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ON A MOMENT PROBLEM

Gwo DoNG LIN

(Received December 16, 1985)

Abstract. Let n, be any fixed non-negative integer, —0=a <b=c0
and f(x) = 0 an absolutely continuous function with f/(x) #0, a.e. on (a, b).
Then the sequence of functions {(f(x))"¢/®}5_,, is complete in L(a,b) if
and only if the function f(x) is strictly monotone on (a, b).

1. Introduction. Let — =< a < b < -, and let L(a, b) be the space
of all summable functions defined on the interval (@, b). Then a sequence
of functions {f,(®)}7-, is said to be complete in L(a,b) if for every
g € L(a, b), the equalities

Sbg(x)fn(x)dx =0, foral n=1,2 -,

imply g(x) = 0, a.e. (almost everywhere) on (a, b). The well-known Miintz-
Szasz theorem (Boas [1, p. 235]) is concerned with a complete sequence of
funections in L(a, b), where (a, b) is a bounded interval, and is stated as
follows:

THEOREM A. Let 0 a<b< oo and 0<n, <my,<---. Then {&"}2,
1s complete in L(a, b) if and only if D, 1/n, = .

In this paper, we shall first consider the completeness of a sequence
of functions {z"¢~*} in L(a, ), where a = 0 (Theorem 1), then use a
theorem of Zarecki to extend the result just obtained to the sequence
of functions {(f(x))"e '} (Theorem 2). Finally, we give some remarks
on Laguerre and Hermite funections.

THEOREM 1. For any fixed integer n, =0 and for any fixed real
number a = 0, the sequence of functions {x"e *};_,, 8 complete in L(a, o).

THEOREM 2. Let n, be any fixed non-negative integer, —oo<a <b< oo
and flx) =0 an absolutely continuous function with f'(x) # 0, a.e. on
(a,b). Then the sequence of functions {(f(x))"e™’“}r.,, is complete in
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L(a, b) &f and only if the function f(x) is strictly monotone on (a, b).

When we compare Theorem 1 with Theorem A, it is natural to ask
whether the subsequence {x"¢~7}2, is still complete in L(0, o) if 33, 1/n, =
o and 0 < m <nm,<-:---. The answer is negative due to the following
example.

ExAMPLE. The sequence of functions {x*™'¢~*}3_, is incomplete in
L(0, ), since the function g(x) = ¢ *sin2x is summable on (0, =) and
g(x) # 0, a.e. on (0, ), but (see Gradshteyn and Ryzhik [3, p. 490])

I'(4m)

gom sinmzw =0,

wa“"‘"e"y(x)dw = S a""le™* sin 2pdy =
0 0
for m=1,2, ...

2. Proofs.
PrOOF OF THEOREM 1. Assume that g € L(a, «) satisfies

(1) Smg(a:)x"e‘”dx =0, forall n=mn,n,+1, ---.

We want to show that g(x) = 0, a.e. on (a, <) = I. For any \ > 0, the
function h(x) = X (®)g(x)x™e ** is summable on (0, ), since g€ L(a, =)
and X (x)x™e"** is a bounded measurable function on (0, ), where X,
denotes the characteristic function of I. Hence the function

o(s) = S: X (x)g(@)x e *>dw

is analytic on the half-plane K = {s: s = a + 8, a > 0}.

The condition (1) implies that the m-th derivative @™ (1) =0 for
every m=0,1,2, ---. This means that @ is a zero function in some
neighborhood of s =1 and hence &(s) = 0 for every s € K, by the uniqueness
theorem for analytic function. Finally, the uniqueness of the Laplace
transform implies that X,(x)g(x)x™ = 0, a.e. on (0, ), and hence g(x) = 0,
a.e. on (a, ), which is the desired result.

To prove Theorem 2, we need the following theorem of Zarecki (see
Natanson [5, Vol. I, p. 271] or Saks [6, p. 128]) which was used to extend
Miintz-Szasz theorem by Hwang and Lin [4].

THEOREM B. Let f(x) be a continuous and strictly increasing function
on a closed and bounded interval [¢, d]l. Then f'(x)# 0, a.e. on [c, d] if
and only if the inverse function f~'(t) is absolutely continuous on the
interval [f(e), f(d)].
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PrOOF OF THEOREM 2. (Necessity) Assume that the sequence of
functions {(f(x))"e”/*}:-,, is complete in L(a, b). Then we want to show
that the function f(x) is strictly monotone on (a@, b). Suppose that flx)
is not strictly monotone on (a, b). Then there exist two points z, < x,
such that flx,) = fz,) = ¥, say. Let us define a function g¢: (a, b) —
(—oo, oo) by

flx), if xelx, ] and f'(x) exists,
(@) = {0 .
, otherwise .
Then g€ L(a, b) and g(x) # 0, a.e. on [z, x,]C(a, b), but (Natanson [5, I,
p. 265 and II, p. 236])

[ s @y = | (foyerdfe = |“yeray =0,
a £ Yo
for every mn=mn,n,+1, «--,

a contradiction to the assumption.

(Sufficiency) Assume that the function f(x)is strictly monotone on (a, b).
Then we want to show that the sequence of functions {(f(x))"e~"*}y_,, is
complete in L(a, b). Without loss of generality, we may assume that f(x)
is strictly increasing on (a, b). Suppose h € L(a, b) satisfy

(2) [ he@revde=0, forall m=m,m+1, .

Then we want to prove that h(x) = 0, a.e. on (a, b). Taking the trans-
formation ¢ = f(x) and using Theorem B, we have, from (2),

3) |7 e ywa =0, forall m=mnym+1, -,
(a™)

where f(a*) = lim,..+ f(x), and analogously for f(b~). Note that (8) is
equivalent to

(4) S: XOR(SH N (Y )dt =0, forall n=m,n,+1, -,

where I = (f(a*), f(b7)). Since he L(a,b), we know that k() = X,(t)-
RSNV () is summable on (0, ) and hence both (4) and Theorem
1 imply that k(t) = 0, a.e. on (0, ). Therefore

R(f7@) =0, ae. on (fla¥), (),

and hence h(x) = 0, a.e. on (a, b). The proof of this theorem is complete.

3. Remarks. Define L,(x) be the coefficient of e¢=* in the n-th de-
rivative of z"e¢~®, that is,
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_zdn n—z.__"_k'n —_— PP k&
Ly(®) = e-2a%e™) = 31 1)(k)n(n 1) e (b + Dt .

Then L,(x), n =0,1,2, .-+, are called the Laguerre polynomials. It is
well-known (see Goffman [2, p. 193] or Shilov [7, p. 408]) that the Laguerre
functions,

",[/‘,,(x) = %]_-Te_z/an(w) y M= 0) 19 2, ctty
form a complete sequence in L.0, ), the square summable functions on
(0, ). As a consequence of Theorem 2, it is also a complete sequence
in L(0, ).
The functions obtained in orthogonalizing the expressions e~%, xe~=,
.., z"¢*", «+ - in the space L,(— oo, o) are called Hermite functions. The
completeness of the sequence of Hermite functions is based on the fact
that {z"e~*"}=_, is complete in L,(— oo, o) (Shilov [7, p. 403]). Applying
Theorem 2 again we know that the sequence of functions {x*"e~*"}>., is
complete in L(0, ), but incomplete in L(— oo, o).
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