o, V¥ = (G, p, P o D pf,
V. V@ V¥ is a p.v. Denote by S* the singular set of this p.v. If
the condition (1) is satisfied, there exists a relative invariant P of
(G, p, V) such that ¢, and ¢» are biregular rational mapping of V — S
onto V*# — S*and V* — S* respectively. Then ¢, = gpo¢5" is a biregular
rational mapping of V* — S* onto V* — S%. This implies the condition
(2) (cf. [13, §4, Proposition 10]). Similarly we are able to prove that
the condition (2) implies the condition (1).

i

3. Partial b-functions. We keep the notation in §2.1 and assume
that F' is a K-regular subspace. By Lemma 2.4 (iii), rank X,(G)x =
rank X,.(G)x. Let P, ---, P, (resp. Q,, -+, Q,) be a complete system of
K-irreducible relative invariants of (G, p, V) (resp. (G, p*, V*)) where
n = rank X,(G)x = rank X,.(G)z. For every i, the K-rational character
of G corresponding to P, (resp. Q) is denoted by X, (resp. X¥). For a
character X in X,(@)x = X,i(@)g, let 6(X) = (6(X),, ---, 6(X),) and o*(X) =
©0*(X),, -+, 0*(X),) be the elements in Z" such that

n n
X = AW — Axo0g

Since {X, ---, X,} and {X¥, ---, X*} form two system of generators of the
free abelian group X,(G)g, there exists a unimodular matrix Ue GL(n; Z)
such that

(3-1) oAU = 6*X) (X e X,(G)x) -

In particular,
L=TI2 1<i<n)
where u,; is the (4, j)-entry of the matrix U.
For a X € X,(G)x = X,.{(G)g, we put

Pl(x’ v) = 11:-‘[1 Pf(x, y)"(l)i and Ql(x, y*) = ,]ZIth(x, yY*) R,

[13, §4, Proposition 3] implies that P, (resp. Q;) are homogeneous with
respect to the variable y (resp. *) in F' (resp. F'*). Denote by d(X) and
d*(X), respectively, the homogeneous degrees of P* and Q* with respect
to ¥ and y*:
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A1) = deg, P* = 3,3(t) deg, P, d*(1) = deg,. @ = 3,%(1); deg,. Q.

If 0*(X), = 0 (resp. 6(X), = 0) for all 4, we can define a partial differential

operator Q(x, grad,) (resp. P*(z, grad,.)) in K[z, 3/dy] (resp. K|z, 5/0y*])

such that

(3-2) o grad,)e" " = Q(a, y)e,

Px(z, grad,.)e"” = Px(x, y)ev v .

The operator @*(x, grad,) (resp. P*(x, grad,.)) has order d*(X) (resp. d(X)).
For s =(s, ---, s,)eC", set

P'(z, 4) = exp (3} 5, log (P(z, 1))
and
Q'(x, y*) = exp <§ s, log (Q,(z, y*))) .
We consider P* (resp. @°) as a function on the universal covering space
of V— S (resp. V* — S*).
LEMMA 3.1. (i) If 6*(X); = 0 for all i, there exists a polynomial

b,(s) of degree d*(X) in s = (s, ---, 8,) satisfying
Q'(x, grad,)P'(z, y) = b,(s)P***(x, ) .

(ii) If o(X); = 0 for all i, there exists a polynomial b¥(s) of degree

dX) in s = (sy, -+, 8,) satisfying
Px(x, grad,)Q"(x, y*) = by ()@ "(, y*) .

ProOF. We give a proof only for the first assertion. Denote by
F(z, y) the left hand side of the equality. It follows from the definition
of Q*(x, grad,) that

Ql(Px(g)x, gradpg(a)u) = X(g)Q"(w, gra’dy) *

Let W Dbe a simply connected neighbourhood of the identity element e
of G. Define a function X*(g) on W by setting

X(g) = exp (35,108 (L(@)) ,  log (Ule) =0.

Then we have F(o(9)(z, ¥)) = X*(9)X(9)F(x, y) for all ge W. By the pre-
homogeneity, o(W)(x, y) contains an open neighbourhood of (x, y) for any
(®,y) eV — S. Hence the equality above implies that P=*~°*(x, y)F(x, ¥)
is a constant which depends only upon s and X. Denote it by bd,(s). It
is clear that b,(s) is a polynomial in s of degree not greater than d*(X).



452 F. SATO

Let a,(s) be the part of b,(s) homogeneous of degree d*(X). Then, by
an elementary calculation, we have

a,(s)P*(z, y) = Q*(x, grad, log P*) = Q*(¢ps(z, ¥)) .

Since F' is a K-regular subspace, there exists an s, in Z™ such that ¢
is a biregular mapping of V — S onto V* — S*. Then a,(s,) # 0. Thus
the polynomial b,(s) is of degree d*(X).

LEMMA 3.2. Let X and + be characters in X,(G)g.
(i) If 6*(X); = 0 and 6*(y); = 0 for all i, then

b,v(8) = by(8)by(s + 0(X)) .
(i) If 0(X); = 0 and 6(); = 0 for all i, then
byy(s) = b3 (s)by(s + 0*(X)) .

ProoF. It is easy to see that the operators Q*(x, grad,) and
Q¥(zx, grad,) commute and Q¥ (x, grad,) = Q*(z, grad,)Q*(z, grad,). Now
the first assertion is an immediate consequence of the definition of b,(s).
The second assertion is proved quite similarly.

By using the formulas in Lemma 3.2, we can define b,(s) and b}(s)
for arbitrary character X in X,(G)x. We call the polynomial b,(s) (resp.
b%(s)) the (partial) b-function of (G, p, V) (resp. (G, p*, V*)) with respect
to the K-regular subspace F' (resp. F'*) corresponding to X.

In the case where E = {0}, FF = V and p, = p, the b-functions were
introduced by Sato and precisely investigated in [11]. It is easy to see
that our partial b-functions are the b-functions of (G7, p,, F') in the sense
of [11] and the results of Sato can be applied to our case without any
essential change. The next lemma due to Sato plays an important role

in §5.
LEmMA 3.3 ([11, Theorem 2, Theorem 3, Corollary to Theorem 3]).

There exist a homomorphism c: X,(G)y — C*, monm-zero linear forms
e, **, €, C"— C and a Gamma factor

76) = T {if 1) — pal{ll 1) — a2} @i 0560)

with the following properties:
(1) All the coefficients of e, ---, e, are non-negative integers,
(2) by(s) = cX)v(s)/7(s + o(X)).

Notice that b¥(s) has a similar expression in terms of the Gamma
function.
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For the general theory of b-functions, see [11] and [12]. The deter-
mination of b-functions for irreducible p.v.’s is treated by Kimura in [7].

4. Definition of zeta functions. Let (G, p, V) be a p.v. defined
over @ and denote by S the singular set of (G, 0, V). Let P, ---, P,
be a complete system of @-irreducible relative invariants of (G, p, V).
We denote by X, the character corresponding to P, (1 < ¢ < n). For any
x eV, — 8, denote by G? the connected component (with respect to the
Zariski topology) of the identity component of the isotropy subgroup of
G at x and put

(4-1) Vo={re Vy — Sp; X(G?)e = {1}} .
The set Vj is o(Gy)-stable.
LEMMA 4.1. If V, is not empty, then rank X,(G), = rank X(G),.

PrROOF. Take an xze€ V, and put m = [G,: G?]. Since X|s. =1 for
any X e X(G), X(g)™ =X(g™) =1 for all geG,. This implies that {X™;
X e X(G)o} © X,(G)o. Hence we have rank X,(G)x = rank X(G),.

We always assume that V, is not empty. Let 2 be a right in-
variant algebraic gauge form on G. Define a character 4 of G by the
following formula: Q2(gx) = 4(¢)2(x). Then 4¢ X(G),. By Lemma 4.1,
there exists a natural number d such that (detp-47")%e X, (G),. Put
0 =(0, -+, 0, = d*o((det p-471)%):

(det p(g)4(9)™)* = TT Xi(g)™ .

Let G be a subgroup of the real Lie group G, containing the con-
nected component of the identity element. Then V; — Sy is decomposed
into a finite number of Gg-orbits (see the proof of Lemma 5.1). Let
Ve—Sg= V.U --- UV, be the Gi-orbit decompositon. Let |4| be the
character of Gj defined by |4]|(¢9) =|4(9)|. Normalize a Gx-relative
invariant measure w(x) on Vi — Sz with multiplier | 4] by setting w(x) =
| P(x)|°dx where |P(x)|™° is an abbreviation for |P(x)|™ ---|P,(x)]|™»
and dx is a Euclidean measure on V,. Let dg be a right invariant
measure on Gji. Then

[, F=o)dg = 410 |, Flo)dg (FeLiGi; dg))

We fix a matrix expression of G and a basis of V compatible with the
given Q-structure of (G, p, V) and such that o(G,)V,cCV,. Put

={geG, NGk X(9) = - =X(9) =1}.
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For any ze Vy, we set GF =G, NG% and I', = I'NGf. Then, by [8,
Theorem 9-4], G} is unimodular and G;}/I', has a finite invariant volume.
We normalize a Haar measure dy, on G; such that

*-2) |, Fodo = . 0@ | , Famap.m

R
(Fe LNGE; dg), ze V). Put p() = SGW dp, (ze V).

Let L be a po(I')-invariant lattice in Vo and set L' =LNV, and
L,=L'NV, 1 =4=<v). The sets L', L,, ---, L, are also p(I')-invariant.
Denote by I'\L, the set of all o(I")-orbits in L.

In the sequel, we use the symbols | P(x)|* and |X(g)|* as abbreviations
for

MIP@M  and  TT(X(g)"
respectively (x € Vg — Si, g€ Gg, s€C™).
DEFINITION. The Dirichlet series
&(L; s) = “zr‘(Li ()| Px)|— (seC", 1 =i =)

are called the zeta fumctions associated with (G, p, V) (and L).
In the following, we assume that

(4-3) the Dirichlet series &,(L;8), ---, &(L; s) are absolutely convergent
in a domain of the form {s€C";Res; > a; (1 £ 1 < n)} for sufficiently
large real numbers a,, ---, a, .

For an f e .$(Vy), we consider the following integrals:

o(fi5) = | 1P@)If@ir A <isy)
and

A5 Lis) =\, 1M 5 Floomd .

R
When Res, >0, ---, Res, > 0, the integrals @,(f; s), - - -, 9,(f; s) are abso-
lutely convergent and represent holomorphic functions of s (cf. Lemma
5.2). The following lemma, which gives an integral representation of
&, -+, &, is an immediate consequence of the assumption (4-3).

LEMMA 4.2. Leta,---,a, be as in (4-3). Then the integral Z(f, L; s)
(f € A(Vy) is absolutely convergent in the domain

B = {seC";Res, > Max(a;, 0;) (1 <1 < n)}
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and the following identity holds:
Z(f, L; s) = 3, 6(L; )0 f; s — 3) (s¢B) .

REMARK. It is a conjecture that the condition (4-8) always holds for
a =20, -+, a, =0, (cf. [14, p. 154, Remark 1]). In [23], we shall establish
the conjecture in a particular case.

5. Partial Fourier transforms of complex powers of relative in-
variants. 5.1. In this section, we keep the notation in §2 and §8 and
we always assume the following two conditions (5-1) and (5-2):

(5-1) (G, p, E) and (G, o, F') are defined over a subfield K of R and
F is a K-regular subspace of the p.v. (G, 0, V)= (G, 0. D 0, V.D V).

(5-2) The singular set S of (G, p, V) is a hypersurface.

Here the subspaces E and F' may be {0} and V respectively. Lemma
2.4 (1) and (v) imply that these conditions are satisfied also by the p.v.
(G7 P*: V*) = (G, pl@ p;kr E®F*) and F*‘

For simplicity, we further assume that

(5-8) there exists a positive integer d such that (det p,)* € X,(G)g.
Let Gf be as in §4.

LEMMA 5.1. Under the assumption (5-1), the sets Vy — Sz and
V% — Sk decompose into the same finite number of Gg-orbits.

Proor. By (6-1) and Lemma 2.4, there exists a relative invariant
P(x, y) with real coefficients such that ¢, is a biregular mapping from
V — S onto V* — S* defined over R (for the definition of ¢,, see (2-3)).
Let X be the rational character corresponding to P and let @ be a rela-
tive invariant of (G, p*, V*) corresponding to X™*. By Lemma 1.2 (ii),
the character X and X are defined over R and we may assume that @
has real coefficients. Then it follows from Lemma 2.4 (iv) that the inverse
mapping of ¢, is ¢, and is also defined over R. Hence, by (2-4), the
mapping ¢, gives a Gi-equivariant homeomorphism between V; — Sy and
V% — S¥. This implies that there exists a one to one correspondence
between Gi-orbits in V, — S and those in V} — S%. Since Gi contains
the identity component of G, the number of Gj-orbits in Vi — Sy is
not greater than that of the topological components of V; — Siz. By
[8, Proposition 2.3], it is finite.

Let
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Ve—Se=V,U---UV, and VE—-Si=V¥U---UV;

be their Gg-orbit decompositions. Let dx, dy and dy* be Euclidean
measures on Ky, F, and F'} respectively. Put

0(f;9) = | |Pa, 0)I'f(x, y)dady
and

0:(7%9) = | 19, v *@, y*)dady*

115y, seC feF(Vy), f¥*€ (V). The meromorphic properties
of complex powers of polynomials were studied by Bernstein and Gelfand
[1]. The following lemma is essentially due to them and is proved by
the method indicated at the end of [1].

LeMMA 5.2. (i) When Res, >0, ---, Res, > 0, the integrals @,(f; s)
and OF(f*;s) are absolutely convergent and represent holomorphic func-
tions. Moreover they have analytic continuations to meromorphic func-
tions of s im C™.

(i) There exist I'-factors Y,(s) and Y.(s) independent of f and f*
of the form

Yo(8) = TL I (@ussy + -+ + sy +b) (2, b,€Q),
i=1
Yols) = TL (atis, + -+ + afus, + b7 (a, b € Q)
1=1
such that Y,(8)7'@,(f; 8) and Y,.(s)'@F(f*;s) are entire functions.
(iii) The mappings

F Vo f—0,(f;8)€eC and A (Vi)s f*— 0f(f*;5s)eC

are tempered distributions depending meromorphically on s. Let D, be
a bounded domain in R™ such that @,(f;s) and @F(f*;s) are holomorphic
Ffunctions in the tube domain D = D, +V —1R". Then the orders of
these tempered distributions are bounded for se€ D.

By Lemma 2.5, we have det p,(9)* € X,(G)x. Set
(5-4) A= (N, v 00, ) = 27%0((det 0,)°) -

For any f* e sA(V}), we define the partial Fourier transform Ff*
with respect to the K-regular subspace F'* by setting

FF@,w) = | £ v, vyt (@9 eV .

R

Let 7(s) and ¢(X) be as in Lemma 3.3. Put
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c(8) = () -+ - c(X,)"
and
a*(s) = s,-deg,.Q, + - -+ + 8,-deg,.Q, .
Then ¢(0(X)) = ¢(X) and d*(0*(X)) = d*(X). Also put
O(f;8) = “D(f;8), -+, Df;8)

and
O*(f*;8) = ((@F(f*58), -, OX(f*; 9)) -
Now we can state the first main theorem of the present paper.

THEOREM 1. The functions @.(f;s), ---, D,(f;s) and OF(f*;s), ---,
DX (f*; s) satisfy the following functional equation:

(-5)  O(F[*;8) = o(—s)(—2aV =1)" V() A()D*(f*; (s + M)

where A(8) 18 a v X v matrix whose entries are polynomials in
exp (+n1 —1s,), - -+, exp (w1 —1s,).

We are able to prove Theorem 1 by using the similar argument to
that in [11] and [16] where the theorem is shown under the additional
assumptions that E = {0}, F =V, p = 0,, K = R, X,(G)r = X,(G)c and G
is a reductive algebraic group. For the sake of completeness, we shall
give a proof.

PROOF OF THEOREM 1. As is easily seen, it is sufficient to prove the
theorem for the case where the group Gi is the identity component of

Gr. Then the sign of any relative invariant does not change on a G-
orbit. For any ¢ 1 <7 <), set

(1) = (&), * -+, &.(9) , ¢;(1) = sgn Py(w, y), (&, y)eV;
and
e*(i) = (ef(@), -+ -, ex(@),  ef(i) = sgnQy(x, ¥*), (v, y*)eV¥.
Moreover we define &(¢)* and ¢*(¢)* by the formulas
ey = Ie,0) and e*G)y = [T ef(iy
where ¢;(3)% (resp. €f(3)%) = exp (21 —1s;) or exp(x1 —1s;) according as
e;(1) (resp. €f(7)) =1 or —1.

LEMMA 5.3. (i) For any X e X, (G)x such that 6*(X),, -+, 6*(X), = 0,
we obtain

?,(Q*(z, grad,)f; s) = (—1)"Pe(i)’ Pb,(s)D,(f; 5 + (X))
(feAVa, 1=i=v).
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(ii) For any X e X,(@®x such that 6X), ---, 8(X), = 0, we obtain
O(P*(x, grad,)f*; s) = (—1)*Pe*(i)"0bi(s)DF(f*; s + 6*(X))
(f*eAVE, 1Sis).

PrOOF. Integrating by parts, we can easily derive the formulas
from Lemma 3.1.

For fesA(Vy) and f*eA(VY), put fi(z, y)= f(olg)x, y)) and
S, y*) = f*(o*(g)e, y*)) (geGE). It is easy to check the following
lemma.

LEMMA 5.4.
(1) @.(f,; 8) = |X(g)|~*|det p(9)|7'D:(f; 8),
(i) @F(fF;s) = [X*(g)|7*|det p*(9)|7'@¥(f*;8) (9 G, L =i = ).

LEMMA 5.5. The functions @,(f;s), ---, @,(f; ) and OXf*;s), ---,
DX (f*; 8) satisfy the following functional equation:

O(F[*;8) = e(—s)(—2mV =" () A)0*(f*; (3 + M) U)

where A(s) 18 a v X v matriz whose (i, j)-entry A,(s) is a product of
e*(9)Ve(i)™* and an entire function t.(s) of s with the period lattice Z™:

Aii(s) = €*(9)"Ve()":5(8)

ProOF. Consider the continuous linear forms T, and T on C(V¥) de-
fined by T.,(f*) = @(Ff*; s) and T¥(f*) = ®F(f*;s). Since F(f*)(x, y) =
|det 0,(¢)[(Ff*)y(®, ¥), we have, by Lemma 5.4 (i),

T.(f*) = |det i) [T X(@) [T (f*) (9e€GR) .
On the other hand, it follows from (3-1) and Lemma 5.4 (ii) that
Tiao(f) = |det 0y() |71 X(9) | TEs0(f*) (9 €GR) -

Therefore, by a theorem of Bruhat (see, e.g., [22, Theorem 5.2.1.4]),
there exists a constant h,;(s) independent of f* such that T,(f*) =
hii(8)TE u(f*) for any f*eCp(V}). The meromorphy of h,(s) is an
immediate consequence of Lemma 5.2 (i). This equality implies that

(5-6) OLFF*9) = 3, @03 (£ (6 + M)U)

for all f*e C>(Vk — S%). If we define a tempered distribution 7T, on V}
by setting

TUf*) = O(FT*;s) — z hi(OX(F*; (s + MU ,
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then the support of T, is contained in the hypersurface Sk. For a
X € X,(G)g with o*(X),, ---, 0*(X), = 0, let Q*(x, grad,) be the partial dif-

ferential operator introduced in §3. Then
F(Q ), y) = @rV —1)"*0Qx(x, grad,).Ff*(x, y) .
Hence Lemma 5.3 (i) yields that
(@ T)(F*) = (—21V =1) Py Dby ()0 F 1 *; s + 0(X))
— 3 S PO 6 + 3 + M) -

Let D =D, + VvV —1R" be as in Lemma 5.2 (iii). There exists a constant
M such that the order of 7, does not exceed M for all seD. If
o*X),, -+, 0*X), = M, we have by [16, Lemma 1.3]

(5-7) (Q@T)(f*)=0 (seD)

for any f*e A(V%). Comparing (5-6) with (5-7) for f*eC(Vk — S¥),
we obtain

(5-8) (s + dX) = (—2mV =1)*Pe*(4)" P e(d) Vb, (8) hus(s) -

The equalities (6-7) and (5-8) imply that the functional equation (5-6) is
valid for any f*e S2(V%) and for any s in D + é(X). By the principle
of analytic continuation, we see that (5-6) holds for any s in C*. Making
use of the cocycle property of b,(s) (cf. Lemma 3.2), we can easily check
that (5-8) holds for any X € X,(G)r. Hence the functions

ti(8) = e(8)(—2mV —1) WY (s) ¥ () *e(@)hus(s) (L <4, § S v)

are periodic functions with the period lattice Z" = §(X,(G)x). We have
by (5-6)

ti(8) = o(8)(—2mV —1)~*Wv(8)e*(§) " e(Q)OLF [ *; )} (F*; (s + MNU)™

for f*eC(V¥). By Lemma 3.3 (ii), the function 7¥(s)™* is holomorphic
if Res, ---, Res, are sufficiently large. Moreover, for a given s, we
can choose an f* such that @F(f*;(s + AM)U) # 0. Therefore t,(s) is
holomorphic if Res, -, Res, are sufficiently large. Since ¢,(s) is peri-
odic, this implies that ¢,,(s) is an entire function for any 3, j.

The rest of this paragraph is devoted to the proof of the fact that
t.;(s) is a polynomial of exp (+271 —1s,), - - -, exp (£271 —1s,).

Take bases of Ey and F'¥ and identify them with R? and R’ respec-
tively (p = dim E, ¢ = dim F'*). Put

2, o* Il = @0+ -+ +af + 4" + o+ 97)”
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for (x, y*)e Vi = Ex D F%. For a multi-index a = (a,, - -+, o), set
alal ot aal oo aaq
oy**  oyrm Yy

as usual. We define a semi-norm Y.y on F(VE) by

lal=a,+ -+ + a,,

vl = Sup (@ + lls, w01 B |-2p @, v7)

(z, 4% eVR al=N ay*“ }
(M,N=0, 1’2: "') .
Denote by C*¥(V%) the subspace of C=(V¥) consisting of all functions

f* such that vy, y(f*) < +co.
The following lemma is easily proved.

LEMMA 5.6. Let D, be a compact s@iet of R = {(uy, +--, uw,) €R™;
;>0 (1 =<1i=n)} and put D= D, + V' —1R". Then there exist positive
integers M, N, M* and positive constants ¢, ¢* such that

|0(FT*; 8)| < evun(f*) s |PHS*;8)| < *Vue o f*)
l=sisy ffeAVi), seD).

As is already noticed in the proof of Lemma 5.5, we can find a con-
stant 8 such that 7(s)™ is holomorphic in the domain

2,={seCRes;, >R (1=i1=n)}.

Take two points ¢t = (¢, ---,¢t,) and » = (v, +--, 7,) in R2U™* satisfying
the conditions

R.U'D[t,t, +1] X -+ X [t, ¢, +1],
(5-9) L—Nn—r>8 =t=n),
ry o, T€Z.
Set B={seC”t;<Res;, + =t +1 AL =1=Zn)

LEMMA 5.7. There exist positive integers M and N such that the
functional equation in Lemma 5.5 holds for any f*e€C™¥(V¥) and for
any s€B.

ProoF. Let X be a character in X,(G)x such that 6(X) = . Since
0*(X)y, -+, 0*(X), = 0, it follows from Lemma 3.3 and Lemma 5.3 (i) that

V(E)TO(F[*; 8) = (—1)*Pe(i)’Pe(X)v(s — o)™
X 0@ (x, grad,).F *; 8 — o(X)) .
By (6-9), B — 6(X) is contained in 2,. Hence, by Lemma 5.6, we have
(5-10) [7(8)'0(F[*; 8)| < el V(s — 0X)) | T'vu,n(f*) (s€B)
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for some constant ¢,. Since (B + A\)U is contained in R?, we may assume
that
|0F(f*; (8 + MU)| < evu,n(f*) (seB)

fori soine constant ¢,. For any v > 0, put B(v) = {se€ B; |Ims| < v}. The
set B(v) — d(X) is a compact subset of £2;. Therefore we obtain

|7(8) 7' @(Ff*; 8) — e(—s)(—2my —1)*® JZ=‘; e*(3)7e() "t (8)@F (f*; (s + M) U) |

< ey, n(f*) (s€B(v))

where ¢, is a constant depending only on ». For any f* e C*¥(V}), there
exists a sequence {f;*}3, in (V) such that vy, y(f* — f*) > 0as j — .
Hence the functional equation in Lemma 5.5 holds for any f*eC*'¥(V})
and for any s B(v). Since v is an arbitrary positive number, we con-
clude that the functional equation holds for and f*e C¥¥(V¥) and for
any s€B.

Now we construct functions contained in C*™¥(V%) explicitly. Let
¢: R® — G% be an analytic homomorphism such that

xi([(uli ] un)) = U (1 é ": é n)
and define a mapping ¢,: V} — G§ by putting

(@, y*) = (1@, y*)|7, -+ -, |Qulw, )™ .
Set
K} ={@y")eVhQ@ y*) =¢e(@) A=iZn).

We choose a differential form 6 on V¥ such that
do, N\ Ndo, ANdyF A -+« AdyF =d@, A -+ ANdQ, NG .

Denote by |6| the measure on K;* determined by . Take a ¥ in C(K})
such that

[ v umlol=1.
K5

Let g(u) be a function in C*(R) satisfying the following conditions:

(5-11) All the derivatives of q(u) are bounded functions on R and the
support of q(u) is contained im [1, o).

(56-12) Put
i) = S wqu)du (Rez < 0).
[]
For every pair of positive numbers a,, a, (a,> a,), there exists a constant
¢ > 0 such that
13(2)] = c-exp(—|Im2z["*) (—a, <Rez < —ay).
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The existence of such a function ¢(u) is guaranteed by [16, Lemma
1.4]. We define a function f*.(x, y*) by the formula
0 if (w,y"eVy,
fiue, y*) = 41Q: - - - Qulx, ¥*) I"Lg q(|Qi(, ¥*) vy (0™ (te(®, ¥y™))(x, ¥™))
if (x,y*)eVF}.
It is obvious that the support of f;, is contained in the set
{(x, y) e VE |Qux, y*)| =21 A =1 = n), 0%, ¥*)(@, y*) € Supp (v)} .

For given M, N, if L is sufficiently large, f;*, € C***(V%). By the assump-
tion (5-3), we can find a ¢ = (g, ---, #.) € Q" such that d-p = d((det p,)%).

LEMMA 5.8. Let X, (1 £k < n) be the k-th component of (¢t — \)U.
When L > Res, + X, ---, Res, + X,
Igﬁ(sk +M—L) (=3
0 (1 #179).
ProOF. Itis clear that @}(f*.;s)=0 for i j. Since d™'d((det p*)*) =

¢ — \ for some positive integer d, we have

OF(fif; 8) = SV,_ g {1 Qu(e, y*) " q(| Qu(x, ¥™*) DI} (0*(te(w, ¥™))(w, y*))dwdy*

O (fi;8) = !

=11 {"wwiquydu | g3, y7)i0) = a6 + % — I .

J

Let M, N and B be as in Lemma 5.7. Take an I such that
[, eC¥(V¥%) and L is larger than the real parts of all the components
of the vector (s + #)U for se B. Then, by Lemma 5.7 and Lemma 5.8,
we obtain

t.i(8) = e(s)(—2mV —1) ™"y (s)"e*(§)~""e(d)’
X 073238 [LA(3, @ + pun — L) (s€B)
where u,, is the (h, k)-entry of U. It follows from (5-10) and (5-12) that
[tis(8)| < ele(s)(—2mV —1)~*We*(5)~ " e(i)']
X |7(s — 80) |~ TT exp <[§ Im syu| ) (s€B)

for some constant ¢. Hence the Stirling formula yields the following
estimate:

[t5(8)| < ¢’ exp(a,/Ims,| + -+ + a,/Ims,|) (seB)
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where a,, ---,a, and ¢’ are some positive constants. Since f(s) is a
periodic function with the period lattice Z" and B is a fundamental region
of C* for Z*, this inequality holds for any seC®. This implies that the
function t,(s) is a polynomial in exp (%271 —1s,), - - -, exp (+271 —1s,).
Theorem 1 is now completely proved.

REMARK 1. The assumption (5-2) can be replaced by the following
assumption:

For a generic point x of (G, 0, E), the singular set S, of (G2, 0., F')
18 a hypersurface.

REMARK 2. The condition (5-3) is assumed for the sake of simplicity.
We are able to avoid it. In the application to functional equations of
zeta functions in the next section, this condition is satisfied.

REMARK 8. Let H be a subgroup of X,(G)g containing the character
det p,(9)>. Putm =rank H. LetP, ---, P, (resp. @, ---, Q,) be relative
invariants with real coefficients of (G, o, V) (resp. (G, po*, V*)) such that
the characters corresponding to P, ---, P, (resp. Q, ---, @,) generate
the group H. Then if we modify the definitions of U, \, @,(f;s) and
@F(f*;s), an analogue of Theorem 1 remains valid.

REMARK 4. An algorithm to calculate A(s) explicitly is obtained
for a fairly wide class of p.v.’s by the method of micro local calculus
(see [10] and [19]).

5.2. For a later application, we shall prove a lemma which enables
us to reduce the calculation of partial Fourier transforms to the special
case where = {0}, FF =V and p = p,.

Put »=n —rank X, (G)x. As is observed in § 2, we may assume that
P.,---, P, (resp. Q,,, -+, Q,) are independent of the second component
yeF (resp. y*e F'*) and

(5-13) P(z,y) = P(z) = Qi) = Qix,y*) (r+1=i=m).
In this case, the matrix U is of the form
Uu, U,
5-1 U= >
G-14 ( 0 E,_

where U,e GL(7),, U, e M(r,n —r;Z) and E,_, is the identity square
matrix of size » — ». By Lemma 2.4 (iii), the group X,,,(G?)x coincides
with X, (G2)x for any K-rational generic point « of (G, p,, E). It fol-
lows from Corollary to Lemma 2.2 that X, [s., - - -, X, [¢; and X¥|g, - -+, X¥[s:
form two systems of generators of this group. The matrix U, gives
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the relation between these two systems of generators, namely,
Keloy = I (e (U = (ishseiar) -

By (5-4), we have

det 0,(9)"ls; = IT (U@)1a)™ -

Put =0, -+, 7,0, ---,00€(27'Z)". Let S*' be the singular set of
(G, p, E). Consider the projection mappings

p: Ve — Sy —Er — Sk and p*: V¥ — St —Ex— St.
These mappings are Gg-equivariant and surjective. Let Ei — Si =
w,U--- Uw, be the Gf-orbit decomposition. For an rew,, put GF =
G, N GE. For simplicity, we assume that
(5-15) G C(G)g -
There exists a one to one correspondence between Gg-orbits in » ' (w,)
(resp. p*Y(w;)) and G;-orbits in Fx — S,z (resp. F¥ — S}z). Hence by
Lemma 5.1, the number %k; of Gj-orbits in p~(w,) is equal to that of
Gi-orbits in p*Yw;)) 1 <+1<t). We have k, + --- + k, =v. We may
assume that

@) = Vioosrgor U o U Vi s
and

p*_l(a),-) = Vl‘t+"'+ki—1+1 U e U V]::l+"'+k£—1+ki (1 é ’I: é t) .

For an z c w,, set

F(x); = {y e Fg; (@, ¥) € Vigrootby_ i}
and

F@); ={yeF&; (2, y) e Vi, it ASISk).
Then the Gj-orbit decompositions of Fx — S,z and Fx — S}, are given
by
Fr—S,p=F@)U--- UF(),, and Fg—Si=F@)!U- - UF@); .
We set

Oz, £9) = |, 1@ I @)y

n

= 1L 1P@0 | 1P wsaady

j=r+1
and
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o1, 159 = | 1@, vy

= 1@, 11w vl wdy

Jj=r+1

(f e AFw), f*eAFY), seC),
The Fourier transform f* of f* e o/(F) is defined to be

P =\ | e, yolae .

R

Set

O(x, f*; 8) = “(@y(x, f*;8), -+, By (x, F*;8)) ,
@*(x9 f*) 8) = t(@f(x’ f*; 3)’ ) @Ifi(xr f*y 8))

o= (3 o)
*\o E._)°

Since the condition (5-1) implies that (G¢, o, F') is regular over K,
by Theorem 1 and Remark 3, there exists a k; by k; matrix A(x;s) of
meromorphic functions of s, which is independent of f*, such that

(5-16) D(x, f*; 8) = Alw; 8)0*(x, £*; (s + M) T) .
Note that the matrix A(x;s) depends only on s, ---, s,.

and

LEMMA 5.9. Let z%, ---, 29 be points in w,, - - -, @, respectively. If
| Pop(x®)] = -+ = | P,(x")| =1 for every 1 =1, .-+, &, then

A(x®; s)
( - ) = ¢(—8)(—2mV/ =1)*W7(s)A(s) .
A(x?; 8)

ProOF. For fe P (Fy) and f*e A(F§), we put f,(y) = f(0.(9)y) and
frW*) = X0 (9y*) (9€Gx). Then,
(o, (g)x, f;8) = |X(g) "M D(, f,; 8)
and
D*(0,(g)x, *;8) = |X¥(g) " P* (=, £*; 8)
for any x ¢ Er — S and any geGg. The following identity is an im-

mediate consequence of these formulas: A(p,(g)x;s) = |X(g)|*A(x; s) where
z2=8+xN— (s +A)T,U". Hence, for any zcw; we have

(6-17) A(x; s) = | Px)|"A(x'; 8) .

Since 2z, = --- =2z, =0, we write |P(x)|* here for |P(x, y)|*. Suppose
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that Res,, ---,Res, > 0 and f*eCp(Vy — Sk). Then
6-18) 07749 = (| 0@ (T 0de, o, | 0@ (FF7).; )da)

and
6-19) 00 = ([, 0@ srisyds, oo | 07w, 23 0)da)

where (Ff*), and fF stand for the functions on F, and F}} defined by
(F)y) = Ff*@,y) and fX(y*) = f*(x, y*) respectively. We get
(FF*), = f¥. Denote by A'(s) the left hand side of the equality in the
lemma. Then the identity

D(F[f*8) = AP*(f*52 + (s + )Ty (f*eCo(VE — S¥)

follows from (5-16), (5-17), (5-18) and (5-19). Since z + (s + AU, = (s + M) U,
we have A'(s) = c(—s)(—2x1 —1)*@v(s)A(s).

6. Functional equations of zeta functions. Throughout this section,
in addition to the conditions (5-1) for K =Q and (5-2), we assume
that

(6-1) for any z = (x, y) € Vo — Sy, the group X(G3)e s trivial, namely,
Vo = Vo — So (for the definition of Vg, see (4-1)).

By Lemma 2.4 (iii), this assumption is also satisfied by the p.v.
(G, p*, V*) = (G, 0,D p¥, E® F*). The condition (5-3) follows immedi-
ately from (6-1) (cf. Lemma 4.1).

As in the previous section, let G be a subgroup of G, containing
the connected component of the identity element and let

Ve—Seg=V,U---UV, and V¥ —Sx=V*xU---UVr

be the Gg-orbit decompositions.

We fix a matrix expression of G and bases of E and F' compatible
with the given @-structures of (G, po,, E) and (G, o, F)) such that
0(GE, C E; and p,(G,)F,C F,. We define a @-structure on (G, p¥, F'*)
by taking the basis dual to that of F. Let M and N be 0,(G;)- and
0,(Gz)-stable lattices in E, and F, respectively. Denote by N* the
lattice dual to N:

N* ={y*eF¢§; <y, y*> e Z for all yecN}.

It is obvious that N* is poy(G,)-stable. Put L = M@ N and L* = M@ N*.
Then L and L* are p(G,)- and p*(G,)-stable lattices in V, and V§
respectively.
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Set
I'={geG,NGxX(g=11A=i=<n)}.

By (6-1), applying the argument in §4 to (G, o, V) (resp. (G, p*, V*)),
we can define zeta functions &(L;s), ---, &(L;s) (resp. &X(L*;s), ---,
& (L*; 8)).

We further assume that
(6-2) the Dirichlet series &(L;s), ---, &(L;s) (resp. &X(L*;s), ---,
¥(L*; 8)) are absolutely convergemt for Res, > a, ---, Res, > a, (resp.

Res, > af, ---,Res, > ax) for some positive real mumbers a, ---,a,
(resp. af, ---, ax).

As in §4, let 6 and 6* be the elements in Q" such that

(det p(9)4(g)™)? = Xu(g)™ - - - X (g)¥»
and

(det p*(g9)4(g)™)" = X (g)*1 - - - X¥(g)*
for some integers d and d*. Then we have 6* = (6 — 2A)U. Put
B ={seC"; Res; > Max(a;, d,) 1 =<1 = n)
and
B* = {seC"; Res;, > Max (a}, 6}) A =1 = n)}.

By Lemma 3.2, we have the following integral representations:

63  ZLLio=|, M) 5 s
Q

= Sl 90(f55 —8) (feFAVa), s€B)

and
G0zt LG50 =| . 1TOF, 5 et
GR/[‘ z‘eL‘—S‘é
= 3 (LY 905 — ) (f*e AV, seBY).
Denote by D (resp. D*) the convex hull of (B*U™ + \) UB (resp.
(B —2UU B*) in C*. Notice that (D — \)U = D*.

LEMMA 6.1. Let f* be a function in A(Vg) such that f* and
Ff* wvanish on the singular sets S* and S respectively. Then
Z(Ff*, L; s) and Z*(f*, L*; s) have analytic continuations to holomorphic
functions of s in D and D* respectively. Moreover they satisfy the
functional equation
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Z*(f*, L*; (s — NU) = o(N*)'Z(F[*, L;s) (seD)
where »(N*) = S dy*.
Fh/N*
Proor. Take points be Z"N B and d*ec Z"N(B*U" +\). Putp =

By *++yBa)=b—b*and X = X1 ... X!, We define four domains D,, D_,
D* and D* as follows:

D, ={seC" s + tReB for some ¢t = 0},

D_={seC" s —tgeB for some ¢t = 0},

DY ={seC"; s — tgUe B* for some t = 0},

D* = {seC"; s + tgU e B* for some t = 0} .

Set
Z(, L=\ Mol 3 Fle@nd,
Z(, L=\ Ul 5 fle@nds,
Zrf e = | @F S F et 0
and
zxf L9 = QP S F e

(f e A(Vg), f*eAVi))-
Since Z(f, L; s) (resp. Z*(f*, L*;s)) is absolutely convergent in B (resp.
B*), Z.(f, L; s) (resp. Z¥(f*, L*;s)) is absolutely convergent in D, (resp.
D*) and we have
4(f, Ly8) = Z,(f, Ly s) + Z_(f, L; 3) (seB)

and

Z*(f*, L*;8) = ZX(f*, L*; 8) + Z*(f*, L*;s) (seB*).
We are assuming that f* and Z#f* vanish on S* and S respectively.
Hence the Poisson summation formula yields the following equality:

@I 3 FFe@n) = vNY) 5 FHe @) (9eGi).
By this formula, we obtain at least formally
(6-5) ZX(f*, L*; (s = MU) = o(N*)'Z(F[*, L; 8)
and
(6-6) ZX(f*, L* (s = MU) = o(N*)TZ_(F ¥ L; s) .
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The right (resp. left) hand side of the equality (6-5) is absolutely con-
vergent in D, (resp. D*U '+ ). By the choice of B3, the segment joining
b and b* is contained in D, and the set D, N (D*U~* + \) is a non-empty
connected open set containing the neighbourhood of b*. Hence the funec-
tions Z (Ff*, L; s) and Z*(f*, L*; (s — A)U) are continued holomorphically
in D, U(D*U* + \) and the equality (6-5) actually holds in this domain.
The same argument shows that the functions Z_ (&Zf* L;s) and
Z¥(f*, L*; (s — \)U) are continued holomorphically in D_U (DXU™ + \)
and the equality (6-6) also holds. Thus we get the functional equation

(6-7) Z*(f*, L*;(s —\U) = Z¥(f*, L*; (s =M U) + o(N*)"'Z.(Ff*, L;s)
= v(N*)"'Z(Ff*, L;s)

and both sides of the equation are holomorphic functions of s in
{(DLU@D*U + WIN{D_U(D*U + \)}. This domain contains the union
of B, B*U™* + A and the segment joining b and b*. Hence, by [5,
Theorem 2.5.10], the identity (6-7) holds for se D.

We shall construct rapidly decreasing functions with the property
mentioned in the lemma above by the method indicated in [14, p. 169,
Additional remark 2]. We may assume that (5-13) holds for P, ---, P,
and @, ---,Q,. Put X, =%, ---X, and Xp =X} --- X}.

LEMMA 6.2. (i) For an f*eCo(VyF), put f* = P'r(x, grad,.)f*.
Then the function Ff* vanishes in Skg.

(i) For an fieCy(V)), put f* = F Q' (x, grad,)f;) where F *
stands for the inverse tramsformation of the partial Fourier transform
. Then the function f* vanishes in Sk.

PrOOF. (i) Integrating by parts, we have
FH@, y) = (-2 =1)'P'*(z, y).F f*(x, y)

where d = deg, P, + --- + deg, P,. The assumption (5-13) implies that
Sg = Sk X FrU{(w, y) € Vg; Pz, y) - -+ Pz, y) = 0}. Since Ff*(x,y) =0
for any (x, y) € Sk X Fg, Ff* vanishes in Sg.

(ii) We omit the similar proof to that of (i).

Put bx(s) = b,,.(s) and bp.(s) = b.(s). We call bu(s) (resp. by(s)) the

partial b-function of (G, p, V) (resp. (G, p*, V*)) with respect to the
Q-regular subspace F' (resp. F'*).

THEOREM 2. (i) The Dirichlet series ¢&(L;s), ---, &(L;8) (resp.
EX(L*;8), »++, EX(L*; 8)) have analytic continuations to meromorphic func-
tioms of s in D (resp. D*).
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(ii) The functions by(s — 6)&(L;s), «--, be(s — 0)&,(L;8) (resp.
bp(8 — 0%)EX(L*; 8), -+, bp(s — 0%)EX(L*; 8)) are holomorphic in D (resp.
D*).

) (iii) Put
&(L; 8) = (&L 8), -+, &(L; 8))
and
g*(L*; 8) = "(&X(L*; 8), -+, &X(L*; 8)) .
Then the following functional equation holds for s in D:
(6-8)  w(N*)E*(L*; (s — M)
= ¢(d — 8) (=2 —1)*ey(s — §)*A(s — 8)&(L; 8) .

Proor. Let f* and f* be as in Lemma 6.2 (i). By (6-3), (6-4) and
Lemma 6.1, we have

(6-9) XL (s = NU)OF(f*; (s — MU — 0%)
= o(N*)™ 2 E(L; )D(FF*; 8 — 0)

where both sides of the equality are holomorphic functions of s in D.
We are able to take an f;* such that the support of f* is contained in
a connected component of V¥ and @F(fF*;(s — MU — 6* + 6*(Xz) # 0.
Then the sign of any relative invariant does not change in the support
of f*. Lemma 5.3 (ii) implies that

PH(f*; (8 = MU — %)
= (=1)""Pef" P bp((s — MU — 0PI (fF; (s — MU — 6" + 6" (X))

Hence the function b.((s — AU — 0%)&f(L*; (s — N\)U) is holomorphic in
D. Since (D — \)U = D*, this proves the assertions (i) and (ii) for &F.
The similar argument applied to f; and f* given in Lemma 6.2 (ii) shows
that &, ---, & have the analytic properties asserted in (i) and (ii). Since
(0 — 2\)U = 6%, the functional equation (6-8) is an immediate consequence
of (6-9) and Theorem 1.

COROLLARY 1. Let (G, p, V) 18 a p.v, with a reductive algebraic
group G satisfying the conditions (5-1), (6-1) and (6-2) for E = {0}, F =V
and K =Q. Then the zeta functions &(L;s), ---, &(L; s) have analytic
continuations to meromorphic functions of s in C*. Moreover the func-
tions by(s — 0)&,(L; 8), - -+, by(s — 0)&,(L; 8) are entire functions of s.

PrROOF. When G is reductive, the condition (5-2) is derived from
the condition (5-1) for E = {0} and F' =V (see [13, §4, Remark 26]).
Hence we are able to apply Theorem 2 to (G, o, V) and our task is only
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to show that the convex hull D of (B*U™ + A\) U B coincides with C".
By [18, § 4, Proposition 24], we may assume that U = —E,. This implies
that D = C".

Corollary 1 is generalized as follows:

COROLLARY 2. Let (G, o, V) be a regular p.v. defined over Q with
a reductive algebraic group G. Assume that (G, o, V') is decomposed into
a direct sum (G, 0,D 0, W, D W,) over Q. Further assume that the con-
ditions (5-1), (6-1) and (6-2) hold for E= W, F =W, K=Q and for
E=W, F=W, K=Q. Then if L is decomposed into a direct sum
of a o(I)-invariant lattice L, in W,, and a 'pz(F)-invafriant lattice L,
in Wsy, the zeta functions &(Lj; 8), - - -, £,(L; s) multiplied by by (s — ) X
by, (s — 0) are entire functions of s.

ProOF. Since (G, p, V) is regular and G is reductive, the condition
(5-2) is automatically satisfied. The matrix U and the vector \ are defined
for each of two Q-regular subspaces W, and W,. We denote them by
U, U, \* and A®. For sufficiently large positive numbers a,, - - -, a,, put

B={seC";Res, >a, --+,Res, >a,}.

Let D, (s =1,2) be the convex hull of (BU;*+ A¥®)U B. Then, by
Theorem 2 (ii), the functions by, (s — 0)5;(L;8) (1=1,2, 1 < j <) are
holomorphic in D;. Hence by, (s — 0)by,(s — 0)§;(L; s) (1 < j < v) are holo-
morphic functions of s in the convex hull of

BU{BU™ + A} U {BU™ + A2} .

Since G is reductive and pf @ p, is the contragredient representation of
0. D p¥, by [13, §4, Proposition 24], we may assume that U, = —U,.
Therefore the convex hull of the set above is equal to C".

REMARK 1. When G is not reductive, the author does not know
whether the zeta functions have analytic continuations to meromorphic
functions of s in C™.

REMARK 2. If (G, p, V) does not satisfy the condition (6-1), namely,
Vo is a proper subset of V, — S,, the study of zeta functions becomes
extremely difficult. An example of zeta functions of this kind is the
Siegel zeta function of a ternary zero form (ef. [17], [18] and [25]).

REMARK 3. Theorem 2 was previously proved for some special cases.

If G is reductive and S is an absolutely irreducible hypersurface,
Theorem 2 was already established by Sato and Shintani in [14].
The Eisenstein series of the group SL(n) can be viewed as an example
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of zeta functions associated with p.v.’s. Arithmetic approaches to the
Eisenstein series given in Langlands [8], Maass [9], Selberg [15] and
Terras [21] are well-understood from our point of view (cf. [24]).
In [20], Suzuki showed Theorem 2 for certain zeta functions in two
variables related to quadratic forms (ef. § 7 Remark 2 to Example B).
In [17, Chapter 1], Shintani studied certain Dirichlet series in two
variables which we shall reexamine in the next section.

7. Examples. In this section we frequently use the symbols intro-
duced in the previous sections without any special reference.

7.1. Example (A). Let G = SL(2) x GLQ)}, V@ =V®=V®=M(2, 1)
and V=V"PVePV?®. We define a representation p of G on V by
setting

p(g)v = p(hy tly t?’ ts)(x, y’ z) = (hxti_ly hytz—l, thS_l) .

Put
P,(v) = P(=, y, 2) = det(y, 2) ,
P,(v) = Py(x, y, z) = det (x, 2),
P,(v) = Py(x, y, z) = det (x, »)

and

(1-1) S = U {veV; Pv) = 0} .

It is easy to check that the triple (G, p, V) is a p.v. with the singular
set S. Hence the condition (5-2) is satisfied by (G, o, V). The polynomials
P, P, and P, are irreducible relative invariants which correspond to the
characters

X(g) = (Lts)™
(7-2) X(g) = (4s)7",
Xy(g) = (tt)™,
respectively. There exists a natural @-structure on (G, o, V):
G, = SL(2), X @* X @ X @™,
Vo=M2,1;,Q) D M2,1;,Q) D M2,1;Q),
G, = SL(2), x {1} x {£1} x {£1},
Ve=M2,1;,Z)YPpM21;,Z)PM21;Z) .
We put Gf = Gg = SL(2)x X R* X R* x R*. Then the set Vp, — S; is
the union of two Gf-orbits V, and V_:
V, = {ve Vi; P(v)Py(v)P(v) > 0}, V_ = {ve Vi; P(v)Py(v)Py(v) < 0} .
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The group I' is given by
I = {(h, ty, &, ts) er; L=t0t=1= il} .

The isotropy subgroup G, at a generic point ve V — S is independent of
the choice of v and coincides with {*(#,, 1,1, 1)}. This implies the con-
dition (6-1): Vo= Vo —8S,. For any veVy, Gf =1, ={£(E,1,1, 1)}
The character detp is in X,(G), and ¢ = o(det p) = (1,1,1). Let dv =
dxdydz be the standard Euclidean measure on V;. We can normalize a
Haar measure dg on Gj such that

|, Flotwadg = 2| F@)IP@)“dv (e Ve, FeL(V., | P@)["dv) .

The normalization of dg is independent of »,. Then, for the Haar measure
dyt, on G} normalized by (4-2), we have

S+d,u,,:2 and y(v):S+ dp, =1 (weVy) .
¢} erir

v v

Let L be a [-invariant lattice in V, and set L, = L N V.. The zeta
functions associated with (G, o, V) are defined by the formula

(7-3) &lye) = 3, [P (se(?).

e\L

For the lattice L = V,, these Dirichlet series are easily calculated
and we get

(7-4) £:(8) = £:(Vz; 8) = C(s)C(8)L(8)C(s, + 8, + 8, — 1) .

This implies that the series &.(L;s) are absolutely convergent for
Res, Res,, Res, > 1. Since 6 = (1, 1, 1),

B = {s€C? Res, Res,, Res; > 1} .
The p.v. (G, p, V) has the following seven Q-regular subspaces:

vV,
V(Z) @ V(S)’ V(l) @ V(3)’ V(l) @ V(Z) ,
V(l), V(?), V(3) .

Since (G, p, V') has obvious symmetry for the permutations of the indices
1, 2, 3, we shall calculate the explicit forms of the functional equations
obtained by the partial Fourier transforms with respect to V, E = V¥
and F=V® P Ve,

The notions such as p*, U, \ are defined for each @-regular subspace.
In order to indicate the dependence on Q-regular subspace, we use the
subscripts E, F and V. For example, the symbols pf¥, p¥ and p} stand
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for the representations of G (partially) contragredient to o with respect
to V, E and F respectively.

Put J = (_(1) é) and identify the vector spaces V*, E* and F'* with
V, E and F' via the non-degenerate bilinear forms
{(x, y, 2), (%, y*, 2*)) = wJa* + 'yJy* + 2J=z*, (&, a%) =‘'wJa*
and

{(y, 2), (y*, 2*)) =yJy* + 2Jz*,

respectively. Then the representations pf, 0%, ok are realized on V as
follows:

or(g)v = (hxt, hyt, hzt,),

pi(g)v = (hat, hyt", h2ts"),

p#(g)v = (hat?, hyt, hzt,) .

The singular sets of the p.v.’s (G, p%, V) (X = E, F, V) coincide with

S and the polynomials P,, P,, P, are also irreducible relative invariants
of (G, p%, V). Since p|r = p%|r = o¥|r = p¥|r, the zeta functions associ-
ated with (G, p%, V) (X = E, F, V) are also given by the formula (7-3).
Therefore the conditions (5-1) for K = Q, (5-2), (6-1) and (6-2) are satisfied

in the present three cases.
By an easy calculation, we get

_1 - 1 0 o ~10 0
_1 1 -1 0 ~11 0

Moreover
»w=(~1,11), M =(—1,1,1), Mo=1(2,1,1)
For an f e . A(Vy), set

0u(fi9) = | |POIF@)v.

Let #,f, Z5f and F,f be the (partial) Fourier transforms of f with
respect to V, E and F respectively.

The explicit forms of the functional equations in Theorem 1 are given
by the following lemma.

LEMMA 7.1.

(i)
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(@»(%J’ 5 81y 8 33))
O_(F7f; 81, 8 85)
= 22m)eteted) =S (g + 1) (s, + L) (s; + 1)'(s;, + 8, + 85 + 2)
« ( sin (s, + 8,)T + sin (s, + s;)7 + sin (s; + s,)7
—sin (s, + s, + 8,)T — sin s, — sin s, — sin 7s,
—sin (s, + 8, + 8,)T — sin ws, — sin ws, — sin «@s,
sin (s, + 8,)7 + sin (s, + s,)® + sin (s, + s,)7 )
o <@+(f; —1—-s5,—-1—s, —1— sa))
O (f; —1—s8, —1—s, —1—35)
(ii)
(30 e
o (—cos (8, + 85)7/2) cos ((s, — 33)72/2)>
cos ((s, — 8y)m/2) —cos ((s, + 8;,)7/2)
‘O (f;8 +8 +8 +1, —s; —1, —s, — 1)
(di_(f; s+ +8+1, —s —1, —s8, — 1)> ’
(iii)
(giiéﬁ : Z Zi) = 2(2m)~ et (s, + 1) (s, + s, + 8, + 2)
—sin ((s, + s;)7/2)  sin((2s, + s, + 8,)7/2)
<sin (28, + s, + sy)w/2)  —sin ((8, + s,)7/2) )
o <d)+(f; —8, — 8 — 8 — 2, 8,, s2))
O_(f; —8, — 8 — 8 — 2, 8, 8,))
By Lemma 5.9, we are able to reduce the lemma to the following
well-known formula (cf. [4, p. 360]):

S ly|ie dy

78V =1/2 _ —asVTis2 —1—s
e (R KR ] >_<lx|+ ) .
X Iylsezﬂxydy — TV 12 ersv-12 |xl:l-—a

We omit further detail of the proof of Lemma 7.1.
The polynomials b,(s), by(s) and b,(s) are easily computed by (5-8)
and the lemma above:

LEMMA T7.2.
by(s) = —8,8,85(8; + 8 + 8 + 1)(8, + 8, + 8)(8, + 8, + 8 — 1),
bz(s) = 8,85, by(s) = —8,(8, — 1)(s, — 2)(s; + 8, + 8+ 1) .
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Let L™, L®, L® be SL(2),-invariant lattices in M(2, 1; @) and put
L% = {x*e V§?; 'wJa* e Z for all xe LV} .
We set
L - L(l) @ L(?) @ L(3) , L;f — L(l)* @ L(2)* @ L(S)* y
Lz — L(l)* @ L(2) @ L(3) , and L; — L(l) @ L(Z)* @ L(3)* .
THEOREM 3. (i) The Dirichlet series £.(L;8), &.(L5¥;s), &.(L%; s),
&.(L¥; 8) have analytic continuations to meromorphic functions of s in
C:.
(ii) These functions multiplied by (s, — 1)(s, — 1)(s; — 1)(s, + 8, + 8;—2)
are entire functions.
(iii) They satisfy the following fumctional equations:
Ev(L¥; 1 —s8,1 —8,1—38y)
E(L¥;1—s8,1 —8,1— ss)>
= 22m)2etet) Mg V\(8,) ] (8) (8, + 8, + 83 — 1)
sin (s, + 8,)m + sin (s, + 8,)7 + sin(s; + s)7
(sin (s, + s, + 8,)7 + sin ws, + sin «ws, + sinxs,
sin (s, + 8, + 8,)T + sin 7ws, + sin s, + sin 7s,
sin (s, + 8,)T + sin (s, + s;)7 + sin (s; + s,)7 >
E:+(L; 81 81 85)
(E_(L; 81, 82, 33)) ’
e (L¥; s, +8 +s8—1,1—s,1—s,)
E(L¥; s, +8 +s8—1,1—s8,1— 32))
= 2(2m) 77 I(8,)I(s,)
cos ((s, + 8,)m/2) cos ((s, — 8,)7/2) . &.(L; sy, 8, sa))
<cos ((s; — 8)m/2) cos ((s, + sg)n/2)> (5_(L; 81y 82, 85))

v(L:)(

/U(L(l) *)<

\ o [E+(LE; 2 — 8, — 8, — 8, 85, 8,)
v L )*)<5_(L;; 2 — 8, — 8, — 8 8y sz)>
= 2(2m)~enutet) (g \(s, + 8, + 8, — 1)
sin ((s, + sy)7/2) sin ((2s; + 8, + 8,)7/2)\ [&.(L; 8,, 8,, Ss)
(sin ((2s, + s, + 8,)/2 sin ((s, + 8,)7/2) >.(§_(L; 8y, Sz, sa)> '
PrROOF. Since G is reductive, the first assertion is a special case of
Corollary 1 to Theorem 2. The third assertion follows from Theorem 2

(iii) and Lemma 7.1. By Corollary 1 and Corollary 2 to Theorem 2, the
functions b,(s — 1)¢.(L; s) and by(s — 1)by(s — 1)&.(L; 8) are entire func-
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tions. Here s —1=(s, — 1,8, — 1,8, —1). Hence Lemma 7.2 implies the
second assertion.

REMARK. For L = V,, the results in Theorem 3 are consistent with
the functional equation of the Riemann zeta function.

7.2. Example (B). Let A(m, n) be the number of distinct solutions
of the congruence z* = n (mod m). We define four Dirichlet series &,(s,, ;)
and ¢f(s, s;) (# = 1, 2) by the following formulas:

&y 8) = 27 3, Aldm, (—) " n)ymm™
g(s,8) = 31 Alm, (=1 mym="(4n) ™.

These Dirichlet series were closely investigated by Shintani in [17, Chap-
ter 1]. In particular he proved that:

THEOREM 4 (Shintani). (i) The Dirichlet series &(s,, 8,) and £}(s,, s,)
(1 =1, 2) multiplied by
I'((s, + 1)/2)7'8,(2s, — 1){(28,)(s, — 1)(s, — 1)*(2s, + 28, — 3)
have analytic continuations to entire functions in C*.
(ii) They satisfy the following functional equations:
(El(sly 3/2 — s, — 32))
&8y, 3/2 — 8, — 8)
= 27'7V2(2[m) e [ (s,)[ (s, + 8, — 1/2)
<sin (8, + 28,)m/2) sin (ws,/2) > (&*(su 32))
cos (7s,/2) cos (8, + 28,)7/2)) \&X(s, 8,/

(iii) The functions

(2mr)~*1(sin (8,/2)) "I (8,)0(28,)£.(8,, 82) »
(2m)7*['(8,)0(28,)6x(sy, 82)
(2m)~*(sin (8,/2)) 1" (8,)L(28,)&(8,, 82)
(2m) ™I (8,)5(28,)&7 (8, 82)

are all invariant under the substitution (s, s,) — 1A — s, s, + s, — 1/2).

We shall give a proof of the theorem above as an application of the
results in §6.

Let E be the vector space of 2 by 2 symmetric matrices and set
F = C® In the following we consider an element y of F' as a column
vector y = “(y, ¥,). Put G = GL(2) X GL(1) and V = E@ F. Define a
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representation p of G on V by setting
(g, D(x, y) = (gx'g, t-°g7Y) .

The triple (G, p, V) is a p.v. with irreducible relative invariants

P(x, y) = yzxy , Pz, y) = P(x) = detx
and the singular set S is given by

S = {(x, y); P2, y) = 0} U {(x, v); Py(x) = 0} .
The characters X, and X, defined by

X(g,t) =t and XAy g, t) = detg®

correspond to P, and P, respectively.
We consider the standard Q-structure on (G, p, V):

Go = GL(2)g X GL(1), , Vo={ENM2;Q)}DQ,
G, =GL®2), x {£1}, V,={ENMZ2;Z)}62*.
Then the p.v. (G, p, V) has the three Q-regular subspaces E, F' and V.
Identify E and F' with their dual vector spaces via the bilinear forms
(, o*y = tr (xJa*'J) (x,x*eE) and {y,y*> ='yJy (y,y*elF)

where J = (_(1) (1)> The representations o%, p¥ and p} (partially) con-

tragredient to p are given by

0%(g, )z, y) = (det g~*-ga’g, t-'g7'y) ,
0#(g, t)(x, y) = (gu'g, det g-t7*-'g7y)
and
o3 (g, t)(w, y) = (det g~*-ga’g, detg-t~*-*g7'y) ,

respectively. Here the subscripts E, F and V have the same meaning
as in Example (A). These formulas show that the triple (G, o%, V),
(G, p¥, V) and (G, p¥, V) are p.v.’s with the same relative invariants and
the same singular set as those of (G, p, V).

The matrix U and the vectors )\, é are easily calculated and we get

1 -1 -1 1 —1 0
U = , U = ’ U = ’
E<0_1) F(Ol) ”(0—1)
Ap = (O, 3/2) ’ Ap = (1; _1/2) ’ Ay = (1, 1) ’
0=0F=0r=0r=1,1).
Let G be the connected component of the identity element of G.
The Gx-orbit decomposition of V; — Si does not depend on the represen-
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tations o, p%, o¥ and p¥, and is given by
VR—SR= V1+UV1—UI,2+UV2—
where
sgn Py(x, y) = =1
ViE = (=, y) € Vi =1,2).
BV By = (—1f TTHP

The group I" coincides with SL(2), x {1}.

For any (x, y)€ Vx — Sk and for any representation of p, p%, p%,
and o}, the group G;, =TI, are trivial. Let dx = dz.dx,.dx,, for x =
(@:)s,5=1, and dy = dy.dy, for y = *(y,, ¥,). Then we can normalize a Haar
measure dgd*t on G} such that

| . 7@ I P, )17 o) dudy
= . 100, 0@, ydgae

= | Flox(9, (e, y)dgd*t
(X=E,F,V, (v y)e Vi feL(VE | PP dedy)) .

The normalization is independent of the choice of (x,, ¥,).

Notice that p|r = p¥|r = p¥|r = p¥|r- Hence, for any I'-invariant
lattice L in V,, the zeta functions associated with (G, p, V), (G, p%, V),
(G, p%, V) and (G, o, V) are given by

§ils8,8) = 3 [BPw, o)™ P@)| ™

(z,y) e P\LNV ;-

Since the mapping (z, y) — (—=, ¥) induces a one to one correspondence
between I'\L N V;* and I'\L N V7, we obtain

& (L; 8y, 8) =6 (L;8,8) (1=1,2).

From now on, we simply write &(L; s, s,) for &5 (L; sy, 8,).
Let E, = EN M(2; Z) and F, = Z*. Then

! ¥/2
(2, et

/2 xf
is the lattice dual to E,. It is easy to check that
(7-5) 8B, @ Fy; 8, 8,) = 27(28,)61(s,, 82) »
(7-6) 8(E} @ Fy; 8, 8,) = 22{(28))8(8,, 8) (1=1,2).

This shows that the Dirichlet series &,(L; s, s,) are absolutely convergent
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for Re s, Res, > 1. Thus we can see that the conditions (5-1) for K = Q,
(5-2), (6-1) and (6-2) are satisfied by the @-regular subspaces E, F and V.
For an f € .52(Vy), put

odf;9) = . IR )l P@)nf @ vdedy (i=1,2).

Denote by F.f, Frf, Fvf the (partial) Fourier transforms of fe.57(Vy)
with respect to E, F and V respectively.

LeEMMA 7.3. The functions @,(f;s) satisfy the following functional
equations:
O(F=f; 8)

G <<l72(5"2f ; 8)

) = I(s, + DI'(s, + 5, + 3/2)2 g 92-u—n

—cos ((s, + 2s,)7/2) —sin (7s,/2)
( cos (78,/2) sin ((s, + 282)75/2))
y <¢1( f;8, —8/2 — s, — 32))
Dy(f; 8, —3/2 — 8, —8)]
O(F+f; 8)

(71-8) < 2 sin® (7s,/2) 0 )
O(F ¢S 8)

> =T 1)2< 0 —sin (7s,)
O.(f; —s,— 1, 8, + s, + 1/2)
<q)2(f; —s5,—1,8 48+ 1/2)) '
-9) (@(%f; s)>
O(Fvf; 8)
=1I'(s, + 1)°I°(s, + 1)I'(s, + 8, + 3/2)27 51722923172
« <—2 sin® (7s,/2) cos ((s,+2s,)7/2) sin (ws,) sin (7s,/2) )
sin (ws,) sin (s,/2) —sin ((s,+2s,)m/2) sin (7s,)
o <¢1(f; -1 -5, —1— sg)>
D(f; —1 — s, —1 — 8,)
ProoF. The functional equation (7-7) follows easily from Lemma 5.9
and [17, Chapter 1, Lemma 1 (i)]. By Lemma 5.9, the functional equation
(7-8) is reduced to the formulas for the Fourier transforms of |#*+ #*|*

(cf. [4, Chapter III 2.6]). Combining (7-7) with (7-8), we obtain the last
functional equation (7-9).

The partial b-functions with respect to the regular subspaces E, F
and V are easily computed.

LEMMA 7.4. We have, up to mon-zero constant multiples,
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be(s) = 8y(s, — 1)(s, + 8, + 1/2), by(s) = s,

by(s) = sis,(s, + s, + 1/2)(s, + s, — 1/2) .
Let M and N be [-invariant lattices in E, and F, respectively. We
denote by M* (resp. N*) the lattice dual to M (resp. N). Set
L=M®N, Ly=M*@ N, L} =M@ N*, L} =M*@ N*.

THEOREM 5. (i) The Dirichlet series &(L; s), &(L%; s), &(L%; s) and
&(LE; 8) (1 = 1, 2) multipled by (s, — 1)*(s, — 1)(s, + s, — 3/2) have analytic
continuations to entire fumctions in C°.

(ii) They satisfy the following functional equations:

&(L%; 8, 8/2 — 8, — 8,)
<§2(L§; $,3/2—3s — sz))
= (M *)2\ gttt (g V(s, + 8, — 1/2)
sin ((s, + 2s,)7/2) sin (ws,/2) &(L; sy, 85)
< cos (ws,/2)  cos (s, + 232)71:/2)> ' (52(L; 81, sz)> ’
&(L%; 1 — s, s + 8 — 1/2)
<EZ(L’;~; 1—s,8 +8 — 1/2))
_ N ,(2 cos® (ws,/2) 0 - &(L; sy, 85)
= o )
&(L¥;1 — s, 1 — 32))
(52(L$; 1—s,1-—3s,)
= p(L}) 2 tng it N (g 2 (s,) (s, + 8, — 1/2)
2 cos? (s,/2) sin (w(s, + 2s,)/2) sin (7s,) cos (7s,/2)
( sin (7s,) cos (7s,/2) sin (ws,) cos (7w(s, + 232)/2)>
% <51(L; Sy 32)) .
&(L; 8y, 8,)
PrROOF. As in the proof of Theorem 3, Corollaries 1, 2 to Theorem

2 and Lemma 7.4 imply the first assertion. The functional equations are
immediate consequences of Theorem 2 (iii) and Lemma 7.3.

/

Now the theorem of Shintani is easily derived from (7-5) (7-6) and
Theorem 5. Moreover Shintani’s result on singularities of & and &} is
improved in our Theorem 5 (i).

REMARK 1. Shintani’s method for proving Theorem 4 (ii) is essentially
the same as ours. For the functional equations in Theorem 4 (iii), he
reduced them to the functional equation of the Legendre function (see



482 F. SATO

the proof of [17, Lemma 1 (ii)]). We note that the functional equation
of the Legendre function is derived from (7-8) which is the base of the
functional equations of ¢,(L; s) with respect to the Q-regular subspace F'.

REMARK 2. Suzuki gave a generalization of this example to the
vector space of n by » symmetric matrices for » = 4 in [20]. Another
generalization will be seen in [24, §4]. More precise investigation of
zeta functions associated with the p.v. treated here will be made in
[25, §2].
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