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1. Introduction. Let (2, F, P) be a complete probability space
equipped with an increasing, right continuous family &% of complete
sub-o-fields (F,);», such that F = V,., F;. Let us denote, by (%),
7 (&) and %, the F#-optional o-field, the class of all F#-stopping times
and the set of F#-progressively measurable processes u = {u(t);t = 0}
with values in a o-compact subset of R? respectively. We define a
stopped process u® of u at time Se¢. 7 (%), Z(u, S), a restriction S,
of S to an F-measurable set A and a concatenation u-S-v as follows:

u® = {u( A S);t = 0}, #Z (w, S) = {ve #;vS = us},
S on A

S, = and u-S-v = ulp g + v for u,vez .
o~ on A°

Now we consider a subclass & of % as an admissible control. =
is assumed to be stable for a stopping and a concatenation. Further-
more, we put the following assumptions on &2:

(A.1) For each admissible control u of &, there exists a right
continuous (&, P)-local martingale N* such that its jumps are strictly
greater than —1 and N*(0) = 0.

(A2) N“¢AS)=NEAS) if vezWw,S)=2NnZ%u,S) and

Nes»it\/ S) — N¥4S) = NSt Vv S) — N*(S) for
u, v, wWeD, Se 7 ().

(A.8) Let z* be an exponential local martingale with respect to N*,
i.e.,

24(t) = Z(N*)(t) = exp{N*“(t) — (1/2) < (N*)* > (¢)} 1;[t(1 + AN%(8))e4v @

where ((N“)) is the .F-predictable increasing process associated with
the continuous part (N*)° of N* and 4N*(s) = N*(s) — N“(s—). Then there
exists a constant p > 1 such that sup,.. ||sup,|2“(t)| ||rr) < co.
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From (A.3), z* is a strictly positive and uniformly P-integrable
martingale and we can define the probability measure P* which has
density 2z* with respect to P and which is equivalent to P for each
ue 2. We define the cost associated with ue 2. Let ¢* = {¢*(t); t = 0}
be a right continuous .#-adapted P*-integrable increasing process. We
consider ¢*(c) as the loss function, c¢*(t) as the evolution cost associated
to the policy of control u. We suppose the following conditions on ¢*:

(C.1) ¢t AS)=ctAS) if ve=z(u,S) and
5PtV S) —e(S) =¢S5 (t Vv S) — c¢"(S) for
u,vV,WeED, Se¢ 7 ().

(C.2) sup,.o E*[c*(s) — ¢*(s,)] 0 as s >s, and s —s, where E*[ |
denotes the expectation with respect to P*.

(C.3) The difference of c¢* is exponentially uniformly bounded in
Se 7 (&) and in ueZ, i.e., there exist constants ¢ >0 and C(a),
which depends on a, such that 0 < ¢*(0) — ¢%(S) < Cla)e™*5.

The cost I'(u), the conditional cost I'(u, S) and the conditional minimal
cost J(u, S) are then defined as follows:

I'(w) = E*[¢*(>0)], I'(w, S) = E*[¢*()|Fs] and
J(u, S) = ess inf{I"(v, S); ve 2(u, S)} .

Under some suitable assumptions on N* and c¢*, Benes [1], Brémaud
[3] and Duncan-Varaiya [5] showed that there exists an optimal control
u* e Z, i.e., 'w*) < I'(w) for all w e 2, or equivalently, J(u*, S)=I'(u*, S)
for all Se .7 (& ). It is known (see El-Karoui [6; Chap. 3]) that there
exists a right continuous .#-optional process W, called the value process,
such that W(S) = ess inf{E*[¢*(c0) — ¢*(S)| Fs]; w e 2} P-a.s. on {S < oo}

(i) e“S) + W(S) = J(u, S) P-a.s. for all Se 7 (&).

(ii) E*[W(0)] = inf{J(u, 0); u € Z}.

(iii) ¢* + W is a positive P*-submartingale.

(iv) wu* is an optimal control if and only if ¢** + W is a positive
P*.martingale.

In this paper, our aim is to characterize the value process by the
method of nonlinear semigroups of conditioned shifts in non-Markovian
case. We base ourselves on martingale theory, Bellman’s principle and
Nisio’s results [7] (see also Bensoussan [2]) of nonlinear semigroups in the
control of Markov processes.

Let us denote by 2 the Banach space of all essentially bounded
right continuous .#-adapted process x = {x(¢); t=0} with its norm ||z|=
||sup,|(t)| ||z < co and with the usual order. Let @ be a subclass of
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& such that {c*(t) + e **x(t)} is a right continuous P*-submartingale for
each ue 7. We seek a semigroup {G,} of operators acting on @ whose
fixed point is equal to the value process. Such a semigroup will be
obtained as the envelope of the semigroups {K}} of conditioned shifts
on 2 where Kyx is defined as the .Z#-optional P*-projection of the
process {e**(¢*(t + h) — ¢*(t)) + e **x(t + h)}. In fact we prove the following
theorems in §4.

THEOREM 1. There exists a mnonlinear semigroup {G,;h =0} on @
satisfing the following conditions:

(i) semigroup property; Gx = x, G2 = G,Gx = G,Gx.

(i) monotone; Gyx < G,y whenever x < .

(iii) contractive; |Gz — Gy || £ e ||z — ¥y |.

(iv) Kprx = Gyx for all uwe =2.

(v) maximal; Let {H,; h = 0} be a semigroup on @ which satisfies
(i)-(iv). Then H,x < G,x.

THEOREM 2. There exists a unique solution x* €@ such that G,x* =

x* for all h>0 and that x* is identical with the process {a**W(t); t = 0}.
Furthermore x* is a maximal element of O.

2. Preliminaries. (1) The optional projection. Throughout this
paper, we identify, as usual, two indistinguishable processes. So we
have the following lemma concerning the optional projection of pro-
cesses.

LEMMA 1. (Dellacherie-Meyer [4; VI-43, 47]). For a measurable
bounded process x, there exists a unmique optional process y such that

E[x(T)|F;] = y(T) P-a.s. on {T< o} forall Te T (F).
Furthermore, if x 1s right continuous, then so is y.

This process y is called the optional projection of z.

(2) The formula of Bayes’ type. An easy calculation shows the
following formula of Bayes’ type:

2.1) E[X|F,] = E[X(2*(=)/2(T))| F7] P-a.s.

for every essentially bounded random variable X. For simplicity we
omit P-a.s. in inequalities or in equalities from now on, if no confusion
occurs. Using (2.1), we can calculate the expectation with respect to the
probability law induced by a concatenation control. From (A.2), we get
N#S(t) = N*S°(tAS) + N*S*(tVS) — N*$%(S) = N“tAS) + N(tVS) —
N*(S) = (I, 510 N*)(t) + (L15,toN*)(t) for u, ve Z where HoN denotes the
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stochastic integral of a predictable process H relative to a local martingale
N. Since Iy, s;oN* is orthogonal to Ijs ;o N°, we have 24 5*(t) =& (N**")(t)=
& (It 510 N*)(t) & (L15,0toN°)(E) = 24t A S)2°(t V 8)/2°(S). Hence we get

24(S)z°(T)/z°(S) if T= S
24(T) ifr<s,

especially, z*57(8) = 2%(S) and z*5"(c0) = 2%(S)2"(0)/2"(S). Let X be an
essentially bounded random variable. Then we have

E'[X|F}] if T=8S
E'E'[X|Fs||F;] if T<S
and E*5'[X] = E*[E'[X|F]]. Indeed, if T= S, we have
E*S*[X|Fy] = BIXz*5"(c0)[2*5*(T)| Fy]

= E[Xz'()[z(T)| F,] = E’[X| F,]

by (2.1) and (2.2). Similarly, if T'< S, we get
B X | Fr] = B[ X2"()2"(S)/2"(S)2*(T)| ')
= E[E[X2"()/z"(S)| F5]2*(S)/2*(T)| F;] = E*[E°"[X| Fs]| Fy] -
Furthermore, we get
(2.4) EvS4a*[X|F] = B'[X|Fs|I, + E*[X|F]I,c for AeFy.
In fact, since AN{S,Z<t}=AN{S=t}and A°N{S, =t} = @, we get
BN A°eF,, and CNAcFs for Be F and Ce F;,. So we have
EV[XIFSA] - Ev[XIA‘FSA] + XIAC = Ev[XIFSA]IA + XIAG
= E'[E'[X|Fs )| Fs] + XI,e = B[ X|F}I, + X4

(2.2) 25(T) = {

2.3) B (X Fy] = {

and
EvSa[X|Fg] = BY[E'[X|Fs ]| Fs] = E*[E'[X|Fs]l, + X1, | Fs]
= B[ X|F\I, + E*[X| Fs|1,. .
(3) The essential infimum.

LEMMmA 2. (El-Karoui [6; Appendix]) (i) For each family {Y*; i€ I}
of random variables, there exists a random variable Y such that

(@) Y=Y P-a.s. for all 1€ 1.

(b) If Z is a random variable such that Z <Y*: P-a.s. for all 1,
then Z <Y P-a.s.
This Y, which is the greatest lower bounded of the family {Y*; 1€ I} in
the semse of P-a.s. inequality, is denoted by P-essinf Y.
Further there exists at least one countable sequence {Y".ne N} taken
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Srom {Y?} such that P-essinfY* = inf,Y" P-a.s.

(i) If the family {Y* 1€ I} 1s directed downwards, the sequence
{Y"*; ne N} can be chosen to be decreasing P-a.s., P-essinf Y* = lim, | Y
P-a.s. and Elessinf Y*|G] = P-essinf E[Y*|G] for every sub-o-field G of
F.

3. Semigroups of conditioned shifts and its envelope. (1) First,
we consider the semigroups {K; h = 0} of conditioned shifts. By the
definition of Kyx, we have the following relation:

3.1) Kiw(T) = E*[e“™{c(T + h) — ¢(T)} + e **x(T + h)| F]
P-a.s. on {T<} for Te 9 (& ). Also we get the following proposition.

PROPOSITION. Let h, k€0, o).

(i) Ky is an operator on Z.

(i) semigroup property; Kix =z, Ki'.x = KiKix = K¢ K.
(iii) momnotone; Kix < Kpy whenever x = ¥.

(iv) contractive; | Kix — Kry|| < e "l — y||.

- Proor. (i) From Lemma 1, Kyx is right continuous. Since z* is
a P-uniformly integrable martingale, we get

| sup| Ka(t)| lu=ce
= HS‘tlplE“[e'”{C“(t + h) — c*(®)} + et + h)| F,]|| e
= |sup E[{C(a) + [z |[}z"(o)/z* O} Fil 2= = Cla) + [@]] < oo
by (C.3) and the formula of Bayes’ type.

(ii) It is trivial that K¢ is the identity operator. For Te 7 (%),
we have

e "Kio(T)=E[¢(T+h+k)—c(T)+e * T " (T +h+k)| Fy)
=E*[e*(T+h)—c"(T)+e "W Eu[e* "W {c*(T+h+k)} —c*(T+h)}
+e *u(T+h+Ek)| Frill Fr)
=e " TE*[e™{c(T+h)—c“(T)}+e *Kix(T+h)| Frl=e " Ky Kia(T) .
(iii) is immediate from (3.1). For (iv), we have
Isup| Kiw(t)— Kiy@®)] ||z = [|sup B e [2(+R) =yt + W) | F L] || z=cr)
=l sup Ele~*| 2t +h)—y(t +h) [ (2“(¢+1)/2*)) | F] || =)
sete—yl .

(2) Before we define the envelope of {K;}, we show that @ is
closed in 2% Indeed, let 2,€¢® and z,—2 in 22 Then we have
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sup,|#,(t)| < sup,||z,|| < ~ P-a.s. and lim,. z,(t) = 2(¢) P-a.s. for each
t. By the submartingale property, we get E*[c“(t) + e *x,(t)|F,] =
c*(s)+ex,(s) for t=s. Letting n—o, we obtain E*[c*(t)+e *x(t)|F,] =
c*(s)+e*2(s) by the boundedness of {x,}. Therefore xc®. We remark
that non-positive constant processes {x(t) =b; ¢t =0} with b < 0 belong to
@, for the process ¢* is increasing.

(8) Now we define the envelope G, of {K}} as follows:

G,x(T) = P-essinf Kia(T) for ae 2, Te 7 (5).
LX-¥4

Clearly, {G,x(t);t = 0} is an F-adapted process.

LemMMA 3. (The Bellman principle) Let x5 Te (&) and
h,kel[0, ). Then

Gh12(T) = P-essinf E*[e*™{c(T + k) — ¢“(T)} + e **G,x(T + k)| F]

UeED
on {T < oo}.

PrROOF. Let us fix Te (). From the semigroup property of {K}},
we have Ky, ,.o(T) = K¢ Kra(T) = E*[e*"{c{(T + k) —c*(T)} + e *Gax( T+ k)| Fy]
and so G,.,x(T)= P-ess inf E*[e*™{c*(T+k)—c*(T)}+e *Gxe(T+k)|F;]. To
prove the reverse inequality, we first show that {Kyx(S); u € 27} is directed
downwards for Se (). Put A = {K(S)= K;2(S)} and w=u-S,-v.
From (C.1), we see that ¢*(S+h) —c*(S)=¢c"(S,+h)—c*(S,) =c*(S,+h) —
¢"(S,) = ¢’ (S + h) — ¢(S) on A and ¢“(S + h) — ¢*(S) = ¢*(S+ h) A S,) —
c®(SAS) =c“S+ h)—c“S) on A°. Using (2.4) and the above relations,
we have

Kyx(S) = E*[e*5{c*(S+h) — ¢*(S)} + e~ **x(S + h)| F)
= E'[e*5{c"(S + h) — ¢'(S)} + e~**x(S + h)| Fs|1,
+ E*[e*S{c*(S + h) — ¢“(S)} + e~*x(S + h)| Fs]L,e
= Kix(S)I, + Kiw(S)I,. = Kx(S) A Kix(S) .
By virtue of Lemma 2-(ii), we can choose a countable sequence {u,} of
< such that G,x(T + k) = lim,_.. Ki»x(T + k). Hence we get
Grie(T)
éEv-(T+k)-u”[eaT{cv~(T+k)-un(T+h+k)_cv-(T+k)-u,,(T)}+e—a(h+k)w(T+h+k)lFT]

___Ev-(T+k)-u,n[eaT{c'u(T+k)_c'r)(T)}+e—akEv-(T+k)-u"[ea(T+k){cu,‘(T+h__I_k)

—c*(T+k)}+e o(T+h+k)| Fry]l Fr]

:Ev[eaT{cv(T_l_k)_cv(T)}+e—akEun[ea(T+k){cu”<T+k_l_h)__cu,,,(T_'_k)}

+e (T +k+h)| Fryll Fr) .
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Letting n— o, wehave G, a(T)Z E*[e*"{c"(T+k)—c*(T)} + e **G (T + k)| F'r]
which completes the proof.

4. Proof of theorems. (1) Proof of Theorem 1. Let z be an
element of ®. We first note that the mapping t — || G,2(t) || = is bounded
for each he[0, ). We next show that G,2(T) < G, 2(T) on {T < oo}
for each x €@, Te (). Since {¢*(t)+ e **x(t)} is an essentially bounded
P*-submartingale, we get E*[c*(T+h+k)+e Tt ou(T+ h+ k)| Fr] =
(T + h) + e *T+Mx(T + h), hence

E[e“™{(c(T + h + k) — ¢*(T)} + e *** (T + h + k)| Fy]
= E*[e“{c(T + h) — ¢(T)} + e (T + h)| Fy] .
Thus G4, 2(T)= Gy2(T). Combining the above inequality with Lemma 3,
we get
¢*(t) + e7*Gua(t) = c*(t) + e*'Gy1(t)
< o*(t) + e E e Mt + B) — o*(B)} + e Gyt + B)| F]
= E[c¢*(t + k) + e~ *“**Gx(t + k)| F,] .
Therefore {c*(t) + e *G,x(t); t = 0} is a P*-submartingale. To prove the
right continuity of {¢*(¢) + ¢ *'G,x(t)}, it suffices to show that the mapping

t — E*[e~*'@,x(t)] is right continuous for each we <. For s=t, let us
denote

X;l,-t-v —_ cun‘.-v(s + h) — cu-t-w(s) + e—a(a+h)x(s + h)
= ¢"(s + h) — ¢(8) + e™***Mx(s + h),

which follows from (C.1). From the right continuity of 2*(ue 2), (A.8)
and (2.2) it follows that

B[+ +7(00) — 2(0) | - 0
and then, by (C.3),
| Brotra[ Xt — et [ Xt -0 as €—0,6>0.
For each 6 > 0 there exists v;€ & such that
Bt Xpn] < 1?5, B X0 + 8

and thus
Eu-(t+e)-vd[Xtu-t-v,;] é lnf Eu-t-v[Xtu-t-v] + 8
vED

for ¢ sufficiently small. Hence it is not difficult to see that for any
0 > 0 there exists ¢; > 0 such that for ¢, > ¢ > 0,
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linf EFettae[ Xxer] — inf B[ X0
veF veT .
< sup | E*[X}0"] — EY[ X)L+ 0 .
wWEZD

On the other hand, we get by Lemma 2
E*[e'G,x(t)] = inf B~ [ X3 .
vVED

Thus we deduce

| E*[e~ "G x(t + €)] — E*[e *'Gx(t)]|
= sgg E*[{c"(t + h + &) — ¢“(t + h)} + {c”( + &) — c*(®)}]

+ sup e IR 2t + b + &) — x(t + h)|2"(0)]

weFD

+ sup e M E[|2(t + h)[2"(0)[(1 — ™) + 5 .

The first term of the last expression converges to zero as ¢ —0 by (C.2).
The second term is dominated by

Slelg eTrrhrd Hx(t +h +e) — w(t + h) ”LP/(P"”(P) sz(oo) ”LP(P) .

By Lebesgue’s dominated convergence theorem, lim,,|z(t + h + €) —
2(t + h)||zp/o-v = 0. The third term converges also to zero as ¢ — 0,
for this term is dominated by e~*“*»| x| sup, ||2°(c°)|/zr»(1—€*). There-
fore, letting 6 — 0, we obtain G,xc® for xc®. The properties (i) (ii)
(iv) of G, are obvious by Lemma 2 and the definition of G,. Since

|Gya(t) — Gay(t)| < ess sup B*[e™**|a(t + h) — y(t + W) | F\]
= ¢~ ess sup Fllalt + h) — y(t + W) (2t + B/z*®)|F]

se e —yl,

we get |Gz — Gyy|| < e ||z — y||. The property (v) is immediate by
the definition of essential infimum.

(2) The proof of Theorem 2. We first show that the value process
is a maximal element of @. Let us denote by V the process {e*W(t);
t=0}. Note that c¢*(t) + e *x(t) < E*[c*(=)| F}] for all ze®. It follows
from the property (iii) of W that V belongs to @#. For all xc®, we
have G.2(T)=e*W(T) and ¢“(T)+e Tx(T) < E*c*(0)|F;]. Thus (T)=
P-essinf, ., e E*[c*(c) — ¢(T)| Fy] = V(T) which implies the maximality
of V. From the contraction mapping theorem, there exists a fixed point
x,€0 of G, for each o > 0. To prove the latter part of Theorem 2, it
is sufficient to show that z,(T) = ¢ W(T) on {T < oo} for all h > 0.
Since {c*(t) + W(t)} is a P*-submartingale for each we <, we have
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E*[e{c(T + k) — ¢(T)} + e~ Me* ™™ W(T + )} F,] = e W(T)

and hence G,V(T) = V(T). Applying the operator G, to the above in-
equality, we inductively get V(T') =< (G,)" V(T'), while, (G,)"V(T) converges
to the fixed point x,(T) as »— . So z, = V and z* is independent of
h > 0. Thus the proof is complete.
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