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1. Introduction. The study of minimal foliations, totally geodesic
foliations and foliations with bundle-like metrics may be of interest to
us in the meaning that they are geometric properties combined foliated
structures with Riemannian structures. The foliated Riemannian manifold
with a bundle-like metric was defined by Reinhart [15] and is discussed
by him and others ([7], [10], [11]). The Riemannian submersion ([2], [13])
is a special case of this conception. The foliated Riemannian manifold
with totally geodesic leaves is discussed by Dombrowski [1], Ferus [3],
Johnson and Whitt [8], Tanno [18] and others. This case often appears
in the differential geometry. Recently, Haefliger [5], Kamber and Tondeur
[9], Rummler [16], Sullivan [17] and many people discuss the foliated
Riemannian manifold with minimal leaves.

In this paper we define a foliation on a Lie group. For a Lie group
G, we take a Lie subalgebra § of the Lie algebra g associated to G and
a left invariant Riemannian metric < , >. Then we have a foliated Rie-
mannian manifold (G, < , >, J^ify). On (G, < , >, ̂ (fy), we discuss the
totally geodesicness and minimality of leaves and bundle-like-ness of the
metric. We have many interesting examples, for instance, foliated Rie-
mannian manifolds with minimal, not totally geodesic leaves. From these
examples, we may remark that it is not able to extend Oshikiri's theorem
[14] to the case of codimension ^2 .

2. Preliminaries. Let (Λf, g) be an n-dimensional Riemannian mani-
fold M with a Riemannian metric g. The objects under consideration
are of class C°°. Let {eA} be a local orthonormal frame field in M and
{wΛ} be the dual coframe field. Here and hereafter, indices A, B, run
from 1 to n. The connection forms wi on M associated with {eA} are
uniquely defined by

dwA = - Σ wi Λ wB , wi + Wj. = 0 .
B

We set dwA = — Σs,<7 Γicw
B Λ wc, ΓiG + ΓA

B = 0, then wi are given by

(2.1) wi = Σ (-Γia + ΓC

AB - Γ$A)wc .
G
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The covariant derivative FBeA of a vector field eA in the direction of eB is
defined by

V&A = Σ w%eB)ec .
c

The 2-forms Ωi defined by

Ωi = dwi + Σ wA A WCB
c

are called the curvature forms of M associated with {eΛ\. The curvature
tensor R = (RBCD) of M is defined by

ΛwD , RίcD + RίDC = 0.
CD

The following properties of the curvature tensor R are well-known:

RίcD + RBAOD = 0 , Ri0D = RC

DAB , RiCD + i % , a + RA

DBC = Q .

The quantity iϋj?^ is called a sectional curvature with respect to the
plane spanned by eA and eB. Let S = (SAB = Σ o RC

ACB) be called the Ricci
tensor of M and SAA be called a Ricci curvature in the direction of eA.

Now let (M, g, J^~) be an ^-dimensional foliated Riemannian manifold,
that is, an ^-dimensional Riemannian manifold M with a Riemannian
metric g admits a foliation ^ . The foliation ^~ is given by an integrable
subbundle E of the tangent bundle TM over M. The maximal connected
integral submanifolds of E are called leaves. Each leaf has the same
dimension, say q. Then q is called the dimension of ^~ and p — n — q
is called the codimension of ^~ ([15]).

The following convention on the range of indices will be used through-
out this paper unless otherwise stated:

A,

i,.

a,

B,

β,

c, ••

7, •••

• = 1, 2,

= 1, 2,

• • = 9 + 1

j

* >

q

^-2, , g + p = w .

We may take a local orthonormal frame field {eA} in (ikf, #, ̂ " ) such
that et are tangent to the leaves, hence ea are orthogonal to the leaves.
Such a frame field {eA} is called a local orthonormal adapted frame field
with respect to ^ and g. Hereafter we consider a local orthonormal
adapted frame field {eA} and the dual coframe field {wA} in (M, g, J^~).
Then ^ is locally given by wa = 0. We set

(2.2) w? — ΣihijW3 -\- Σ A?βw
β ,

3 β

then the integrability of E implies that h^ = h°t. We remark that the
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distribution defined by w* = 0 is integrable if and only if A"β = Aβ

ia.
Thus the tensor A = (Aϊβ) is called the integrability tensor of the
orthogonal complement bundle E1. The bundle EL is identified with the
normal bundle Q = TM/E of J^~([13]).

For each point of (M, g, ^ ~ ) , the quadratic form Σi,ohcίόw
ί wj is called

the second fundamental form of the leaf through the point in the di-
rection of ea. Thus the tensor (/&?•) is called the second fundamental
tensor on (Λf, g, ^~). The vector field H = Σ ί > α h"tea is called the mean
curvature vector field on (Λf, gf ^~), and Ha = .Σ* hu- is called the mean
curvature in the direction of ea. A leaf is minimal if H = 0 on the
leaf, and (Λf, g, ^) is minimal if all leaves are minimal. A leaf is
totally geodesic if

(2.3) h«j = O

on the leaf, and (Λf, #, ̂ " ) is totally geodesic if all leaves are totally
geodesic.

The Riemannian metric g on (Λf, #, ̂ ~) is called a bundle-like metric
with respect to J?~ if for each point xe M there exists a neighborhood
Ϊ7 of #, a p-dimensional Riemannian manifold (V, g) and a Riemannian
submersion φ\(U, g\π) —> (F, g) such that 9~1(̂ /) is an intersection of C7
and a leaf ([15]). But the following fact is useful to us: The Riemannian
metric g on (Λf, g, J?~) is a bundle-like metric with respect to J?~ if and
only if

(2.4) Aίβ + ASa = 0

for a local orthonormal adapted frame field {eA} ([11], [16]).

3. Foliations on Lie groups. In this section, we construct a foliated
Riemannian manifold (G, <, >, _F~(ϊj)) and investigate the geometric pro-
perties of this foliated Riemannian manifold. We refer to [6] and [12]
in this and the following sections.

Let G be an ^-dimensional Lie group and g be the associated Lie
algebra consisting of all vector fields on G that are invariant under left
translations. We take a Lie subalgebra ί) of g, then we have a foliated
manifold (G, _ "̂XIj)). We denoted by Lx the left translation of G bya e
G. Let H be a connected subgroup of G whose Lie algebra is §. For
each point xeG, & submanifold LJJS) of G is the leaf through x of the
foliation ^""(Ij) of G. If we take a left invariant metric <, > on G, then
we have a foliated Riemannian manifold (G, <, ), ^~(ϊj)). We assume
that the foliation ^"(ί)) of G is of codimension p, and w — p + </.

We apply the discussion in the above section to (G, <, >, ^~(ϊj)). Let
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{eA} be an orthonormal basis for g and {wΛ} be the dual basis. We denote
by CAB the structure constants of g with respect to {eA}, that is, [eA, eB] =

By the equation of Maurer-Cartan:

(3.1) dwA = (-1/2) Σ CiDwB Λ wD

B,D

and (2.1), the connection forms wi are given by wi = (l/2)Σz>(—Ciz> +
CAB — C%A)wD ([12]). Hereafter, we take an orthonormal adapted basis
{eΛ} for g with respect to ^~(f)) and <, >, hence {βj is a basis for §.
Since C& = 0, (2.2) and (3.1), we have

(3.2) «* = (-l/2)(<& + C?β)

(3.3) A?, = (-1/2)(C% + CL - CJ,) .

PROPOSITION 3.1. Lei (G, <, >, J^O})) 6β as above, and the metric
<, > is Ad(H)-invariant. Then the following holds:

cu + c^ = o9 σja = o, Cfβ + CL = o,
so that all leaves are totally geodesic and < , > is a bundle-like metric
with respect to

PROOF. By the assumption, for all teR, <Ad(exp {te^)eAy Ad(exp
(tet))eBy = (eA, eB) = δAB.

Thus we have <[e<f eA], eB) + (eA, [eit eB]) = 0, that is, CfA + CfB = 0. The
second part follows from (2.3), (2.4), (3.2) and (3.3). q.e.d.

REMARK. If H is compact, then it is well known that there exists
an Ad(iϊ)-invariant and left invariant metric on G.

PROPOSITION 3.2. Let (G, <, >, ̂ "(ή)) be as above. The following
conditions are equivalent:

( i ) The metric < , > is a bundle-like metric with respect to
(ii) For all X orthogonal to ή, VXX is orthogonal to f).

PROOF. For all X = Σ * fefia orthogonal to ή, we have

et (mod er)Σ
**β,i

-CU + C?β - σat)et
) Σ.
a,β>i

)Σ
a,β,i

Thus, by (2.4) and (3.3), we have the equivalence. q.e.d.

REMARK. If curves t —> exp(ίX) are geodesic in G for all X orthog-
onal to.§, (ii) holds. We refer to Theorem 4.2 in [19].
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Now, we will construct a new foliated Riemannian manifold (G, <, >,

J?~(f))) with (G, < , >, ^~%). Given a (p, gθ-matrix (&) of real numbers,
we set

(3.4) et = et

Then we may take a left invariant metric <7~> on G so that {eA} is
orthonormal. Thus we have a foliated Riemannian manifold (<?, <T>,
^~(f))). We investigate the relations between old and new foliated
Riemannian manifolds. We denote by C*B the struture constants of g
with respect to {eA}. By (3.4) and C?3 = 0, we have

(3.5-1) CL = α + Σ f«cik - Σ f/α
A β

(3.5-2) Cfi, = α

(3.5-3) C% = Ci,

(3.5-4) C% = Σ ίίfίQ + Σ fiCft - Σ ίiδίC?, + Σ ίJCi - g ξ\ξkeCL

~" Σ ί(?Cαi9 + Caβ
θ

(3.5-5) Q , = σaf + Σ 5ίCf, + Σ &CU •

By (3.2), (3.3) and (3.5), the second fundamental tensor (h"j) and the
integrability tensor (A^) are given by

(3.6) h'tί = (-1/2)(CL + CU)

= (-1/2XCL + CU + Σ ξlCk + Σ ξicu - Σ ξiPL - Σ #Cfc)
fc fc ^ i3

(3.7) ^ = (-1/2XC& + CL - C*,)

= (-i/2)(cϊ5, + α - σat - Σ,ji$c% - Σ ξiCh

- Σ ί lQ + Σ ?M + Σ δίeίC , + Σ &%,)

If the metric < , > is Ad(iϊ)-invariant, we have, by Proposition 3.1, (3.6)
and (3.7),

(3.8) h"ti = (1/2)(Σ ξiCL +

(3.9) Ά% = (-l/2)(-C«, - Σ 5ί5jC?» + Σ ξtffiU + Σ ξtfeCi, + Σ fICΪ
\ j,k j,θ ά,θ θ

Thus, by (2.4), we have
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LEMMA 3.3. // the metric < , > is, Ad{H)-invariant, then the metric
< , > is a bundle-like metric with respect to J^~(§).

We introduce a positive integer /(G, <, >, ̂ ""(1})) associated with a
foliated Rimannian manifold (G, < , >, ̂ ( ί ))) . We assume that the metric
<, > is Ad(iJ)-invariant. We consider the orthogonal decomposition of
the Lie algebra g of G with respect to the metric < , >: g = ί) + tn. By
Proposition 3.1, we have C\a = 0. Thus, for each Xeί), ad{X) is a linear
transformation from tn to itself, and we denote by r(X) the rank of the
linear transformation ad(X). Then we define I(G, <, >^~(ϊ})) by

(3.10) /(G, < , >, J?~m = max Σ r(e<)

where NB(f)) denotes the set of all orthonormal bases {ej for §.

THEOREM 3.4. Lei (G, < , >, ̂ ~($)) be a foliated Riemannian manifold
with an Ad{H)-invariant and left invariant Riemannian metric < , > and
a foliation J?~(§) of codimension p = n — q. Let I(G, {, ), ^~(§)) 6e ίfce
positive integer defined by (3.10). Suppose that [§, m] = m and p < I(Gf

<, ), ^~(ϊ})), ίfeen G admits a left invariant Riemannian metric < , >
satisfying the following:

( i ) The foliated Riemannian manifold (G, < , >, ̂ ~(f))) is not totally
geodesic but minimal.

(ii) The metric < , > is a bundle-like metric with respect to ^"(f)).
Moreover, suppose that G is compact and semisimple, and that

[f), m] = m and p < /(G, < , >, ̂ (f))) with respect to a bi-invariant metric
< , > on G, then G admits a left invariant Riemannian metric < , > satis-
fying the above (i), (ii) and with positive Ricci curvatures in all directions.

PROOF. We take an orthonormal basis {eA} for g with respect to
<,> such that /(G, <,>, ^ ( § ) ) = Σif (βi). For a (p, gθ-matrix (&) of
real numbers, we take a new basis {eA} for g such that et = et and
β"« = Σ i ξtβj + β« We may take a left invariant Riemannian metric < , >
on G which truns the basis {eA} into an orthonormal basis for g. Since
the metric < , > is Ad(H)-mvariant, we have, by Lemma 3.3, that the
metric < , > is a bundle-like metric with respect to ^~($). By (3.8), we
have Σ< Λf, = Σ u tβCL

Let ψL be a linear mapping from the space m(p, g; JB) of all (p, g)-
matrices of real numbers to tn defined by

iSince [̂ , m] = tn, we have dim Ker(^) = pq — p. Thus the set of all (ξ*a)
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satisfying

(3.ii) Σiξ'βCL = Σ'Λfi = 0

is a vector space of dimension pq — p. On the other hand, let ψ2 be a
linear mapping from m(p, 1; R) to xn defined by, for each ί,

Then we have dim Ker(^2) = p — r(e<). Thus the set of all (ξ*a) satisfying

(3.12) Σ ζ'βCL ='0 (for each i)

is a vector space of dimension Σ< (P — 'K6*))- By the assumpsion, we
have pq — p> *Σn(P — r(e*)) Thus there exists a solution (f£) of (3.11),
but not of (3.12). We take such a (£*) Gm(p, <j; Λ) so that the metric < , >
has a property (i)

If G is compact, then G admits a left invariant (and in fact a bi-
invariant) metric < , > so that all sectional curvatures are non-negative
([12]). The sectional curvature KAB associated by eA and eB (A Φ B) is
given by KAB = (1/4)\\[eA9 e 5] | | 2, where || ||2 — <•,•>, and the Ricci curva-
ture SAA in the direction eA is given by

(3.13) SAA = (1/4) Σ II [β^, e l̂ II2 .
B

Since g is semisimple, we may prove that the Ricci curvatures in all
directions are positive. If SAA = 0 for some A, then (3.13) implies [eA, eB] =
0 for all B. This means that eA belongs to the center of g. This
contradicts that g is semisimple. Under that [§, xπ] = m and p < /(G, < , >,
^(Ij)), we may construct a metric <~~~> as above. The metric <~7> is a
continuous function of (£«). Hence the Ricci curvatures in all directions
with respect to < , > are positive for (ζ*a) sufficiently near the zero matrix.

q.e.d.

REMARK. AS an example satisfying the condition in Theorem 3.4,
we take a symmetric pair (GyH). But tlμs example is a case of q ^ 3.
Examples of case of q = 2 are given in section 5.

4. Minimal foliations on non-compact Lie groups. Let g be a non-
compact simple Lie algebra and θ be an involutive automorphism of g.
We set ϊ = {Xe g; Θ(X) = X}fp = {XSQ, Θ(X)= -X}, then we have g = ϊ φ £
(direct sum) with [ϊ, ϊ] c ϊ, [ϊ, p] c pf [p, p] c ϊ. Let B denote the Killing
form of g, and we define < , > by

\X,Y>= -B{X,Θ{Y))
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for all X, Γeg. Then the metric < , > is a left invariant metric on G
and, for all Xep, ad(X) is a symmetric linear transformation of g with
respect to <, >. Let α be a maximal abelian subspace of p and α* be the
dual space. For λeα*, we set

(4.1) = {XeQ;[A,X] = for Aea}

Then λ is called a root if Qλ Φ 0, and let Δ denote the set of all roots.
We have

(4.2)
λeJ

[9;, 9̂ 1 CQλ+μ for X, μeΔ .

We take an ordering in α*. Let Δ+ denote the set of positive roots.
Next we consider two subsets Δ1 and Δ2 of Δ+ satisfying

( i ) ΔX-DΔ%

(ii) λ, μ € Δr9 X + μ e Δ+ implies λ + μ e Δr (r = 1, 2).
Moreover, let £ί\ and £f% be two subspaces of α such that £fx g £&. We
set πr = Jέfr+ΈiXejrβλ (r = 1, 2), then πx is an algebra and x^ is a subalgebra
of tti Let Nt (resp. N2) be a connected Lie subgroup of G with the Lie
algebra π : (resp. rtg). Then we may have a foliated Riemannian manifold
(Nlf <, >, ^"(tts)), where <, > denotes a suitable left invariant metric on
JVi as below. We now compute the second fundamental tensor (h"j) and
the integrability tensor (A2β) of the orthogonal complement bundle of

Here we use the range of indices as follows:

1 ^ α, 6 ^ dim

dim ^ + 1 ^ i, j ^ dim ̂  + # 4 = dim JSΓ2

dim N2 + 1 ^ a, β ^ dim iV2 + dim ̂  - dim &Ί

dim AΓ2 + dim ̂  - dim ̂  + 1 ^ <J, ̂  ^ dim N,

We set

{ea, ej : basis for

normal to leaf

tangent to leaf

root space
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{ea9 ea): basis for £fx

{ei9 eξ}\ basis for Σ βx .
λeΔι

We may take e, (resp. ee) in the root space Qλ. (resp. g;.), and it may
happen that λ8 = Xt for s Φ t. We take a left invariant metric < , >
on Nx so that {ea9 ei9 ea, eζ} is orthonormal. It is obvious that the
structure constants Cli9 Cίζ, C

ι

ai and Cζ

aζ of Nλ (with respect to the basis
{ea, eif ea, eξ}) are not necessarily zero. By (3.2) and (4.1), the mean
curvature Ha in the direction of ea is given by

H« = Σ C*t = Σ \(ea) ,
i i

and the mean curvature Hξ in the direction of eζ satisfies Hζ — 0. By
(3.3), (4.1) and (4.2), we have

AU = ~\(ea)

AU = (-1/2XCU + C& - CU)

the others vanish.
Then we have the following:

< , > is a bundle-like metric with respect to ^~(tt2) .

~ \(ea) = 0 , Cfη + Qξ = 0 for all α, i, ξ, 17 .

« \(ea) = 0 , λ4 + λe £ J Λ 4 for all a, i, ξ .

The orthogonal complement bundle of ._^~(n2) is integrable.

<=> CU = 0 for all ί,ζfη.

<=> Xξ + λ7 g J2 for all f, 77 .

Thus we have

PROPOSITION 4.1. Let (N19 < , >, _^~(n2)) 6e as
( i ) (Nlf < , >, ̂ ""(rO) is minimal if and only if Σ Ϊ ̂ i(β«) = 0 /or a££

a,
(ii) ( ,) is a bundle-like metric with respect to ^~(n2) if and only

if χξ(ea) = 0 for all a, ξ and ((Λ\^ 2) + 4>) Π (A\A) = 0,
(iii) the orthogonal complement bundle of ^ ( t t , ) is integrable if and

only if {(Aι \ A2) + (dL \ Δ2)) Γ\Δ2= 0 . And the above three conditions are
independent of each others.

We may show an example of minimal foliated Riemannian manifold
(N19 < , >, ̂ ( r t , ) ) such that the metric < , > is not a bundle-like metric
with respect to ^ ( n 2 ) and the orthogonal complement bundle of
is not integrable:
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EXAMPLE 4.2. Let g = Sί(n, R) and θ: g->g defined by Θ(X) = —ιX
for all Xeg. Then we have

f = 8o(w)

p = {XeQί(n, R)\tX = X , Trace X = 0}

α =

We define Xtea* by

λ, |

IH, 0\

\o fl ..

Then we have Δ = {\ — λ,.|l ^ i, i ^ n}. If we take an ordering of Δ
such that \> > λn, then J + = {λf — λ j l ^ ί < J <: n}.

In the case of that n = 4, we set

ZJ2

 = =
 {ΛIJ

= Λ
- 2

0 - 1

- {0} ,

and then we have a foliated Riemannian manifold (N19 < , >, ^"(π 2 )) as
above. Then we have the following, (i) (N19 < , >, ^ ' (n 2 ) ) is a minimal,
not totally geodesic because (λx — λ3 + λ2 — λ4)(«S^) = 0 and (λ, — λ3)
(Jίfi) Φ 0. (ii) The metric <, > is not a bundle-like metric with respect
to ^ ( t t j ) because X1 — X2eΔ1\Δ2f λ2 — λ4 e Δ2 and (λx — λ2) + (λ2 — λ4) =
λ : — λ4 e Λ \ z/2 (ϋi) The orthogonal complement bundle ^ ' ( t t j is not
integrable because \λ — λ2 e J x \ z/2, λ2 — λ3 e Δλ \ Δ2 and (λr — λ2) + (λ2 — λ3) =
x1 — λ3 e J 2.

5. Further examples of minimal foliations.

EXAMPLE 1. Let g be a 3-dimensional unimodular Lie algebra. There
exists a basis {elf e2, e3} for g such that

where λs = 0, ± 1 (s = 1, 2, 3). There exist just six distinct cases on the
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signs of Xif X2 and λ3. By changing signs if necessary, we may assume
that at most one of the structure constants χlf λ2, λ3 is negative. We
have the following table ([12]):

f t W ™ ^ Description
, λ3 Lie group ^

+
+
+
+
+
0

+
+
+
—
0
0

+
—
0
0
0
0

SU(2) or SO(3)
SL(2, R) or 0(1, 2)
£7(2)
E(l, 1)
Heisenberg group

RφRφR

compact, simple
noncompact, simple
solvable
solvable
nilpotent
commutative

Let G denote a connected Lie group whose Lie algebra is g.

EXAMPLE 1-1. We consider the cases of (i) xL = χ2 = 1, λ3 = 0, (ii)
λi = 1, \ 2 = - 1 , λ3 = 0, (iii) λi = 1, λ2 = λ3 = 0, (iv) λx = λ2 = λ3 = 0. Let
ί) be an abelian subalgebra of g generated by eλ and e2. We take a left
invariant metric < , > on G so that {elf e2, es} is orthonormal. Then we have
foliated Riemannian manifolds (G, <, >, ^"(ί))) of the type (i) ~ (iv). The
above four foliated Riemannian manifolds are minimal because H =
-(Cί 8 + C\z)ez = 0. Since h\2 - (-1/2)(C?3 + Q3) = (-l/2)( - λ2 + λ j , the
foliated Riemannian manifold of type (i) and (iv) are totally geodesic,
and ones of type (ii) and (iii) are not totally geodesic. The metrics
<, > on the above four types are bundle-like with respect to the foliation

because AZ

1S = A% = 0.

EXAMPLE 1-2. We consider the case of that χ1 = \2 = i and λ3 = — 1 .
By changing e[ — e19 e'2 = e2 — ez and e[ — e2 + β8, we may assume that the
basis {e19 e2, eB} already satisfies the following:

[e2, es] = 2eλ , [e 3 , e,] = e3 , [eL, e2] = e2 .

Let ξ) be a subalgebra of g generated by eλ and e2. We take a left
invariant metric < , > on G so that {eL9 e2, e3} is orthonormal. Then we
have a foliated Riemannian manifold (G, < , >_^~(§)). This is minimal,
not totally geodesic because h3

n = h\2 = 0 and h\2 = — 1 . The metric
< , > is not bundle-like with respect to ^ " ( § ) because A\z = 1. This
example is due to Roussarie ([4]).

EXAMPLE 1-3. We consider the case of that x1 = λ2 = λ3 = 1. Then
g = §o(3). Let s*/ denote the Lie algebra of SO(2) and e0 basis for sZ.
Let I be a subalgebra of j / x g generated by e0 and ex. By changing
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eΌ = β0, e[ = elf e2 = ae0 + e2 and e3 = ez for any real number α, we may
assume that the basis {e0, e19 e2, ez) already satisfies the following:

[elf e2] = e3 , [e2, e8] = ex , [e8, βj = - α β 0 + e2 ,

[e0, βf] = 0 (β = 1, 2, 3) .

We take a left invariant metric < , > on SO(2) x SO(3) so that {e0, ^, e2, e8}
is orthonormal. Then we have a foliated Riemannian manifold (SO(2) x
SO(3), < , >, J H $ ) ) We have

hl0 = h2

n = Λoi = Λoo — ^li = 0 , ΛSi = — α/2

and

A2 y12 — v43 — yf3 /12 /I 3 Λ \<l A3 -I/O

02 — -^-03 — Λ 0 2 — -"-03 — -*M2 — -^-13 — ^ > -"-13 — '* i12 — Λ.\ u ,

Thus (SO(2) x SO(3), < , >, J^~(ί))) is minimal, and if a Φ 0 then it is not
totally geodesic. And the metric < , > is bundle-like with respect to _^~(I}).

Next, we compute the Ricci tensor S. We easily have the following:

( i ) dw° — —aw1 A ws , dw1 = —w2Λwd, dw2 = w1 A wz ,

dwz = —w1 A w2 .

(ϋ) w\ = {-aβ)wz , wj = 0 , wl =

(iii) Λ°wl = α2/4, i ? ϊ 1 2 - α / 4 , ie?03 = α2/4 ,

i2L = -α/4 , R\l2 = 1/4 , R^ = (1 - 3α2)/4 ,

J? 2̂3 = 1/4 (the others vanish) .

By these, we have

Soo - α2/2 , S02 = -α/2 , Sn = (1 - α2)/2 ,

S22 = 1/2 , S33 == (1 - α2)/2 (the others vanish) .

Thus the Ricci curvature Sx in the direction of X = Σ 4 α^ e^ is given by

Sx = Ô̂ OSQO + 2xo^2SO2 + Λ^iSn + ^2x2S22 + £3#3S33

- (ax0 - x2)
2/2 + (1 - α2)((^)2 + fe)2)/2 .

If \a\ ^ 1, then the Ricci curvatures in all directions are non-negative.

REMARK. Oshikiri [14] proved the following: If (Af, < , >, _^r") is a
compact Riemannian manifold with a minimal foliation j ^ ~ of codimension
one and with non-negative Ricci curvature with respect to the metric
< , >, then all leaves of ^~ are totally geodesic and the metric < , > is
bundle-like with respect to ^ 7 But, by the above example, we can not
extend this result to the case of codimension Ξ> 2.
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EXAMPLE 2. Let Rq+P = Rq x Rp be a foliated manifold each leaf of
which is given by R9 x {m} for each meRp. For positive valued func-
tions f\ , /*: Λp -* R, we may define a metric < , > on Rq+P by

<, > = Σ (Γ)\dχj + Σ (dx«y .
i a

Then we have a foliated Riemannian manifold (Rq+P, < , >, ^~(Rq)). A
frame field {et = (f^^d/dx*, ea = d/dxa} in R9+p is an orthonormal adapted
frame field with respect to J^{Rq) and < , >. The dual coframe field
{w\ wa} is given by w1 = fιdxι (not sum) and wa = dxa. Since it holds that

dwι = df* A dxι

= Σ (df/dxa)dxa A dxι

a

= Σ (df/dxηi/T'w AΣ
= - Σ (3 log f'/dx")™* A wa ,

a

we have w) = 0, wj = 0 and < = -wf = (dlogfydx^w*. By (2.2), we have

Λ& = - 0 log f/dxηδ^ , Afβ = O.

Thus we have that
( i ) The metric < , > is bundle-like with respect to ^~(Rq).
(ii) {Rq+P, < , >, ^r(Rq)) is minimal if and only if f1χ^-χp =

constant.
(iii) If (Rq+P, < , >, ^{Rq)) is minimal, then the Ricci curvature Saa

in the direction of ea is non-positive, that is Saa = — Σ * (3 log flldxa)2.

REMARK. If each /* satisfies that f\xa + na) = /^a^) for some na e
Z, then we may define a minimal foliated Riemannian manifold (Tq+P,

<, >, J Π Γ )).
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