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ON A MOMENT PROBLEM

Gwo DONG LIN

(Received December 16, 1985)

Abstract. Let n0 be any fixed non-negative integer, — o o ^ α < & ^ o o
and f(x) ^ 0 an absolutely continuous function with f'(x)φθj a.e. on (α, 6).
Then the sequence of functions {(/(#)) V / ( a ? )}£=n o is complete in L(a, b) if
and only if the function f(x) is strictly monotone on (α, δ).

1. Introduction. Let — °o ^ a < b ^ °o, and let L(a, b) be the space
of all summable functions defined on the interval (α, 6). Then a sequence
of functions {fn(x)}n=i is said to be complete in L(α, 6) if for every
g e L(α, &), the equalities

\ 9(x)fn(x)dx = 0 , for all n = 1, 2, ,

imply g(x) = 0, a.e. (almost everywhere) on (α, 6). The well-known Mϋntz-
Szasz theorem (Boas [1, p. 235]) is concerned with a complete sequence of
functions in L(α, 6), where (α, b) is a bounded interval, and is stated as
follows:

THEOREM A. Let 0 <; a < b < °o and 0 < nx < n2 < . Then {xni}?=1

is complete in L(α, 6) if and only if ΣS=i V^t = °°

In this paper, we shall first consider the completeness of a sequence
of functions {xne~*} in L(a, <*>), where a ^ 0 (Theorem 1), then use a
theorem of Zarecki to extend the result just obtained to the sequence
of functions {(f{x))ne~f{x)) (Theorem 2). Finally, we give some remarks
on Laguerre and Hermite functions.

THEOREM 1. For any fixed integer n0 ^ 0 and for any fixed real
number a ^ 0, the sequence of functions {πne~*}n=no is complete in L(a, °o).

THEOREM 2. Let nQ be any fixed non-negative integer, — °o<;α<δ<^oo
and f{x) ^ 0 an absolutely continuous function with f\x) Φ 0, a.e. on
(α, 6). Then the sequence of functions {(/(#))V~/(aj)}~=7l0 is complete in
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L(α, b) if and only if the function f(x) is strictly monotone on (a, b).

When we compare Theorem 1 with Theorem A, it is natural to ask
whether the subsequence {x%ie~x}ΐ=ι is still complete in L(0, oo) if ΣΓ=ilMί =
oo and 0 < nx < n2 < . The answer is negative due to the following
example.

EXAMPLE. The sequence of functions {i»4m~1e~a!}~=1 is incomplete in
L(0, oo), since the function g(x) - e~x sin 2x is summable on (0, oo) and
g(x) Φ 0, a.e. on (0, oo), but (see Gradshteyn and Ryzhik [3, p. 490])

\° x*m-ιe-χg(x)dx = Γ &*—V sin 2xdx = Γ ( 4 m ) sinmπ = 0 ,
Jo Jo 8

for m = 1, 2, .

2. Proofs.

PROOF OF THEOREM 1. Assume that geL(a, oo) satisfies

S oo

g{x)xne~xdx = 0 , for all n = nOf n0 + 1, .
a

We want to show that g(x) = 0, a.e. on (α, °o) = /. For any λ > 0, the
function h(x) = XI(x)g(x)xn°e~λx is summable on (0, oo), since geL(a,oo)
and Zj(ίc)αjπoe~;aj is a bounded measurable function on (0, oo), where ZΓ

denotes the characteristic function of /. Hence the function

S oo

0

is analytic on the half-plane K = {s: s = a + iβ, a > 0}.
The condition (1) implies that the m-th derivative Φ(m)(l) = 0 for

every m = 0, 1, 2, . This means that Φ is a zero function in some
neighborhood of s = 1 and hence Φ(s) = 0 for every s e K, by the uniqueness
theorem for analytic function. Finally, the uniqueness of the Laplace
transform implies that Xj(x)g(x)xn° = 0, a.e. on (0, oo), and hence g(x) = 0,
a.e. on (α, oo), which is the desired result.

To prove Theorem 2, we need the following theorem of Zarecki (see
Natanson [5, Vol. I, p. 271] or Saks [6, p. 128]) which was used to extend
Mϋntz-Szasz theorem by Hwang and Lin [4].

THEOREM B. Let f{x) be a continuous and strictly increasing function
on a closed and bounded interval [c, d]. Then f\x) Φ 0, a.e. on [c, d] if
and only if the inverse function f~\t) is absolutely continuous on the
interval [/(c), f(d)].
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PROOF OF THEOREM 2. (Necessity) Assume that the sequence of
functions {(f(x))ne~flz)}n=no is complete in L(α, 6). Then we want to show
that the function f(x) is strictly monotone on (α, δ). Suppose that f(x)
is not strictly monotone on (α, δ). Then there exist two points xx < x2

such that JXxj) = f(x2) = y0, say. Let us define a function g: (α, δ) —•
(-00, 00) by

_ [f^ ' ti x e iχi> x*]
(0 , otherwise .

Then geL(a, δ) and g(x) Φ 0, a.e. on [χ19 x2]a(a, δ), but (Natanson [5, I,
p. 265 and II, p. 236])

g(x)(f(x))ne-f{x)dx = \X\f(x))ne-'{χ)df(x) = ΓVβ-'dy = 0 ,

for every n = n0, n0 + 1, ,

a contradiction to the assumption.
(Sufficiency) Assume that the function/(a?) is strictly monotone on (α, δ).

Then we want to show that the sequence of functions {(f(x))ne~fix)}n=no is
complete in L(a, δ). Without loss of generality, we may assume that f(x)
is strictly increasing on (α, δ). Suppose h e L(a, δ) satisfy

(2 ) j 6 h(x)(f(x))ne-f{x)dx = 0 , for all n = n0, n0 + 1, . .

Then we want to prove that h(x) = 0, a.e. on (α, δ). Taking the trans-
formation t = f{x) and using Theorem B, we have, from (2),

S/(δ-)
h{f-\t))tne-\f-ι)\t)dt = 0 , for all w = Λ0, n0 + 1, ,

/(α+)

where /(α+) = limx_α+ f(x), and analogously for /(δ~). Note that (3) is
equivalent to

(4) Γ XritMf-KtWe-Kf-Wdt = 0 , for all n = n0, Λ0 + 1, ,
Jo

where J = (/(α+), /(&")). Since heL(a,b), we know that ife(t) = Z7(ί) •
fe(/"1(^))(/"1)'(0 is summable on (0, 00) and hence both (4) and Theorem
1 imply that fc(t) = 0, a.e. on (0, 00). Therefore

h(f-\t)) = 0 , a.e. on (/(α+), /(&")) ,

and hence fe(a?) = 0, a.e. on (α, δ). The proof of this theorem is complete.

3. Remarks. Define Ln(x) be the coefficient of e"x in the n-th de-
rivative of xne~*> that is,
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LM = β -|Vfc β- ) = Σ (-1)*( ? W - l) ... (fc
cten *=o \icJ

Then Ln(ίc), w = 0,1, 2, •••, are called the Laguerre polynomials. It is
well-known (see Goffman [2, p. 193] or Shilov [7, p. 403]) that the Laguerre
functions,

fn(x) = ~e~x/2LM , n = 0, 1, 2, . . . ,

form a complete sequence in L2(0, oo), the square summable functions on
(0, °o). As a consequence of Theorem 2, it is also a complete sequence
in L(0, oo).

The functions obtained in orthogonalizing the expressions e~χ2, xe~χ2,
• , xne~χ2, in the space L2(— ©o, oo) are called Hermite functions. The
completeness of the sequence of Hermite functions is based on the fact
that {xne~χ2}n=o is complete in L2(— oo, oo) (Shilov [7, p. 403]). Applying
Theorem 2 again we know that the sequence of functions {x2ne~χ2}n=Q is
complete in L(0, oo), but incomplete in L(—oo, oo).
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