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One of the purposes of this paper is to identify a new construction
of representations of Weyl groups due to Joseph [6] with Springer’s
construction (see [10], [11]). More precisely, let O be a nilpotent orbit
of a complex semisimple Lie algebra g and n the Lie algebra of a
maximal unipotent subgroup. To each irreducible component U of O N,
Joseph has attached a certain polynomial p; on the dual of a Cartan
subalgebra and has shown that the p,’s span a W-submodule (W denotes
the Weyl group) in the space of polynomials when U runs through the
irreducible components of O Nn. On the other hand, for a nilpotent
AcO, let &#*4={gBlg*Aen} be the S3 variety, where B = Ny(n) is
the Borel subgroup whose unipotent radical has the Lie algebra n.
Springer [10] defined W-module structures on the rational homology
groups H, (4, Q) on which also the finite group C(A) = Z;(A)/Z;(A)° acts
compatibly. The C(A)-fixed subspace H,;,,(Z4, Q)°“ of the top homology
(d(4) = dim &#4) is known to be W-irreducible. In this note, it will be
proved (Theorem 3) that this irreducible W-module is isomorphic (up to
the sign representation) to the previous W-module 3, Qp, defined by
Joseph. As Joseph has pointed out, it follows from the above identifi-
cation that the polynomials p, are harmonic. Furthermore, Spaltenstein
[9] has shown that there is a natural surjection ¢ from the set I(<#4)
of the irreducible components of <Z“ onto the set I(O Nn) of those of
O Nn. The above isomorphism is given by the correspondence

Py — Z(U) [Cle HZd(A)(@Ay Q)¢
Ceo1
where [C] is the fundamental cycle for an irreducible component C of
B,

In order to prove the above identification, in §2, we shall rather
extend Joseph’s idea to obtain a W-module isomorphic to the full
homology group H,;,,(£#4, Q). For this, we take the universal covering
space O of O and consider p~(O nn)cO (o: 0 — 0). We define a W-module
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structure on the Q-vector space with basis consisting of the symbols [ V],
where V runs through the irreducible components of 07O Nn), and
show that this W-module is naturally isomorphic to Springer’s
H,; (%4, Q) (Theorem 2).

In order to prove Theorem 2, we use the local formulas for Springer’s
representations described in an earlier paper [4]. In §1, we recall these
formulas in slightly different forms from those given in [4] (Theorem 1).
Since the proof given in [4] uses l-adic cohomology, we shall give an
easier proof of Theorem 1 in §4, using Kazhdan-Lusztig’s construetion
[7]. It seems to be known to experts that this construction in [7]
coincides with Springer’s [10], but there have been no references which
give a proof of this fact. In Appendix, we shall prove this.

We have often discussed these subjects with T. Tanisaki, who has
strongly helped our understanding. K. Watanabe and M.-N. Ishida have
shown us a proof of Lemma 7 in 2.7, which is crucial in this paper, and
have taught us some elements of commutative algebras. We here
express a great gratitude to them and to the referee whose suggestion
motivated us to rewrite Lemma 3 in the first draft.

1. Review of the local formulas of Springer’s representations.

1.1. Let G be a connected complex reductive algebraic group, B a
Borel subgroup of G and & = G/B the flag variety. Take a maximal
torus T in B. Thus W = Ny(T)/T is a Weyl group. Denote respectively
by g, b and n the Lie algebras of G, B and the unipotent radical of B.
Fix a nilpotent Aeg and let <Z* be the S3 variety for A, i.e.,

Z*={gBeG/B|AcLie(9gBg™) = gb} = {gB|g'Aen}.

Here we simply write 2X = Ad ()X for xe¢ @G, Xeg.

It is known that <4 is connected and equidimensional of dimension
d(A) = (dim Z(A) — r)/2, where Z(A)={geG|gA= A}, r =dim T (see [9]).
Denote by I(<#4) the set of all irreducible components of &#4. Through
the action of Z(A) on <#4, the finite group C(A) = Z(A)/Z(A)° acts on
the set I(<#4) (Z(A)° is the identity component of Z(A)). C(A) also acts
on the homology group H,.(<Z4 Q).

Springer [10] defined an action of the Weyl group W on H, (%4, Q)
which commutes with that of C(4) and showed that the isotypic
components Hy; ,(Z4, Q) exhaust all the irreducible representations of
W when A and & run through nilpotent elements of g and irreducible
representations of C(A), respectively.

1.2. Let se W be a simple reflection for the fixed Borel subgroup B,
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i.e., P,= BU BsB forms a subgroup of G. Since the simple reflections
generate W, it is desirable to describe the explicit action of s on a
given W-module. The top homology group H,; ., (<#4 Q) has a
distinguished basis consisting of the fundamental cycles [C] for irreducible
components Ce I(<#4). Considering

sz(A)(x@A, Q) = Ce@@A) Q[C]

as Springer’s W-module, we want to describe the action of a simple
reflection s with respect to this basis.

We fix a simple reflection s once and for all. Let P= P,= BU BsB
be the corresponding parabolic subgroup. Put & = G/P and

4 = {gPe &7| AeLie (gPg)} .

Through the P!-bundle &% — &, <#* is mapped surjectively onto 4.
We denote this surjection <#4— <74 by ¢. It is shown that a fiber of
¢ is isomorphic to P° (the point) or P' (the projective line).

DEFINITION 1.

(i) For CeI(<#%), an irreducible component of <4, we call C
s-horizontal if dim C = dim ¢(C). We call C s-vertical otherwise, i.e.,
if dim ¢(C) = dimC — 1.

(ii) For C+#C' in I(<#*), we call (C,C') an s-joining pair if
$(C") C ¢(C).

1.3. When C is s-horizontal, C — ¢(C) is birational since the generic
fibers are P° and we are working over C. When C is s-vertical, C — ¢(C)
is a P*-bundle.

If (C, C') is an s-joining pair, then C is s-horizontal, C’ is s-vertical
and ¢(C’) is of codimension 1 in ¢(C). Then C and C’ intersect in codi-
mension 1 and CNC’ is mapped surjectively onto ¢(C’). In fact, if both
C and C’ are s-horizontal (or s-vertical) and ¢(C")C¢(C), then ¢(C) = 4(C").
When s-horizontal, a generic fiber of CUC’" — ¢(C) is a point, which
implies C = C’. When s-vertical, C and C’ are the restrictions to ¢(C)
of the P'-bundle &% — &7, which implies C = C’. Therefore, ¢(C’) is of
codimension 1 in ¢(C) and C’ is a P'-bundle over ¢(C’). CNC’ is the
inverse image of ¢(C’) under the map C— ¢(C); hence the required
statement.

1.4. We assume to have an s-joining pair (C,C’). We call an
irreducible component X of CNC’ effective if X — ¢(C') is surjective.
Clearly we then have dim X = dim ¢(C’) = dimC — 1. We denote by
d(X, ¢(C")) this degree of the map X — ¢(C’).

Let h:C — C be the normalization of an s-horizontal component C.
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For an irreducible component X’ of A7Y(C N C")..q, the reduced inverse
image of CN C’, we also call X' effective if h(X') is an effective com-
ponent of CNC’'. We denote by E(C’, C’) the set of effective components
in Y(CNC')s. An element X' of E’(C~’, C') is a simple divisor of the
normal variety C and we have the degree d(X’, (C")) of the dominant
map gohx: X' — ¢(C). _ _

1.5. To an effective component X'e E(C, C') in C, we attach a map
gx:D— G, where D is a unit disk in C. Since X' is a simple divisor
in C, we can take an imbedding D => C which intersects X’ transversally
at a generic point 7 of X’. Then D X X’ is locally isomorphic to C at
7. We may assume h(x)eCN C’ for xeD if and only if x = 0. Since
the B-bundle 7: G — <# is locally trivial in the Zariski topology, we can
take a local trivialization near h(D)cC,

k(D) - G (WD) X B ' (h(D))) .
Define the analytic map
, gx:D—G
to be the composite map D — (D) — G.
LEMMA 1. Let gx:D—G be the above map. Then gx(x)'Aen.

Let m be the Lie algebra of the unipotent radical of P. Then ggx(x)Aem
iof and only if x =0 in D.

Proor. The first statement follows from h(x) € <#4. For the second
statement, we have h(x) € C where C is s-horizontal and h(x)e C’ if and
only if 2 = 0, where C’ is s-vertical. Note that gBe C’, s-vertical, if and
only if gpBe <#* for any pe P. But then the last condition is equivalent
to p'g7*Aen for any pe P, which is also equivalent to g7'Aem. The
statement is now clear. q.e.d.

Since m is a hyperplane in 1, we have the analytic map
Yy D—ounm=C (Yx(x) = gx(x)"A mod m)

such that 7z (x) =0 if and only if x = 0. We denote by m(7y) the
mapping degree of 74/, i.e., the order of 75 at 0e D.

DEFINITION 2. For an s-joining pair (C, C'), we define the positive
integer
ng = 3 mp)d(X’, ¢(C")

X'eE(C,C")
where m(7y/) is the above mapping degree and d(X’, 4(C")) is the degree
of the map X' — ¢(C’) for an effective component X’ in E(C, C’) (1.4).
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1.6. We normalize Springer’s action of the Weyl group W on
H,;.,(#4, Q) so that for A = 0 it gives the sign representation and for
A regular, the trivial representation. Hence they give the W-modules
in [10] multiplied with the sign representation.

THEOREM 1. The action of a simple reflection s on Hy (74, Q)
with respect to the distinguished basis {[C]|Ce I(<#4)} is given as follows;

(i) s[C]= —[C] if and only if C is s-vertical.

(ii) s[C]=[C] + X,enn&[C'] if C is s-horizontal. The summation
is over all s-joining pairs (C,C') for the C, and n§ is the number
defined in Definition 2 (1.5), which depends on s.

Though this theorem is slightly different from Theorem 2 in [4],
the proof using l-adic cohomology is almost the same. We shall later
(§4) give a direct proof relying on Kazhdan-Lusztig’s construction [7].

2. An extended version of Joseph’s construction.

2.1. In the B-bundle n: G — < = G/B, put

G*=n(z*) ={9geG|gAen}.
We also write the pulled back B-bundle
TG4 — P .
On G4, B acts on the right, and Z(A), on the left. Let O(A) be the

nilpotent orbit in g to which A belongs. We consider the covering
space

0: 0(4) = Z(A)°\G - 0(A)Cg  (0(Z(A)°g) = g~'A) .

We then have

O(4) X, n = p~'(n) = Z(A)°\G4,

O(4) Nn = Z(A)\G*,
the smooth Z(A)°-boundle

¥: G4 — O(4) X, n,

and the etale map

Oio=1m* 0(4) X,n—=04)Nn.

We denote by I(Z) the set of all irreducible components of a variety
Z. We then have the natural bijections

I(<z*) — I(G*) — I(0(4) X, 1) ,
sending C to #7*(C) and then to +(zx~'(C)), as well as the surjection
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I(0(4) X, m) — I(0(4) N n)
sending V to o(V). Here the component group C(A) = Z(A)/Z(A)° acts
on I(<#4) =~ I(O(A) X,n) by permutations, and the last surjection is the
quotient by this action of C(4). Note that O(A) X,n and O(4)Nn are
also equidimensional.
2.2. We shall interpret the notions related to I(<#4) in terms of
those related to I(O(A) X,n), under the above bijective correspondence

0: I(z*) S I0(A) X,m)  (0(C) = ¢z *(C))) -

Especially, we shall find a simpler expression of the numbers «¢’ in terms
of the corresponding components @(C), @) in I(O(A) X,n). For this
we need some notions analogous to those discussed in §1.

We have fixed a simple reflection s, and the parabolic P = B U BsB.
The Lie algebra of the unipotent radical of P was denoted by m, which
is a hyperplane in n. We first note the following:

LEMMA 2. For Ce I(<#*), C is s-vertical if and only if o(@(C))cm.

PrROOF. As in the proof of Lemma 1 (1.5), C is s-vertical if and
only if for any gBeC, g7'Aem. Thus the lemma.

2.3.

DEFINITION 3. For V, V'e I(0(A) X, n), we call (V, V') an s-joining
pair if o(V)gm, po(V')cm and if V and V' intersect in codimension 1.

We easily see that (V, V') in I(O(4) X, 1) is s-joining if and only if
so is (@7Y(V), @7(V")) in I(<#*4).

DEFINITION 4. For an s-joining pair (V, V') in I(O(4) X, 1), we call
an irreducible component Y of V NV’ effective if the corresponding com-
ponent w(r"X(Y)) is so for (@ X(V), @(V') in I(<#*), i.e., w(y(Y)) —
HO-(V") is surjective. (O(4) X, 1G5 @ % 4)  Denote by
E(V, V') the set of all effective components in VN V".

In the parabolic subgroup P = B U BsB, let U, be the unipotent 1-
dimensional subgroup of P such that U,&Z B and sU,s'C B (the root
subgroup corresponding to —a when « is the simple root corresponding
to s). Let (V, V') be an s-joining pair in I(O(A4) X,n). Since V'cp(m),
P acts on V'’ (on the right, V' being regarded as a subset of Z(A4)°\G4).

LeMMA 3. In the above situation, there exists a mon-empty open
subset Vi of V' satisfying:

(i) Vi has a good quotient Vi, — Vi/U, under the U,-action whose
fibers are 1-dimensional.
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(ii) For an irreducible component Y of VN V', the composite map
Y N Vi — Vieg = Vieg/ U,

18 dominant if and only if Y s effective.

Takig this V.., and an effective Y e E(V, V'), denote by d(Y, (V'/U,))
the degree of the dominant map

YN Vie— ViU, .
Then
Ay, (V'/U0,) = dz(yY)), (@ (V") ,

and hence the right hand side is independent of the choice of the V.

PrOOF. We first show the existence of V;,. Put C=0*%(V), C'=
Oo~Y(V") in I(<#*). Then (C, C') is s-joining. Take an effective component
Ye E(V, V') and put X = n(y(Y)), an effective component in CN C’;
hence X — ¢(C’) is surjective. Then 7#7(X)P = n(C’) = 4 (V') in G4.
But then P= BU, U Bs and #7'(X) is B-stable. Therefore we have

v (VHIU, = @ (X)U,/U,) U (x(X)/sU,s™)s ,
where #Y(X)U,/U, is open dense in «(V')/U,. Hence
(X)) —»n(X)U,JU, C(V")/U,

is dominant and the both have the same dimension. Hence this map is
generically finite. Using the theorem of Rosenlicht on existence of
generic quotients, we can thus take a non-empty open subset %% in
7Y X)U,/U, such that %% has a good quotient Z(A)°\%%, with fiber
dimension equal to dim Z(A). If we take the inverse image Zy of %%
in V'), then (Zy) = Z(A)°\Z~ is open in V' and

Y N y(%y) — p(@y)|U, = Z(A)\ %y
is dominant and generically finite. Thus if we put
Vie=_ U )V(?/y') cv’,

YeEW,V’
then V)., satisfies the requirement.
Secondly we show the last statement. For Ye E(V, V'), take %y C
b (VNU,, 2y Cy (V') (Zy|U, = Zy) and (Zy)C Vi, as above. We
then have the commutative diagram:

Yny@) g—v'Nnay— X

l o

Vil Uy D 9 (%7)U, < %IU, = %y — ¢(C") .
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It is enough to show that all three vertical maps have the same degrees.
As noticed above, ¥ is smooth with fibers isomorphic to Z(A)° and so
iS Wrres, Dy definition. The map 7. has fibers isomorphic to B, while
7 has fibers isomorphic to P/U, =~ B 1. (B/sU,s™")s which is birationally
isomorphic to B. Applying the following Lemma 4, we immediately see
the required statement. q.e.d

The following lemma will be used later again.

LEMMA 4. Let
Z — 7,

l#" |

T_—,—_)Tl
g

be a commutative diagram of irreducible varieties. Assume that f and
fi are dominant and have finite degrees, and that the fibers of g and ¢’
are itrreducible and the restrictions of f to the fibers of g birationally
1somorphic to those of g'. Then the degrees of f and f, coincide.

Proor. Easy.

2.4. Let (V, V') be an s-joining pair in I(O(A) X,m) and Ye E(V, V).
Then Y is an irreducible reduced component of the scheme V ¥, m.
Denote by m(V X,m, Y) the multiplicity of the component Y in the
scheme V X, mnt.

We shall prove the following theorem.

THEOREM 2. For an s-joining pair (V, V') in irreducible components
of O(A) X, n, define the positive number

ny' = 3 m(VX,m Y)Y, (V'/U,)

YeE(V,V)

where d(Y, (V'/U,)) is as in Lemma 3, (iii). Let (C, C") = (@7 4(V), @~ X(V"))
be the corresponding s-joining pair for <#4. Then

ny = ng ,
where the right hand side is as in Definition 2 (1.5).

2.5. The number ¢ involves the normalization C of C. We compare
this situation with that involving the normalization V of V. We first
note the following general fact.

LEMMA 5. Let
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[

Z—T

be a Cartesian diagram of irreducible varieties. Assume that Z — T 1is
smooth and T — T is the normalization. Then Z is the normalization
of Z.
PROOF. Since Z— T is smooth, Z is normal variety. Since T— T
is finite and birational, so is Z —Z. Hence Z — Z is the normalization.
q.e.d.
By this lemma, in the Cartesian products

7L (V) = (€)= §

T S T

v v (V) = 77(C) - C
we have an isomorphism (V)™ = 77(C)~, which is the normalization
of (V) ==xn"C). Let E(C,C"), E(V, V') be the sets of effective com-
ponents in CN C’, V N V' respectively. By Lemma 3, there is a bijective
correspondence

EC,CoX—ym(X)e E(V,V').

The set of effective components E(C, C’) consists of irreducible components
of Y (CN C’) which are mapped surjectively onto effective components
in (zn C'. We also call an irreducible component of £ (VNV’') in V
(k: V—>V) effective if it is mapped surjectively onto a component in
E(V, V'). We denote by E(V, V') the set of all effective components in
E(VNV'. We then have the natural maps

EC ¢ ETV, v

EC,CY=S EWV, V')

where E(C, C") s X'+ #(#Y(X") e E(V, V).

2.6. We are now going back to the situation in 1.5. For each
effective component X’ E(C, C’) we have taken a unit disk D < C which
intersects X’ at a generic point of X’. Then we have defined the map
gx: D — G* and

VYy:D—-oum=C (Vo (@) = g ()" A)

such that 7z(x) = 0 if and only if = 0. The number x§ involves the
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mapping degree m(7y) of 7y. Let Y' = 3@ Y (X")e E(V, V') be the
corresponding effective component in V. We note the following:

LEMMA 6. Keep the above situation. For the maps
VoVonem,
let V X, m be the fiber prodzwt scheme. Let Y' be a reducible component
of VX, m. Denote by m(V X, m, Y') the multiplicity of Y' in V X, n.
Then we have
m(V X, m, Y') =m(7y).
PrROOF. Recall the diagram in 2.5,

7Ly (v = €

S

v vy s C.

The map gz: D — (V) = n7(C)  G* factors as
Gx: D— (V) (—97(V))
and define the map
gx' ST o
ty: Dy (V) > V.
By definition, subvarieties D and Y’ of V intersects transversally, and
the composite map

DEV sn— n/m
coincides with 7vy. Now Y’c V is the component in (V X, m).a Which
intersects D transversally. By definition, m(V X.m, Y') is the length
of the Artinian ring (& ®., @), the stalk of the structure sheaf of
V X, m at the generic point of Y’, which is isomorphic to & y./[fP% v,
where % ;. is the local ring of the divisor Y’ in ¥ and fe C[n] is the
linear form defining the hyperplane m. It is easy to see that this length
equals the mapping degree m(7x) of 7y in the above. q.e.d.

2.7. In order to identify quantities involving multiplicities, we use
the following lemma, which may be more or less known. Since we could
find no references which includes its proof, we here cite the proof com-
municated by Watanabe and Ishida.

LEMMA 7. Let A be a geometric local domain of dimension 1 and
A the normalization of A. Denote by p the maximal ideal of A and by
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k(p) = A/p the residue field of p. Then, for f+0 in A,
length, (A/fA) = 3 lengths, (A, /fA,)[&®): £()]

p’eMax 4

where lengthy, M denotes the length of a B-module M, Max;l the set of
maximal ideals in A and k(') the residue field of »'. [ :] denotes the
degree of a field extension.

PrROOF. Since
length, (A/fA) = .,.e%xz length, (4,/fA,)
= 3 _lengths, (4,/fA,)£®): £®)],

p’eMax A
it is enough to show the equality
length, (A/fA) = length, (A/fA4) .
But then the A-module A/A has finite length as an A-module. Hence
for the map
ffA/A—A4/A (f@x + A) = fx + A)

we have length, (Ker f) = length, (Coker f). In the commutative diagram
of short exact sequences

0— A— A — A/A—0

R | (') = fo, (e A)
0— A— A — A/A—0,

f and f’ are injective by assumption. By the snake lemma, we have
an exact sequence

0 — Ker f — Coker f — Coker f’ — Coker f — 0,
which implies
length, (Coker f) = length, (Coker ) .

Since Coker f = A/fA and Coker ' = A/fA, we have the required
equality. : q.e.d.

Using Lemma 7, we can prove the following lemma.

LEMMA 8. Let the situation be as in 2.5 and 2.6. Take an effective
component Y of VNV', Ye E(V, V'). Then

m(V X, m,Y) = S )m(V X.m, YNd(Y', Y)

k(Y =Y,Y e E(V,V*
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where k: V — V is the normalization of V and d(Y', Y) is the degree of
the map Y' — Y under k.

ProOOF. Let A = &y be the local ring of the divisor Y in V, and
fe @y the image of the defining form of m by the map C[n] — & ;.
Then, by definition,

m(V X,m, Y) = length, (4/fA4),
m(V X, m, Y') = lengthz, (4,/fA,)
(p’ is the maximal ideal defining YY),
AY', Y)=[e®): £®)] .
Hence Lemma 8 follows from Lemma 7. q.e.d.

2.8. We are now in a position to prove Theorem 2 stated in 2.4.
Let the assumption be as in Theorem 2. By Lemma 8, we have

ny' = 3 m(VX.m, Yd(Y, (V/U)

ye kv
=3 m(V X, m, Y)d(Y’, Y)Y, (V'/U,) .

Under the bijective correspondence (2.5)

EC,CS EWV, V"),
let Y’ = #(&%X"), X'e E(C, C") and X = h(X") e E(C, C"). Using Lemma
5, we also have

dY',Y)=dX' X).
By Lemma 3, we have

(Y, (V'/U,) = d(X, ¢(C")) .
By Lemma 6, we have
m(V X.m, Y = m(Vy) .
Since d(X’, ¢(C")) = d(X’, X)d(X, ¢(C')), we have
ny' = 3 [ m(Vx)l(X , 9(C")

X'EE(C,C!
which equals #n¢ by Definition 2. The proof of Theorem 2 has thus been
completed.

2.9. Thanks to Theorem 2, we have obtained a new construction of
Springer’s representations. Let O Cg be a nilpotent orbit and p: O — O
be the universal covering of O. Fix a Borel subalgebra with nilpotent
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radical n and consider the Weyl group W as a Coxeter system with
simple reflections determined by n. For a simple reflection s, we have
the notion: the hyperplane m of n, s-joining pairs in the set 1(6 X,
of irreducible components of O X,n ete. ... . On the vector space

7, =2.Q[V]
with basis {{V]|Ve I(O X,m)}, define the action of s as follows;
(i) s[V]=—[V]if p(V)Cm,
(ii) s[V]=[V]+ Zwvny [V'] if o(V)Zm, where =) is the
number defined in Theorem 2 and the last summation is over the s-joining
pairs for V fixed. From Theorem 2, it follows that these actions of the

simple reflections extend to the action of the Weyl group W on 77 and
under the correspondence

753 V]—[Cle Hy (4, Q)
(A€ 0, C = r(y(V))e [(z*)

the W-module 77 is isomorphic to the Springer W-module H, (<%, Q).
Both spaces have natural actions of 7,(0) (=Z(A)/Z(A)° for G simply
connected) which commute with the W-actions.

3. Identification with Joseph’s construction.

3.1. In this section, we shall show that Joseph’s representation on
the space spanned by I(O Nn) coincides with Springer’s W-module
H,; 4 (4, Q)°“?, the subspace fixed by C(A) which is irreducible (4 ¢ 0).

We keep the situation and the notations as in §2. In the space 77,
we have the W-action such that, for a simple reflection s,

stVI=[Vl+ 5wV if p(V)zm.

We rewrite this expression. Fix s and consider Ve I(O X, n) such that
o(V)Zm. Let P= BUBsB be the parabolic subgroup corresponding
to s. For a reduced irreducible component Y of V X,m, put

YP = {yplye Y, pe P}CV X, m.

LEMMA 9. The following three conditions are equivalent.

(i) dim YP=dim V. _

(ii) YP is dense in some V'e I(O X, 1) such that o(V')Cm.

(iii) Ye E(V, V') for some s-joining pair (V, V').

ProoF. Interpretation of Lemma 3 in 2.3. q.e.d.

We put
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EVX,m={Ye(VX,m|dim YP=dimV}.
Then by Lemma 9, we have the surjection
E(VX,m)—{V'|(V, V') is s-joining pair},
which we write as Y+ YPe I(0 X,n). The s-action on [V] can then be
rewritten as
sitVl=[Vl+ > S m(V X, m, Y)d(Y, (YP/U,)YP] .

€E(V Xym

3.2. We now consider the etale map (with Galois group C(4))
p:0X,n—>0nNn.

We write the adjoint action of G on g on the right, in this section, so
that it is compatible with the notations in §2. (For instance,
(Adg™X = Xg, Xeg, geG.) For an irreducible component Ue I(O N n)
such that U¢ m, we put

EUX,m) ={Ze (UNm)|dim ZP = dim U} .
Then it is clear that, for Ye I(V X, m) (o(V) = U),
Ye E(V X,m) if and only if o(Y)e E(U X, m) .

For Zc E(U X, m), let ZP be the irreducible component of O Nn
which contains ZP as a dense subset. As in Lemma 3, the U,-action
on ZP has the generic quotient (ZP),.,/U, of the same dimension as that
of Z. We denote by d(Z, (ZP/U,)) the degree of the map Z N (ZP).; —
(ZP)..,/U,. We also denote by m(U X,m, Z) the multiplicity of the
reduced component Z in the scheme U X, m.

LEMMA 10. Assume that Ue I(O N 1) is not contained in m. Then
in the W-module 75, we see that s(pw=v[V]) equals

S (Vi+ S mUX.m 2dZ, ZPU S [V'].

e)=U ZeE(U Xgqm) ZP
3.3. We prove Lemma 10. Let Ue I(O Nn) be not contained in m
and take Ze E(U X,m). Then we have the Cartesian diagrams

o~ U) —= p™(Z) = p™(ZP)
Ll
U —> Z <= ZP

Let 0~4(Z) = [, Y, 0-XZP) = [I%, V and p~(U) = I}, V, the irredu-
cible decompositions of p7%(Z), o '(ZP) and p~'(U) respectively. Note
that Y, e E(V, X, m) for some V, and (V,, V;) is s-joining if V,N V; } @.
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Since the components Y, is isomorphic to each other by the covering
transformation group C(A) and since Y, — Z is etale, we have

m(UX,m Z)=m(V, X, m Y,)

for every Y, and V, which contains Y,. In order to see this, let & ,
(resp. &y, y,) be the local ring of U at Z (resp. V, at Y)), and fe &y,
be the defining form of m in n. Hence &y, u, = Py 4/fT, and

ﬁv,z/fﬂv,z - ﬁv,,,yi/fﬁvk,yi

is an etale homomorphism of Artinian local rings. It is therefore enough
to prove that, if A — B is a finite flat homomorphism of Artinian local
rings, then length, A = length, B. In fact, then B is a free A-module
of rank equal to dim, ,x(B); hence length, B = (dim, ,,x(B)) (length, 4),
where £(A), k(B) denote the residue fields of A, B respectively. But
then we also have length, B = (dim, 4 £(B)) (length, B), which implies the
required equality.

We next consider the degrees involved. Put Z,, = (Z—-P)reg n4Z,
(Yrog = YiN (Vi) (V;iDY,). We then have the commutative diagram
of generically finite maps

1T (¥res — [T (Vi) U,

l l

Zy — ZP).oi/U, .
Since the group C(A) acts transitively on all diagrams
(Yirog — (Viees! Us
| | (Y.c V),
Zwg — (ZP)oil U,
all the d(Y,, (V}j/U,) are the same for Y,C V; and we have
d(Z, (ZP|U,)) 4 C(4) = néd(Y,, V;/U,) ,

where n is the cardinality of the Y,’s and ¢ is the degree of (V;)we/ U, —
(ZP),es/ U, (constant for every 7).
As to 4, we have
om = £ C(A)

where m is the cardinality of the Vj’s. In fact, consider the commu-
tative diagram
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I (VDus— [T (Vi)ea U,
1o
(ZP)reg BE— (ZP)reg/ Us .

Since the fibers of both horizontal maps are isomorphic to U,, we have
by Lemma 4

$C(A) = md(V;, (ZP|U,) = mé .

We now consider the s-action on >,,y-¢z[V] = i [Vi]. By the
formula given in 3.1,

(ZV)=[Vd+ S me () X.m, DAY, (FPU)TP].

In the summation 3, on the right hand side, we pick up the part of
the expression

2, m(e™(U) X, m, Y)d(Y, (YP|U,)YP]

p(¥)=
= S m(p™(U) X, m, YOd(Y,, (TP UNTP].

We know m(o™(U)X,m, Y,) =m(U X,m, Z), and d(Y, (Y,P/U,) is
constant for all 4 =1, ---, . Therefore the above sum equals

m(U X, m, Z)A(Y,, (ViU tnym) S [V3]) .
Using the equalities d(Z, (ZP/U,))  C(A) = ndd(Y,, (V}/U,)) and om =
#C(A), we see
md(Z, (ZP|U,)) = nd(Y,, (Vj/U)) .

Hence the above equals
m(U X, m, 2)d(Z, ZPU)(3[V}]) -

We thus see s(Ci-, [V:.]) equals
k*gl [Vk] + Z )m(U xn m’ Z)d(Z, (Z—ﬂUs))( [V’]) ’

ZeE(U Xgm p(V’):‘Z_ﬁ

which completes the proof of Lemma 10.

3.4. We call Joseph’s construction [6] of W-modules. To an irredu-
cible component U of O N n, Joseph attaches a certain polynomial p, on
b*, the dual of the Cartan subalgebra ). He shows that space

= > Copy

UeI(0Nn)
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spanned by the p,’s in the space of polynomials is W-stable. Further-
more, there are formulas for the action of a simple reflection s;
(i) If Ucm, then spy, = —py.
(ii) If U&m, then
spy =py + > m(UX.m, Z)d(Z, (ZP|U,))pzs

ZeE(T Xym)

(see Theorem and its proof in [6, §3.1]).
By Theorem 2 (2.4), (2.9) and Lemma 10 (3.3), the following theorem is
now clear.

THEOREM 3. The W-module 5%, is irreducible and isomorphic to
the fixed subspace H, (B4, C)°Y of C(A) im the Springer module
Hy (%4, C) for Aec O. Moreover, the correspondences

Py 2 [V]— 2. [C]

PV)=U,VeI(0 Xgm) p(@(C)=U,CeI(=4)

(Ue I(0O Nn)) give the W-isomorphisms
= (75 @ C) 5 Hyyay (4, €)' .

COROLLARY. 57, is a subspace of the space of harmonic polymomials.

PrROOF. From the results of Borho-MacPherson [1], it follows that
the W-module 5%, has multiplicity one in the space of homogeneous
polynomials of degree d(4). Hence the corollary.

For the application to enveloping algebras, see Joseph’s papers [6],
[12]. Very recently, Kashiwara and Tanisaki have found nice applications
of our results [13].

4. Proof of Theorem 1.

4.1. Using Kazhdan-Lusztig’s construction of Springer’s represen-
tation [7], we shall prove the local formulas in Theorem 1 (1.6). We
first recall their construction.

Let ¢: E— X be a locally trivial P'-bundle of algebraic varieties
over C. Assume that the additive group C acts on E — X as the bundle
isomorphism

A:CxX E—E ($(At, x) = ¢(x)) .
Let E* = {xc E|A(t, ) = « (tc C)} be the fixed point subvariety of E.
Kazhdan and Lusztig define an involution ¢ on H,(E“, @), the rational
homology group of E4 with arbitrary supports (the Borel-Moore homology

group), as follows. Choose a Riemann metric on each fiber P* (2-sphere)
of E as a topological fiber bundle, and let
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a.B— K

be the antipodal involution on each fiber. Choose a closed neighborhood
U of E* in E such that the inclusion 4: E4<>U is a proper homotopy
equivalence (U contracts properly to E4). Then ,: H,.(E4, Q) 5 H. (U, Q)
is an isomorphism. Since the action of C on each fiber is algebraic, one
can choose a continuous function p: X — R, such that A(¢, x)e U for
(t, )€ C X a(E*) satisfying |t| = p(é(x)). We then have the map

B:a(EY)—U  (B@) = A(u(d(x)), x))
and thus have the map
BSaEy buSE
These maps induce
H.,(E*, Q) ;> H.(U, @) «— H,(E", Q)

and give
0 =13'0°(Boa),cEnd H (E Q).

Working in the proper equivalence category, we see ¢ is an involution
and independent of the choice of metrics, U and p.

4.2. Let the situation and the notations be as in §1. Let p: <% =
G/B— & = G/P be the P'-bundle for the choice of a simple reflection s
of the Weyl group W. A nilpotent element A gives rise to the C-actions
on <% and &# by the left translation of expt4 (¢e C). Z#* is the fixed
point subvariety of .= by this C-action. Then E = p (&%) — F4(é = piz)
is our P'-bundle. The C-action on E satisfies the condition of 4.1 and
gives rise to the involution ¢ on H,(#4, Q) (<4 = E*). Kazhdan and
Lusztig claim that this involution coincides (up to the sign represen-
tation) with the action of the s in Springer’s representation of w on
H, (%4 Q). We shall later give a proof of this fact in Appendix and
we shall now take it for granted, i.e.,

c=s on H/\(%4Q).
We now have the maps

#t = E
ENVZ
4.
The map ¢ induces the surjection
¢t Hoaa(F*, Q) > Hyun(F, Q)
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on the top homology groups such that the fundamental eycles [C] of
s-horizontal components Ce I(<#*) are mapped to [¢(C)]. The kernel Ker ¢,
is then spanned by the fundamental cycles of s-vertical components.
Restricting the bundle to ¢(C) for C s-vertical, we easily see that s acts
on Ker ¢, as —1 and on H,, (%, Q)/Ker ¢, as 1. Hence we know (i)
in Theorem 1.

4.3. We fix C which is an s-horizontal component of <#4. Then
the subspace H,; (¢ (¢(C)), Q) C Hyy (54, Q) is s-stable and

H,u(37(8(C)), @) = > Q[C'] .

C’el(@4),6(C")cé(C)

Hence we care only for the s-vertical components C’ such that (C, C')
are s-joining pairs for C, i.e.,

§C1 = [C]+ 3, N¢IC)

for some number N¢', where the summation is over C’ such that (C, C')
are s-joining. We have to prove N¢ = n§ where the right hand side
is the number defined in Definition 2 (1.5).

Take an s-vertical C’ such that (C, C’) is s-joining. Since ¢(C") = ¢(C")
for C’ = C"”, the d(A)-dimensional components of E{f = ¢ (¢(C),) consist
of certain open subsets C, and C, of C and C’ respectively. Here we
have put

8(C) = ¢(C\ U (C") .
Under the natural surjection
Hyy (24, Q) » Hyy(E, Q) ,

[C] (resp. [C']) is mapped to [C,] (resp. [C;]) and the kernel is. spanned
by those [C"”] (C"” # C, C'). Furthermore, applying the involution s on
the P'-bundle

E, = ¢7(4(C),) — ¢(C), ,

we see that the above map is s-equivalent. Hence, considering the s-
action on H,,(E!, @), we have

sG] = [C.] + N&'[C1]

We have thus reduced the problem to the situation in the P'-bundle

E, — ¢(C);,, where the fixed point subvariety E{ has two components

(if necessary, we may disregard the lower dimensional components).
4.4. We are going back to 1.4 and 1.5. Let C be the normalization

of C €22 4C) and put € = (60 h)$(C)). Pull back the bundle
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E, — 4(C), to obtain the Cartesian square

oh
L2400,

e
Ne—

The C-action on E, can also be pulled back to one on E, and we denote
the fixed point subvariety by E4 = k' (E4).

We shall now notice the following:

(1) An irreducible component X, of (¢oh)7(#(C/)) is mapped
surjectively onto ¢(C!) if and only if X! =C,N X’ for some effective
X'e E(C, C") and the degree d(X], ¢(C))) of the map X,/ — ¢(C]) equals
d(X’, ¢(C)).

(2) Assuming that the components of E# are C, and C;, we see
that the components of E4 are &»YC,) = C, Xs0,C. and ¢(X/) where
X, = C,n X’ runs through X’'e EC, C).

(3) Since ¢(X/) (resp. C)) is a P'-bundle over X, (resp. #(C),
the degree d(¢'(X)), C)) equals d(X], ¢(C})) = d(X’, $(C")).

(4) Under the map

hy: Hyuu(E2, Q) — Hyuu(EE, Q)
[27%(C))] is mapped to [C,] while [§~*(X})] is mapped to d(F~*(X}), C}) [Ci].
(5) Assume that we have
s[A™(C)] = [R7X(CY] + B SZE(E,C,) m(X")[$7(X))]
in the s-module H,;,(E% Q). Then by (3) and (4), we have
s[C,] = [C] + (X,ezmac,) m(X"d(X', s(C'NIC]

in Hy, . (Ef, Q), and hence
g = _>_ mX"HdX', ¢C)) .

X’eE(C,C")

Thus, in order to prove Theorem 1, (ii), i.e., n§ = N¢', it suffices
to prove the equality

() m(X") = m(vy) for X'eE(C, C)

where the right hand side is as in 1.5. Let ne X/ =X'nC, be a
generic point of the simple divisor X/ in C,. As in 1.5, we take a unit
disk D= C, transversally intersecting X; at 7. Taking a small neigh-
borhood X; of 7 in X/, we have an open neighborhood D x X, of 7 in
C.. Restricting B, — C, to D x X;, we have K, = (D x X;) > D x X|
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such that the fixed point _subvariety FE# of the C-action through A has
the two components C, = A7%(C,) N E, and C, = $%(X,). Here under the
natural map

Hgd(A)(Ef, Q) — sz(A)(E’;; Q) ,

[A~X(C))] is mapped to [C;] and [$~*(X})] is mapped to [C;]. Thus it suffices
to see the equality (x) in the local model £, — D x Xj.
We now consider the inclusion

D=~DxncDxX,
and pull back the P!-bundle E, over D. Denote this P!-bundle by
»~D x P'— D. The following facts can been seen by inspection of
the definitions.
LEMMA 11. Let Y3:D—C be as in 1.5. Then the resulting C-
action on E, is given by (x,2)+— (x, 2 + t7x(x)) (teC, (x,2)e D X P)
where we take the coordinate z€ CU {} = P* of P

LEMMA 12. The fixed point subvariety E+4 comsists of the two com-
ponents D X {} and {0} X P* in E,. Under the Gysin isomorphism

H,(E4, Q) = H,..,(E4, Q) ,
which is also s-equivarianmt, the fundamental cycle [D X {}] (resp.
[{0} x P]) s mapped to [C,] (resp. [C;]).

4.5. In order to finish the proof of Theorem 1, it suffices to prove
the following lemma.

LEMMA 13. Let ¥: D — C be a holomorphic map such that Y(0) = 0.
Let C act on E, =D X P by (x,2)— (x, 2z + tY()) (teC). Then in the
homology group H,(E4, Q) of the fixed point subvariety Ea, the s-action
on the cycle [D X {}] is described as

s[D X {o}] = [D X {co}] + m(7)[{0} x P’]
where m(Y) is the mapping degree of 7.

PRrROOF. Let a(z, 2) = (x, —1/2) ((x, 2) € E,) be an antipodal involution.
Then a(E%) = D x {0} N {0} x P'. Put
U={@x2eDx Pzl =R or [z}

for fixed R >0 and 0 < » < 1. Then U is a closed neighborhood of E%
which properly contracts to E4. For sufficiently large ¢ > 0, g(a(E3%)) =
{(x, —1/z + t7(@))|(w, 2) € E4}cU. The s-action is, by definition, the
composite map
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H(ES, Q&% H(U, @ = H(ES, Q) .

The cycle s[D x {«}] is represented by [B(a(D X {}))]€ H,(U, Q) where
Bla(D x {})) = {(x, t¥(x))|xe D}. We have to show, in Hy(U, Q),

[Bl@(D x {=})] = [D X {e}] + m(M)[{0} x P’].
For this, we take embeddings
D x P'= P' x P!

U U
U = %

such that % is a closed neighborhood of K = P* X {c} U {0} X P* which
properly contracts to Kand 22 N D x P' = U. Thus we have the natural
isomorphisms

Hy(E3, Q)= H(U, Q) & H (%, Q)= H,(P' x P', Q) .

In these isomorphisms, [D X {}] corresponds to [P' X {c}]. We extend
the cycle B(a(D X {«})) in U to a homological cycle F' in 7% such that
FNU = pla(D x {«~}). It suffices to see

[F'] = [P* X {eo}] + m(V)[{0} x P']

in Hy (%, Q) = H,(P' x P, Q). In the homology group H,P'Xx P! Q),
we have the intersection numbers

[P* X {eo}]-[{0} x P'] =1,
[P X {co}] - [P* X {}] =0,
and
[{0} x P']-[{0} x P']=0.
We now let
[F] = a[P" X {e=}] + b[{0} X P'].
Applying the intersections, we have
1=[F]-[{0} x Pl=a and [F]-[P' X {}]=0.
But then,
[F]-[P* X {e=}] = [F']-[P" x {0}]

which is equal to the intersection number of the local curves
{(z, tY(x))|xe D} and {(z, 0)|x€ D}. This number is clearly equal to the
mapping degree m(Y) of ¥. We have thus proved the lemma and hence
have completed the proof of Theorem 1.



WEYL GROUP REPRESENTATIONS 71

Appendix: IDENTIFICATION.

Al. Let G be a connected reductive algebraic group over C, g its
Lie algebra and _#~ the closed subvariety of g consisting of nilpotent
elements in g. Considering <# as the set of all Borel subalgebras of g,
put

g ={(4,begx #|Ach}.
By the projection to the first factor, we have
p:g—g.
Here o has fibers
p'(A) = {be F|Aecb}=z* (Acg),

and if we denote by g,, the open subset of g consisting of regular semi-
simple elements in g,

Prs = pli”: gn = 10_1(9") G
turns out to be an etale covering. If we fix a Borel subalgebra and a
Cartan subalgebra contained in it, the covering p,, acquires the Weyl
group W as its Galois group. We thus have the local system (p,,).@;,,
on g,, which has the W-action under our choice.

Let *(0,,)«Q;,, be the DGM extension of (p,,).Q; 6 to g, i.e., the
bounded complex of sheaves of @Q-vector spaces on g whose cohomology
sheaves are constructible such that

( i ) ”(pn)*Qinmn = (pra)*Qﬁ,,.s

(ii) codim, Supp S£“(*(0,,)Q;,,) > © (for all ¢ > 0),

(i) RSAOM((0,)4@s,., @) = “(0,): @5, .,

(iv) 22 (0.4)Q;,,) = 0 for 7 < 0.

(See [3, §4]. Here we consider the middle perversity and take a shift
of degrees.) Then *(o,,).Q;,, has the W-action as an object in the derived
category D!Q, whose objects are bounded complexes of sheaves of Q-
vector spaces on g whose cohomologies are constructible. Lusztig [8]
observed that

R0.@Q; = "(0,,):Q;,, in DQ,)

since the fibers of o are “small” in the sense of [3]. Thus the direct
image sheaves Rp,Q; on g acquires the W-action which gives rise to the
W-module structures on H*(Z*, Q) = (R*0,Q;)4-

A2. Since Rp,Q; has the W-action as an object of DXQ,), the
restriction to 4~

(ROsQ) s = R(0,7):Q7 (A = p7(A))
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also has the W-action as an object of DXQ_). This W-action induces
the “standard” W-action on H*(<Z, Q) = (R*0.Q;), the special stalk at
0c._#; which coincides with the classical W-action induced by the
topological W-action on <% = K/T, where KC G is a maximal compact
subgroup and T, is a maximal (topological) torus of K. The work of
Borho-MacPherson [1], [2] gives the following criterion for the uniqueness

of the W-action on R(p ;),Q 7 on _#. (See the proof of the main
theorem in [1].)

THEOREM Al (Uniquness theorem). A W-action on R(0,.7).Q.> in
DYQ._,) is wunique if it induces the standard W-action on the special
stalk H*(<Z, Q), i.e., that induced by the standard topological action of
W on .

REMARK 1. The theorem is true for the [-adic cohomology in the
fields of characteristic p = 1. The proof of the identifications in [4]
becomes simpler if we use the above uniquess theorem.

REMARK 2. Borho-MacPherson’s result depends on the “deep” de-
composition theorem of Deligne-Gabber-Beilinson-Bernstein for [-adic
sheaves in positive characteristics. Recently, we recovered an analytic
proof of their result, which uses the “Fourier transform” of holonomic
systems ([5]).

A8. Using Theorem Al, we can rather easily identify Kazhdan-
Lusztig’s W-action with Springer’s one. We choose a simple reflection
se W and the situation is assumed to be as in §4.

In the P'-bundle

p=Id, X p: V" X B> N4 XP,
consider the restricted P'-bundle
E = (@A) = BANCH X F).
There is a C-action on E such that
CxXE—E (¢ A b (A4, 4b)))

whose fixed point subvariety is 4~ C E. We shall define an involution
on R7p,Q ;> on ﬁ(/f ) which, after taking the direct image by o': #~ X
P — _; will coincide with the s-action on R(p, >),Q.>. Choose a closed
neighborhood U of _#~ in E such that U properly contracts to .4~ fiber
by fiber in the fibering E — p(_#"). The C-action

B (A, D)1= (4, (b))  (teC)
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gives the C-action on the P-bundle E — H(_s").
Taking the antipodal involution a of E, we have
5w B gl ) U
for sufficiently large ¢ > 0. This gives rise to the morphism

(Biea)
R5.Q, 2 Rp.Q 5,

and, since U contracts to .~ fiber by fiber, we have a quasi-isomorphism
Rp.Qy = RP.Q > .
We thus have the morphism
o: Rp,Q > < Rp.Qy — RD.Q >

in DXQ; ). Taking the direct image by the projection P =
N X P — _¢; we have the endomorphism

Ro(0): R(0,5)Q.> — R(0,.5).Q.>
where R(p, ;).Q. > = RoRp.Q >

LeEMMA Al. The endomorphism Rp%(0) coincides with the s-action
(=0 im §4) on H*(#4, Q) = (R*(0,.7)xQ.7)1 under Kazhdan-Lusztig’s
construcion for the homology group H.(%4, Q)= the dual of H*(<#4, Q).

ProOOF. In the maps

Dv

N U=l p(/lf)e///

= (0" o Dip)"*(A) is a closed neighborhood which properly contracts to
<#4. Kazhdan-Lusztig’s action is defined, fiber by fiber, through a closed
neighborhood U4 on the Borel-Moore homology H,.(U4, Q) ~ H,(<#*, Q).
We have H, (U4, Q) = H*(U4, @)~ (the dual). But then SF(RoxRD.Qy)s =
H*(U4, Q) = H*(<#*, Q). Hence our construction of the s-action is the
sheafification of Kazhdan-Lusztig’s s-action. q.e.d.

LEMMA A2. The endomorphism Rp4(c) coincides with the standard
action of the s on H*(<Z, Q) at the special stalk A = 0.

Proor. Easy.

It follows from Theorem Al and the above lemmas that Kazhdan-
Lusztig’s W-action on H,(<#4, Q) coincides with Springer’s W-action.
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